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Abstract: The notion of convergence wins its own important part in the branch of Topology. Conver-
gences in metric spaces, topological spaces, fuzzy topological spaces, fuzzy metric spaces, partially
ordered sets (in short, posets), and fuzzy ordered sets (in short, fosets) develop significant chapters
that attract the interest of many studies. In particular, statistical and ideal convergences play their
own important role in all these areas. A lot of studies have been devoted to these special convergences,
and many results have been proven. As a consequence, the necessity to produce and extend new
results arises. Since there are many results on different kinds of convergences in different areas, we
present a review paper on this research topic in order to collect the most essential results, which
leads us to provide open questions for further investigation. More precisely, we present and gather
definitions and results which have been proven for different kinds of convergences, mainly on statis-
tical/ideal convergences, in metric spaces, topological spaces, fuzzy topological spaces, fuzzy metric
spaces, posets, and fosets. Based on this presentation, we provide new open problems for further
investigation on related topics. The study of these problems will create new “roads”, enriching the
branch of convergences in the field of Topology.

Keywords: convergence; statistical convergence; ideal convergence; metric space; topological space;
fuzzy topological space; fuzzy metric space; partially ordered set (poset); fuzzy ordered set (foset)
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1. Introduction

Undoubtedly, the branches of Topology and Mathematical Analysis deal with many
research topics. The notion of convergence is one of the most known and essential mean-
ings for many studies. In particular, the classical notions of convergence in topological
and metric spaces are studied in detail in order to get new results and solve topological
problems in the view of convergence. There are many definitions, examples, and proposi-
tions/theorems that are related to these notions. Many properties and characterizations for
topological /metric spaces are given through the notions of convergences. It is believed that
the study of convergences gives advantages to the field of Topology as we can get various
characterizations of topological properties (like the meanings of topology, closed sets, and
compactness).

Simultaneously, the interest in finding new results tends to new research articles
and new kinds of convergences, like the statistical and ideal convergence, enriching the
Convergence Theory in Topology. The last proves that the field of convergence can be
considered as a “source” that always gives the motivation to “produce” new results.
Statistical and ideal convergences can provide new “tools” for future investigation in
metric, topological, fuzzy spaces, and partially ordered sets. Among the many motivations
for this study, the role of the ideal in different areas, like Dimension Theory and Rough Set
Theory, shows the “power” of related investigations. Nowadays, various research papers
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are based on the notion of the ideal, investigating its applications to Mathematics and other
scientific areas. For example, we refer to some recent research articles [1-3].

Therefore, with this paper, we mention the importance of the notion of convergence.
We collect related definitions and results, which lead us to express new open questions and
proposals for future study. These studies will enrich the branches of Topology, Mathematical
Analysis, Fuzzy and Poset Theory.

2. Kinds of Convergences and Metric Spaces

We begin the article with the classical notion of the convergence of sequences in metric
spaces, and then we focus on statistical and ideal kinds of convergences.

Definition 1 (see, for example [4]). A sequence (xy),cn of a metric space (X, d) converges to a
point x € X if for every € > O there exists a positive integer ng such that x, € B(x, ¢) for every
n = ng, where B(x,€) = {y € X : d(x,y) < e}. In this case we write nlgn Xy = x and the point

x is called the limit of the sequence (x,),cn. Any sequence (xn),eN that converges to a point x is
called a convergent sequence.

For example, if X = R is the set of real numbers and d is the Euclidean metric, then

the sequence <n> converges to zero. However, the sequence ((—1)")?"_; does not
n=1
converge to a point x € R.
Many results for the classical notion of convergence are proven, and a lot of them are
used to get new facts. Among them, we state the following:

(1) The limit point of a sequence (x,),en is unique.

(2) A sequence (xy),cn of a metric space X converges to a point x € X if and only if each
subsequence of it converges to x.

(3) Each convergent sequence is a Cauchy sequence.

(4) A subset M of a metric space X is closed if and only if each sequence (x;),cn of M
converges to a point of M.

(5) The meanings of continuous functions, complete metric spaces, and sequentially
compact metric spaces are studied through the notion of convergence.

However, in order to enrich the Convergence Theory in Metric Spaces, nowadays, a lot
of papers that study the notions of statistical and ideal convergence develop new chapters
(see, for instance [5,6]). In particular, the notion of statistical convergence enriches related
studies [7-10] and is based on the notion of the asymptotic (natural) density of a set A C N
as follows:

Let K be a subset of the set of positive integers N and K(n) = {k < n : k € K}, for all
n € N. The asymptotic (natural) density of K is given by the following limit (whenever this
limit exists):

J(K) = lim M,

n—oo n

where |K(n)| denotes the number of elements in K(n) C N. We will say that the asymptotic
density is not zero if it is greater than zero or does not exist. For example, the sets of odd

and even numbers have an asymptotic density equal to -, and the set of prime numbers

has an asymptotic density equal to zero. Also, §(N) = 1.

Definition 2 (see for example [8,11]). Let (X, d) be a metric space, (xn),cn be a sequence in X
and x € X. We say that (x),en statistically converges to x if for every ¢ > 0 we have

d({neN:d(xy,x)>¢})=0.

In this case we write st-lim x,, = x.
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For example, if we consider the sequence (x,,),cn, which is defined as follows:

_J1,if1+2+...+m=nandm €N,
" 0, otherwise,

thatis x, = (1,0,1,0,0,1,0,0,0,1, . ..), in the metric space X = R with the Euclidean metric,
then the sequence (x;),cn statistically converges to zero.

We mention the following facts:

(1) The statistic limit point of a sequence (xy,),cN is unique.

(2) Each convergent sequence (under the classical point of view) statistically converges to
the same point.

(3) A sequence (xp),en in a metric space X is statistically convergent to x € X, if and
only if there exists a subset A of N with §(A) = 1 such that the sequence (x),ca
converges to x [11,12].

(4) In this kind of convergence, we can observe that if a sequence statistically converges,
it may not be either convergent or bounded. For example, we consider the sequence
(Yn)nen, which is defined as follows:

_n,ifn =k2andk €N,
Yn = L, otherwise,
thatisy, = (1,L,L,4,L,L,L,L,9,...), in the metric space X = R with the Euclidean
metric, then the sequence (y,),cn statistically converges to L, but it is not convergent
and not bounded.

(5) Additionally, we can see the statistical convergence as a natural extension of the
classical convergence. However, this extension has its own characteristics. For exam-
ple, it is known that each subsequence of a convergent sequence is convergent, but
this fact does not hold in the statistical convergence. We may have a sequence that
statistically converges, but it has a subsequence that does not statistically converge.
For example, the subsequence (1,2 )ken of the sequence (v, ),cn, mentioned above,
does not statistically converge.

At the same time, the ideal convergence comes to give us a different approach to the
notion of convergence. The ideal convergence of sequences of points is based on the notion
of the ideal of a set A C N [13,14]:

Generally, let D be a non-empty set. A family 7 of subsets of D is called ideal if 7 has
the following properties:

(1) eI
2 IfAeZandB C A,thenB € 7.
3 IfABeZ,thenAUBEeT.

The ideal 7 is called proper if D ¢ Z. Moreover, for alln € Nwe set M,, = {n’ € N :
n’ > n} [15]. A proper ideal Z of N is called admissible, if N\ M,, € Z, for all n € N [16].

Definition 3 ([13,17]). Let Z be a non-trivial ideal on N. A sequence (x),cn of a metric space
(X, d) is said to be Z-convergent to x € X if for everye > 0, A(e) = {n € N:d(x,,x) > e} € T.
In this case, we write 2—73211 Xy = x and the point x is said to be the Z-limit of the sequence

(xXn)nen. Any sequence (x,),en that Z-converges to x is said to be T-convergent.

For example, let Zy = {@}. If a sequence (xy),en, in the space X = R with the usual
topology, Zp-converges, then this sequence is constant. The converse also holds. Another
example states that if 7, denotes the class of all finite subsets of N, then the Z¢-convergence
coincides with the classical convergence in any metric space (X, d).

It has been proven that the notion of Z-convergence satisfies some classical axioms of
convergence, some of which are summarized as follows:



Mathematics 2023, 11, 663

4 of 30

(1) Every sequence (x,),cn, Where x, = x for each n € N, Z-converges to x.

(2) The Z-limit of a sequence (xy),cn is unique.

(3) If each subsequence y of an Z-convergent sequence x has a subsequence z which
Z-converges to s, then x Z-converges to s.

(4) If the ideal Z contains an infinite subset of N, then the assumption that a sequence x
Z-converges to s does not always imply that each subsequence of x Z-converges to s.
For example, we suppose that the ideal Z contains an infinite subset A of N. Then N\ A
is also an infinite set (in contrast, it is contained in 7 and thus, AU (N\A) =N € 7,
which is a contradiction). Let s, t be distinct elements of a metric space (X, d). We
consider the following sequence x = (X, ) eN:

s,ifne A
Xp =
t,ifn € N\ A.

The sequence x Z-converges to t but the subsequence y with i, = s foreveryn € A
Z-converges to s.

(5) Z-convergence of real sequences coincides with the classical convergence if 7 is
the ideal Z; of all finite subsets of N (as mentioned above) and with the statistical
convergence if 7 is the ideal of subsets of N of natural density zero.

The notion of Z*-convergence of real sequences is based on the following remark [18]:
A real sequence (x,),cn is statistically convergent to ¢ if and only if there exists a set

M={m <my<mz<..<m<..}CN

such that (M) = 1 and liin xm, = §. Extensive work on this concept has been done
in [19]. In [13], it was proven that if 7 is an admissible ideal and I*-’}En X, = x, then
Z-lim x, = x.

n—oo
Definition 4 ([14]). Let Z be am admissible ideal of N. A sequence (xy),cn of a metric space
(X, d) is said to be T*-convergent to x € X if there is a set H € T such that for M = N\ H =

{my <my < ...} we have lim x,, = x. In this case, we write T*-lim x, = x and the point x is
k—o0 n—oco

said to be the Z*-limit of the sequence (Xp)peN-

For this kind of convergence, we mention the following facts that shows its relation
with the Z-convergence:

(1) If (X,d) is a metric space, Z an admissible ideal of N and (x,),cn Z*-converges to s,
then (xy,),en Z-converges to s.
(2) Let (X,d) is a metric space.

(@) If X has not an accumulation point, then Z-convergence coincides with Z*-
convergence, for any admissible ideal 7.

(ii) If X has an accumulation point s, then there exists an admissible ideal Z of
N and a sequence (y,),en in X such that (y,),en Z-converges to s but the
Z*-limit point of (y),en does not exist.

Continuing the investigation of convergence in metric spaces, we see that in [20],
the authors introduced and studied statistical analogs for convergences of sequences
of sets followed by [21]. We use the same notations S = {N C N : §(N) = 1} and
S*={N CN:6(N) #0}.

