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Abstract: In this paper, we present a study on mean square approximate controllability and finite-
dimensional mean exact controllability for the system governed by linear/semilinear infinite-dimensional
stochastic evolution equations. We introduce a stochastic resolvent-like operator and, using this oper-
ator, we formulate a criterion for mean square finite-approximate controllability of linear stochastic
evolution systems. A control is also found that provides finite-dimensional mean exact controllability
in addition to the requirement of approximate mean square controllability. Under the assumption
of approximate mean square controllability of the associated linear stochastic system, we obtain
sufficient conditions for the mean square finite-approximate controllability of a semilinear stochastic
systems with non-Lipschitz drift and diffusion coefficients using the Picard-type iterations. An
application to stochastic heat conduction equations is considered.
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1. Introduction

Stochastic differential equations have been successfully used in recent years in many
applied problems in physics, economics, electricity, mechanics, etc. Many real systems and
biological procedures exhibit some form of dynamic action under random perturbation,
with continuous and discrete properties. In the last few decades, controllability concepts
(approximate/exact approximate/finite-approximate controllability and so on) for different
types of stochastic semilinear evolutionary systems have been studied in many articles
using various methods. We divide scientific articles devoted to stochastic controllability
concepts into groups as follows.

*  Linear stochastic systems: Approximate controllability notions for stochastic linear
systems were studied in [1-10]. In [1,2], stochastic Ljapunov methods are used to
give sufficient conditions for these types of stochastic observability and controllability.
In [3,4], the authors study the controllability of linear dynamical systems in the
presence of random perturbations. In [7], with the help of dual equations the duality
between approximate controllability and observability is deduced. In [8,9], necessary
and sufficient conditions, in terms of uniform and strong convergence of a certain
sequence of operators involving the resolvent of the negative of the controllability
operator, are formulated.

*  Semilinear stochastic systems: Studies on the approximate controllability concepts of
semilinear /nonlinear stochastic systems have progressed slowly as compared to linear
stochastic systems, see [11-20]. There are several approaches: a resolvent approach
applied together with fixed point methods, integral contractor, sequencing method
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and the monotone technique. Several researchers—Sunahara et al. [11,12], Mahmudov
[9], George [13], Sakthivel and Kim [14], Tand and Zhang [15], Mokkedem and Fu [21],
Ain et al. [22], Anguraj and Ramkumar [23]—have used different methods to study
approximate controllability for several stochastic evolution systems.

*  Non-Lipschitz stochastic systems: Approximate controllability of non-Lipschitz stochas-
tic systems was considered in Sing et al. [24], Ren et al. [25], Mahmudov et al. [26].

e  Finite-approximate controllability: Simultaneous mean square approximate and finite-
dimensional mean exact controllability, referred to as the finite-approximate mean square
controllability of linear/semilinear stochastic systems in infinite-dimensional spaces, is
studied in [10,27].

As far as we know, no attempts have been made to study the analogue of mean square
finite-approximate controllability for linear stochastic evolution systems as well as for
semilinear stochastic evolution systems with non-Lipschitz coefficients. In contrast, approx-
imate controllability problems for the mean square finite-approximate controllability for
linear /semilinear stochastic systems investigated in this manuscript have not been tackled
in the existing literature. This study explores the mean square approximate controllability
for linear/semilinear stochastic systems with non-Lipschitz drift and diffusion coefficients
and fills this gap in the literature.

Therefore, motivated by the above discussions, we study the mean square finite-approximate
controllability of the following stochastic differential equation:

d3(7) = [A3(7) + Bu(t) +§(7,3(7), u(7))]dT + 8(7, 35(7), u(7) )dw(T),
3(0) = 30 1

Here, X is a Hilbert space, 3 : [0, T] X Q2 — X is the state process, u : [0, T] x (O — {lis
the control process, il is a Hilbert space, 2 is an infinitesimal generator of Cy-semigroup,
% € L(4,X) is a linear continuous operator, f : [0, T] x X x & — X,g: [0, T] x X x £ — LI
are functions to be defined later.

We introduce mean square finite-approximate controllability for Equation (1).

Definition 1. Let M be a subspace of X with finite-dimension. 7 : X — M is the orthogonal
projection operator. System (1) is said to be mean square approximately controllable if for a given
30€ X, 37 € L2(§T, X) and € > 0, there exists a control process us € L%(O, T;$\) such that the
solution to (1) satisfies

E|3(T;ue) — 57l < €

Definition 2. Let M be a subspace of X with finite-dimension. 7 : X — M is the orthogonal
projection operator. System (1) is said to be exact mean finite-dimensional controllable if for a
given 30 € X, 317 € LZ(ST,Z{), there exists a control process u € LZS(O, T; i such that the solution
to (1) satisfies

3 (T, ue) = mE;r.

Definition 3 ([10]). Let M be a subspace of X with finite-dimension. 7t : X — M is the orthogonal
projection operator. System (1) is said to be mean square finite-approximately controllable if for a
given 30 € X, 37 € L*(§1,X) and & > 0, there exists a control process u € Lé(O, T; sl) such that
the solution to (1) satisfies

E|3(T;ue) — 371> < €, 2)
B3 (T; ue) = nEjr. (3)

Simultaneous exact mean finite-dimensional and approximate mean square control-
lability is referred to as mean square finite-approximate controllability. A control process
ue can be selected such that 3(T;u,) satisfies (2) and a finite number of constrains (3).
It is clear that mean square finite-approximate controllability implies both exact mean
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finite-dimensional and approximate mean square controllability. However, the converse is
not obvious.
The following are the main contributions of the paper.

