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1. Introduction

Let f(x) and g(x) be polynomials in Q[x] with deg f < degg so that g(x) has no
integral zeros. Murty and Weatherby [1] and Nesterenko [2] studied the infinite series

fk)
,;Z g(k) @

and related the transcendental nature of the sum to Schneider’s conjecture and Gel’fond-
Schneider’s conjecture. In the case that f(x) = 1 and g(x) = ax? + bx + ¢, differentiating
the series successively with respect to ¢, Murty and Weatherby [3], ([4], §6) deduced an

explicit formula for
1

kg (ak? + bk + c)*’

@

and proved that the sum is transcendental if 2, b, ¢ € Z and b% — 4dac < 0.
Saradha and Tigdeman [5] proved that

(1) (ak + b)
L Gk o)k +52)"

a,b,s1,5 €7Z, 517 sy,

with |a| + [b| > 0 and —s1/g, —s2/q never being a non-negative integer, is transcendental
except when s; = s (mod ¢) and a = 0. Moreover, under the similar conditions, Saradha
and Tigdeman ([5], Theorem 2) obtained that

(ak +b)
= (qk +s1)(gk +s2)(qk + s3)

Wb

is transcendental.
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In [6], Weatherby proved that the sums

1 1 1
, , , 7€ Q\Z, 3)
keZZ (k& — ghy2 kgi (k6 — g6)2 keZZ B =)z 1 \
are transcendental, and the series
1
—, 4)
keZ, k£A+1 k=1

is transcendental for n = 3, 4, 6.
In this paper, thanks to Mercer’s Theorem (cf. ([7], §3.5.4), we use the following
self-adjoint differential operator of order m > 2

Tt := (—i)"u™ + au = Au )

on the circle S! to investigate the following spectral series:

400 1

L @+ ©

k=

and give an explicit formula. When m = 1, for any n > 1, in the paper ([8], Theorem 2.4),

the special values of the series
+oo 1

k;@ (2k7t + a )"’

were studied, and an expression was obtained by the combined method. When m = 2, the
series (6) is a special case of (2). For higher order m > 3, the series (3) are special cases
of (6); however, the case (6) cannot include the series (4).

The self-adjoint differential operators (5) on S! are equivalent to the boundary value
problems

Tyt = (—i)"u™ + au = Au, on (0,1), (7)
with the periodic boundary condition

u(0) = (1), ,ul"D(0) =ul""D(1),
where « # —(2kmr)™, k = 0,£1,£2, - - - . Its k-th eigenvalue is

0,4+1,+2,---, forodd m;

(m) _ K =
Ay = (2km) +0€,k—{ 0,1,2,---, for even m.

In the case that m is even, the eigenvalues { )tl({m)} of Ty, have lower bounds and tend
to infinity as k — oo,

—oo <A™ <A <Al <o <A feo

In the case that m is odd, the corresponding eigenvalues have neither upper nor lower
bounds, and satisfy
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(m)

For any positive integer 7, the k-th eigenvalue of T}, is [A,]". Then, Mercer’s Theorem
(cf. [7] 83.5.4, [9]) tells us that

+oo 1 +oo 1
k;@ [(2km)™ + a]n _Zoo [/\(m)]n @®)

k=—co [y
1 1
= /0 . ./0 G(x1,x2) - G(xp, x1)dxy - - - dxy,
where G(-, -) is the Green function of problem (7).
In this paper, we use differential operators (7) to give an explicit formula for series (8),
and study whether the sums of the series

> 1 > 1
k:;m (kam — qm)n and k;@ (kam + qm)n
are transcendental numbers. This series is closely related to the Dirichlet series and L-
functions (cf. [4,10,11] §16), which arise out of number theory and other considerations, see
Soulé [12] and Ramakrishnan [13].

The rest of this paper is organized as follows: In Section 2, first, some preliminary
work is given, including some properties of differential operator spectral theory, Green
function, and Mercer’s Theorem. Then, a relationship between spectral zeta series and the
integral of Green function is established by using Mercer’s Theorem. Moreover, the explicit
expressions and transcendentality of the spectral series of second and third order differential
operators on S! are obtained. The main results are given in Section 3. In this section, using
the same method in Section 2, we can obtain an integral representation of spectral series of
higher order self-adjoint differential operators; see (8). Using the integral representation,
we prove that the spectral series is a linear combination of {7, - - - , 71" }. In the last section,
we make a summary of the conclusion of this paper and give some applications in physics.
Furthermore, according to these applications and the problems discussed in this paper,
some possible further work related to the special value and transcendental nature of zeta
series is listed.

2. The Second and Third Order Differential Operators

In this section, we consider the second and third order self-adjoint differential opera-
tors on a circle S'. Using Mercer’s Theorem, we will calculate the sum of the spectral series
from (8),

% 1
L @

k=—o00

where m = 2,3 and n is any positive integer.

2.1. The Second Order Case

In the second order case, the conclusions of the special value and transcendentality
of series

+00 1
k; W,WGQ,W>O,

are very complete (cf. [3,4,6]). In this subsection, we will consider the case « < 0 and show
the process of connecting the integral of Green function with the series by using Mercer’s
Theorem.