If (X,d) is a metric space and (Cp),cn is a sequence of closed subsets of X, then
the statistical inner limit and the statistical outer limit of (C,),cn are defined, respectively,
as follows:

(1) st-LiC, = {x € X:VU € N(x),3IN € §,Vn € N,C, N U # @} and
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(2) st-LsC, ={x € X:VU € N(x),IN € §,Vn € N,C, NU # @}, where N (x) denotes
the set of all neighborhoods of x [11].

Definition 5 ([11,20]). In case that st-LiC, = st-LsC,, = C, we say that (Cy,),c is Kuratowski
statistical convergent to C and we write st-lim C,, = C.

Definition 6 ([11,20]). Let (X, d) be a metric space, (Cy),cn be a sequence of nonempty closed
subsets of X and C be a nonempty closed subset of X. We say that the sequence (Cy,),c is Wijsman
statistically convergent to C if the sequence (d(x,Cp))en is statistically convergent to d(x,C),
forall x € X;i.e., for each e > 0 and for each x € X,

5({n e N:|d(x,C;) —d(x,C)| = ¢}) =0.
In this case we write sty-lim C,, = C.

Moreover, for a metric space (X, d) the Hausdorff distance h(E, F) between the subsets
E and F of X is given by:

h(E,F) = max{supd(e, F),supd(f,E)}.
ecE feF

We have h(@,?) = 0and h(E,D) = 1, whenever E # @ [22]. When E and F are closed,
then h(E,F) = 0 if and only if E = F. Therefore, 1 can be considered as an “extended”
metric on the collection of closed subsets of X. In general, & is not a metric because it may
be infinite [11].

Definition 7 ([11,20]). Let (X, d) be a metric space, (Cp,),en be a sequence of nonempty closed
subsets of X and C be a nonempty closed subset of X. We say that the sequence (Cy)yen is Hausdorff
statistically convergent to C if for every € > 0 there exists N € S such that h(C,,C) < ¢, for all
n € N. In this case, we write sty-lim C,;, = C.

Hausdorff statistical convergence implies Wijsman statistical convergence to the same
limit [20]. Moreover, for a metric space (X, d), if (Cy),en is a sequence of closed subsets
of X and C is a nonempty closed subset of X, then sty-lim C,;, = C implies st-limC,, = C.
In [11], criteria for Kuratowski, Wijsman, and Hausdorff statistical convergences are given.

Proposition 1 ([11]). Let (X, d) be a metric space, (Cy)nen be a sequence of nonempty closed
subsets of X and C be a nonempty closed subset of X. Then C = st-lim Cy, if and only if both of the
following conditions are satisfied:

(1)  Foreach x € C there exist points x,, € Cy, for each n € N, such that the sequence (x,),eN
statistically converges to x;

(2)  Whenever there exist points x, € Cy, for each n € N, such that the sequence (x)necn has x a
statistical cluster point, then x € C.

Definition 8 ([11]). Let (X, d) be a metric space, (Cp)yen be a sequence of nonempty closed
subsets of X and C be a nonempty closed subset of X. We will say that (Cy,) e is

(1) lower Wijsman statistically convergent to C if d(x,C) > st-limsup d(x,Cy), forall x € X
and
(2)  upper Wijsman statistically convergent to C if d(x,C) > st-liminfd(x, Cy), forall x € X.

Proposition 2 ([11]). Let (X, d) be a metric space, (Cy),en be a sequence of nonempty closed
subsets of X and C be a nonempty closed subset of X. Consider the following conditions:

(i) For every open ball B(x,e) with C N B(x,e) # @, there exists N € S such that C;, N
B(x,€) # @, foralln € N;
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(ii) If0 <1 < g, then for every open ball B(x, ¢) with C N B(x,€) = @, there exists N € S such
that C, N B(x,€) = @, foralln € N.
Then (Cy)yen is lower (resp. upper) Wijsman statistically convergent to C if and only if
condition (i) (resp. (ii)) is satisfied.

Definition 9 ([11]). Let (X, d) be a metric space, (Cp)yen be a sequence of nonempty closed
subsets of X and C be a nonempty closed subset of X. We will say that (Cy,) e is

(1)  lower Hausdorff statistically convergent to C if for every € > O there exists L € S such that
foralll € L,C C B(Cy,¢) and

(2)  upper Hausdorff statistically convergent to C if for every e > 0, there exists M € S such that
forallm € M, Cp, C B(C, ¢).
Consequently, (Cy)yen is Hausdorff statistically convergent to C if and only if it is both lower
and upper Hausdorff statistically convergent to C.

Proposition 3 ([11]). Let (X, d) be a metric space, (Cy),en be a sequence of nonempty closed
subsets of X and C be a nonempty closed subset of X. Consider the following conditions:

(i) For every open ball B(x,¢) with CN B(x,¢) # @, there exists N € S such that C, N
B(x,e) # @, foralln € N;

(ii)  For every open ball U with C C U, there exists N € S such that C, C U, forall n € N.
Then (Cy)ypen is lower (resp. upper) Hausdorff statistically convergent to C if and only if
condition (i) (resp. (ii)) is satisfied.

In the same paper, the relations between Kuratowski, Wijsman, and Hausdorff statisti-
cal convergences are given.

Proposition 4 ([11]). Let (X, d) be a metric space. For a sequence of nonempty closed subsets
(Cn)nen of X and a nonempty closed subset C of X, whenever (Cy),en Wijsman statistically
converges to C, then (Cy,),en Kuratowski statistically converges to C. If we additionally suppose
that X is a proper metric space, then the converse also holds.

Proposition 5 ([11]). Let (X, d) be a metric space. For a sequence of nonempty closed subsets
(Cn)nen of X and a nonempty closed subset C of X, if (Cy)yen is lower (resp. upper) Hausdorff
statistically convergent to C, then (Cy)ycn is lower (resp. upper) Wijsman statistically convergent
to C.

Further, in [11], the notion of statistical Cauchyness, with respect to the Hausdorff
“extended” metric #, is used in order to study the relation between lower and upper
Hausdorff statistical convergences with this statistical Cauchyness.

Definition 10 ([11]). Let (X,d) be a metric space, (Cp)nen be a sequence of nonempty closed
subsets of X and C be a nonempty closed subset of X. We will say that (Cp,) e is statistically
Cauchy, with respect to the Hausdorff “extended” metric h if for arbitrary € > 0, there exists M € S
such that for all m,n € M, h(Cp,, Cy) < e.

Proposition 6 ([11]). Let (X, d) be a metric space and (Cy,),cn be a statistically Cauchy sequence,
with respect to the Hausdorff “extended” metric h, of nonempty closed subsets of X. Then, the
following hold:

(1) There exists a Cauchy sequence (X, )xen Such that x,, € Cy,, for all k € N.

(2) If every such sequence has a cluster point in X (i.e., converges in X), then (Cy),en is upper
Hausdorff statistically convergent to LsCy,.

We consider the space of nonempty closed bounded subsets of X with respect to the
Hausdorff metric h. Hausdorff statistical convergence can be considered statistical conver-
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gence with respect to the Hausdorff metric /1, which we will call statistical h-convergence.
Then:

(1) every statistically h-convergent sequence in this space is Kuratowski statistically
convergent to the same limit [21];

(2) the set of all Hausdorff statistically convergent (i.e., statistically h-convergent) se-
quences coincides with the set of all statistically Cauchy sequences in this space if X is
complete [23];

(8) every statistically Cauchy sequence in this space statistically h-converges and, there-
fore, Kuratowski statistically converges to its outer limit [11].

In [24], two kinds of Z-convergence for sequences of closed sets, which are called
Kuratowski Z-convergence and Hausdorff Z-convergence, are introduced. For that, the
authors of [24] consider the sets N7 = {N CN:N\N € Z}and N¥ = {[NCN:N ¢ Z}.

Definition 11 ([24]). The Z-outer limit and Z-inner limit of a sequence (Cy),en of closed subsets
of a metric space X are defined as follows:

Z —limsupC, = {x:Ve >0,3IN € NE vn eN,C, N B(x,¢) # D}
n

and
I—limiﬂfcn ={x:Ve>0,IN € N7,Vn € N,C, N B(x,¢) # @}.

The Z-limit of (Cy)pen exists if its T-outer and Z-inner limits coincide. In this situation,
we say that the sequence (Cy),en is Kuratowski Z-convergent and we write Z — limsup C, =
n

T— limingn =7 lirIan”'

Definition 12 ([24]). Let (Cy),en be a sequence of closed subsets of a metric space X. We say that
the sequence (Cy) e is Hausdorff Z-convergent to a closed subset C of X if T —lim h(C,,C) = 0.
n

In the same paper, [24], the properties of these notions of convergences are studied.
Among them, we mention that every Kuratowski convergent sequence is Kuratowski
Z-convergent and the following result.

Proposition 7 ([24]). If {C,C, : n € N} is a family of closed subsets of a metric space X with
C # @, then Hausdorff I-convergence implies Kuratowski Z-convergence.

Question 1. Can we develop a study of Kuratowski Z-convergence for sequences of closed sets in
topological spaces, where T is an ideal of the set of natural numbers?

Question 2. Can we define the Wijsman ZL-convergence for sequences of closed sets in metric
spaces? Which are its basic properties?

3. Kinds of Convergences in Topological Spaces

It is known that from a classical topological point of view, the convergence of sequences
is not able to describe essential topological properties because the convergence of sequences
in a space does not uniquely determine its topology [4,25,26]. However, the convergence of
nets and filters managed to successfully address the above problem. More precisely, the
nets give a different road in order to study convergences in topological spaces. We have
the so-called Moore-Smith sequences by Moore-Smith [27] and their study, in the view of
convergence, in topological spaces by Birkhoff [19]. We state that J. Kelley [4,28] provides
the right description of convergence in topological spaces under the prism of nets.

In order to present results that have been studied for the notion of convergence in
topological spaces, we recall some of the most basic meanings (see for example [29]).
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A net in a set X is an arbitrary function s from a non-empty directed set D to X. If
s(d) = sy, for alld € D, then the net s will be denoted by (s;)4ep-

A net (£))rea in X is said to be a semisubnet of the net (s;)4cp in X if there exists a
function ¢ : A — D such that t = s o ¢p. We write (¢ /\)fe A toindicate the fact that ¢ is the
function mentioned above.

Anet (£))ren in X is said to be a subnet of the net (s;)4cp in X if there exists a function
¢ : A — D with the following properties:

(1) t=sog,orequivalently, f) =s,,) forevery A € A.
(2) Foreveryd € D there exists Ag € A such that ¢(A) > d whenever A > Ay.

Definition 13 (see for example [4,25,30]). We say that a net (s;)4cp converges to a point x € X
if for every open neighborhood U of x there exists dy € D such that x € U for all d > dy. In this
case, we write glirg s4 = x. The point x is called the limit of the net (s3)4ep-

€

For example, we consider a topological space X, x € X and (x) a base of X at the
point x with the partial order given as: U; < U, if and only if U, C Uy, for Uy, Up € B(x).
In each U € B(x) we assign an element x;; of X such that x;; € U. Then we have a net
{xy : U € B(x)} which converges to x.

