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1. Introduction

Let C[[x, y]] be the ring of formal complex power series. A complex plane curve at the
origin of C? is given by the zeros of f(x,y) € C[[x,y]], and we will denote it by C ro If
f is irreducible, then we say that Cy is a branch. Since ord(f) = ord(uf), for any unit
u € C[[x,y]], we define the multiplicity of C¢, and we denote it by mult(Cy), as the order of
f. We say that Cy is a singular curve if its multiplicity is greater than one; otherwise, Cy is a
smooth curve.

In this work, we will consider a singular curve Cy. Let g(x,y) = ax + by with (a,b) #
(0,0). The polar curve of C¢ with respect to the direction g(x, y) is the curve Pe(f) : J(f,g) =0,
where J(f, ) denotes the Jacobian determinant of f and g. There exists a dense Zariski open
set U of P! (C) such that for all [~b : a] € U, the polar curves P_pxtay(f) are equisingular
and in which case we will say that these polar curves are generic. In this article, when we
say polar curve we always refer to a generic one. It is well-known that the equisingularity
class of P¢(f) can vary in a family of equisingular curves as Pham showed [1] (Exemple 3):
the curves {f, = y® + 2! + ax8y = 0},c¢ have the same equisingularity class but the polar
curves Py (f;) have two different smooth branches for 2 # 0 and it has a double smooth
branch for a = 0.

When f is irreducible, Merle [2] proved that the branches of the polar curve Pg(f)
have characteristic contacts with C iz which means that their contacts with C rare the characte-
ristic exponents of C¢ (these exponents codify the equisingularity class of Cy). In particular,
Merle gave a decomposition of the polar curve Pg(f) as the union of curves {Cp, };, which
are not necessarily branches, but such that the multiplicity of Cp, and the contact of every
branch of Cp, with Cy only depend on the equisingularity class of C¢. More precisely, in the
decomposition of Merle, any Cp, is the union of all the branches of P¢(f) having the same
contact with Cy. Furthermore, Merle proved that his decomposition of the polar curve of
the branch C¢ not only depends on the equisingularity class of the branch, but determines
it, that is, this decomposition is a complete equisingularity invariant of Cy.

A singular foliation of codimension one over C? is locally given by a 1-form w =
A(x,y)dx + B(x,y)dy, where A(x,y),B(x,y) € C[[x,y]] are not units, that is A(0,0) =
B(0,0) = 0. We will denote by F,, the foliation defined by w. We say that Cs : f(x,y) =0
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is invariant by F, if w Adf := f., where 7 is a 2-form. If Cy is irreducible then the curve
Cr is a separatrix of Fy,.

The polar curve of the foliations F,,, and F, is by definition the contact curve wy A w,.
This notion is a generalization of the polar curve Pg(f) since this one coincides with the
polar curve of the foliations given by the 1-forms df and dg.

Rouillé (see [3,4]) generalised the decomposition theorem of Merle to the polar curves
of foliations, where F,, = d(—bx + ay) (for (a,b) # (0,0)) and F, is a non-dicritical
generalized curve foliation with only one separatrix or with non-resonant logarithmic model.
This decomposition depends only on the equisingularity class of the separatrix. Rouillé’s
proof is based on the comparison of the Newton polygon of the only separatrix of the
foliation with the Newton polygon of the 1-form defining the foliation.

The polar curve Pg(f) of a reduced complex plane curve C¢ and a non-singular curve
Cq was studied, between other authors, by Garcia Barroso (see [5,6]). Garcia Barroso gave
the decomposition of Pg(f) in terms of the Eggers tree of Cs. The Eggers tree of Cs encodes
the equisingularity class of Cy and it is equivalent to the dual resolution graph of Cf but the
Eggers tree is better suited in order to relate the structure of Cy to that of its polar curve
Pq(f). As in the irreducible case, the branches of the polar curve P (f), for reduced f, have
characteristic contacts with C fr which means that their contacts with the branches of C ¢ are
the characteristic exponents of the branches of Cy or the contact values of the branches of Cy.
But, in the case where f is reduced non-irreducible, the decomposition theorem of P (f) is
not a complete equisingularity invariant as it happens when f is irreducible; nevertheless
Garcia Barroso proposed a new complete invariant of Cy built from the decomposition of
its polar curves.

On the other hand, Corral (see [7,8]) generalized the decomposition theorem of the
polar curve given by Garcia Barroso to the case of non-dicritical generalized curve folia-
tions which logarithmic model is not resonant, using the Eggers tree of the total union of
separatrices. This decomposition depends only on the equisingularity class of this union.