As m = 2, problem (7) becomes as (cf. [14], (1.2))

Tou = —u” + au = Au, on (0,1), ©)
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with the boundary condition
u(0) = u(1), u'(0) = u'(1), (10)
where & # —(2k7)?, k =0,1,2,- - -. Then, the k-th eigenvalue is
M = (2km)? +w, k=0,1,2,---,

and the corresponding eigenfunctions are

@ir(x) = e or cos(2kmx), sin(2kmx).

Hence, for k > 1, the geometric multiplicity of eigenvalue Ay is 2.

Since we assume that & # — (2k7r)2, k=0,1,.--. We know that 0 is not the eigenvalue
of T. Hence, T, ! exists and is a bounded linear operator on L?[0, 1], and the Green function
G(s,t) = G(t,s) of (9) at A = 0 is defined as that for any fixed s € [0, 1], the function G(s, t)
satisfies the boundary condition (10) and for any f € L2[0,1],

(T 1) (s) = /0 LG (L, s € [0,1]. (11)

Here,
1
L2[0,1] := {u is measurable : / lul?dx < oo}
0

The definition (11) is equivalent to for any fixed s € [0,1],
ToG(s, t) = &s(t),

where 6;(t) is the Delta function at s (cf. [15]). By the definition, we can obtain that the
Green function of (9) at 0 is

1 g\/x(tfs) _ g*ﬁ“*S) 0<s<t<T1:

Gls,t) = —=¢ ef-l = evit’ B (12)
7 Zﬁ eﬁéi*ﬁ»l) . 87\/;\(;75+1) 0 F<s<
eve—1 eVe—1 - =

Mercer’s Theorem (cf. [7], §3.5.4) tells us that

1 o 1 1 [eVi41
~+ ; an /()G(t,t)dt—m<eﬁ_1>. (13)

In fact, we have

+o00 +o00 kS,
_ ¥ aba) ¢k>zz(2k<>)+<i SRS

k=—o0 k=—o00 k=—0c0

where @i (x) = ¢ and (s, t) := ¢27~1), Then, the identification (13) follows from (12).
Taking /& = i6, i.e., & = —62, we have

1 fere1) 1 (0
\/Ee\/&—179C02'

Setf =qm, a = —qznz. Then,

-1 > 1 ot o q



Mathematics 2023, 11, 636 50f 19

Hence, for any g, such that g tan(%n) € Q, we have that
-1 ad 1
)
7 + k; 02—

is a rational multiple of 71. Moreover, for any g € Q, cot(47) is an algebraic number.
Similarly, as « = g%7%, we can obtain that

1 > 1 5 1 eV 41 T q
— + 2 =TT = — h(=7m).
qz 2k 14k2 q2 2[0(<e\/& 1) Zq cot (2 )

In summary, we have the following lemma.

Lemma 1. Forany g € Q\{£2k, k =0,1,-- - }, we have

-1 - 1 oz g \ _ ml4cos(qm)

ra +2k; 42 —q2 2 COt(Zn) T 727 sin(gm) V"
as q # 2k for any k € Z, and

1 > 1 s q (el 41
— 2 —_— h( = = — —: C p
q2+ k;4k2+q2 2q cot (2”) 2q (e‘i”—1> an

where c1 € Q(sin(q7t),cos(qr)) C Qand & € Q(e7).
In fact, using the Fourier series of cos(z x),

2z 1 2 (=1)" cos(n x)
cos(zx) = — sin(mrz) ( +) ——,
T 222 = 22 —n?

the following identities of cot(z ) and coth(z 7r) can be proved (cf. [16] §8.5)

2( 1 ad z
cot(zm) = n(22+ 222k2>,

k=1
2(1 ad z
These two identities can also express Lemma 2. In the following, we consider the case
m > 2.
Firstly, we calculate integral f01 fol |G(s,t)|?dsdt. Suppose & = —g*m%. Then, the

Green function can be rewritten as

elam(t—s) + elam(s—t) 0 S s S ¢ S 1,

1 1q7T —iqrm/

G(s,t) = ———{ -1 " 1e (14)

’ 2 plqm(s—t) plqm(t—s)
" el —1 1—e— a7t/ O<t=s=1l
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Hence,
: 1 41
4q2n2|e”4"—1|2/ / IG (s, )[2dsdt
—/ dt{/ [24+2cos(2s — 2t + 1)g7t] ds—i—/ [2+2cos(2s — t—1)q7r]ds}

1
}dt
t

t

:/0 {2+qlnsin[(25—2t+1)q7'c] .

1
= /0 {2 + qun sin[q] }dt

=2 [1 + qln sin(qrc)} .

+ qlrr sin[(2s — 2t — 1)q7]

Then, Mercer’s Theorem tells us that

1

2R g =y 106 0Pas = g [ i

Similarly, for & = g%7%, the Green function is

1 [ ant) e g<s<t<;
G(S/ t) = 2 e (t—s+1) e—qmt(t—s+1) (15)
qﬂ: eIt —1 - et _1 / 0 S t S S S 1.