(i) We introduce and study the simultaneous mean exact finite-dimensional and approx-
imate mean square controllability (mean square finite-approximate controllability)
concept for the linear/semilinear infinite-dimensional stochastic systems.

(ii) We prove that the finite-approximate mean square controllability of the stochastic
linear system (4) is equivalent to the mean square approximate controllability of the
system (4). We give an explicit analytical form of the control that provides finite-
dimensional mean square controllability of the linear stochastic system (1) in terms of
stochastic resolvent-like operators.

(iii) We present sufficient conditions for the mean square finite-dimensional controllability
semilinear stochastic differential systems in infinite dimensional Hilbert spaces. We
prove that mean square approximate controllability of the linear part of the stochastic
system implies the mean square finite-approximate controllability of the semilinear
stochastic differential equation with non-Lipschitz coefficients. Our results are new
even for the semilinear stochastic differential equation with Lipschitz coefficients.

The following is how the rest of this paper is structured: In Section 2, we provide
some fundamental notations and definitions, as well as some relevant assumptions. In
Section 3, we show that for a linear stochastic evolution system (5) approximate mean
square controllability on [0, T] is equivalent to finite-approximate controllability in the mean
square sense on [0, T]. Necessary and sufficient conditions are given for a finite-approximate
mean square controllability concept of linear stochastic evolutionary systems in Hilbert
spaces in terms of stochastic resolvent-like operators. In addition, we find an explicit
form of the finitely approximating control in terms of the stochastic resolvent-like operator
(e(I — nE{-}) +117) !, In Section 4, by applying the Picard approximation method, we
establish sufficient conditions for the mean square finite-dimensional controllability of (1).
Finally, to illustrate the theoretical findings, we provide numerical examples.

2. Preliminaries

We give notations and some preliminary results needed to present our principal results.

e For any pair X; and X; of separable real Hilbert spaces, we denote by L(X1, X») the
space of bounded (continuous) linear operators from X7 to X».

*  (F1)r>0is anormal filtration, (Q, §, (§+)r>0,B) is a probability space.

e w(7) is a Wiener process on (Q), §,9). The covariance operator Q € L(K, K), with
trQ < oo satisfies the following assumption: there exists a basis {e;};~; in K, a
bounded sequence of positive real numbers Ay > 0 such that Qe; = Arey, k=1,2,...,
and a sequence of independent Brownian motions {fj}~ such that

(w(t),€) = :il VAkler e)Bi(T), e € K, T € [0,T],

and §; = §¥, where §Y is the sigma algebra generated by {w(0) : 0 <0 < 7}
e K, X and Y are separable Hilbert spaces.

e Li=1IL, (Ql/ 2K; %) is the space of all Hilbert-Schmidt operators ¢ : Q'/2K — X with

the inner product (1, ¢>L3 =) (pQoex, ex) . =tr[pQ¢).
k=1
e L[%(3r,X) is the (Hilbert) space of all §r-measurable square integrable functions f :
[0,T] x O — X.
. L%(O, T;X) is the Hilbert space of all square integrable and §-adapted processes
f:10,T] x Q — %.
e C(0,T;L%(F, X)) is the Banach space of continuous maps from [0, T] into L?(§, X)

satisfying the condition sup{EHcp(T) 1%:7€lo, T]} < co.
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* 3; =3(01;X) C C(0,7;L*(F, X)) is a closed subspace consisting of measurable
and §-adapted X-valued processes ¢ € C(O, T; Lz(S, X)) endowed with the norm
1

Il = (sup E|<p<s>||§>2-

0<s<t
e S:X — Xisa Cp-semigroup generated by 2 : D(2A) C X — X and B € L({, X)
such that

sup ||S(T)HL(3€) = M;s and H%HL(LL,%) = Msy.
0<t<T

To formulate and prove our main results, we require the following assumptions.
(Hy) (f,9): [0, T] x X x & — X x LY is a function that satisfies the following conditions:

(@)  The function f(-,3,u) : [0, T] — X is measurable strongly for all (3,u) € X x &l
and the function f(7,-,-) : ¥ x & — X is continuous in (3, u) for each T € [0, T];

(b)  The function g(+,3,u) : [0, T] — L9 is measurable strongly for all (3,u) € L3 x &
and the function g(7, -, -) : X — L9 is continuous in (3,u) for each T € [0, T];

(©) Forany (3,u) € L?(§1,X) x L2(§7,4) and T € [0, T], there exist non-decreasing
functions Fi, F, : [0, T] x [0,00) — [0, 00) such that

E[lf(7, 30| + Ella(r,5,w)7 < B (T EI3)17) + B Elul?).

(Hy) The functions F(7, p) and G(7, p) are continuous in p for each fixed T € [0, T] and
locally integrable in T for each fixed p € [0, c0). Moreover, the integral equation

T

p(O) = po+a | (Fi(s,p(s)) + Fals,pls)))ds

admits a solution for all 2 > 0 and pg > 0.

(H3) There exist non-decreasing functions Hy, Hy : [0, T] x [0,00) — [0, c0) such that for all
(31,w1), (32,u2) € L*(§7, %) x L*(F7,40) and T € [0, T

E|§(t,31,m) — 1T, 32,u2) > + Ella(t,51,u1) — G(Trézzuz)”%g

< Hy (7 Ells1 — s2) + Ha (. Ellwr — ).

(Hs) The functions Hi(7,p), Ha(7, p) are continuous in p for each fixed v € [0, T] and
locally integrable with Hy(7,0) = Hp(,0) = 0. Moreover, if the inequality

r(t) < b/OT(Hl(s,r(s)) + Ha(s,r(s)))ds

is satisfied by a nonnegative continuous function r() for T € [0, T] subject to #(0) = 0
for some b > 0, then r(t) =0 forall T € [0, T].