In [9,10], Kuo and Parusifiski gave a decomposition of P ( f) when Cy is not necessarily
smooth, generalizing the decomposition theorems of Merle and Garcia Barroso. The main
tool used by Kuo and Parusifiski is the tree model of Cs, (a generalization of the Kuo-Lu
tree introduced in [11], where Cy, is the union of C¢ and Cg), which encodes the contact
values of the branches of Cf,. Note that the Eggers tree of Cy, is a Galois quotient of its
Kuo-Lu tree (see [12]). A new phenomenon appears when Cy is not smooth: the contact
values of the branches of Py (f) with the branches of Cy, are not necessarily contact values
of the branches of C¢,. Namely, it may not be possible anymore to determine all the contact
values of branches of Pg(f) with the branches of Cy,, using only the equisingularity class
of Cs,. This phenomenon appears when the tree model associated with C, have collinear
points and bars (no such points or bars exist in the case when Cq is smooth).

In [13], Garcia Barroso and Gwozdziewicz gave a decomposition theorem for Pg(f),
where Cy is a branch and Cy is a characteristic approximate root of Cy (this notion was intro-
duced in [14] (page 48)). After a change of coordinates, if necessary, the first approximate
root of Cy is given by y = 0. The remaining characteristic approximate roots of Cy are
singular curves whose equisingularity classes are determined by the equisingularity class
of Cs. In particular, in [13] it was proved that the set of decompositions of Pg(f), where
g runs through the approximate roots of f is a complete equisingularity invariant of Cy,
generalizing the decomposition theorem of Merle. The case studied in [13] is a particular
case of the results of Kuo and Parusinski, but the colineal phenomenon only appears in
the first bunch of the decomposition and this allows to precise the information on the de-
composition of the Jacobian curve in the framework of Garcia Barroso and Gwozdziewicz.
On the other hand, in [13] the tree-model is not used, but rather Newton polygons and
initial weighted forms associated with them. In this paper, we generalize to foliations, the
results of [13] to the context of generalized curve foliations, again using the language of
Newton polygons and initial weighted forms. Our main theorem gives a decomposition
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of the approximate polar curve P (x,y) = A(x,y) fy(k) (x,y) — B(x,y) f§"> (x,y) = 0, where
w = A(x,y)dx + B(x,y)dy and f*) = 0 is the kth approximate root of Cr:

Theorem 1. Let F : w = 0and G : df%) = 0 be generalized curve foliations with separatrices
Crand C (0 respectively. The approximate polar curve P(S,k) has mult (Pép) >n+np---ng—2
and admits a decomposition of the form

Pl _ ple)) | T(e),
where the factors T!) are not necessarily irreducible and x is coprime with the product T*+2) ... T(8),
Moreover,

(a) cont(Py,Cy) = %for Py irreducible component of T, k+2 <1< g.

() mult(TD)=ny---n_q(n—1),k+2<1<g.

(c) mult (F(k“)) >mnq - ng(ng1+1) —2and ord(7y) < %for any Newton—Puiseux root
v 0fr(k+l),

where {(my,ny) }; are the Newton—Puiseux pairs of Cy.

The structure of this paper is as follows. In Section 2, we introduce all the notions
and tools necessary in order to establish the difference between the orders of the Newton—
Puiseux roots of C}k) (characteristic approximate roots of the branch Cy) and a truncation of
a Newton-Puiseux root of Cy. In Section 3, we present preliminary notions of foliations
and some properties of the inverse image of a foliation. Moreover, we study the weighted
initial forms associated with the Newton polygons of the foliations. In particular, we prove
the following lemma which is a key tool for our purposes.

Lemmal. Ifv € QT and In,(w) AlIny (1) # 0, then Iny (w A1) = Iny(w) AlIny (7). Moreover,
ord, (Inv(w A 17)) = ordy (Inyw) + ordy (Iny77) — 1 —v.

Section 4 is the core of this paper. We study the approximate polar curves associated
with a foliation having a single separatrix. In particular, we detail the weighted initial
forms of the inverse images of these polar curves with respect to a ramification defined from
the equisingularity class of the separatrix of the foliation. Moreover, we determine the
properties of the Newton polygon of these inverse images, by relating them to the Newton
polygon of the inverse images of the foliation.

Finally, in Section 5, we prove the main theorem on decomposition of the polar curve
P (xy) = Ay £y (0y) = Bl y) £ (x,y) = 0, where w = A(x, y)dx + B(x,y)dy.