Then,

1 1

G(s,t)|*dsdt
| [ 1eGs s

1 1 t 1
:Tznz/odt /O ds+/

Sett:=ft—s,as0<s<t<landt:=f—5s5+1,as0 <t <s <1;then,

. 2
) Pkias e—qmT
//|Gst|dsdt 42/ /an T | dt

ed7t(t=s) e —qr(t—s)
AT 1 e Tt —1

eqnt s+1) efqn(tfs+1) 2
p ds

1 2
= m [ [+ e e (16)
72 e2m — 1
_ qr
4q% (e — 1) {26 T }

Again Mercer’s Theorem tells us that

+22 / / |G(s, t)|?dsdt = [23‘7”+ ezqnl}.
q* 4k2+q ( —1)2 g

Therefore, we obtain the following conclusions.
Lemma 2. [cf. [3] Theorem 4, [6] Theorem 3.2 (ii)] For any q € Q, we have

1 ad 1 2
7+ + 2}(; (4k2 — g2)2 ~ 442[1 — cos(qm

i [1 + qln sin(qrt)} = 4y, (17)
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as q # 2k for any k € Z, and
o 1 2 2q7
il — qr
R e i

] =&+ &, (18)

where ¢; € Q(sin(q7), cos(qm)) C Q, and & € Q(e17),i =1,2.

Now, we consider the property of the coefficient of

1 1
”n/o /O G(x1,%2) - G, x1)dxy - - - dacy. (19)

First, from the expression of Green function (12), we know that the coefficient of Green
function of operator T2, ie.,

1
e /0 G(s, 7)G(t, t)dT,

must be ¢ + co/ 7. Then, by induction, the coefficient of

1 1
71”/0 . /0 G(x1,x2) -+ - G(x-1, %) G(xp, x1)dxy - - - dvy—q (20)
must be ¢, +¢,_1/7 -+ - + ¢y /77" L. Applying the substitution in (16), we set

- — Xn — Xp—1, 0<x, 1 <x <1;
nl Xn—Xp-1+1, 0<x,<x,1<1;

and
o d XX 0<x<x, <15
" U xp—x+1, 0<x,<x <1

Then, G(x,—1,xn) = G(7,-1), G(xn, x1) = G(71). Hence, the integral (20) is indepen-
dent of variable x,, and the coefficients of integral (19) are also ¢, +¢,—1 /7 +c¢c1/ a1
which are the same as the coefficients of integral (20).

Moreover, similar to the above two lemmas, for any g € Q\{£2k, k =0,1,- - - }, the
coefficients

¢; € Q(sin(gm),cos(gqm)), a = —qznz, i=1,---,n,
and
¢ € Q(e), a = q2n2, i=1,---,n.

Therefore, we obtain a more general conclusion which includes Lemmas 2 and 2 as
special cases.

Theorem 1. For any q € Q, and any positive integer n, we have that

1 ad 1 "
T A~ —_— ... Z
Cor i ey et tam g £ ke

and
1 o0
— 42y ="+,
g7 ,;1(4k2+q2)” " !

where ¢; € Q(sin(q7), cos(qm)) C Q, and & € Q(e17),i=0,1,--- ,n.
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Murty and Weatherby [1], ([4] §6), ([3] Theorem 4) or ([6] Theorem 3.2 (i)) obtained the
expression
(Ve )
L k2+c - Je(emve —1)’

keZ

forc > 0.

Using the derivative of the series to c, the transcendentality of sum
Y s, g € Q\{0},
keZ (k +4q )

can be derived (cf. [6] Theorem 3.2 (ii)). In Theorem 1, a calculation method of series
Y kez m is obtained. Furthermore, by this calculation formula, we can find the tran-

scendentality of the series.

2.2. The Third Order Case

In the following, we consider Problem (7) in the case m = 3.
Tsu = i +au = Au, on (0,1), (21)

with the boundary condition

where & # —(2km)3, k = 0,41,42,---. Then, the k-th eigenvalue is Ay = (2km)3 4 o
k = 0,4£1,42,- - -, the corresponding eigenfunction is ¢;(x) = €?*"*. Hence, for any
integer k, the geometric multiplicity of eigenvalue Ay, is simple.

Set &« = —q%73. Then, the Green function of (21) at 0 is

eXp( (@%i)qﬂ(tﬂ)) exp((%gf%i)@ﬂ(fﬂ)) 4 _explign(t—s))
GeRi{i-ep(-C2 i)} (G- {1-ep((P-figr)} - e
; 0<s<t<1;
G(S, t) — ﬁ
ST em(%@%t‘)qﬂ(f*sﬂ)) eXP((%gf%iW(f*SH)) explign(t—s+1))
Gep{i-ep(-(L+iim) ) G-Pi{i-ep((R-digr)} - ~UTeRlET
0<t<s<1
Set

2 2 2 2
Then
exp(za(t=s)) | explzalt=s)) | exp(zs(t-s)) .
1 | aterm) T nli-epe)) T nli-epm)  0SSSESL
G(s,t) = =— (22)

3970 | exp(za(t—s+1))
z1[1—exp(z2)]

exp(z1 (t—s+1))

exp(z3(t—s+1))
zp[1—exp(z1)] + > 0<t<s<1.

+ z3[1—exp(z3)] ’

In particular, we have that, for any t € [0,1],

3q3m3 ]; 1 —exp(z))

G(tt) =

23
1 ﬁsinh(@qn) +sin(3qm) 2

- 6gPm? cosh(@qn) —cos(qm)

1
—i—cot(EqH) .
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Asqg=1,foranyt € [0,1],
1 [\f V3

—1 V2
32| 3 ( 2cosh (——m

G(tt) = \f )1,

and Mercer’s Theorem tells us that

i (2k)§—1 = g l\@ tanh(?n’) + 1cosh1(ﬁn)] — o, (24)

o 2 2 2
c1 € Q(xf exp({qn)) C Q(exp(?qn)).