(AC) The stochastic linear system

T T
5(1) = ()30 + /0 T (T — 6)Bu(6)d6 + /O T(t — 0)0(0)dw(6) @)
is mean square approximately controllable on [0, T]. Here o € X, (0, T; L).

Remark 1. (i) If Hy(t,y) = Ha(t,y) = Cy, C > 0, then the functions in the assumption (H3)
become the Lipschitz functions.
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(i)  If Hy, Hy are concave and for all (31,u1), (32,u2) € X x U

15t 51,1) = (32,82 |1” + la(T, 51, u) — 8(T,52,12) 7y

< Hi (vl —2l”) + Ha (7w = wall?),

then the Jensen inequality implies (H3).
(iii)  For some concrete examples, see [25].

We present the following definition of mild solutions to (1).

Definition 4 ([28]). Stochastic process 3 € 3t is said to be a mild solution of (1) if for any
ue Lé(O, T; ) it satisfies the following stochastic integral equation

5(1) = S50+ [T~ 6)[Bu(e) + §(8,3(6),1(6)))do

+ [ 5 - 0)a(60,5(60),u(6) (o).

3. Linear Systems: Finite-Approximate Controllability

In this section, we study the mean square finite-approximate controllability of the
stochastic linear evolution system:

{ d3(t) = [23(7) + Bu(1)]dt + o(T)dw(7), 5)

3(0) =30 € X.
The continuous linear operator L] : Lé(O, T;80) — L*(§1, X) defined by
Llu:= /OT T(T — 6)Bu(6)d6
is called a controllability operator. Its adjoint is defined by
(L5) ¢ =2 T(T-0)E{p | 3o}, ¢ € 151, ).
The controllability Gramian operator is defined by
g =1 (1d)’
= /O'T (T — 0)BB*TH(T — O)E{- | Fo}do : L*(§7, X) — L2(F1, X).

The resolvent operator (el + I1}) ! is known to be useful in studying the approx-
imate/exact controllability properties of linear and semilinear deterministic/stochastic
evolution systems, see [1,6]. In this regard, a new criterion for finite-approximation control-
lability of a linear stochastic evolutionary system (5) is formulated in terms of a resolvent-

like operator (e(I — nE{-}) +I1}) ~!. We show that for a linear stochastic evolution system
(5) approximate mean square controllability on [0, T] is equivalent to finite-approximate
controllability in the mean square sense on [0, T]. Necessary and sufficient conditions
are given for a finite-approximate mean square controllability concept of linear stochastic
evolutionary systems in Hilbert spaces in terms of stochastic resolvent-like operators. In

addition, we find an explicit form of the finitely approximating control in terms of the

stochastic resolvent-like operator (e(I — nE{-}) 4+ I1}) -

The following two types of operators:
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e  Operator [T} € L(L?(3r,X)) is said to be nonnegative if E(I1} ¢, ) > 0 for all
(RS Lz(sT, .%)

e  Operator I} € L(L*(Fr, X)) is said to be positive if E(IT} ¢, ¢) > 0 for all ¢ €
L%(§1,X) with ¢ # 0.

Firstly, we present two properties on the resolvent operator (81 + Hg ) -

Lemma 1. Assume that I} : L2(§1, X) — L2(§1, X) is a linear positive operator. Then

(@) Forany e > 0, we have EHs(sl—i— Hg)—lnE{.}HZ < 1.

(b) EHS(&I +1I1%) 717TE{-}H2 is continuous in € and

2

v = max E <1

[max s(s[ + Hg) _17‘[E{-}

Proof. Itis clear that (eI +I1]) - mE{-} maps L?(Fr, X) into a finite-dimensional subspace
of X and

5(51+H§)_1nE{~}H <1

To show that Hs(sl +117) 7171[[*3{-} H < 1, in contrast, suppose that there exists a sequence
{hn € LZ(ST,%) : IE||hnH2 = 1} such that

-1
s(el+ng) TE{hy} = 2n, ||za]| = 1 as n — co. ©6)
It follows from Equation (6) that {z, } is a sequence of finite-dimensional vectors and

enB{hy} = ezy + 11}z, and z, — zy strongly in X. (7)

1
(B{hn}, zn) = (Zn,zn) + E<ngnzzn>/
1
lznll® < (znrzn) + (T 20,20 ) = (E{In}, 20} < | AE{hn 2] < 1zl

Taking the limit as # — co, we obtain

1
11+ (Mz0,2) <1,

<ngo,zo> =0=29=0.

Now, from Equation (7), it follows that ||z,|| — 0 as n — oo, which is a contradiction. The
lemma is proved. [

The next lemma establishes a connection between the stochastic resolvent operator
(eI +111) ! and the stochastic resolvent-like operator (e(I — nE{-}) +I1¥) -

Lemma 2. IfI1] : L?(F1,X) — L?(§r, X) is a non-negative linear operator, then the operator
e(I — nE{-}) + 11T : L2(§1, X)—L2(§1, X) is invertible and

2
1
< ——E|h|? he 23, %), ®)

(e(I — nE{-}) +H§) 71h S min(ed)

i
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where § = min{(nE{-}[IInE{¢p}, ¢) : |TE{@}| = 1}. Moreover, if I1} : L*(Fr,%X) —
L%(F1, X) is a linear positive operator then