The results presented in this paper are part of Saravia-Molina’s PhD thesis (see [15]).

2. Preliminary Notions on Curves

Let C[[x, y]] be the ring of formal complex power series and f(x,y) = Y ajx'yl €
C[[x,y]] be a non-zero power series without constant term. The order of f is ord(f) =
min{i+j : a;; # 0}. The initial form of f is the sum of all terms of f of degree equals
ord(f). The multiplicity of the plane curve Cy of equation f(x,y) = 0, denoted by m(Cy), is
the order of f. We say that Cy is singular if m(Cy¢) > 1.

Let S C N2. Denote by D(S) the convex hull of (S + R ), where + is the Minkowski
sum, and by N (S) the polygonal boundary of D(S), which we will call Newton polygon
determined by S.

A support line of N'(S) is any line £ : x + ay = ¢ such that LN N(S) # Dy N(S) C
Lt = {(x,ly) € R? : x +ay > c} (see Figure 1). We say that a line £ has inclination a if its
slope is — .
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L L
Figure 1. Support lines

Let f(x,y) = Y ajix'y/ € C[[x,y]]. The support of f is

supp(f) := {(i,j) € N* : a;; # 0},

and the Newton polygon of f is by definition the Newton polygon N (supp(f)).
Observe that N'(f) = N (uf) for all u € C{x,y}, as long as u(0,0) # 0.

Lett € Q" and f(x,y) = Zai]-xiyj € C[[x,y]]. Consider the variables x and y with
—~

/]
the weights w(x) = 1 and w(y) = 7. The T-weighted order of C¢ is ord(f) := min{i + 7j :

a;; # 0} and the T-weighted initial part of f is in.(f) := Y.

i+T1j=ord:(f)

By Weierstrass preparation theorem ([16] (Theorem 2.4)), for any f € C[[x, y]] such that
ord(f(0,y)) = n there are a unit u(x,y) € Cl[x,y]] and a polynomial f*(x,y) € C[[x]][y]

such that f(x,y) = u(x,y) f*(x,y) and f*(x,y) = y" + a(x)y" " +a2(x)y"
is a Weierstrass polynomial, that is, a;(x) € C[[x]] with ord(a;) > ifori=1,...,n.

P tan(x)

Remark 1. Let f(x,y) = y" +a1(x)y" ' +ax(x)y" 2 + - + an(x) € C[[x]][y] be a Weier-

strass polynomial and consider its partial derivatives f, f,. Then,

o felxy)=al(x)y" 1+ +a,_ (x)y+a,(x)and ord(fy) >n—1
o fulxy)=ny"l+a(x)(n—1)y" 2+ +a,_1(x),soord(fy) =n—1.

Therefore, ord(fy) > ord(f).

The intersection multiplicity at the origin of the plane curves Cy and Cy is by definition
(Cs,Cq)o = dime C{x,y}/(f, g), where (f, g) denotes the ideal of C{x,y} generated by f

and g. We can also denote (Cf,Cg)o as (f, g)o-

The following proposition is in the folklore but we give its proof since we can not

precise a reference for it.

Proposition 1. Let C¢ and Cq be two formal plane curves. Then

(f™ y +a(x™)), g(x", y +a(x™)))o = m- (f(x,y),8(x,¥))o,

for any m € N and any power series a(x) € C[[x]],with x(0) = 0.

Proof. First we suppose that a(x) = 0. Let f*(x,y) := f(x™,y) and g*(x,y) := g(x™,y).

By [16] (Theorem 4.17) we have

(f/8")o = ordyResy(f*,g*) = ordyRes,(f(x",y),g(x",y)))

o ordy (Resy (f(x,y),8(x,y))(x™)) = m - ordyResy (f,g) = m - (f,8)o,
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where Resy (f, g) denotes the y-resultant of f and ¢ and the equality (a) holds since the
resultant is invariant by change of basis (see [17]).

To prove the general case, we observe that (x,y) — (x™,y + a(x™)) is the composition
of E,F : C[[x,y]] — C|[x,y]] where E(x,y) = (x™,y) and F(x,y) = (x,y + a(x)), being F
an automorphism. We conclude the proof of the proposition by [16] (Theorem 4.14 (iii))
and the particular case already proved. O

We denote by C[[x]]* = | C[[x'/™]] the ring of fractional power series with coefficients

neN
in C, also called ring of Puiseux series.