It is important to mention that convergence in topological spaces is one of the most
basic notions in Topology. In contrast to metric spaces, the sequences of points of general
topological spaces do not determine essential topological characteristics. For example, it is
known that for a function f : X — Y of metric spaces X and Y, the following are equivalent:

(i)  f is continuous,
(i) Foreachx € X, if (x),en is a sequence in the metric space X which converges to x,
then the sequence (f(x,)),en in the metric space Y converges to f(x).

However, in topological spaces, the first condition implies the second condition, but in
general, the converse does not hold. Many properties of metric spaces can not be extended
to topological spaces. A different approach is to consider the convergence of nets and not
sequences of points. As we have mentioned, the nets are defined in order to solve problems
of sequences.

Inserting the meaning of net convergence, the classical meaning of convergence is
extended. Then a natural question arises: “Can we characterize the class of topological spaces
that can be determined by their convergent sequences?” V. Ponpmarev and A. Archangel’skii
studied this problem. Then many mathematicians also studied this question [31-33].
Without a doubt, the contribution of J. Kelley to the convergence theory of nets is very
important. He gave a standard characterization for a class of “convergent” nets in order to
be topological [4].

Definition 14 ([4,29]). Let X be a non-empty set and let C be a class consisting of pairs (s, x),
where s = (sy)4ep is anet in X and x € X. We say that C is a convergence class for X if it satisfies
the conditions listed below.
For convenience, we say that s converges (C) to x or that iins sq = x(C) if and only if
€
s,x) €C.
C1) If (s4)4ep is a net such that s; = x, for every d € D, then s converges (C) to x.
C2) If s converges (C) to x, then so does each subnet of s.
C3) If s does not converge (C) to x, then there exists a subnet of s, no subnet of which converges

(C) to x.
(C4) We consider the following:

(1) D is a directed set.

(2) E; is a directed set, for each d € D.

(3)  (s(d,e))eck, is a net from Egy to X, for each d € D.

(4) iierg t; = x(C), where gérlg s(d,e) = t4(C), for every d € D.
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Then, the net r : D x [ [ Es — X, where r(d, f) = s(d, f(d)), for every (d,f) € D x
deD
[ ] Ea, converges (C) to x.
deD
The class of all convergence classes for X is denoted by Con(X).

The class of convergent nets in X “forms” a convergence class. In the opposite direction,
a convergence class C determines a topology on X as follows:

Theorem 1 ( [4,29]). (Convergence classes theorem) Let C be a convergence class for a set X and
for each subset A of X let c1(A) be the set of all points x such that, for some net s in A, s converges
(C) to x. Then cl is a closure operator for a topology T(C) on X, and (s,x) € C if and only if s
converges to x with respect to T(C).

In the study, [29], a modification of the above Kelley’s theorem is introduced, giving
an alternative approach to the meaning of convergent nets.

Definition 15 ([29]). Let X be a non-empty set and let C' be a class consisting of pairs (s, x),
where s = (sg)4ep is a net in X and x € X. We say that C' is a semi-convergence class for X if it
satisfies the conditions listed below.

For convenience, we say that s semi-converges (C') to x or that glierg sq =s x(C') if and only if

(s,x) e’

(C'1) If (s4)gep is a net such that s; = x, for every d € D, then s semi-converges (C') to x.

(C'2) If s semi-converges (C') to x, then so does each subnet of s.

(C'3) If s does not semi-converge (C') to x, then there exists a subnet of s, no subnet of which
semi-converges (C') to x.

(C'4) We consider the following:

(1) D is a directed set.

(2) E; is a directed set, for each d € D.

(3)  (s(d,e))eck, is a net from Ey to X, for each d € D.

(4) [}lierg tq =s x(C"), where elgél s(d,e) =s t4(C"), for every d € D.
d

Then, the net r : D x [ [ Es — X, where r(d, f) = s(d, f(d)), for every (d,f) € D x
deD
[ Ea, semi-converges (C') to x.
deD
The class of all semi-convergence classes for X is denoted by Con®(X).

The following theorem sets up a one-to-one correspondence between the topologies
for a set X and the semi-convergence classes on it.

Theorem 2 ([29]). Let C’ be a semi-convergence class for a set X and for each subset A of X let
cl(A) be the set of all points x such that, for some net s in A, s semi-converges (C') to x. Then cl is
a closure operator for a topology t°(C") on X, and (s, x) € C" if and only if s semi-converges to x
with respect to T°(C’).

Proposition 8 ([29]). Let X be a non-empty set. Then

(1) Con(X) = Con®*(X) and
2) {t(C):C € Con(X)} ={75(C") : C" € Con®*(X)}.

At the same time, the meaning of the ideal convergence in topological spaces also
attracts the interest of its investigation. This kind of convergence can be considered a
natural extension of the corresponding ideal convergence in metric spaces.

In order to present the related studies, we recall some basic notations. Firstly, we
suppose that (¢ /\)/4\76 A is a subnet of the net (s;)4cp in X. For every ideal 7 of the directed
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set D, the family {A C A : ¢(A) € T} is an ideal of the directed set A, which will be
denoted by Z (¢).

Let D be a directed set. Foralld € D weset My = {d’' € D : d’ > d} [15]. A proper
ideal Z of a directed set D is called admissible, if D\ My € Z, for all d € D [16]. Further, the
setZo(D) ={AC D:ACD\M,forsomed € D} is a proper ideal of D [15].

Definition 16 ([15,34]). Let X be a topological space. A net (s;) 4ep in X is said to Z-(topologically)-
converge to a point x € X, where L is an ideal of D, if for every open neighborhood U of x,
{d € D:s; ¢ U} € TI. In this case the point x is called the Z-limit of the net (s;)4ep. In this case

we write (S4)4ep 74 X (or simply, (54)deD L, x cither I—iinl; Sq = X).
€

For example, we consider the topological space (X, T), where X = {a,b,c,d} and

T={90,X,{a},{a,b},{a,c}, {abc}}.

If D is the set of all neighborhoods of a € X, then D is directed by the order >
defined as follows: U > V if and only if U C V, for U,V € D. If we consider the ideal
Z={0,{{a}},{{a,c}}, {{a}, {a,c}}, then we define the nets : D — X as follows:

{d, if U = {a}, or{a,c},
Sy =

a, otherwise.

If we consider any neighborhood U of 4, then the set {d € D :s; ¢ U} is either © € T
or {{a},{a,c}} € Z. Thus, the net (s;) e p Z-converges to a.

If 7 is D-admissible, then the net convergence in the topology T implies its Z-convergence
and the converse holds if Z = Zy(D), that is, Zy(D)-convergence implies the net conver-
gence. Also, some basic known results for the Z-convergence of nets are given as follows:

(1) If X is Hausdorff, then an Z-convergent net has a unique Z-limit.
(2) Ifevery Z-convergent net in X has a unique Z-limit for every D-admissible ideal Z,
then X is Hausdorff.

Definition 17 ([15,34]). Let X be a topological space. A net (s3)4cp in X is said to Z*-convergent
to x € X if there exists a directed set M such that D \ M € I and the net (s3) 4cp is convergent to
x. In this case, we write I*-Llih% sq4 = x and the point x is called the Z*-limit of (S4)4ep-

S

If 7 is D-admissible, then Z*- ‘liirg sg = x implies I—[%irg s; = x. In addition, if X has no
€ €

limit point, then Z and Z* convergence coincides for every D-admissible ideal Z. In the
same paper [15] the authors investigated whenever Z-convergence of a net may imply its
ZI*-convergence, introducing the so-called DP-condition.

Proposition 9 ([15]). Let Z be a D-admissible ideal of a directed set (D, >).

(i) If T satisfies the condition (DP) and X is a first axiom space, then for any net (s;)ep in X,
Z-lim sy = x implies 7*-lim s; = x.

deD deD

(i)  Conwversely if (X, T) is a first axiom Hausdorff space containing at least one limit point and

for each x € X and any net (s3)4cp, I—iing sq = x implies I*—girg 54 = x, then I satisfies
€ €

the condition (DP).

In the study, [30], based on the concept of ideal convergence of nets in topological
spaces, a modification of Kelley’s theorem (Theorem 1) is presented.
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Definition 18 ([30]). Let X be a non-empty set and let C be a class consisting of triads (s, x,T),
where s = (s4)4ep is a net in X, x € X, and T is an ideal of D. We say that the net s T-converges
(C)toxif (s,x,I) € C. Wewrite I—Elling sq = x(C).

€

Definition 19 ([30]). Let X be a non-empty set and let C be a class consisting of triads (s, x,T),
wheres = (s4)gep isanetin X, x € X and T is an ideal of D. We say that C is an ideal-convergence
class for X if it satisfies the conditions listed below:

(C1) If (s4)4ep is a net such that s; = x, for every d € D and T is an ideal of D, then Z-
;irg sq = x(C).
S

(C2) If Zy(D)-limyep 54 = x(C), where I is an ideal of D, then for every subnet (t))pen of the
net (s4)4ep we have IO(A)-/l\inA ty = x(C).
€

(C3) If T — [}lierg sq = x(C), where T is an ideal of D, then for every semisubnet (t))eca of the net
(54)4ep we have IA((p)—)l\ier?\ =x(C).

(C4) IfT — Lliiens sq = x(C), where T is a proper ideal of D, then there exists a semisubnet (t/\)fe[\
of the net (s4)aep such that IO(A)-%ien)\ th = x(C).

(C5) Let D be a directed set and I a D-admissible ideal of D. If (s;) 4ep does not Z-converge (C)
to x, then there exists a semisubnet (t;\)feA of the net (sg)4ep such that:

(1) ACD.
(2)  @(A) = A, forevery A € A.

(3)  No semisubnet (rk)£ i of (1) %\ Zx-converges to x, for every proper ideal I of K.
(4 Za(e) is a proper and A-admissible ideal of A.

(C6) We suppose the following:

(1) D is a directed set.

(2)  Ip isaproper ideal of D.

(3) E; is a directed set, for each d € D.

(4)  Ig, isaproperideal of Eg, for eachd € D.

(5)  (s(d,e))eck, is a net from Ey to X, for each d € D.
(6) ID-DlliGHDI(IEd—Iimd&—Ed S(d, 6)) = X.

Then, the netr : D x [ [ Eq — X, where r(d, f) = s(d, f(d)), for every (d, f) € D x
deD
11 Ea Zp x Zp-converges to x, where F = | | E,.
deD deD
The class of all ideal convergence classes for X is denoted by Con(X).