In the following lemma, we obtain the more general case.

where

Lemma 3. Forany q € Q\{%2k, k=0,1,-- -}, we have

0 inh V3 in(1
2 # _ lz /3 sinh( 52 q7T) + sin(5477) —|—C0t(1q7f)] =:cim+cy, (25)
o (263 —g3 6q cosh(éqn) — cos(z47) 2
where

ci € Q(\[,sm(lqn),cos(;qn);exp(?qﬂ)) C Q(exp(?qn)), i=0,1.
Weatherby ([6], Theorem 3.2 (ii)) proved that the sums

Zk3+q3’ q€Q\Z,

keZ

are transcendental; however, the explicit expression is not obtained in the paper.
Now, we calculate the integral fol fol |G(s, t)|>dsdt. We note that

1 1 1 s 1 t
// |G(s,t)\2dsdt:/ / \G(s,t)|2dtds:/ / IG(s, t)2dsdt.
0 Jt 0 Jo 0 Jo

Hence,
ST 1 ot
G(s,t stdt:2/ / G(s,t)|?dsdt.
| [ 166 A RECDI

Recall the Green function, we obtain that, forany 0 <s <t <1,

exp(z(t—5) | exp(a(t—s) | expl(t—s))
21— exp(z)] | zll—exp(z1)] | z[1—explzs)]
where z; = (@ - %i)qﬂr, Zp = —Z1 = —(? )qn and z3 = iq7t.

First, we calculate three square terms.

INAE

- T o) \2/ [} exp(Vagn(s — 0)dsat

B 1 11 exp(—v/3q7)
- Pl —exp(z2)? | V3gm 397 3?2 |

9727 |G(s, 1) |* =

exp(za(t —s))
Z1 1—exp )]’ dsdt
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where
|1 —exp(z2)|* = 2exp (—?qn) [cosh(\fqn) - cos(;qn)] :
/ / exp(zi(t—s)) s) | dsdt
z[1 —exp(z1)]
1 t
21— exp(z1)|2 /0 /0 exp(V3qr(t —s))dsd
1 11 exp(v/3q7)
P2l —exp(z1)]* | V3qm 3477 3P|’
where
|1 —exp(z1)]® = 2exp (?qrf) lcosh(\fqrf) — cos(;qn)] .
Therefore, we have
/ / exp(za(t—s)) [* | exp(z1(t—s)) ‘stdt
z1[1 — exp(z2)] 2[1 — exp(z1)] 28
26
= ! sinh (ﬁqn).
V3q3 3 [cosh(@qn) - cos(%qn)} 2
The last square term is
exp z3(t —s)) 1/2 B 1
/ / z3[1 — exp 23)] ‘ dsdf = 221 —exp(z3)[2 42721 — cos(qm)]’ @7
In the next, we will calculate the three cross terms:
/ / exp(za(t —s)) exp(z1(t—s)) dsdf — 1
0 z1[1 —exp(z2)] 221 — exp(z1)] 2122[1 — exp(z2)][1 — exp(z1)]’
then we can obtain the real part of the integral
o / / exp(za(t —s)) exp(z1(t— ))dd
z1[1 — exp(z2)] Z2[1 — exp(z1)]
-1+ COSh({g?T) cos(3qm) + fsmh(%q )sin(3q7)
- 7*7*|1 — exp(z2) *[1 — exp(z1)[? (28)

\%

—1+ cosh( \zfqrc) cos(3qm) + ﬁsmh(

g7)sin(37)
4q2 2 [cosh(‘[qﬂ — cos zqn}
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We will calculate the remaining two cross terms:

exp(za(t —s)) exp(z3(t—s))
/ / z1[1 — exp(z2)] z3[1 — EXP(Z?,)]det
2 1 ot
- AT —oe ) | ] exp((z+2) (= 5))dsas
2 eXp(Zz+Z3) —1—(z0+23)
21231 — exp(22)][1 — exp(z3)] (z2 +23)?
2 eXp(Zz+Z3) —-1- (22+23)
3gtt [1—exp(z2)][1 — exp(23)]

_ 2 {1_ 1 - 1 - 2425 }
3gtmt 1—exp(zz) 1—exp(z3) [1—exp(z2)][l—exp(z3)]])’

1 _l-—cos(gm) 1
1—exp(zz) [1—exp(—igm)]2 2’
1 1 exp(‘/qun) — cos(3qm)

7

1—exp(z2) 2 cosh(@qrc) — cos(qm)
and
R Zp + 23
[1 —exp(z2)][1 — exp(z3)]
—fqn{ exp( ‘ééqn) - exp(@qn) cos(qm+ ) —cos(3qm + ) + cos(3qm + %)]

4[1 — cos(gm)] {cosh(@qn) - cos(%qn)]

Similarly, we can obtain that

/ / exp(z1(t —s)) exp(Zg,(t—s))det

z3[1 — exp(z1)] z3[1 — exp(23)]

{1 1 1 B z1+23 }
Sq 7r4 1—exp(z;) 1—exp(z3) [1—exp(z1)][1—exp(z)] )

Note that
1 B lexp(—éqn) — cos(%qn)
1—exp(z;) 2 cosh(@qrc) — cos(%qm) '
and
R z1+ 23
[1 — exp(z1)][1 — exp(z3)]