Lety(x),z(x), w(x) € C[[x]]*. The triangular inequality (see [5] (Lemme 1.2.4)) says that
ord(y(x) — z(x)) > min{ord(y(x) — w(x)), ord(w(x) — z(x))}. 1)

Moreover, if ord (y(x) — w(x)) # ord(w(x) — z(x)) then the equality holds.

Let f(x,y) € C[[x,y]] such that f(0,0) = 0and f(0,y) # 0. By Newton’s theorem ([16]
(Theorem 3.8)) there is a(x) € C[[x]]* with #(0) = 0 such that f(x,a(x)) =0 € C[[x]]*. We
say that a(x) € C[[x]]* is a Newton—Puiseux root of Cs. Let us denote by Zer(f) the set of
the Newton-Puiseux roots of Cy.

Suppose now that f(x,y) is irreducible of order n.

Let a(x!/") € C[[x]]* be a Newton-Puiseux root of C r. After Puiseux’s theorem ([18]

(Théoreme 8.6.1)), Zer(f) = {a(e/x'/™) j—1, Where € is a nth-primitive root of unity. Hence

n

foy) = ux T (v ((Ex")),

j=1

where u € C[[x,y]] is a unit. If we put x = t", where ¢ is a new variable, the Newton—
Puiseux root a(x) =} | ax'/" of Cs can be written as

i>n
x(t) = ¢
]/(t) = Z aitl/
i>n
which we will call Puiseux parametrisation of Cy.
Since Cy is a branch, its Newton polygon A/ (f) has only one compact face. Suppose

that the inclination of this compact side is v and let i + vj = c be the line that contains it. By
convexity of N'(f), we can write

flry)= Y apx'y+ Y ayx'yl.

i+vj=c i+vj>c
There are ¢ € N and a sequence of natural numbers By = n < --- < B¢ such that
{ord(a; —a;) @ aja; € Zer(f), i #j} = {% 1<I< g}. The sequence (B, ..., Bg) is

called the sequence of characteristic exponents of the branch Cy.

Put e; := ged(Bo, ..., B1). The characteristic pairs of Cy is the set {(ml/”l)}‘lg:l with
I =1,...,¢gsuchthat ged(m;, n;) = 1,¢_1 = nje; and B; = mye;. Observe thatn = ny - - - ng
and% = nl’ﬁ—.{nlforl =1,...,¢

By [5] (Lemme 1.1.1, Corollaire 1.1.1) we have

(a) ordy(aj(x/") — aj(elxl/m)) > £L,
(b) If aj(x1/") # aj(¢/x1/") and ordy (a;j(x}/") — aj(ex/ ")) > % then ord, (aj(x!/") —
aj(elx/m)) > % forie {1,...,g—1},
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(0

ﬁ{oaj(xl/”) € Zer(f) : ordy (ocj(xl/”) — oc]-(efxl/”)) = %} = e_1—¢

= (ni—1Dnjp1---ng,

where ¢ is a nth-primitive root of unity and j € {1,...,n}.

After a change of coordinates, if necessary, we can assume that y = 0 verifies (f,y)o =
B1, thatis, y = 0 is not only the tangent of C but it has maximal contact with Cs. So every
Newton-Puiseux root of C¢ : f(x,y) = 0 is given by

LY i B2 i
ycf(x) =agxn + Z ajxn +al32xn +...+'Z ajxn, (2)
B1<j<p2

where ag, € C\{0} for1 <j <g.

The curve Cy has a Newton-Puiseux root of the form (2) is equivalent to the Weierstrass
polynomial associated with f does not have a term of n — 1 (Tschirnhausen transformation),
where # is the order of f.

Let Cy and Cq be two branches, with multiplicities n and m, respectively. Put Zer(f) =

n m
{yi(xl/”) }z‘:l and Zer(g) = {zj(xl/m) }jzl. The contact between Cy and Cy is

cont(Cy, Cg) = ) <mia>; ) {ordy (yi(x) —zj(x)) } € QU {eo}.

1<j<m

Let y(x!/") be a fixed Newton-Puiseux root of the branch C; : f(x,y) = 0. By [5]
(Lemme 1.2.3) we obtain

cont(Cy,Cq) = max {ord, (y(x'/™) — zj(xl/m))}, ©)]

1<j<m

where Zer(g) = {z]-(xl/'”)}}*‘:l. The rational number maxlgjgm{ordx(y(xl/") — zj(xl/m))}
is called the contact of the Newton—Puiseux root y(x/") of C £ with the branch C,.