Theorem 3 ([30]). Let C be an ideal-convergence class for a set X. We consider the function
cl: P(X) — P(X), where cl(A) is the set of all x € X such that, for some net (s3)4cp in A and
a proper ideal I of the directed set D, (s4)4ep Z-converges (C) to x. Then cl is a closure operator
for a topology t1(C) on X and ((s;)4ep,x, L) € C, where T is a proper D-admissible ideal, if and
only if (s4)4ep Z-converges to x with respect to T;(C).

In Theorem 3 it was proven that ideal convergence (C), over proper D-admissible
ideals, coincides with the ideal convergence relative to the topology 7;(C). As it was
observed in [29], the class C; consisting of triads ((s;)4ep, X, Z), where (s;)4ep is a net in
X, x € X, Zis anideal of D and (s;)4ep Z-converges to x with respect to 7, is an ideal
convergence class since it satisfies all the conditions of Definition 19. We say that the
topology 7 generates the ideal convergence class C-.

Proposition 10 ([29]). Let C be an ideal convergence class for a set X and let C, ) be the ideal
convergence class generated from the topology t1(C). Then, C C Cq,c).
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Proposition 11 ([29]). Let X be a non-empty set. There exists a map m of Cony(X) onto Con(X),
such that for every C € Conj(X) the following properties hold:

(1) 7(C)=1(m(C)),
(2)  m(C) can be considered as a subclass of the class C in the sense that there exists a one-to-one
map e : m(C) — C and each ((s4)4ep,x) € m(C) is identified with e((s4)4ep, x) € C.

In the study [29], the concept of ideal-semi-convergence classes on a non-empty set
X is introduced in order to obtain a different modification of classical Kelley’s theorem
(Theorem 1).

Definition 20 ([29]). Let X be a non-empty set and let C' be a class consisting of triads (s, x,T),
where s = (S4)gep is a net in X, x € X and T is an ideal of D. We say that C' is an ideal
semi-convergence class for X if it satisfies the conditions listed below.

For convenience, we say that s Z-semi-converges (C') to x or that T — }liens sq =s x(C') ifand

onlyif (s,x,7) € C'.
(C'1) If (sq)aep is a net such that s; = x, for every d € D and T is an ideal of D, then

Z-lim sy = x(C').

deD

(C'2) IfI—}lienB sq =s x(C"), where T is an ideal of D, then for every semisubnet (t/\)feA of the net

(54)acp we have T (g)-lim 1 = x(C').

€
(C'3) If T — glirg sq =s x(C"), where T is a proper ideal of of D, then there exists a semisubnet
€
(t,\)fe/\ of the net (sg)4ep such that IO(A)—/l\in}\ th =s x(C).
€

(C'4) Let D be a directed set and T a proper ideal of D. If (s3)4ep does not Z-semi-converge (C')

to x, then there exists a semisubnet (¢ A)fe A Of the net (sg)gep such that:

(1) No semisubnet (rk){: i O (£0)§ o I-semi-converges (C') to x, for every proper ideal
IK OfK.
(2)  Ia(¢) is a proper ideal of A.

(C'5) We consider the following:

(1) D is a directed set.

(2)  Zy(D) is a proper ideal of D.

(3)  Ejisadirected set, for each d € D.

(4)  Zo(E,) is a proper ideal of E;, for each d € D.

(5)  (s(d,e))eck, is anet from Eq to X, for each d € D.

(6) IO(D)-EG% ty =s x(C'), where IO(Ed)'ehefgl s(d,e) =5 t4(C"), for every d € D.
d

Then, the net r : D x [ [ Eq — X, where r(d, f) = s(d, f(d)), for every (d,f) € D x

deD
11 Ea Zo(D x [ | Ea)-semi-converges (C’) to x.
deD deD
(C'6) If (s4)gep is a net in X, then P(D)—}lirg sq =s x(C'), for every € X, where P(D) denotes
S
the powerset of D.

The class of all ideal semi-convergence classes for X is denoted by Conj(X).

The following theorem sets up a one-to-one correspondence between the topologies
for a set X and the ideal semi-convergence classes C’ on it.

Theorem 4 ([29]). (General ideal convergence classes theorem) Let C' be an ideal semi-convergence
class for a non-empty set X. We consider the function cl : P(X) — P(X), where cl(A) is the
set of all x € X such that for some net (s;)4ep in A and a proper ideal T of the directed set D,
(s4)aep L-semi-converges (C') to x. Then cl is a closure operator for a topology T3 (C") on X and
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((s4)dep,x,T) € C', where T is an ideal of D, if and only if (s;)4ep Z-converges to x with respect
to T3 (C").

Proposition 12 ([29]). Let X be a non-empty set. Then the following are satisfied:

(1) The class Conj(X) is a refinement of the class Con§(X), that is for every C € Cony(X) there
exists C' € Conj(X) such that C C C'.

(2)  Con(X) C Conp(X).

Proposition 13 ([29]). Let X be a non-empty set. There exists a one-to-one map ms of Conj(X)

onto Con(X) such that for every C' € Con$(X) the following properties hold:

(1) T(C") =1(ms(C)),

(2)  ms(C") can be considered as a subclass of the class C' in the sense that there exists an one-to-one
map es : ms(C') — C" and each ((s4)gep, x) € ms(C') is identified with es((S4)4ep, x) € C'.

Question 3. Is it possible to achieve a similar characterization of the topology, through the ideal
convergence of nets, with a smaller number of axioms for the ideal convergence classes?

Question 4. Is it possible to achieve an analogous to Theorem 4 characterization of the topology,
for the case of L*-convergence of nets?

4. Kinds of Convergences in Fuzzy Topological Spaces

The meaning of a fuzzy set is introduced by Zadeh in [35], who gives a different
study of classical topological notions to a fuzzy environment. In [36], the meaning of the
fuzzy topological space is given, and in [37—40], properties of such spaces are investigated.
Moreover, in [37,38,41], the notion of fuzzy topology is characterized through fuzzy conver-
gence classes, and in [38], a generalization of a Moore-Smith convergence of nets to fuzzy
topological spaces was given. In [37], a characterization theorem between fuzzy topologies
and fuzzy convergence classes was introduced. We refer to [35-38] for notions of Fuzzy
Theory. Here, we recall some basic notions and notations.

A family J of fuzzy sets in X is called a fuzzy topology for X (due to Chang [36]) if the
following are satisfied:

@ ®fuzzy/ Xfuzzy €d
(2) ANB e whenever A,B € 6, and
(3) V{Aj):A € A} €6, whenever A, €6, foreach A € A.

The pair (X, 9) is called a fuzzy topological space. Every member of J is called a d-open
(or simply open) fuzzy set. The complement of a J-open fuzzy set is called J-closed (or
simply closed) fuzzy set.

A fuzzy set in X is called a fuzzy point if it takes the value O for all y € X except one,
say, x € X. Ifits value at x is A € (0, 1], we denote the fuzzy point by x,, where the point x
is called its support. The set of all the fuzzy points in X is denoted by FP(X).

A fuzzy net in X is an arbitrary function s : D — FP(X) where D is directed. If we set
s(d) = sy, for alld € D, then the fuzzy net s will be denoted by (s;) 4cp-

A fuzzy nett = (t)))ea in X is said to be a fuzzy semisubnet of the fuzzy nets = (s3)4ep
in X if there exists a function ¢ : A — D suchthatf =so ¢, ie., ty =s,,) forevery A € A.

Similar to the classical topological case, we write (¢ A)ie A toindicate the fact that ¢ is the
function mentioned above.

A fuzzy net t = (t))pea in X is said to be a fuzzy subnet of the fuzzy nets = (s4)4ep
in X if t is a fuzzy semisubnet of the fuzzy net s and for every d € D there exists Ay € A
such that ¢(A) > d whenever A € A with A > Ay.
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Definition 21 ([38]). We say that a fuzzy net s = (sy)4ep in a fuzzy topological space (X, 9)
converges to a fuzzy point e in X, relative to 6, if s is eventually quasi-coincident with each
Q-neighborhood of e. In this case, we write Lliirg 54 =e.

€

In [38], a survey on fuzzy topology, including closure, accumulation points, connect-
edness, separation axioms, and so on, is presented in detail. In this paper, we can find
the properties of the above fuzzy convergence. We state the theorems ([38], Theorem 11.1,
Theorem 11.2, Theorem 11.3), respectively, which state that:

(1) Ina fuzzy topological space (X, ), a fuzzy point e €., A if and only if there is a
fuzzy nets = (s4)4ep in A such that s converges to e.

(2) A fuzzy subset A in a fuzzy topological space (X, ) is closed if and only if every
fuzzy net s in A cannot converge to a fuzzy point not belonging to A.

(3) In a fuzzy topological space (X, d), x, is an accumulation point of A if and only if
there is a fuzzy netin A — x, converging to x,.
The following result of [38] shows a fact for the uniqueness of fuzzy limits.

(4) Inafuzzy topological space (X, J), if a fuzzy net s converges to a fuzzy point x,, then
for every pu € (0, A], s converges also to xy,.
A study of fuzzy topology through fuzzy convergence classes has been done following

the same thinking as in Kelley’s theorem. In what follows, X is a non-empty set and G is a

class consisting of pairs (s, e), where s = (s7)4cp is a fuzzy net in X and e is a fuzzy point
in X.

Definition 22 ([37]). We say that G is a fuzzy convergence class for X if it satisfies the conditions
listed below.
For convenience, we say that s converges (G) to e or that LliimD si=e(G)if (s,e) €G.
€

(G1) Ifsis such that s; = e, for each d € D, then s converges (G) to e.
(G2) If s converges (G) to e, then so does each fuzzy subnet of s.
(G3) If s does not converge (G) to e, then there exists a fuzzy subnet t of s, no fuzzy subnet of which
converges (G) to e.
(G4) We consider the following:
(1) D isadirected set.
(2) E; is a directed set, for each d € D.
3)  s% = (s%(n))uck, is a fuzzy net in X, converging (G) to s, for each d € D and the
fuzzy net (s4)gep, thus obtained, converges (G) to e.
Then, the induced net (associated with D and each s7), converges (G) to e.

(G5) For each point x € X and real directed set D C (0,1], if r < sup D, then the fuzzy net

(x4)aep converges (G) to x;.
The class of all fuzzy convergence classes for X is denoted by Con(X).

Proposition 14 ([37]). Let (X,6) be a fuzzy topological space. Then the class of pairs {(s,e) :
the fuzzy net s converges to e} is a fuzzy convergence class, denoted by ¢(9).

Theorem 5 ([37]). (fuzzy convergence classes theorem) We consider a map c : IX — IX induced
as follows: for each A € 1%, we define

G(A) = {e: for some fuzzy net sin A, (s,e) € G}

and
c(A) =VG(A).
Now if G is a fuzzy convergence class for X, then the following hold:

(1)  The correspondence A +— c(A) is a fuzzy closure operator and the fuzzy topology thus
obtained will be denoted by P(G),
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2 ¢(p(9)) = G and
(3)  Y(¢p(d)) = 6, for a fuzzy topology 6 on X.