\fqrf{ exp(—%qn) —exp(— ‘{qrf) cos(qm — §) — cos(%qn -Z)+ cos(%qn — %)]
) )

4[1 — cos(gm)] {cosh(@qn

— cos( %qn)}
Summing the above two cross terms respectively, we obtain

L 11
1 —exp(z1) 1—exp(z;) 2/

and
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2y + Z3 Z1 + 23
R +¥
[1—exp(z2)][1 —exp(z3)] [1—exp(z1)][1 — exp(23)]
/3 [cos(qm) — 1] sinh(@qn) —+ \/g{sin(%qn) - sin(%qrf)} — \/3sin(gm) cosh(?qn)
=V3qmr
4[1 — cos(gqm)] {cosh(@qn) - cos(%qn)}
/3 [cos(gm) — 1] [sinh(?qn) + ﬁsin(%qn)} +1/3sin(q7r) [cos(%qn) - cosh(?qn)}
4[1 — cos(gqm)] {cosh(@qrc) - cos(%qn)]
—\/gqn{sinh(é ) + \@sin(%qn)} _ 3gmsin(gn)
4 [cosh(%qn) — cos(%qn)} 41 — cos(qm)]|”
Hence, we can obtain that
exp(z2(t —s)) exp(z3(t—s)) exp(zl(t —s)) exp(zs3(t—s))
2R dsdt
/ / z1[1 —exp(z2)] z3[1 — exp(23)] 22[1 —exp(z1)] Z3[1 — exp(23)] °
2 fqn{smh(‘zfqn) + ﬁsm( qm )} . 3g7sin(gr)
3qt 4{cosh(%q7() — cos( } 4[1 — cos(gqm)] (29)
1 sinh(@qrc) + ﬁsin(jqn) 1 sin(q)
2V3g3 cosh(?qn) — cos(1qm) 2¢°7 1 — cos(grr)
Using Mercer’s Theorem again, we have
. 2 _ 2
k; (23k3—q //|Gst\dsdt 271//\Gst|dsdt
exp(z2(t —s)) . exp(zi(t—s)) = exp(zz(t—s)) ‘
=572 7'[2/ / Al —exp@)] | Bl—exp@)] |zl —eplm)]| S
Then, add up Equations (26), (27), (28) and (29), we can obtain that
i 1 27 sinh(@qn) > 1
e (PP =22 9v3gP cosh(@qﬂ) — cos(qm) 184* 1 — cos(q7r)
-1+ cosh(@qn) cos(3q7) + \/gsinh(éqn) sin(3g7)
1844 2
1 [cosh(@qn) - cos(%qn)}
7-[ smh(% ) + v/3sin(3qm) 7 sin(gm) (30)
9V34° cosh(% ) — cos(3q7) 9q* 1 — cos(q)

_ 72 1+ 2sin(qm) =1+ cosh(@qrr) cos(%qn) + \/gsinh(gqrr) sin(3q7)
18¢% 1 - cos(qm) 184 [cosh(gqn) — cos(%qn)} ’
V3 sinh(@qn) + sin(3q7)
99° cosh(@qrf) — cos(1qm)

=:(y e + 7.
Supposing that g € Q, then ¢1, c; in (30) satisfy that

1,6 € Q(ﬁ sin(= qn),cos(iqn);exp(?qn)) C @(exp(\fqrc))
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As g = 1, we have that
o 1 2 V3 1,V3 2,V3
kzz_wm 18 + \ftanh(—n) cosh™ ( 5 7'[) — cosh (77'[)
Ne V3 o
g \[tanh(—n) + cosh ™ (4= 5 n)] = com? 4 ey,
where

1,60 € Q(f exp(\[n)> C Q(eXP(Xégﬂ)).

For the more general case, similar to Theorem 1, we can obtain that

Theorem 2. Forany g € Q\{£2k, k=0,1,---}, and any n > 1, we have

> 1

k;()o (233 — B)yn

=cyi"+ -+,
where
i @(ﬁ,smﬁqn),cos(;qn);exp(“fqn)) c @<exp<“fqn>>, =1
In ([6], Theorem 3.3), Weatherby proved that the sum

1
)y (RO q€Q\Z,

keZ

is transcendental and the calculation formula is not obtained in this paper. In Theorem 2,

a calculation method of series } ;.7 (kS%ﬁ)” is obtained. Furthermore, by this calculation
formula, we can judge the transcendentality of the series.

3. The Higher Order Self-Adjoint Differential Operators

Now, let us recall Problem (7) for any self-adjoint differential operators of order m on
S!. For any positive integer m,

Tt = (—i)™u"™ + au = Au, on (0,1),
with the boundary condition
u(0) = u(1), -, u=V(0) = ul"V(1),
where a # —(2k7m)", k = 0,41, £2, - - -. Then, the eigenvalues of T,, are
M= km)™ + o, k=0,+1,42,---},
and the corresponding eigenfunctions are

(x) = eFi2kx or Lcos(2kmx), sin(2kmx)}, as m is even;
PRlx) = e~ izkmx, as m is odd.