Approximate Root of a Branch

The notion of approximate root was introduce by Abhyankar and Moh in order to
prove the Embedding line theorem which states that the affine line can be embedded in a
unique way, up to ambient automorphisms, in the affine plane. Let A be an integral domain
(a unitary commutative ring without zero divisors). Let f(y) € A[y] be a monic polynomial
of degree d and consider p a divisor of d. In general, there is not g(y) € A[y] such that
f(y) = g(y)P. One can ask for an approximation of this equality and it was proved that
if p is an invertible element of A which divides d, then by [14] there is a unique monic
polynomial g(y) € Aly] such that the degree of f — g” is less than d — %. The polynomial
¢(y) is called the pth approximate root of f.

Notice thatif f(y) = y" +a1(x)y" ' +--- +ay(x) € Aly] and n is invertible in A then
the Tschirnhausen transformation y + # is the nth approximate root of f(y). Observe
that in the case A = C[[x]], any divisor p of n is invertible in A. In this paper we will use
the notion of approximate root taken the domain A = C[[x]].

Let f € C[[x]][y] be an irreducible Weierstrass polynomial such that the curve C; :
f(x,y) = 0has characteristic exponents (B, ..., Bg). The kth characteristic approximate root

of f, denoted by £, is the e;th aproximate root of f, where e, = ged(Bo, ..., Br).
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Proposition 2 ([14] (Proposition 4.6)). Let f(x,y) € C[[x]][y] be an irreducible Weierstrass
polynomial such that the characteristic exponents of C¢ are (Bo, ..., Bg). The kth characteristic
approximate root ) of f verifies:

(i)  The polynomial f*) is irreducible and the characteristic exponents of C) = f(0)(x,y) =0

are (@ . &>

e’ e

(ii)  The y-degree of f*) is equal to f—}‘: and cont(f, fk)) = %

Since f(x,y) € C[[x]][y] is irreducible and admits a Newton—Puiseux root of the
form (2), that is, f does not have a term of degree n — 1, then the degreeof f —y" =n -2 <
n — 1 and we conclude that f©) = y.

Putm := ? =ny---ngand Zer(f®) = {5;(x1/m) i1 We can write
k

m

fO ) =TT —6i(x), @)

j=1

Let y(x) = Zbix% € C[[x]]* be a Puiseux series. The support of y(x) is
i

supp(7) := {; tbi # 0}-

By [19] (Property 4.5) the exponent ﬁg—gl does not appear in any Newton—Puiseux root

(k)

of C]((k) : f®)(x,y) = 0, otherwise, it should be a characteristic exponent of C ¥ which is

o

a contradiction with Proposition 2. Therefore, every Newton-Puiseux root of £ with

k > 1, is expressed by

j

j
o L} Bo Bi Eo
5C(k)(X): Zb]-x“k +b;ilx/30 + Z b]x K +"'+bﬁ7kxﬁ0 + Z b]-xfk + Z b]x % . 5)
T el g je(Eh) S B Pen S
J e ek ey ] ey ] ex

B1_;_B

Without lost of generality we can assume that the Newton-Puiseux root d;(x) of

Cj(fk) verifies

ord (81(x) — v, (x)) = ﬁ;gl ®)

where ycf(x) is asin (2). So
AL i B i Ik
o1(x) = agxm + 2 ajxn +---+agxn + Z ajxn + Z bixmw. (7)

j€ler) j€(er) ]»>ﬁk7+1
B1<j<p2 Br<j<Bi+1

Letz(x) =) a;x'/" € C[[x]]*, and g € Q. The g-truncation of z(x) is

i>n

Ty(z(x)) = Y apx'/".

i/n<q
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For abuse of notation, a g—é—truncation of yc ’ (x) given in (2) is denoted by

B i By L
Ti(x) := Tﬁ*’ (ycf(x)) =ag,x "4 ) ajxn —l—aﬁzxnz +o+ ) ajxn, (8)
0

jeler) j€le—1)
B1<j<p2 Bi1<j<p
that is, we consider the sum of the terms of y¢ ’ (x) whose exponents are strictly less than %

Remark 2. We denote Tj(x) but it is not independent of ye, (x). If we change ye, (x) by another
Newton—Puiseux root of Cy, its truncation is different.

By construction, we obtain

_B
Bo
Hence Ty 11(x) = Try1(ye(x)) = Tp,,, (01(x)). For abuse of notation we will write

Tis1(61(x)) = Tﬁ%l (61(x))-

Since C}k) o f (k) = 0 is a branch, by Proposition 2 we obtain, for k > 1,

ord(ycf (x) — Tj(x)) )

{ordx(él(x) —6i(x)),2 <) < ﬁO} - {‘gi}k (10)

e BoJit
Observe that given y¢, (x) € Zer(f) then 61(x) is unique. Indeed if there is another
Newton-Puiseux root J;(x) of C}k) verifying (6), using triangular inequality, ord(d; (x) —

di(x)) > %, which contradicts the equality (10).