-1

(et1 —mE{) +11]) = <Ie(a+ng)lma{.}> (1+1f) . o
Proof. We write ¢(I — 7t) + I as follows.
e(I — nR{-}) + 11T = e(I — 7B{-}) + (I — nE{- NI + #E{-}T1L.
It is clear that
E(e(l - nE{-}) + {9, 9 )
= E((e(1 = E{-}) + (1 = 7E{L DG ) 9, @) + (7E( 1T 9, 9)

§ { E(rE{-}115 7E{-}9, ¢), 9 EM,
E((e(I - nB{-}) + (I — nB{- DI (I — 7E{-})) 9, 9), @€ XM
> m1n(s,5)IE||(p||

It follows that e(I — 7E{-}) + II] is invertible and inequality (8) is satisfied. If IT] :
L*(§1,X) — L*§1,X) is a positive linear operator then by Lemma 1,

_ -1
(1 —e(el +I17) 17T]E{-}) exists. On the other hand, since (eI + I1}) is invertible and

e(I - wB{-}) + 11 = (eI +11] ) (1 —e(er+115) _17IE{-}>,

the operator ¢(I — mE{-}) + I1] is boundedly invertible and (9) is satisfied. [

Next, we present new criteria for the mean square finite-approximate controllability
of linear stochastic system (5).

Theorem 1. The following assertions are equivalent:

(i) Linear stochastic system (5) is mean square approximately controllable on [0, T];
>ii) Hg is positive;

112
(iii) Foranyh € LZ(ST, X), we have EHS e+ HT th —0ase—07F;

(iv) Foranyh € L?(§t, %), we have]EH (I—nE{})+1I1) " hH —0ase— 0F;

(v) Linear stochastic system (5) is mean square finite-approximately controllable on [0, T].

Proof. We show that (i)<=>(ii). By definition, system (5) is approximately controllable if
Im Lg is dense in L2 (F1,%). Then, we know that

(ker(LOT)*)l = Ing.
E(TIfh ) = EH(Lg)*h

Moreover
, he L2(3r, %).

It follows that

1 > 0 e ker(1) =0 = im i = (ker(1]) ) = (ker(1))
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We show that (ii)<=(iii).
Suppose (iii) fails. Then, for some & € 12 (§1,%), we have

2

=z #0.

lim ¢E
e—0t

(e1+ Hg)flh

Set ze = e(el +I1}) . Then, (eI +11})ze = €h, and taking the limit of both sides, we
obtain
Mz =0— ]E<H§z,z> =0

for nonzero z, which contradicts the positivity of IT].
Now, assuming that (ii) fails, for some nonzero z € L?(Fr, X), we have

E(11]z2) = E| (Lg)*zHZ —0=— Lg(LOT>*z =1z =0.
It follows that

-1
(sI+Hg)z:sz:>z:s<£I+Hg> z
2

=z#0,

—> lim ¢E
e—0t

(sI + Hg) _1z

which leads to a contradiction.
To prove the implication (iii)==(iv), suppose that

2

-1
lim E’ (ez+r§) h| =0, heL*(3r,%).

e—0t

It follows from (9) that for any h € 12 (31, %)

L2
JEefetr = mEgy) -+ 117) |
| (1 = 5(51+H$)_17ﬂ@{-}) lH\/IEHs(sI + Hg)*th2

1
1— Hs(sl + Hg)flnIE{-}H

IN

IN

\/EHs(eHng)lisz. (10)

On the other hand, from
ex(eal + H§>_1nE{-} —e(er+117) TR
—ei (el +117) - (17 — 1 —&7'0g e (o1 + Hg)_lmE{-}
—ei (el +117) o (70 — e 11] ) 1 +H$>717IIE{-}
= (ar1+10) - (ear1f —er1g) (e1 + 11 B}
= (81[+Hg)71(€1 — e)ITf (el + Hg>7l7'cE{'},

it follows that (el + I1]) “'7E{ } is continuous in e. Indeed,

1 -1 _
er(eal +10§)  AE{} —e(el +11]) nE{~}H < |£1£1£| 50 as e — €.
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By (10), the continuity of e(e + I1}) “'7R{-} and Lemma 1, we have

= maxX
v 0<e<1

\/]EHs(s(I — nE{})+ Hg)*thz < 117\/EH5(.€I+H5)1}1H2.

el + 117 717ﬂE- <1
(er+118) "B <1,

Thus, e(e(I — nE{-}) + I1}) - converges to zero as ¢ — 07 in the strong operator topology.
To prove the equivalence (iii)<=>(v), we take any ¢ > 0, h € L?(F, X), and consider
the functional J¢(-, h) : L?(F1,X) — R defined as follows :

1 rT
(o) = 5 [ EIB*T (T 0)E{p | So} a0

€

+ 5 E(I = E{-})g, ¢) — E{g, h = Z(T)30)-

Suppose that (iii) (<(ii)) is satisfied. It is obvious that J¢(-, &) is Gateaux differentiable and
Ji(p,h) =TT ¢ +e(I — TE{-})p — h + T(T)jo is strictly monotonic. The positivity of I1]
implies that the functional J;(-, 1) is strictly convex. Thus, J:(-, 1) has a unique minimum
and can be calculated as follows:

¢ +e(I - nE{-})gp — h+T(T)30 = O,

gmin = — (21 = 7EL-}) +11F) " (S(Thao — ).
For the control ug(8) = B*T*(T — 0)E{ ¢min | Fo}
T
5e(T) = = (T30 + /0 T(T — 0)Bu(6)d0 — I
-1