Hence, for an even m, for any k > 1, the geometric multiplicity of eigenvalue Ay is 2,
and only in the case k = 0 is the geometric multiplicity of eigenvalue A simple. For an
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odd m, for any k, the geometric multiplicity of Ay is simple. Set &« = £4™ 7™, and using
Mercer’s Theorem again, we have

't / / (x1,%2) -+ - G(xp, x1)dxq - - - dxy

_ ”m + 2 Zk 1 W if mis even,
B 1 . .
Zszoo P E T if m is odd,

where G(s, t) is the Green function of T, at 0 point. Note that, if m is even, we also have
(£1)" 1 > 1

po 2L G L, e s

Let {¢;, j=1,---,m} be m distinct roots in C of the algebraic equation
(—i)"g" 4+ =0.

Then, the Green function G(s, t) is in the following form:

m _exp(=¢;(t=s)) .
G(S t) B im j=1 lexp(—¢;)— 1](';”1 T/ 0<s<t<; 32)
e E m w <t < g <
= fep(g)ngr T 0= PSOS T
Supposing &« = —(q7r)™, then, forany j =1,--- ,m, we have §; = iqr exp(%Zm’), and

& —sin( L _icos( L
Gj sm(m27r)q7r zcos(mZH)qn,

) = in( L I _isi I
exp(—¢;) exp(sm(m27r)q7r> {cos(cos(mZN)qn> zsm(cos(mZn)qn)}.
Note that, if m is odd, we have

sin<(m_ml)/22n) = sin(;n) and cos<(m_ml>/22n> = —cos(in).

Hence, for any g € Q, all the coefficients of Green function G(s, t) satisfy

Cj/ eXp(f:]) € Km; ] =1,---,m,

where K,;, is a field, and is defined as
Ky =0 cos(+-271),sin(L271), {exp(sin(d-27r)q7), cos(cos(L-27)q7)
m :=Q| cos(-27),sin(-27), {exp(sin(--27)q7), cos(cos(- 27)q7),
sin(cos(#Zrc)qn),j =1,--- ,m}), for any even m,
and
Ky :=Q( cos(L ), sin(~71), {exp(sin(-27)q7), cos(cos(L-27)g7)
m :=Q| cos(—m),sin( ), {exp(sin(--27)q7), cos(cos (- -27)q7r),

sin(cos(iZn)qn),j =1,--- ,m}), for any odd m.

1 1 1 1 —
cos (27‘[) ,sin(Zn) ,COS (7‘[) , sin(n) €Q,
m m m m

Since
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we have that, for any m,

Ky C Q(exp(sm( J 2m)gr), cos(cos(T]nZn)qﬂ),sin(cos(iZn)qn),j =1, ,m).

I« = (q7)", then forany j =1, -+, m, we have &; = i exp (i

—ij= sin(zjm 17r)q7ticos(2]m 17t)q7r,

exp(—¢j) = exp (sin(zj; ! n)qn) {cos(cos(zjn: ! )qr) — isin(cos(zjn: ! 7)q7r) }

), and

Hence, for any q € Q, all the coefficients of Green function G(s, t) satisfy
Gjrexp(§)) € Ky j=1,---,m,

where, for any m, ]Km is defined as

Ky :=Q ( cos(%n), sin(%n),

71)g7t), cos(cos(

L 2j—1 2j—1 _ 2j—1 N
{exp(sin( - - 71)g7), sin(cos( - mgmn),j =1, ,m}>

cQ (exp(sin(zj; L n)qrf),cos(cos(zjr; ! 7t)q7'c),sin(c:os(2

Note that, for an odd m,

sin(zj_ 171) = sin((mH)/z_jZH), cos<2j_1n> = —cos<(m+1)/2_]2n>,
m m m m

we have K, = Km This is consistent with the following facts:

o0 1 = 1 L& 1
L ey~ o e p ) g

k:—OO k:—oo

for an odd m.
With these preparations, similar to Theorems 1 and 2, we have the following theorem.

Theorem 3. For any q € Q, and any integer m > 2, n > 1, we have

= 1
L gy = o e g 2R ke 2,

Z mij-m my\n

k=

=yt + -+ &, gt £ 2", k€ Z,

where ¢; € Ky, ¢; EK,,Z, i=1---,n

In the case m > 4, Weatherby ([6], Theorem 3.2 (vi)) and ([6], Theorem 3.3) proved that
the sums
¥ s 4 L g 1€ Q02
keZ L] keZ
are transcendental. These sums are special cases of Theorem 3, and a calculation method of

series ) ez W is obtained in Theorem 3.
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In Theorem 3, for m = 2, it is easy to verify that
K, = Q(sin(g7t), cos(gm)) C Q.
For m = 3, since sin(327) = —sin($27) = @ and cos(327) = cos(32m) = —3, we

have
K; =Kz = (Q)(\f,sin(;qn),cos(;qn);exp(?qn)) C Q(exp(?qn)).

Therefore, Theorem 3 generalizes Theorems 1 and 2.

4. Conclusions and Further Work

In this section, we make a summary of the conclusions of this paper and discuss
several applications in physics and possible further work.

4.1. Conclusions

In this paper, we consider the self-adjoint differential operator with order m > 2
T = (—1)"u"™ + au = Au (33)
on the circle S!, where & # —(2k7t)™, k = 0,41, £2,- - -. Its k-th eigenvalue is

(m) _ m [ 0,£1,%2,---, forodd m;
A} —@m)+mk_{QLZm/ e

For any positive integer 7, the k-th eigenvalue of T}}, is [)x,(cm)]”.