We will denote
z® .= {5]-(x) € Zer(fM) : ords(8(x) — e, (x)) = 50}

for 1 < i < k. Using (10), we have
2 = {5(x) € Zer(f) s ordi(91(x) - 81(x)) = £ }. (11)

In the following lemmas we will assume that 1 < k < g,i € {1,...,k} and §;(x) € Zl.(k).

Lemma 2. Ifl € {1,...,k} then
ordy (6;(x) — Ty(x)) =

where T;(x) is as in (8).

Proof. Applying (11) and (9)

v

ordy(dj(x) — Ty(x)) min{o;:ﬁj(i) ;miif}x.))fordx(yc(x) —Ti(x))} 12)

- min{ Bo’ 50} Bo

Note thati,/ € {1,...,k}. Hence if i # [ then ord(6;(x) — Tj(x)) = %
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Now, if i = [, then we have ordy(J;(x) — yc(x)) = % = ordy(ye(x) — Tj(x)).
We can write

AL

ye(x) = agxPo 4. tapg xf"O +o+ ) ax ¥ = Ti(x)+ ), a]xn where
; j=Bg JZBi
B ,

Ti(x) = agxfo+---+ ) a]-x% and ¢;(x) = T(x) + ) bek

je (elfl) > i}
Bi-1<j<Bi %
Moreover ag, # bg,, and bg, # 0 since g’ is a characteristic exponent of J;(x). Therefore,

we conclude that ordy (6;(x) — Tj(x)) = /#;i(l)
On the other hand, using (6) and (9) we have

ord (81 (x) — Ty(x)) > mm{ gf) 52;1 } _ 5;

50 ordy (81 (x) — Ty(x)) = £ then ! < k+1. O

Lemma 3. If] = k + 1 then
B, je{2...,m
ordx (5](2(') - Tl(x)) = 0

T, T> %, i=1,

where T € Q7.

Proof. Leti € {1,...,k} and j € {2,...,m}. From (11) we have ordy(d;(x) — yc(x)) = g—(’)
By (9), ord(yc(x) — Tk+1( ) = B /’g“, and applying the triangular inequality we have
ordy (d;(x) — Try1(x)) = /3 Again by (6) and (9) we have

ordy (8 (%) — Ty (%)) > min{ Pri1 Pri }
Bo " Bo
Since é1(x) and Ty ;1 (x) do not have a term of exponent % then we conclude that
ord,(61(x) — Tj(x)) =7 > ﬁ;;—gl forsomet € Qt. O

Lemma4. Ifl > k+1 then

s si j cee,m
ordy (6;(x) — Ty(x)) :{ Bo jed{2,...,m}

Bri1

Bo si j=1.
Proof. We have chosen é1(x) such that ord,(d1(x) — yc(x)) = & ;‘3“ and we know that
ordy(ye(x) — Ti(x)) = g—é Applying the triangular inequality we have ordy(d;(x) —

Ti(x)) = % Using the same arguments as in Lemma 3 we conclude ordy(d;(x) —

T(x) = . O

3. Preliminary Notions on Foliations

Let F,, : w = 0 be a foliation given by the 1-form w = A(x,y)dx + B(x,y)dy, where
A(x,y),B(x,y) € C[[x,y]]. The multiplicity of F,, is mult(w) = min{ord(A), ord(B)}. Let
f(x,y) € Cl[x,yl]], we say that Cs : f(x,y) = 01is invariant by F, if w Adf := f., where
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11 is a 2-form (that is 7 = gdx A dy, with g € C|[x, y]]). If Cy is irreducible then it is called
separatrix of F, : w = 0.

We will consider non-dicritical foliations, that is, foliations having a finite set of sepa-
ratrices (see [20], pp. 158, 165). Let (C f; );:1 be the set of all separatrices of the non-dicritical
foliation 7, : w = 0. Denote by C(Fw) the union JCy, which we will call union of
separatrices of F,.