= T(T)s0 —h— 11§ (e(1 = AB{-}) + 1) (T(T)s0 — h)
= 5(T)s0 — h — (11§ +e(1 — 7B{-}) — (1 — 7E{-}) )
< (e(1 = 7E(}) +118) " (T(T)s0 — )
= o1 nB{}) (e(l ~ 7E{}) +11]) " (T(T)s0 — h). an)

Since (iii)=(iv), we have

2

lim E||3.(T) — k||*> = lim ek =0,
Lim, 13¢(T) — | Jim,

(1= () (eC1 = 7B D +11F) T (3(Ts0— )

TE(3(T) — h} =0,

That is, system (5) is finite-approximately mean square controllable. Thus, (iii) im-
plies (v). The implication (v) = (iii) is obvious, since mean square finite-approximate
controllability implies the mean square approximate controllability. (iv)=-(v) follows from
equality (11). Thus, we have

(i) & (i) & (iii) < (iv) = (v) = (i).
O

Theorem 2. The (deterministic) system

{ 3 (1) = A3(t) +Bu(t), uel?(0,T; L) (12)

3(0) =30 € X.
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is approximately controllable on every [r,T], 0 < r < T, if and only if the linear stochastic
system (5) is (mean square) approximate controllable on [0, T|].

Proof. Suppose that the deterministic system (12) is approximately controllable on every
[r, T]. Then, it is known that

T
WT = / T(T — 0)BB*T(T —0)d6, 0<r<T,
r

is positive. On the other hand, by the martingale representation theorem, for any h €
L%(t, %), there exists a stochastic process ¢ € L%(O, T; Lg) such that

E{h| 3.} = Eh+ /OT $(0)dw(6);

see, for example, [9]. Using the above representation, we can write Hg in terms of
matrix W,/

T
7 = / T(T — 0)BB*T* (T — 0)E{h | 3o}d0
0
T 0
= [ sr-emwT(r-0) (Eh - lp(r)dw(r))de
0
_WOT]Eh+/ / (T — 0)BB*T*(T — 0)dp(r)dew(r)
- WOT]Eth/ W (r)duw(r).
0
Therefore, for any nonzero h € (37, %)
T
E(TI{h, 1) = (W ER, ER) +E/O (WTp(r), 9(r) ydr > 0.
Thus, the positivity of the operator IT} = L{ (LF)" : L*(§1,X) — L*(3r,X) is equiva-
lent to the positivity of WI, 0 < r < T. Therefore, by Theorem 1, the stochastic linear

system (5) is approximately mean square controllable on [0, T] if and only if the determinis-
tic counterpart (12) is approximately controllable on any [r, T],0 <r < T. O

4. Semilinear Systems: Mean Square Finite-Approximate Controllability

The proof of the main result of this section is based on the Picard approximation
method. To apply the Picard method, for any € > 0 we introduce the non-linear operator
¢ : 31 X Ut — 37 X U7 which is defined as follows

e(w) = (€h.€) ) = (2,0),
where
2(1) = €L u) = ST+ [ T(— O)[Bo(®) +5(0,3(6),u(6))] a8
+ /(fm—e>g<9,z<e>,u<9>>dw<9>,
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o(T) = €2(3,u) = B*T(T — 1) (S(I — ) + Fg) _1(Eh —%(T)30)

_WTHT — 1) /

0

— B TH(T — 1) /O

(et m)+1F) (T - 0)5(6,5(6),u(0))do

et —m) +1F) (T - 0)a(6,5(6),u(68)) — p(6)]du(6),
and ¢ € L%(0, T; LY) comes from the representation

h=TEh+ /OT ¢(8)dw(6)

of h € L2(Fr1,%).

Lemma 3. Under assumptions (Hy)-(Hy), the operator € is well defined and there exist positive
numbers kq (), ka(€) such that for (3,u) € 31 x Ur then

(5, u)]2

< ki(e) +kae) /OTH (9, sup E|]5(r)||2>d9

0<r<6

+ka(e) /O E (9, sup E||u(r)||2> de.

0<r<6
Proof. Firstly, we estimate supy_,, E||v(6) || as follows.
2 2
Ello(0)[I” = Elo(z,3,u)]|

4 2
<4E ‘%*f*(T —7)(e(I =) +T§) (Bl —%(T)30)

+4E|| B (T — 1) /O (e —m)+17) (T = 0)§(60,5(0), u(6))d6 :

2

+ 4| BT (T — 1) /OT(e(I— 7+ T8) (T~ 0)9(6,5(60),u(9))dw(6)

2

+ 4| T (T — 1) /OT (e(1 =) +TF) (T~ 0)p(0)wo()

< SMEMRE(Bh — T(T)ao)|* + 5 MEMAE [lo(0)]%ae
+ SMMRTE [ 15(6,5(60),u(0))|do
+ SMIMRE [l0(6,5(0),u(6)) o, 3
Next, we estimate supyy, E||z(0) 12
E|lz(7)|?
< 4M3 50l + 4MEML TE [ o(6) a0
+AMEMATE [6,3(6),u(6)) a0

T
+AMEMEE [ 19(6,5(60),u(0)) g0 (14
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Inserting inequality (14) into Equation (13), we obtain

2
ez, u)l[7 = sup E[z(0)[>+ sup Eo(6)|?
0<0<t 0<6<t
< 4M3|J30]?
T T
+AMEMETE [5(6,5(6), u(6) | °d0 + 4MEMRE [ la(6,5(6), u(®)) [Fydo
2 MEMAE| (Eh — (T)30) |2 + = MAMLE [ || 9(6)]|%d6
+ ZMsME[|(Eh —T(T)s0)[I” + ZMsMRE | [l9(0)]]