Therefore, there exists a bijective map between the set of all fuzzy topologies 6 for X and the set
of all fuzzy convergence classes G for X. Moreover, this map is order-reversing, i.e., if 61 O o, then

P(d1) C $(02).

In [41], the concept of a fuzzy semi-convergence class is presented, giving an alterna-
tive characterization of fuzzy topology in relation to the ordinary convergence of fuzzy
nets.

Definition 23 ([41]). We say that C is a fuzzy semi-convergence class for X if it satisfies the
conditions listed below.
For convenience, we say that s semi-converges (C) to e or that }lirg sq =s e(C)if (s,e) € C.

€

(G'1)If s is such that sy = e, for each d € D, then s semi-converges (C) to e.

(G'2) If s semi-converges (C) to e, then so does each fuzzy subnet of s.

(G'3) If s does not semi-converge (C) to e, then there exists a fuzzy subnet t of s, no fuzzy subnet of
which semi-converges (C) to e.

(G'4) We consider the following:

(1) D isadirected set.

(2) E; is a directed set, for each d € D.

) s% = (s?(n))nek, is a fuzzy net in X, semi-converging (C) to s4, for each d € D and
the fuzzy net (sy4)g4ep, thus obtained, semi-converges (C) to e.

Then, the induced net (associated with D and each s?), semi-converges (C) to e.

(G'5) For each point x € X and real directed set D C (0,1], if r < sup D, then the fuzzy net
(x4)aep semi-converges (C) to x;.

The class of all semi-convergence classes for X is denoted by Con®(X).

We hold that Con(X) C Con®(X). Moreover, ¢(8) = ¢'(5), where ¢’ (6) is described in
the following result.

Proposition 15 ([41]). Let (X,0) be a fuzzy topological space. Then the class of pairs {(s,e) :
the fuzzy net s converges to e} is a fuzzy semi-convergence class, denoted by ¢’ (6).

The following theorem sets up a one-to-one correspondence between the fuzzy topolo-
gies for a non-empty set X and the fuzzy semi-convergence classes on it.

Theorem 6 ([41]). (fuzzy semi-convergence classes theorem) Let C be a fuzzy semi-convergence
class for a non-empty set X. We consider a map cl : IX — IX induced as follows: for each A € I%,
we define cl(A) € IX to be such that a fuzzy point e € .., cl(A) if and only if there exists a fuzzy
net s in A such that s semi-converges (C) to e i.e., (s, e) € C.

(1)  The correspondence A +— cl(A) is a fuzzy closure operator and the fuzzy topology thus
obtained will be denoted by ¢'(C),
2) ¢'W(C))=Cand
(3) ¢ (¢'(6)) = 6, for a fuzzy topology & on X.
Therefore, there exists a bijective map between the set of all fuzzy topologies 6 for X and the set
of all fuzzy semi-convergence classes C for X. Moreover, this map is order-reversing, i.e., if 1 D Jy,

then ¢'(61) C ¢ (62).

Proposition 16 ([41]). Let X be a non-empty set. Then the following are satisfied:
(1) Con(X) = Con*(X),
2) ¢ =¢andy’ = 1.
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Question 5. Is it possible to achieve a similar characterization of the fuzzy topology through fuzzy
convergence of nets, with a smaller number of axioms for the fuzzy convergence classes?

Further, in [41], the concept of fuzzy ideal convergence class is introduced in order to
obtain analogous results in relation to the ideal convergence of fuzzy nets. (We state in [42]
that we can find a different investigation of convergence in fuzzy topological spaces via
prime filters. However, in our study, we pay attention to ideals.)

Definition 24 ([16]). Let (X, 6) be a fuzzy topological space and T an ideal of a directed set D. We

say that a fuzzy net (sg)4ep Z-converges to a fuzzy point e in X, relative to J, if for every open

Q-neighborhood U of e, we have {d € D : s;qU} € Z. In this case, we write I—éirg sq4 = e and we
S

say that e is the Z-limit of the fuzzy net (s;)4ep-

Definition 25 ([41]). Let X be a non-empty set and let H be a class consisting of triads (s,e,T),
where s = (s7) 4ep is a fuzzy net in X, e is a fuzzy point in X and T is an ideal of D. We say that
H is a fuzzy ideal convergence class for X if it satisfies the conditions listed below.

For convenience, we say that s Z-converges (H) to e or that I—%ierg sqa=e(H)if(s,e,Z) € H.

(C'V If (sq)acp is a fuzzy net such that s; = e for every d € D and T is an ideal of D, then
I—iingsd =e(H).
€

(C'2) IfI—gierg sa = e(H), where T is an ideal of D, then for every fuzzy semisubnet (t)){_, of the
fuzzy net (s4)gep we have IA((p)—%ier?\ th =e(H).

(C'3) If I—}lierg sq = e(H), where L is a proper ideal of D, then there exists a fuzzy semisubnet
(t/\)feA of the fuzzy net (s;) ep such that IO(A)_)l\ier?x ty =e(H).

(C'4) Let D be a directed set and I a proper ideal of D. If the fuzzy net (s;)4ep does not Ip-
converge (1) to e, then there exists a fuzzy semisubnet (t\)%_, of the fuzzy net (s4)aep
such that:

(1) No fuzzy semisubnet (T’k){ i O (£0)§ o Tx-converges (M) to e, for every proper ideal
IK OfK.
(2)  Ia(¢) is a proper ideal of A.

(C'5) We consider the following:

(1) D is a directed set.

(2)  Zy(D) is a proper ideal of D.

(3)  Ejisadirected set, for each d € D.

(4)  Zo(E4) is a proper ideal of E;, for each d € D.

(5)  (s(d,e))eck, is a fuzzy net in X for each d € D.

(6) IO(D)_zliieng ty = e(H), where e is a fuzzy point in X, Zo(Ey)-lim s(d,e) = ty(H)

ecEy
and t; is a fuzzy point in X, for every d € D.

Then, the fuzzy net r : D x | [ Ez — X, where r(d, f) = s(d, f(d)), for every (d,f) €
deD
D x [ ] Ea, Zo(D x [ | Ea)-converges toee.
deD deD
(C'6) For each point x € X and real directed set D C (0;1], if r < sup D, then the fuzzy net

(x4)dep Zo(D)-converges (H) to x;.
(C'7) If (s4)dep is a fuzzy net in X, then P(D)—tliirg sq = e(H), for every fuzzy point e € X.
€

The class of all fuzzy ideal convergence classes for X is denoted by Cony(X).

If (X, 9) is a fuzzy topological space, then the class which consists of triads ((s;)4ep, e, Z),
where (s7)4ep is a fuzzy net in X, e is a fuzzy point in X, 7 is an ideal of D and (s;)4ep
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Z-converges to x, relative to J, is a fuzzy ideal convergence class, denoted by D(4). We say
that the fuzzy topology ¢ generates the fuzzy ideal convergence class ®(9).

The following theorem sets up a one-to-one correspondence between the fuzzy topolo-
gies for a non-empty set X and the fuzzy ideal convergence classes on it.

Theorem 7 ([41] (fuzzy ideal convergence classes theorem)). Let H be a fuzzy ideal conver-
gence class for a non-empty set X. We consider a map cl : IX — X induced as follows: for each
A € IX, we define c1(A) € I to be such that a fuzzy point e € .., cl(A) if and only if for some
fuzzy net (s4)gep in A and a proper ideal I of the directed set D, (s4)ep Z-converges (H) to e
ie., (s,e,I) € M. Then clis a fuzzy closure operator for a fuzzy topology denoted by ¥ (H) on X
and ((s4)gep,e, L) € H ifand only if (s3)4ep Z-converges to e with respect to ¥ (H).

Proposition 17 ([41]). Let H be a fuzzy ideal convergence class and & be a fuzzy topology for a
non-empty set X. We have the following:
(1) ®(¥Y(H))=Hand
(2) ¥ (D)) =0.
Therefore, there exists a bijective map between the set of all fuzzy topologies 6 for X and the set

of all fuzzy ideal convergence classes H for X. Moreover, this map is order-reversing, i.e., if 61 2 6y,
then @(51) - @(52)

Proposition 18 ([41]). Let X be a non-empty set. Then there exists a one-to-one map m of Cony(X)
onto Con(X) such that for every H € Conj(X) the following properties hold:

(1) Y(H)=1p(m(H)),
(2)  m(H) can be considered as a subclass of the class H in the sense that there exists a one-to-one
map € : m(H) — H and each ((s3)4ep,e) € m(H) is identified with €((s4)4ep, ) € H.

Question 6. Can we define new meanings of ideal convergences in fuzzy topological spaces? Which
are their basic properties?

L-fuzzy topological spaces have come to enrich the theory of fuzzy topological spaces
(see for example [43]). In what follows, X denotes a nonempty ordinary set, L is a completely
distributive lattice with an ordering-reversing involution’ : L — L, usually called F-lattice,
and LX is the set of all L-fuzzy sets on X.

For every x € X and a € L, we denote the L-fuzzy subset taking value a at x and value
0 at other points of X by x,, call it an L-fuzzy point a on X. For every A C LX, we denote
the set of all L-fuzzy points on X, contained in A by Pt(.A); especially for every A € L%,
Pt(JA) means the set of all L-fuzzy points contained in | A [44].

5 C L¥Xis called an L-fuzzy topology on X, if 6 is closed under arbitrary joins and finite
meets; especially 0,1 € J, where 0 and 1 stands for the least and the greatest element of LX,
respectively. The pair (L%, 6) is called an L-fuzzy topological space. Every U € J is called an
open subset in LX and every P € LX such that P’ € ¢ is called a closed subset in LX [44].

Let D be a directed set. A net s in LX with index set D is the mapping s : D — L%,
denoted by s = (s4)4ep- If s : D — LX and t : E — LX are two nets in L%, then ¢ is said to
be a subnet of s, if there exists a mapping N : E — D, called a cofinal selection on s, such that
(1) t=soN;

(2) Forevery ny € D, there exists mg € E such that N(m) > ng for m > my [44].

Definition 26 ([44]). Ife € Pt(LX), then e is called a limit of the net s if for every Q-neighborhood
U of e, s eventually quasi-coincides with U; in this case we also say s converges to e.

Moreover, e € Pt(LX) is called a cluster point of a net s, denoted by sooe, if for every
Q-neighborhood U of e, s frequently quasi-coincides with U. We denote the join of all
cluster points of s using clus and the join of all limit points of s with lim s [44].
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In [44] properties of this L-fuzzy convergence are studied (see for example ([44],
Theorem 2.3, Theorem 2.5, Theorem 2.6, Theorem 2.7)) some of which are presented
as follows:

(1) Ifanetsinan L-fuzzy topological space converges to e, where e € Pt(LX), then scoe.

(2) lims < clus, for any net s in an L-fuzzy topological space.