The dual vector field associated with Fy, is X = B(x,y) 2 — A(x,y) %. We say that the
origin (x,y) = (0,0) is a simple or reduced singularity of F, if the matrix associated with the

linear part of the field
9B(0,0) 9B(0,0)
ox oy

(13)
__0A(00)  9A(0,0)
ox ay

has two eigenvalues A # p, p # 0 and such that % ¢ QT. In [21] (page 40) it was proved
that if the origin is a simple singularity of F,, then there are local coordinates (x,y) such
that w = (Axdy — pydx) + w1, where mult(w;) is greater than or equal to 2. It could
happen that

(a) Au #0and % ¢ Q7 in which case we will say that the singularity is not degenerate or
(b) Ap=0and (A, u) # (0,0) in which case we will say that the singularity is a saddle-node.

The strong separatrix of a foliation with a saddle-node singularity P is an analytic
invariant curve whose tangent line at the singular point P is the eigenspace associated with
the non-zero eigenvalue of the matrix given in (13). Otherwise we will say that the analytic
invariant curve is a weak separatrix.

From now on 7t : M — (C2,0) represents the process of singularity reduction of JF, [22]

n
(pp- 248-269), obtained by a finite sequence of point blows-up, where D := 7t~ 1(0) = U D,
i=1

is the exceptional divisor, which is a finite union of projective lines with normal crossing
(that is, they are locally described by one or two regular and transversal curves). In this
process, any separatrix of F, is smooth, disjoint and transverse to some D; C D, and it
does not pass through a corner (intersection of two components of the divisor D).

A foliation F, is a generalized curve foliation if it has no saddle-nodes in its reduction
process of singularities.

Let F,, be a non-dicritical generalized curve foliation and let C(F,) be its union of
separatrices. By [20] (Theorem 3) we have mult(w) = mult(C(F)) — 1.

The Milnor’s number of a foliation F, : w = A(x,y)dx + B(x,y)dy = 0 with isolated
singularity at the origin is y(w) = (A4, B)o.

By [20] (Theorem 4), if F, : w = 0 is a non-dicritical foliation then p(w) > p(df) and
the equality is fulfilled if and only if F, is a generalized curve foliation.

The support of w is supp(w) = supp(xA) Usupp(yB). If we write w = ) _ w;j, where

L]

wij = Ajjx'y/dx + Byx'y/~1dy, then supp(w) = {(i,]) : (Ajj, B;j) # (0,0)}. The Newton
polygon of F,,, denoted by N (F) or N'(w) is the Newton polygon N (supp(w)). We say
that a point (i,j) € supp(w) is contribution of B (respectively of A) if (i,j) € supp(yB)
(respectively (i,]) € supp(xA)).

Remark 3.

(i)  The Newton polygon depends on coordinates, so we have to keep in mind what coordinates we
are working on.

(i) ForC¢: f =0and F : df = 0, we obtain supp(df) = supp(f), hence N'(df) = N (f).

(iii) Let wq and wy be two non-dicritical generalized curve foliations with the same set of separa-
trices. Then, after [4] (Proposition 3.8), we obtain N (w1) = N (w2). In particular, if F,
is a non-dicritical generalized curve foliation and Cy is a reduced equation of its union of
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separatrices, then N'(w) = N (df). Hence, after the previous item, we conclude the equality
N(w) = N(df) = N(f), for any non-dicritical generalized curve foliation w with union
of separatrices f = 0.

(iv) If the curve Cy is irreducible, its Newton polygon N (f) has a single compact side. If the
foliation w has a single irreducible separatrix Cy then the Newton polygon N (w) also has a
single compact side.

Given a rational number v € Q" , we define the v-weighted initial form of w, as

In, (w) = Z w,-]-, (14)

i+vj=ordy (w)
where ordy (w) = min{i + vj : w;; # 0} is the weighted v-order of w.
Lemma 5. Let f(x,y) € C[[x,y]]. Then In,(df(x,y)) = d(In, f(x,y)).

Proof. Put f(x,y) = )_ aijxiyj + Y ai]-xiyj, where ¢ = ord,(f). Hence In, f(x,y) =

i+vj=c i+vj>c
Y ax'y and
i+vj=c
d(Inyf(x,y)) = ) ial-]-xiflyjdx—i— ) jai]-xiyjfldy. (15)
i+vj=c i+vj=c
On the other hand

df(x,y) = < Yo ey 4+ Y iaijxi_lyj>dx+

i+vj=c i+vj>c
< Y, jaxy '+ ) j”ijxiyj_l>dy/
i+vj=c i+vj>c
where
Indf(x,y) = Y iax 'ydx+ Y jayx'y/~ldy. (16)
i+vj=c i+vj=c

The lemma follows from (15) and (16). O

Let L be a compact side of N (w) of inclination v, with vertices (a1, 1) and (a2, B2)
where B1 > By. After [23] (Corollary 1) we say that L is a good side if the following
conditions hold:

A
. B,X”gl;éOand—BLﬁleészz{rEQ:rZU},

w181
. Aﬂtzﬁz + Vlezﬁz # 0.
If {y = 0} is not a separatrix of w and L is the good side of greater inclination of N (w)
then L is called the main side of w.