4 T 4 T
+ o MEMRTE [ 16,5(6),u(68))|%d60 + 5 MAMLE [ o(6,5(6), u(6)) | de

4 r
+4M2ZM%, TE/ ( M3AMSE| (Eh — (T )30)||2+8—2M§M?BE/0 ||q)(9)||2d9>dr

+4M§M§TE/ ( — MEME TE/ [15(6,3(6),u(6 ))||2d9>dr
+4M§M%TE/ (;M E/ (6, ))||L0d9)dr
T T
§k1(8)+k2(s)/ Ei (6, sup ]E|5(r)|]2>d9+k2(s)/ S (9, sup E||u(r)|]2>d9
0 0<r<0 0 0<r<0
where

4 4 T
k(6) = M3 s0l* + 5 MMBE] (B — S(T)io)* + SMAMRE [ [l9(0)]°a0

4 r
+AMEME, TE/ ( M2M ]E||(Eh—T(T);,0)||2+?MgMZ%E/O ||q)(9)||2d9>dr

ky(e) == <4M2M2 + 4M4M2 + 161\/161\/14 ) max(T,1).
O

Lemma 4. Under assumptions (Hy)-(Hy), the operator €. is well defined and there exist positive
numbers L(¢), ky(€), ko (€) such that for (31,11), (32,u2) € 37 X $ht, then

1€ (31,11) — Ce(32,m0) ||

< L(e) /OTHl (9, sup E|lz1(r) —32(r)||2>d9

0<r<e

+L(e) /OT H, (9, sup EfJur(r) —uz(r)||2>d9

0<r<@
Proof. It is clear that

[€e(31,11) — Ce(52,w0) ||

= sup E|z1(0) —22(0)|* + sup Eloy(6) —v2(0)|*
0<o<t 0<0<t

Firstly, we estimate supyg, E|v1(0) — v2(0) ||2 as follows.
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Eo1(t) — 02()|* = EfJo(t,51,m) — 0(T,52,w2) |*

T -1
BT =) [ (el =) +T]) ST = 0)[5(0,51(60),(6)) — (0, 52(6), u2(0)))a0

2
<2E

2

+ ZE’ T (g(l — 1)+ rg) 71§(T —0)[9(6,31(0),u1(0)) — 9(6,52(0), u2(0))]dw(8)

B*TH(T - 1) /

0

1 2

S2MEM {EH [T = 0)150,(0),140)) ~ §(0,32(0), w2 ()t
)

< S2MEMG {EH [T 0)l5(6,51(0), 10 (6)) — 16,306, wa(6) ]

<

| [T = 0)[0(0,51(0),(0)) — 5(6,52(0), 12(0)) o 0)

2

+ B [T = 6)73(6,51(6), . (6)) - g<9,32<9>,uz<9>>||%gd9}
< 2M2 {METE [ 56,31 (0)10(6)) ~ 6, 32(6),12(6)) e
+ MBE ["a(6,1(6),11(6)) 006, 52(6) w2 (0) g6 |. )

Using assumption (H4), we obtain

2 t 2 T 2
Elfo(t,31,m) ~o(ta2,w) > <c | Hi(vEl51(0) ~52(0)]F)d0 +c | Ha( Ellua(6) — wa(0) ) o,

where .
¢ = 52MEM, [ MET + M)

Next, we estimate supg g, E||z1(6) — z2(0) 12

E|lz1(7) - z2(0)|?
< SMEMBTE [ [lo1(6) — v2(6) o
0

+3METE [7(6,51(6),31(6)) — (6, 52(6), u2(6)*d0

+3MEE [ a(60,31(0),u1(0)) — 5(0,32(0),12(0)) g0 (16)
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Combining inequalities (15) and (16), we obtain

1€ (31, 11) — Ce(32,12) ||

< 3M2TE /0 15(6,31(6), 11 (6)) — (6, 32(0), u2(6)) 20
+3M2E /OTHg(G,;,l(G),ul(@)) — 0(6,52(6),12()) I g6
+ glzaMSMéTZE /OTHf(e,zl(e),ul (6)) — (6, 52(6),u2(6)) || *d6

1 T
+ SOMEMAE [ (6,51(6),11(0)) — 0(6,52(6), u2(6)) |}y

< L(e) /OTH1 (9, sup E|31(r) —;,z(r)||2>d9

0<r<e6

4 L(e) /OTH2 (9, sup El[31(r) —32(r)|2>d9.

0<r<6

O

Lemma 5. Under assumptions (Hy)-(Hy), the sequence {(3n,u,) : 1 > 0} is bounded in 31 x L.

Proof. By Lemma 3, for any n > 0, we have

2 2
|K5n+l/un+1)Hr:: ”eegn/un)nr

< ki(e) + ka(e) /OTFl (9/ sup ]Elén(f)Hz)dG

0<r<6

+ ko (e) /OT F (9, sup E||un(r)||2>d9-

0<r<6

where k, kp are constants independent of n. Let p(T) be a global solution of the equation

p(e) = ko +ka [ (R0, p(©)) + Fa(6, p(6)))d6

with an initial condition kg > max (k1, 30 Hi) . We will prove by mathematical induction that

|G un) |2 < p(7), T €0, T).