(3) Ifanetsin an L-fuzzy topological space converges to e, where e € Pt(LX),and e > d,
then s also converges to d.

(4) Ifsisanetinan L-fuzzy topological space that converges to e, where ¢ € P+(LX), and
t is a subnet of s, then t also converges to e. Further, lims < lim t and clut < clus.

(5)  Anets in an L-fuzzy topological space converges to e, where e € Pt(LX), if and only
if tooe, for every subnet t of s.

Moreover, in this paper, we can also find a study of convergence classes in the envi-
ronment of L-fuzzy topological spaces.

Let LX be an L-fuzzy topological space, D a directed set, {E" : n € D} a family of
directed sets and s" = {s"(m) : m € E"} a net in Pt(LX), for every n € D. Then for the

product directed set D = D x 1_[ E,, thenets: D — LX defined as: for every (n, f) € D,
nebD
s(n, f) = s"(f(n)) is called the induced net of the net family {s" : n € D}.

Definition 27 ([44]). Let A C LX. Let also Sy1(A) denote the class of all nets s = (s4) 4ep such

that s(d) € M(A) foreveryd € D. Let C C Sy (LX) x M(LX) and (s, e) € Sy (LX) x M(LX).

We say that s C-converges to e, denoted by glirg sq =c e if (s,e) € C. Cis called an L-fuzzy
€

convergence class on LX if it fulfills the following conditions:

(L1) Ifsissuch that s; = e, for each d € D, then s converges (C) to e.

(L2) If s converges (C) to e, then so does each subnet of s.

(L3) If s does not converge (C) to e, then there exists a subnet t of s, no subnet of which converges
(C) toe.

(L4) For every directed set D and every {s" : n € D} C Sy (LX), wheres™ = {s"(m) : m € E"}
and lims" =¢ s(n), for every n € D, iflims =¢ e for the obtained molecule net s = {s(n) :
n € DY}, then for the induced net s of {s" : n € D}, lims =¢ e.

(L5) Forevery x € X, every A C M(L) and every molecule A < \/ A, there exists s € Spr({x¢ :
¢ € A}) such that lims =¢ x,.

Let (L%, 6) be an L-fuzzy topological space. We denote this with
@(8) = {(s,e) € Sp(LX) x M(LX) : lims =¢ e}

the so-called L-fuzzy convergence class on LX generated by 6. Then ¢(8) is an L-fuzzy
convergence class on LX [44].
Let C C Sp(LX) x M(L). For every A € L%, we denote using

clug(A) = {e € M(LX) : 3s € Pt(LA),lims = e}.

We define an operator ¢ on L%, called the closure operator generated by C, as: c(A) =
VueA, A e LX.

Proposition 19 ([44]). Let X be a nonempty ordinary set, L an F-lattice and C an L-fuzzy
convergence class on LX. Then the closure operator generated by C is a closure operator on LX.

Let X be a nonempty ordinary set, L an F-lattice and C an L-fuzzy convergence class on
LX. Denote the L-fuzzy topology on X generated by the closure operator on LX generated
by C as (C). Then the following results prove the correspondence between L-fuzzy
topologies and L-fuzzy convergence classes.
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Proposition 20 ([44]). Let X be a nonempty ordinary and L an F-lattice. Then:

(1)  For every L-fuzzy topology 6 on X, ¢(¢(6)) = 4.

(2)  For every L-fuzzy convergence class C on LX, p(y(C)) = C.

(3)  For every pair 8, y of L-fuzzy topologies on LX such that § C u, p(8) D ¢(u).

(4)  For every pair C, D of L-fuzzy convergence classes on LX such that C C D, $(C) D ¢(D).

Question 7. Is it possible to achieve a similar characterization of the topology through L-fuzzy
convergence of nets, with a smaller number of axioms, for the L-fuzzy convergence classes?

Question 8. Does there exist a relative theory of axioms for the L-fuzzy semi-convergence in
L-fuzzy topological spaces?

Question 9. Does there exist a theory of L-fuzzy ideal convergence in L-fuzzy topological spaces?
Which is the precise notion of such kind of ideal convergence? Which are its properties?

Question 10. Is it possible to achieve a similar characterization of the topology through L-fuzzy
ideal convergence of nets, with some axioms (as in work [44]) for the L-fuzzy ideal convergence
classes?

5. Kinds of Convergences in Fuzzy Metric Spaces

In [45,46], the notion of fuzzy metric space is introduced and studied, based on
continuous t-norms, and many other articles have contributed to the development of this
theory (for example, [47-50]). In this section, we pay attention to the notion of convergence
in such spaces, introducing the most basic results.

A fuzzy metric space is an ordered triple (X, M, ) such that X is a (non-empty) set, *
is a continuous t-norm and M is a fuzzy set on X x X x (0, +o0) satisfying the following
conditions for every x,y,z,€ X and s, t > 0:

(FM-1) M(x,y,t) > 0,

(EM-2) M(x,y,t) = lifand only if x = y,

(EM-3) M(x,y,t) = M(y, 1),

(FM-4) M(x,y,t) * M(y,z,5) < M(x,z,t+s),
(EM-5) M(x,y,) : (0,400) — (0,1] is continuous.

If (X, M, %) is a fuzzy metric space, then we say that (M, ) or simply M is a fuzzy
metric on X. Further, we say that (X, M) or, simply, X is a fuzzy metric space (see also [51]).

Every fuzzy metric M on X generates a topology T on X which has as a base the
family of open sets of the form

{Bm(x,et):x€X,0<e<1,t>0},
where By(x,¢,t) = {y € X: M(x,y,t) >1—¢} forallx € X,e € (0,1) and t > 0.

Definition 28 ([45]). Let (X, M, *) be a fuzzy metric space. A sequence (Xp),cn is said to
converge to x if liﬁm M(xy,x,t) =1forall t > 0.
n—oo

Definition 29 ([50]). Let (X, M, x) be a fuzzy metric space. A sequence (Xn),en is said to point-
converge to xo zfnh_{r;Q M(xy, x0,t9) = 1 for some ty > 0. In such case, we say that (x,),ecn is

p-convergent to xg for tg > 0, or, simply, (x,),eN i p-convergent.

Some of the most basic facts for the above types of convergences are given as follows:

(1) A sequence (xy),cn is convergent to xg if and only if (x,),cn is p-convergent to x
forall t > 0.
(2) If lim M(x,,x,t1) =1and li_r)n M(xp,y,t2) =1, thenx = y.
n—oo

n—o0



Mathematics 2023, 11, 663

20 of 30

3 If nlgn M(xy, x0,t9) = 1, then khm M(xy,, x0,tg) = 1 for each subsequence (xy, )keN
—00

of (xn)neN-
(4) If (x4),en p-converges to xp and it is convergent, then (x,),cn converges to x.
However, in [50], we can find an example for this property (4). Let (x,),en C (0,1) be
a strictly increasing sequence convergent to 1 with respect to the usual topology of R and
X = (xn)nen U {1}. We define on X x X x (0, +o0) the function M given by:
(i) M(x,x,t)=1foreachx € X,t >0,
(i) M(xp, xm,t) = min{x,, xp}, forallm,n € N, t > 0, and
(i) M(xn,1,t) = M(1,x,,t) = min{x,, t} foralln € N, t > 0.
1
5)

. . . 1 .
Then the sequence (x,),cn is not convergent since lgn M(xy,1,2) = 5 but it is
n—oo

p-convergent to 1, as ILI’H M(x,,1,1) = 1.
n 00

Definition 30 ([52]). Let (X, M, *) be a fuzzy metric space. A sequence (Xp)necn is said to

s-converge to xq if im M(x,, xo, —) = 1.
n—00 n

Some of the most basic facts for this type of convergence are given as follows:

(1) If Ty is the discrete topology, then convergent sequences are s-convergent.

(2) Each s-convergent sequence in a fuzzy metric space X is convergent.
However, in [51], we can find an example that shows that the converse of (2) does not
always hold. On (0, +c0) we consider the principal fuzzy metric (M, *), where M is
defined by

min{x,y} +¢t

max(x, g} 1 x,y € (0,400), t > 0.

M(x,y,t) =

n—o0

1
Since lim M (n,O, t) =1, foreacht > 0, ( > converges to zero, but it is not
1

s-convergent to zero, as lim M ( ,0, > =
n n 2

n—o00
(3) Each subsequence of an s-convergent sequence in a fuzzy metric space X is s-convergent.
(4) Each convergent sequence in a fuzzy metric space X admits an s-convergent subse-
quence.

Definition 31 ([53]). Let (X, M, x) be a fuzzy metric space. Then a sequence (X,),cn is said to
strong converge to xq if lim M(xy, xo, %) = 1. In this case, we say that (x,),eN St-converges
n,m

to xg.

The above strong convergence is a stronger concept than convergence, in support of
which it is proven that:
(1) Each st-convergent sequence is s-convergent, but the converse does not always
hold [53].
Let (X, My, ) be the standard fuzzy metric, where X = R, d is the usual metric on R
and Mj is a function on X x X x (0, +oc0) defined by

t
Md(x,y,t) = W, X,y e Xt>0.

1
We consider the sequence (xy),cn, where x, = ) for all n € N. The sequence

(xn)nen is s-convergent to zero, but it is not st-convergent to zero.
(2) Each subsequence of an st-convergent sequence in a fuzzy metric space X is st-
convergent.
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(3) Every convergent sequence in a fuzzy metric space X is st-convergent if and only if
every convergent sequence in X is s-convergent.

Definition 32 ([54]). Let (X, M, x) be a fuzzy metric space. Then a sequence (X,),cn is said to
sp-converge to xo for p € N if lgn M(xp, x0, ﬁ> = 1. A sequence (xy),cn in X is said to be
n—oo

Sco-convergent to xo if (Xu)nen is sp-convergent to xo, for all p € N.

For these kinds of convergences, we state the following:

(1) sj-convergence coincides with the s-convergence in any fuzzy metric space.

(2) sgp1-convergence implies si-convergence in any fuzzy metric space for k € N.

(8) st-convergence implies se-convergence in any fuzzy metric space.

Various examples that show that the converse of the above statements do not hold
can be found in the paper [54].

(4) Each subsequence of an sy-convergent sequence in a fuzzy metric space X is sp-
convergent for all p € N and each subsequence of an s.-convergent sequence in a
fuzzy metric space X is se-convergent.

(5) Each convergent sequence in a fuzzy metric space X admits an s,-convergent subse-
quence for all p € N. Further, each convergent sequence in a fuzzy metric space X
admits an se-convergent subsequence.

Question 11. Can we define new meanings of convergences and statistical/ideal convergences in
fuzzy metric spaces? Which are their basic properties?