Then, Mercer’s Theorem tells us that the spectral zeta function of T}, satisfies

—+o00
Tm(n) = k; [(2k7r / / (x1,x2) - - G(xp, x1)dxy - - -dxn,  (34)

where G(-, ) is the Green function of differential operator (33). The spectral zeta function is
closely related to the Dirichlet series, Bernoulli number and L-functions (cf. [4,10,11] §16),
which arise out of number theory and other considerations; see Soulé [12] and Ramakrish-
nan [13].

The formula (34) gives an integral representation of {;,(n). Using this integral repre-
sentation, we can obtain the main conclusions of the paper. See Theorem 3. For any g € Q,
and any integer m > 2, n > 1, we have

d 1
Z m:cnn”+...+cln, qm LK" ke,

k=—o0

and
. 1 P P m
I e k", keZ
k:Z_:oo (7 g Cnrt" 4G, g7 £ ,keZ,
where ¢; € K,,;, ¢; € Km, i=1,---,n. The special value and transcendental nature of the
sums are related to Schneider’s conjecture and Gel’fond-Schneider’s conjecture. See Murty
and Weatherby [1,3,4], Nesterenko [2] and Saradha and Tigdeman [5].

4.2. Application and Further Work

In this subsection, firstly, some applications about eigenvalues, eigenfunctions, Green
functions, and spectral series of self-adjoint operators in physics are given. Then, according
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to these applications and the problems discussed in this paper, some possible future work
is listed.
Consider the self-adjoint differential operator in Section 2.1,

Tu = —u" 4+ au = Au, on R. (35)

This is called the stationary Schrodinger operator (cf. Carmona and LaCroix [17]),
which was proposed by physicist Schrodinger in 1926. It describes the stable state of
microscopic particles, which is a basic assumption of quantum mechanics. The Schrédinger
operator is widely used in atomic physics, nuclear physics and solid state physics. The
results of solving a series of problems such as atoms, molecules, nuclei, solids, etc. are in
good agreement with the reality.

The eigenvalue A and the corresponding eigenfunction ¢ of (35) represent the energy
of microscopic particles and the probability of their occurrence somewhere in space, resp..
Furthermore,  is also called a state function, which is normalized according to the require-
ment that [, ||? = 1. The position of the particle is then determined not as a definite point;
instead, its probable location is given by the rules of quantum mechanics as follows: the

probability that the particle is located in the interval (a,b) is | ab |2
Riemann zeta function is a class of spectral function of Schrodinger operator,

> 1
Z(s) ::ng:lﬁ.

Physicists found that the distribution of {(s) zeros as energy levels is breathtakingly
similar to those of a quantum system’s, cf. Schumayer and Hutchinson [18]. This has
inspired physicists to associate a dynamic system with the spectral zeta function. Hence,
the examination of the spectral zeta function can help to understand physics and quantum
mechanics.

In 1958, the physicist P. W. Anderson found that, if impurities were added to the
conductor, the electrons would be scattered by these impurities during transmission, and
the multiple scattering waves would interfere with each other, resulting in the stopping of
the movement of the electrons, the disappearance of the conductivity of the metal and the
appearance of the nature of insulator. The phenomenon from conducting state to insulating
state caused by doping is called Anderson localization.

Anderson discussed the change of the eigenfunctions of Schrodinger operator by using
Green’s function method. The exponential decay of the Green’s fucntion is defined as

G(/\’ xly) S e_’)/‘x_]/ll

where ¥ > 0and |x —y| > ¢ > 0. In fact, the estimation of the decay of the Green's function
plays a key role in the exponential localization of eigenfunctions of the Schrodinger operator.
For the lattice Schrodinger operator, Bourgain [19] studied the estimations of the Green’s
function, and thus obtained Anderson localization.

In the following, some possible further work related to the eigenvalues and the spectral
zeta series {y,(n) are listed.

In [6], Weatherby proved that the series

—, (36)
keZ, k#+1 k=1

is transcendental for m = 3, 4, 6. However, if the Mercer’s Theorem and Green function

are used, it is required that the series
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References

satisfies c # k™ for any k € Z. Hence, the series cannot include (36) and how to calculate
and study the transcendentality of series

1

m,mZZ,nZZ

kEZ, kA+1

is a problem.

Recently, many papers [8], Wainger [20], Meiners and Vertman [21] study the special
values of spectral zeta functions on the discrete tori. Recall that the spectral zeta function
associated with the Cayley graph Z/NZ is (cf. [22])

N-1 1
—— s, € @
i sin (%)
The question is how to study the the spectral zeta function associated with the more
general Cayley graph.
Murty and Weatherby [1] and Nesterenko [2] studied the transcendental nature of the
infinite series

e @)

keZ k),

where f(x) and g(x) are polynomials in Q[x] with deg f < degg so that g(x) has no
integral zeros. Using the connection between series and differential operator spectral zeta
function, this paper can only study the special case f(x) = 1 and g(x) = (x™ + ¢)". For
more general cases, the method in this paper is difficult to implement. Therefore, it is a
further problem to find a suitable research method for the research on infinite series (37).

Author Contributions: Writing—original draft preparation, J.L. and B.X.; writing—review and
editing, J.Q. All authors have read and agreed to the published version of the manuscript.