For n = 0 inequality (17) holds by definition of p. Suppose that
G um) |2 < p(7), T E[0,T], m>0.
Then, by inequality (18) we obtain that
T
PO = )2 = Kz [ (F1(0,p(0)) = F(6, ) ) o
T
2
— >
+k2/0 (R0, p(0) = B (0, 3n]12) )46 > 0.
It follows that { (35, uy) : n > 0} is bounded in 37 x U7 :

sup|| (3, un) |2 < p(T).

n>0

(17)

(18)

(19)



Mathematics 2023, 11, 639

15 of 20

Lemma 6. Under assumptions (Hy)-(Hy), the sequence {(3n,u,) : n > 0} is a Cauchy sequence
hlBT'X£1p

Proof. Define

pn(T) = sup||zm — 5n||3,

m>n

9 (7) = supl|u, — w, [,

m>n
a(T) = sup||(3m, um) — (Z?H/un)Hf

m>n

The functions py, g, ry are well defined, uniformly bounded and evidently nondecreasing
Then, there exist nondecreasing functions p(7), q(7), (T) such that

1im py(7) = p(1), lim g,(7) = q(v), lim 7 (7) = r(2).

n—00 n—o00
By Lemma 4, we obtain that

||Q:€(3m,um) - 68(371/ un) ||%

<Le) [ (9, sup E5,-1(0) —5n1<r>||2>d9

0<r<0
+LE) [ e (9, sup Eup 11 —un1<r>||2>d9
0 0<r<#0
from which in turn it follows that
r(t) < )+ aqn(T

L(¢) (9 sup E|[3m—1(r )—Zm—l(r)”z)dg
0<r<6

(e sup Bjuy 1 (r >—un1<r>||2>d9
0<r<#0
(e / 16, 1(0))0 4+ L(e) [ X2(6,q,-1(6)de.

By the Lebesgue dominated convergence theorem, we obtain
r(7) < p(1) +4(7)
T T
<L(e) [ Hi(0p(0)do+L(e) | Ha(0,q(6))d0
If follows that
p(T) +4(7)
T
<L(e) [ Hi(0,p(0) +q(6))do

+L(e) [ Ha(6, p(0) + 9(0))d6
p(0) +4q(0) = 0.
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By the Bihari inequality, it follows that p(7) + g(7) = 0. However,

[ Goes ) — () 12 < pn(T) + g (T)
— p(T)+4q(T) = 0.

Therefore
M| ey ) — (s i) ||2 = 0.

n,m—o00

O
Theorem 3. Under assumptions (Hy)—(Hy), the operator €. has a unique fixed point in 31 X Ur.

Proof. By Lemma 6, (35, u,) is a Cauchy sequence in 37 x {r. The completeness of 37 x Uy
implies the existence of a process (3,u) € 31 x U such that

. 2
i 5,) = (3100 [ = .
Taking the limit
(3u) = Hm (i1 1) = Hm Ce(3n,un) = Ce(5,u),
we see that (3,u) is a fixed point of €.

Further, if (31,u1), (32,u2) € 37 X Yt are two fixed points of €, then Lemma 4 would
imply that

1€ (31,11) — Ce(32,m0) ||

< L(e) /;Hl (9, sup E|l31(r) —32(r)||2>d9

0<r<o

+L(e) _/OT H, (9, sup EfJur(r) — uz(r)||2> a6,

0<r<6
S0, as in the proof of Lemma 6, we obtain that
1€e(31,11) — Ce(50,12) |5 = 0.

Therefore, (31,u1) = (32,u2) and €, has a unique fixed pointin 37 x 4r. O

Theorem 4. Let assumptions (H1)—(Hy) and (AC) hold. Assume that the operator T(7), T > 0
is compact and analytic. Moreover, suppose the functions § and g are uniformly bounded. Then,
system (1) is mean square finite-approximately controllable on [0, T].

Proof. Let (3°,u®) be a fixed point of € in 31 x Ur. Then
5°(T) —h =

—e(I— ) (e(I — )+ rg) (Bl — =(T)30)

te(l—m) /OT (e(l — )+ rg) TR (T = 0)§(0, 5(6), 1 (6))do
+e(I— 1) /OT (e(1 =) + 7)) [S(T — 0)9(60,5°(6), 1(6)) — 9(©)}du(®). (20)

Since the functions f and g are uniformly bounded, there exists a constant L > 0 such that

17(6,5°(6),w (0)) I + [la(6,3°(6), u*(0)) | g < L.
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Then, there exists a subsequence still denoted by {§(6,3°(0),u®(6)), g(6,3°(6),u*(#))} which
converges weakly to say (f,g) € X x L. Now, due to compactness, T(6),0 > 0, it
follows that

in [0, T] x Q. From equation (20), we have
E5*(T) —h||®

< 6E|e(I — ) (s(I — )+ FE) _1(Eh —3(T)30)

2

—-n)+-r§)_1¢(9) d6

0
LZ

=) (etr=m)+18) 5T - 00 500 o) @)

+6E</
+6E</

2
— ) (etr=m)+1F) 1) )

)(e(1— ) + 1) \Mww 0)[a(6,5°(0),1°(0)) — 5(6)] o0

)(e(1 - ) +17) Hm )[Byde.

On the other hand, 8(1—71)(8(1—71)4—1"5)71 — 0 strongly as ¢ — 0F

1112
and HS(I — ) (e(I— ) + I’g ) ! H < 1. Therefore, by the Lebesgue dominated conver-

gence theorem, we can easily obtain that E|[3*(T) — h|* = 0as e — 0F. This implies the
approximate controllability in the mean square of system (1). Mean exact finite-dimensional
controllability follows from Equation (20):

n(E;¢(T) — Eh) =
0

5. Applications

Example 1. We consider a system governed by the semilinear heat equation with
lumped control

%y(t,0
2y(r,0) =TT @),

y(t,0) =y(r,m1)=0, 0<71<T,
y(0,6) =wo(6), 0<6<,

where X (4, 4,)(0) is the characteristic function of (a1,a2) C (0, 7). Let X = L2[0, 7], ¢k =R
and 2 = d?/d6* with D(A) = H}[0, ] N H2[0, 7t]. We define the bounded linear operator
B: R — L2[0,7t] by (Bu)(t) = X(ay,a2) (8)1() and the nonlinear operator f is assumed to
be bounded.