6. Kinds of Convergences in Partially Ordered Sets

As the theory of convergence produces new motivations for more results, partially
ordered sets and the convergence of nets in these objects have come to construct new chap-
ters. Therefore, the meanings of order-convergence, 0,-convergence (as a generalization of
order-convergence), lim-inf-convergence, and similar kinds are defined, and basic proper-
ties are investigated. The main problem in the theory of convergence in partially ordered
sets focuses on finding partially ordered sets in which each of the above convergence is
topological [55-63]. Thus, in this section, we present notions of convergence in partially
ordered sets (in short, posets) and basic results. Mainly, we present the main research
problem of being notions of convergences in posets topological. We shall denote partially
ordered sets by their underlying sets, and we will write X for (X, <).

Definition 33 ([64-66]). A net (s4)4ep in a poset X is said to order-converge (in short o-converge)
toy € X if there exist subsets A and B of X such that

(1) A is up-directed and B is down-directed,
(2) y=-supA =infB, and
(3) foreacha € Aandb € B, there exists k € D such that a < s < b holds forall d > k.

In this case we write (s4)gep —> X.

If X is a complete lattice, then a net (s;)4cp in X is said to o—converge to y € X if
and only if y = liminfs; = limsups;, where liminfs; = sup igg sj and limsups; =
deD1?
inf sup s; [56,67].

Some of the main facts for the 0-convergence are summarized as follows:

(1) In a complete lattice, the alternative definitions of o-convergence in the cases of a
complete lattice and a poset agree.

(2) The o-convergent point of a net (s;)4ep in a poset, if it exists, is unique.

(3) Any constant net (s;) cp in a poset X with value x o-converges to x.
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(4) Further, given a poset X, by 7y¢ we denote the set consisting of all subsets U of X

satisfying the following property: If (s;)4ep — x € U, then there exists dy € D such
that sy € U for every d > dy. The set Ty forms a topology on X, which is called the
order topology on X [67-69].

Definition 34 (see for example [67]). Let L be the class consisting of all pairs ((s4)4ep, X) of a
net (sg)gep and an element x in a poset X with (sy)gep 0-converging to x. The class L is called
topological if there is a topology T on X such that ((s4)4ep,x) € L if and only if the net (s;) 1ep
converges to x with respect to the topology T.

In [63], it is observed that, in general, o-convergence is not topological. In [58,68],
some examples show that o-convergence is not topological even though X is a complete
lattice. Further, for a completely distributive lattice and any antichain, the o0-convergence
is topological [67]. Thus, a natural problem arises: “For what posets is the o-convergence
topological?” In [59,60,67,68,70], conditions under of which o-convergence is topological
are given. For that, new classes of posets are introduced, such as the notions of a doubly-
continuous poset, S-doubly continuous posets, and O-doubly continuous poset (see for
example [56,71]). For these posets, under some restricted conditions, the o-convergence is
topological.

Definition 35 ([61,72]). A net (s4)4ep in a poset X is said to 0p-converge to y € X if there exist
subsets M and N of X such that

(1) y=supM =infN,and

(2)  foreacha € Mand b € N, there exists k € D such that a < sy < b holds for all d > k.

In this case we write (54)gep 2 X.

If X is a complete lattice, then a net (s;);cp in X is said to 0p-converge to y € X if
y = liminfs; = limsup sy, where liminfs; = supinfs; and limsups; = inf sups; [62].
deD />4 4€D j>p
Some of the main properties of 0-convergence are summarized as follows:
(1) Ina complete lattice, the alternative definitions of 0p-convergence in the cases of a
complete lattice and a poset agree.
(2) The op-convergent point of a net (s;)cp in a poset, if it exists, is unique.
(3) Any constant net (s;)4ep in a poset with value x 0p-converges to x.
(4) If (sg)4ep 0-converges to x, then it 0,-converges to x [61], that is the 0,-convergence is
a generalization of o-convergence.
However, in [62], we can find an example that shows that the converse of (4) does not
always hold. Let P = {dy,dy,...} U{c} U{ay,az,...} U{by,by,...}. The order < on
P is defined as follows:
(1) a; <¢,b;<c,c<d;, foralli=1,23,...
(ii) if k > i, then gy > b;.
The net (a;);cy 02-converges to ¢ but it does not o-converge to c.
(5) In a lattice 0p-convergence is equivalent to o-convergence.
(6) Moreover, given a poset X, we denote by 7')?2 the set consisting of all subsets U of X

satisfying the following property: If (s;)4ep %2, x € U, then there exists dy € D such
that x4 € U for every d > dy. The set T* forms a topology on X, which is called the
02-topology on X [69].

Definition 36 (see for example [67]). Let L be the class consisting of all pairs ((s4)4ep, X) of a
net (s4)4ep and an element x in a poset X with (s;)4ep 02-converging to x. The class L is called
topological if there is a topology T on X such that ((s3)4ep,x) € L if and only if the net (s3) 4ep
converges to x with respect to the topology T.
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The 0y-convergence is also not topological generally. However, in [34,57,62], the
authors give sufficient and necessary conditions for 0,-convergence to be topological. For
that, they study the notions of a-double continuous poset and a*-double continuous poset.
For these posets, under some restricted conditions, the 0,-convergence is topological.

Definition 37 ([63]). A net (54)4ep in a poset X is said to lim-inf-converge to an element y € X
if there exists an up-directed subset M of X such that

(1)  sup M exists with sup M > y and
(2)  foranym € M, s; > m holds eventually that is, there exists k € D such that s; > m for all
d >k

In particular, a net (s;) ¢ p in a complete lattice lim-inf-converges to x if x < inf{sup{x;} :
d>k
k € D} [56].

Some of the main results for the lim-inf-convergence are given as follows:

(1) Let (s4)4ep be anetin a poset X such that x = inf{x; : d € D} exists. Then (s4)4ep
lim-inf-converges to x.

(2) If (s4)4ep lim-inf-converges to x, then it lim-inf-converges to every y with y < x.
Thus, the lim-inf-limits of a net are generally not unique.

Definition 38 (see for example [67]). Let L be the class consisting of all pairs ((S4)4ep, X) of
a net (sg)gep and an element x in a poset X with (sg)4ep lim-inf-converging to x. The class L
is called topological if there is a topology T on X such that ((sg)4ep,x) € L if and only if the net
(84)aep converges to x with respect to the topology T.

It was proven that for a complete lattice L, the lim-inf-convergence was topological if
and only if L was a continuous lattice [56]. Further, for any poset X the lim-inf-convergence
was topological if and only if X was a continuous poset [63].

In [63], the authors also consider the lim-inf,-convergence, a part of generalized
0p-convergence for lim-inf-convergence. They also establish a characterization for this
convergence to be topological, proving that for a poset X the lim-infy-convergence is
topological if and only if X is a-continuous.

Definition 39 ([63]). A net (s3)4ep in a poset X is said to lim-infy-converge to x € X if there
exists a subset M C X, such that

(1) sup M exists and x < sup M and
(2)  foreachm € M, xz = m holds eventually.

Definition 40 (see for example [67]). Let L be the class consisting of all pairs ((s4)4cp, x) of
a net (sg)gep and an element x in a poset X with (sz)4ep lim-infy-converging to x. The class L
is called topological if there is a topology T on X such that ((s3)4ep, x) € L if and only if the net
(s4)aep converges to x with respect to the topology T.

Definition 41 ([67]). Let X be a poset and M C P(X). A net (s3)4ep in a poset X is said to
lim-inf y-converge to x € X if there exists a subset M € M such that

(1) sup M exists and x < sup M and
(2)  foreachm € M, x4 > m holds eventually.

As it is observed in [67], lim-inf-convergence and lim-infy-convergence are particular
cases of lim-inf y,-convergence.

Definition 42 (see for example [67]). Let L be the class consisting of all pairs ((s4)4ep, X) of a
net (s4)gep and an element x in a poset X with (sz)aep im-inf y(-converging to x. The class L
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is called topological if there is a topology T on X such that ((s;)4cp,x) € L if and only if the net
(54)4ep converges to x with respect to the topology T.

Similar to the above discussions, in [67], continuous posets and a-continuous posets
are classes of posets in which the lim-inf ,-convergence is topological.

Question 12. Define new notions of convergences in posets. Which are their properties? In which
posets are such kinds of convergences topological?

Recently, a new research issue has been investigated, combining the notions of conver-
gence in posets with ideals. Therefore, notions of ideal convergence in posets are introduced
and studied.

Definition 43 ([34,69]). Let X be a poset. A net (s;)4ep in X is said to Z-order-converge to a
point x € X, where I is an ideal on D, if there exist subsets A and B of P such that:

(1)  Ais directed and B is filtered.
(2) x=supA =infB.
(3) Foreveryac Aandb € B,{d € D :s; ¢ [a,b]} € L.

In this case the point x is called the T-o-limit of the net (s3)aep and we write (4) 4cp 170

Some of the basic properties of the ideal-order-convergence are given as follows:

(1) The Z-o-limit is unique.

(2) If (s4)4ep is anet with s; = x for every d € D, then (s4)4¢cp £79 % holds for every
ideal Z of D.

B) If(s4)aep RSN x, then for every semi-subnet (t/\)feA of (s4)4ep wehave (tA)iGA
x.

Ia(p)—o

Proposition 21 ([69]). Let (s4)4ep be a net in a poset X and T a non-trivial ideal on D. Then
there exists a semi-subnet (t,\)féAI of (S4)aep such that for every A C X,

{d € D:s; ¢ A} € T ifand only if there exists Ay € Az such that t, € A forall A > Ag. In
particular, for x € X and a topology T on X,

(1) (54)aep Iy with respect to T if and only if(t/\)EAI I with respect to T.

(2) (sa)aep I & if and only if(tA)féAI 2

In [69], in order to succeed, topologies are inserted in posets under conditions in which
the ideal-order convergence in posets is topological.

Proposition 22 ([69]). Let X be a set and let Cx be a class consisting of triads ((s;)4ep,x,T),
where (sg)gep is a net in X, x € X, and T is a non-trivial ideal on D. The family

{UCX:{deD:s; ¢ U} €T forevery ((sg)4ep,x, L) € Cx, x € U}
is a topology T(Cx) on X.

Proposition 23 ([69]). Let X be a poset. Then the following are satisfied:

(1) If ((sq)dgep,x,I) € Cx, then (s4)4ep 2L x with respect to T(Cx);
2) 1(Cx) =Ty

(3)  If (s4)deD L9 &, then (84)deD 2L x with respect to T.

Proposition 24 ([69]). Let X be a poset. The topology Ty, is the finest topology T on X such that
ideal-order-convergence implies ideal-topology-convergence with respect to T.
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Definition 44 ([69]). The ideal-order-convergence in a poset X is called topological if there exists a
topology T on X such that for every net (s;)gep in X, x € X and for every non-trivial ideal Z of D,

(s4)deD I7o, if and only if (S4)4ep L7t s with respect to T.

Proposition 25 ([69]). Let X be a poset such that the ideal-order-convergence is topological and let
T be the corresponding topology on X. Then, T C T.

Proposition 26 ([69]). The ideal-order-convergence in a poset X is topological if and only if the
order-convergence in X is topological.