Funding: This research was funded by the Natural Science Foundation of Shandong Province (Grant
ZR2020MA014) and the National Natural Science Foundation of China (Grants 12071254, 12271299
and 11971262).

Data Availability Statement: Not applicable.

Acknowledgments: The authors wish to thank the editor and the anonymous referees for their
helpful comments and critics. The authors would like to thank Yigeng Zhao and Yonggiang Zhao
for helpful discussions on transcendence of the spectral series. The authors are grateful to Xiaoping
Yuan for his helpful discussions and guidance.

Conflicts of Interest: The authors declare that there is no conflict of interest and the present paper is
an original unpublished work.

1. Murty, M.R.; Weatherby, C.J. On the transcendence of certain infinite series. Int. . Number Theory 2011, 7, 323-339. [CrossRef]
2. Nesterenko, Y.V. Algebraic Independence; Published for the Tata Institute of Fundamental Research, Bombay; Narosa Publishing
House: New Delhi, India, 2009.

b

Murty, M.R.; Weatherby, C.J. A generalization of Euler’s theorem for (2k). Am. Math. Mon. 2016, 123, 53-65. [CrossRef]

4. Murty, M.R. Transcendental numbers and special values of Dirichlet series. Number theory related to modular curves—Momose
memorial volume. Contemp. Math. 2018, 701, 193-218.
5. Saradha, N.; Tijdeman, R. On the Transcendence of Infinite Sums of Values of Rational Functions. J. Lond. Math. Soc. 2003, 67,

580-592. [CrossRef]

6.  Weatherby, C. Transcendence of series of rational functions and a problem of Bundschuh. J. Ramanujan Math. Soc. 2013, 28,

113-139.

7. Courant, R,; Hilbert, D. Methods of Mathematical Physics; John Wiley and Sons: New York, NY, USA, 1989; Volume 1.
8. Xie, B; Zhao, Y.G.; Zhao, Y.Q. Special values of spectral zeta functions of graphs and Dirichlet L-functions. arXiv 2022,

arXiv:2212.13687.


http://doi.org/10.1142/S1793042111004058
http://dx.doi.org/10.4169/amer.math.monthly.123.1.53
http://dx.doi.org/10.1112/S0024610702003988

Mathematics 2023, 11, 636 19 of 19

10.
11.

12.
13.

14.
15.

16.
17.
18.
19.
20.
21.

22.

Qi, J.; Li, ]J.; Xie, B. Extremal problems of the density for vibrating string equations with applications to gap and ratio of eigenvalues.
Qual. Theory Dyn. Syst. 2020, 19, 1-12. [CrossRef]

Murty, M.R.; Rath, P. Transcendental Numbers; Springer: New York, NY, USA, 2014.

Ireland, K.; Rosen, M. A Classical Introduction to Modern Number Theory, 2nd ed.; Graduate Texts in Mathematics, 84; Springer:
New York, NY, USA, 1990.

Soulé, C. Régulateurs, Astérisque. Semin. Bourbaki 1986, 133-134, 237-253.

Ramakrishnan, D. Regulators, Algebraic cycles, and values of L-functions, Algebraic K-theory and algebraic number theory.
Contemp. Math. 1987, 83, 183-310.

Chu, J.; Meng, G. Sharp bounds for Dirichlet eigenvalue ratios of the Camassa-Holm equations. Math. Ann. 2022. [CrossRef]
Zhang, M.; Wen, Z.; Meng, G.; Qi, J.; Xie, B. On the number and complete continuity of weighted eigenvalues of measure
differential equations. Differ. Integral Equ. 2018, 31, 761-784. [CrossRef]

Duren, P. Invitation to Classical Analysis; American Mathematical Society: Providence, RI, USA, 2012.

Carmona, R.; LaCroix, J. Spectral Theory of Random Schrodinger Operators; Birkhauser: Basel, Switzerland, 1990.

Schumayer, D.; Hutchinson, D.A.W. Physics of the Riemann hypothesis. Rev. Mod. Phys. 2011, 83, 769-796. [CrossRef]
Bourgain, J. Green’s Function Estimates for Lattice Schrodinger Operators and Applications; Princeton University Press: Princeton, NJ,
USA, 2005.

Wainger, S. An Introduction to the Circle Method of Hardy, Littlewood, and Ramanujan. J. Geom. Anal. 2021, 31, 9113-9130.
[CrossRef]

Meiners, A.; Vertman, B. Spectral zeta function on discrete tori and Epstein-Riemann conjecture. J. Number Theory 2023, 244,
418-461. [CrossRef]

Zagier, D. Elementary aspects of the Verlinde formula and of the Harder-Narasimhan-Atiyah-Bott formula. Isr. Math. Conf. Proc.
1996, 9, 445-462.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1007/s12346-020-00351-y
http://dx.doi.org/10.1007/s00208-022-02556-9
http://dx.doi.org/10.57262/die/1528855439
http://dx.doi.org/10.1103/RevModPhys.83.769
http://dx.doi.org/10.1007/s12220-020-00579-9
http://dx.doi.org/10.1016/j.jnt.2022.08.004

	Introduction
	The Second and Third Order Differential Operators
	The Second Order Case
	The Third Order Case

	The Higher Order Self-Adjoint Differential Operators
	Conclusions and Further Work
	Conclusions
	Application and Further Work

	References