(21)
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Set M = L2[0, 7] := {(p c(0) = XK wiei(0), a; € R} and denote by 7t the opera-
tor of the orthogonal projection L2[0, 7r] onto L2 [0, 7t]. 2 generates a compact analytic
semigroup ¥(7) which is defined as follows.

T(t)h = i exp(—nZNZT) (h,en)en,
n=1

LTu= /ST (T — o) (Bu)(t)dr = ) /ST exp (= (T = 7)) { X(aq 00) 0 e yu(T)dTer,

n=1

(1) h = il/; exXP(—Au(T = 7)) X(ay a0) (0), € ) (h, e )etT,

% o) T 2
=T (L) h= % [ exp(=24a(T =0 dr{X(uy ) (O). 1) (enen,
n=1"8%

2
T
2(. Subsequently, we attain

where ¢, (0) = sin(n@), n =1,2,... is a complete orthonormal set of eigen vectors of

1

3
= (e([ — 7taa) + ST exp(—220(T = 0)d(X(u ) (0), )

1

(s(l —1tm) + FZ>_1g 2) (g, en)en

K
=)
=1 [T exp(=2A(T = ) (X(ay ) (8), €0 )

1

5 (8 en)en

£y

(g en)en
n=K+1 <g+fsTexp(—2)tn(T—T))d7<x(0¢1/0¢2)(6)’e">2) o

It is clear that s(s(l—nM)+l"g)7lg — 0as e — 0F if <)((M,a2)(9),en> =

/ :‘1 2\/2sin(nm)d = — T\/Z cos(nm) [2# 0, which holds whenever a; =+ a; is an irrational
number.

If 1 + ap is an irrational number, then the linear determinisitic system (21) is finite-
approximately controllable on every [s, T|,0 < s < T. By Theorem 2, the following linear
stochastic system is mean square finite-approximately controllable on [0, T1.

2
2y(r,0) = TUTO e Ou() + o (D)

y(t,0) =y(t,m) =0, 0<t<T,
y(0,6) =wo(6), 0<b<m,

where w(T) denotes a standard real valued Wiener process, o € x2(0, T;R) .
Example 2. Consider the following stochastic partial differential equation:
37(T,0) = 309(7,0) + Bu(t,0) + K1 (7,3(7,0)) + Kao(7,3(7,0))dw(T), (7,0) €[0,T] X% [0, 7], 22)
3(1,0) =3(t,m) =0,0<7t<1, 3(0,6)=30(0), 0<6<m,

where w(7) denotes a standard real valued Wiener process on (Q,§, {§-}, P) and 30 €
L%(0,7t); u: [0, T] x (0,7t) — (0, T) is continuous in T; K1, K» : R x R — R are continuous.
LetX =4 = L%(O, T) and define the operator 2 = d?/d6* with D() = H}[0, ] N H2[0, 7t].
Then, A generates a compact analytic semigroup T(7) which is defined as follows

T(1)z = e_"zf(z, en)en, z € X,

[7e

n=1
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where e, (0) = \/% sin(nf), n = 1,2,... is a complete orthonormal set of eigen vectors of
2(. From these expressions, it follows that {T(7), 7 > 0} is a uniformly bounded compact
analytic semigroup.

Define an infinite-dimensional control space sl by { = {u: u = Y>> u,e,, such that
Y% , Eu < oo} endowed with the norm ||ul|y = (X5, Eu2)'/2. Next, define a continuous
linear mapping B from il into X as follows

[e9)

Bu(t,0) = 2up(7)e1(0) + Y wn(7)en(6) for u = i upey € 5L
n=2 n=2

Let3(7)(0) = 3(7,0) and define the bounded linear operator B : {{ — X by (Bu)(7)(3) =
w(1,3),0 <3 <7 §(7,5)(-) = Ki(t,5(-)) and g(7,3)(-) = Ka(7,3(-))-

The linear deterministic system that corresponds to (22) is approximately control-
lable on every [s,T|, 0 < s < T and all conditions of Theorem 4 are satisfied. Hence,
by Theorem 4 the stochastic differential system (22) is finite-approximately controllable
on [0,1].

6. Conclusions

The main aim of this work was to present:

*  Necessary and sufficient conditions for finite-approximate mean square controllability
of linear stochastic evolution systems in infinite-dimensional separable Hilbert spaces

in terms of stochastic resolvent-like operators (¢(I — nE{-}) +I1]) ~!. Moreover, we
found an explicit analytical form of the contollability control which, in addition to the
mean square approximate controllability property, ensures finite-dimensional mean
exact controllability.

*  The Picard approximation method to show a mean square finite-approximate control-
lability of a semilinear stochastic evolution system under non-Lipschitz conditions
satisfied by the nonlinear drift and diffusion coefficients depending on control.

One can assume that the results of this work apply to a class of problems determined
by various types of first order and second order fractional (impulsive) stochastic evolution
systems, such as Caputo SDEs, Riemann-Liouville-type SDEs, Hadamard-type SDEs,
Sobolev-type fractional SDEs and so on.

On the other hand, many real-world systems can sometimes experience different types
of stochastic perturbations. For example, Poisson jumps are now used to describe various
types of real-world systems. In the future, the same approach could be used for different
types of systems with different stochastic perturbations.
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