Based on the above results, it is proven that for a poset X, the ideal-order convergence
is topological for the 7y topology if and only if X is an S*-doubly continuous poset [69].

Definition 45 ([34,69]). Let X be a poset. A net (s4)4ep in X is said to Z-0y-converge to a point
x € X, where I is an ideal of D, if there exist subsets M and N of X such that:

(1) x=supM =infN.
(2) Foreachm € Mandn € N,{d € D :s; ¢ [m,n|} € L.

. . . . . I—
In this case the point x is called the Z-o0,-limit of the net (sy)aep and we write (S3)4ep =2 .

Some of the basic properties of the ideal-0,-convergence are given as follows:
(1) The Z-0p-limit is unique.
(2) If Zis a non-trivial ideal on D, then (s4)4ep 7% yifand only if (tA)/q\’eA 2 .

(8) If Z is a non-trivial ideal on D, then the Z-order-convergence implies the Z-05-
convergence.

In [69], it is observed that the converse of (3) does not always hold. We consider the
poset (Z,<), which is represented in Figure 1.

0

Figure 1. The poset (Z, <).

Let Z be an admissible ideal on N. Then the net (a,),cn, where a, = n, n € N,
Z-0y-converges to zero but it does not Z-o-converge to zero.

For an arbitrary poset X, we denote by C5? the class consisting of triads ((s4)aep, X, Z),

where (s7)4ep isanetin X, x € X and 7 is a non-trivial ideal on D such that (s;)4cp oo o
The corresponding topology 7(C3?) on X is called the ideal-0,-topology on X [69].

Proposition 27 ([69]). For any poset X, the following are satisfied:
1) T(CP)=T3 Ty
(2)  If ((sq)aep,x, L) € C, then (s4)4ep L4 x with respect to 7(CP).

Definition 46 ([34,69]). The ideal-0o-convergence in a poset X is called topological, if there exists
a topology T on X such that for every net (sg)gep in X, x € X, and for every ideal T of D,

- . . - .
(s4)deD N if and only if (s4)4ep L7 s with respect to T.
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Proposition 28 ([69]). The ideal-0;-convergence in a poset X is topological if and only if the
02-convergence in X is topological.

Based on the above facts, it is proven that the ideal-0p-convergence in a poset X is
topological if and only if X is an O,-doubly continuous poset. In addition, the ideal-o0-
convergence in every finite lattice, every chain or antichain is topological [69]. In [34], it
was proven that the ideal-0;-convergence on a poset X was topological if and only if X
was O,-doubly continuous, presenting a modification of Kelley’s theorem for convergence
classes of nets (see Theorem 4). Further, by studying some open subsets of the 0;-topology
T2, the same result followed.Similar to this task, in [34], we have that the ideal-order
convergence on a poset P is topological if and only if X is S*-doubly continuous.

In [34], the ideal-lim-inf-convergence is also introduced as a generalization of lim-inf-
convergence on an arbitrary poset.

Definition 47 ([34,69]). A net (s3)4cp in a poset X is said to Z-lim-inf-converge to an element
x € X, where 1 is an ideal of D, if there exists a directed subset M of X such that the following
conditions hold:

(1) sup Mexists with sup M > x, and
(2) foreachme M,{d € D:s; #m}cT.
In this case the point x is called the Z-lim-inf-limit of the net (s;)zep and we write

T—lim — inf
(84)dep ———

im — i Zp(D)—lim — inf

Since a net (s4)gep Im =ity if and only if (s4)4ep M x, the lim-inf-
convergence on posets can be considered as a special case of ideal-lim-inf-convergence [34].
On the other side, ideal-lim-inf-convergence can be reduced to lim-inf-convergence, since a
net (s7)4ep x if and only if (t)»)ile/\, x. [34]

Moreover, in [34], two new topologies on a poset X are introduced as follows:

(1) We denote by TXhm ~inf the family of all subsets U of X which satisfy the property:

Z—lim — inf lim — inf

lim — inf

S4)diecp — x € U implies (S;7)4ecp 15 eventually in U. Then, im —inf 5 3 topolo
c U impli eD i lly in U. Then, 7im ~inf pology
on X called the lim-inf-topology on X.

(2) We denote by C%i(m_i“f the class consisting of triads ((s;)4ep, x,Z), where (s3)4ep
isanetin X, x € X and 7 is an ideal of D such that (sg)sep Lolim=int o The
corresponding topology T(C%m*mf), which consists of all subsets U of X which
satisfy the property: ((s;)sep, ¥, Z) € Cim = where T is a non-trivial ideal of D and
x € Uimplies {d € D : s; ¢ U} € T, is called the ideal-lim-inf-topology on X.

Proposition 29 ([34]). Let X be a poset.

(1) If (54)deD Im—inf, v € X, then (84)aep converges to x with respect to T)%im*i“f,

2) If(sd)de.D Z—lim — ini
T(C%m - mf)’

 x € X, where T is an ideal of D, then (S4)4ep L7 x with respect to

Proposition 30 ([34]). Let X be a poset.

(1) T)l(im ~inf s the finest topology T on X such that lim-inf-convergence implies convergence
with respect to T.
(2)  T(Cim=infy js the finest topology T on X such that ideal-lim-inf-convergence implies ideal
convergence with respect to T.
lim — inf lim — inf
(3) T(C)ém m! ) — T}(lm m! .

Question 13. Which are the main properties of the topologies T2, Ty and Tim ~infp



Mathematics 2023, 11, 663

27 of 30

In [34] the ideal-lim-inf-convergence in a poset X has been studied under the prism of
being topological, investigating posets in which this convergence is topological.

Definition 48 ([34,69]). The ideal-lim-inf-convergence in a poset X is called topological if there
exists a topology T on X such that for every net (sy)ep in X, x € X and for every ideal Z of D,

Z—1lim — inf

(s4)deD x if and only if (S4)4ep L7t s with respect to T.

It is proven that for a poset X, the ideal-lim-inf-convergence is topological if and only
if P is a continuous poset [34]. In addition, as observed in [34], we can get similar results
if we consider the ideal-lim-inf,-convergence in posets. Particularly, for a poset X, the
ideal-lim-infy-convergence is topological if and only if X is an a-continuous poset.

Question 14. Define other notions of ideal-convergences. Which are their basic properties?

Question 15. Let P denote any of the new notions of ideal convergences in a poset (by Question 14).
Does there exist classes of posets in which this convergence P is topological?

Question 16. What are the main properties of the induced topologies of the new notions of conver-
gences relative to Question 147

Question 17. Let P denote any of the new notions of ideal convergences in a poset (by Question 14).
Does there exist a modification of Kelley’s theorem for ideal-convergence classes of nets that gives an
alternative approach to proving that this convergence is topological?

7. Kinds of Convergences in Fuzzy Ordered Sets

A particular interest had been shown in the convergence in fuzzy ordered sets (in
short, fosets). The sequential convergence in fuzzy partially ordered sets, under the name
op-convergence, is known. In particular, using a notion of fuzzy order, the authors in [73]
defined and studied a notion of convergence for sequences in the sense of Birkhoff [64]. In
this section, we recall notions of convergence in fosets and present some open problems. We
recall some basic notions, and we refer to [74-76] for more information on related meanings.

Let X be a nonempty set. A fuzzy order on X is a fuzzy set on X x X whose membership
function y satisfies the following properties:

(1) (reflexivity) forall x € X, u(x,x) =1;
(2) (antisymmetry) forall x,y € X, p(x,y) + u(y, x) > 1 implies x = y; and,
(3) (transitivity) forall x,z € X, pu(x,z) = Vyex|[p(x,y) A pu(y, z)].

A set with a fuzzy order defined on it is called a fuzzy ordered set (or foset for short.)

Definition 49 ([73,77]). Let X be a foset. We say that a net (s)4ep in X is order-converging or
(0p)-converging to a point x € X and we write (s4)qep —» x if there exists a pair of nets (1) gep
and (vg)gep, in X, such that:

(1) (44)aep™™, (va)acpdx and
(2)  u(ug,sq) >1/2and u(sy,vg) > 1/2, foralld € D.

Some of the basic properties of this convergence are given as follows:

(1) If (sn)uent, then (sy)uen °F xifand only if (sp)penTx.

@) If (5n)nend, then (sp)pen — x if and only if (s,)nen .

(3) Ifu(suy ty) >1/2,foralln € N, and (sn)neN OF, x, (tn)nen o, y, then u(x,y) > 1/2.
@) If (sp)nen = xand (sp)pen — v, then x = v.

(5)  If (sn)nen 2%, x, then any subsequence of (s,),cn 0p-converges to the same limit.
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6) Ifu(tn,sn) >1/2and p(sn,rn) > 1/2,foralln € Nand (ty),en 2k, X, ("n)nen OF, X,
then (s, ) pen — x.

In [77], a notion of net convergence, with respect to the fuzzy order relation, named
o-convergence, is introduced and studied, in the sense of McShane [66].

Definition 50 ([77]). Let X be a foset. We say that a net (s;) 4cp in X is o-converging to a point
x € X and we write (s;)gep —>  if there exist a directed to the right subset A of X and a directed
to the left subset B of X, such that

(1) VA= AB=uxand
(2) foreverya € Aandeveryb € B, u(a,sy) > 1/2and u(sy,b) > 1/2, eventually.

Proposition 31 ([77]). Let X be a foset, (s4)4cp be a net in X and x € X. If (s4) 4ep 28 x, then
(84)aep = x.

In [77], we can find various examples that show that the converse of the above propo-
sition does not always hold. Further, the o-convergence has similar properties to of-
convergence.

(1) (s4)deptx if and only if (sg)4epTx is increasing and (s;)gep — X.

() (54)depdx if and only if (sg)gepdx is decreasing and (sz)gep — X.

() If u(sg, ty) > 1/2,foralld € D,and (sg)gcp — X, (t4)dep — v, then u(x,y) > 1/2.
(4) TIf (sq)gep — x and (sq)gep — v, then x = v.

(5) If (s4)4ep — x, then any subnet of (s;)4cp 0-converges to the same limit.

(6) If u(ty,sq) > 1/2and u(sy,rq) > 1/2,foralld € D and (ty)gep — X, (Ta)dep — ¥,

then (sy)gep — X.

The main result of the paper [77] is that the two notions of convergence are identical
in the area of complete F-lattices.

Proposition 32 ([77]). Let (s4)acp be a net in a complete F-lattice X and x € X. Then (s54)gep —
. . ofr
x if and only if (S4)gep — X.

Question 18. Can we develop studies of new notions of convergences/statistical or ideal conver-
gences in fosets?

Question 19. In which fosets any of the new notions of convergences/statistical or ideal conver-
gences (by Question 18) is topological?

Question 20. Can we develop studies of convergence classes/ideal-convergence classes in fosets as
a modification of Kelley’s theorem? When will such classes be topological?
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