Properties of the Inverse Image of a Foliation

Let E : C> — C? a map defined by E(X
image of A € Cl[x,y]] with respect to E is E*(A (Ao E)(X,y). Moreover, the
inverse image of the foliation F,, : w = A(x,y)dx x,y)dy = 0 with respect to E is

dx X,
E*(w) = E(A) (% 7)d(E(%7)) + E*(B) (% 7)d(E <w>).

¥) = (E1(%,9),E2(X,7)). The inverse
( =

~—
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Consider the branch Cy : f = 0 with characteristic exponents (Bo, ..., B), and n; =
ng(ﬁOI ce /ﬁi*l)

ged(Bo, - -, Bi)
E : C? — C? defined as

. Let!l € {1,...,8}. We borrow, from [4] (page 306), the application

R(x,y) = (x5 4+ T)(%)), (17)

where T;(X) := Tp, (ye(x™"™ "-1)) as Equation (8). Given a foliation w = A(x,y)dx +
Bo

B(x,y)dy, an important tool in this paper is the inverse image of w with respect to F;,
which is

F(w) = A(x,y)dx + B(x,¥)dy, (18)
where A(%5) = (-~ n_ "1 A% (%,9) + B (5,9)T](®)) and B(%,7) = B*(%,7)
(being A* (respectively B*) the inverse image of A (respectively of B) with respect to F).

Lemma 6. Let w = A(x,y)dx + B(x,y)dy be a generalized curve foliation, where the union of
separatrices of the foliation F, is Cj : h = 0 and x = 0 is not in the tangent cone of h = 0. Then
the curve F}' (h) = 0 is the union of separatrices of the foliation F;"(w).

Proof. Since i = 0 is the union of separatrices of w, thendh A w = hr;, where 177 =
g(x,y)dx A dy is a 2-form, for certain g(x,y) € C[[x, y]]. In particular

Bhy — Ahy = hg. (19)
From [24] (Proposition 5) and (18), we obtain

d(Ff(h)) = F(dh) (20)
= (m com g @ (1) (%, G) + (hy)* (X 9)T) (Y))df + (hy)* (%, y)dy.

Using (20) and (18), the definition of the inverse image of a series with respect to F*
and (19), we have

d(FF (W) ANFf(w) = np- om0 -1 F () FF (g)dx A dy. (21)

We claim that F*(h) = 0 is the union of separatrices of F(w). Indeed, suppose that
S = Cg; U Cpy(p) is the union of separatrices of [ (w), for some non-unit g1 € C[[x, y]]\{0},
which is not a factor of F;"(h). We conclude that C,( ¢1) Y Gy is the union of separatrices of
w which is a contradiction. O

In the following two lemmas we consider a generalized curve foliation F : w = 0,
where w = A(x, y)dx + B(x,y)dy and the branch Cy : f = 0 with characteristic exponents

(B i)
(Bo,- -, Bg), and n; = gcd(ﬁo,~--rﬁi)l

following lemma generalizes [4] (Lemme 3.9). Rouillé proved it in the particular case of
Tl (%) =0.

is its only separatrix. Let! € {1,...,¢}. The

Lemma 7. If x = 0is not in the tangent cone of f (x,y) = 0, then F (w) is a generalized curve foliation.

Proof. From (18) we have

F(df) = (mom @ (£ (£9) + (/) (€ 9)THE) )T + (£,)" (% 7)d7.
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Applying the definition of Milnor number and [16] (Theorem 4.14 (vi), (iv)), we have

REF@N) = (i omg @ (R 59 + () y)Tz( > (fy) ®7),

(m-mog =D (% () ®9)) + ()" %9)),: .

Since x = 0 is not in the tangent cone of df, then x does not divide the initial form of f,, so
ordy (fy(0,y)) = ordy(fy(x,y)). By Remark 1, we obtain mult(df) = ord,(f,(x,y)) and,

(% (F)"@1)) = ordy(£)"(0,7) = ordyfy (0,7) = ordyfy (0,y) = mult(df), ~ (23)

where (fy)* = F*(f,). Applying Proposition 1, we have

(B @D ) @) = ) (ffy) = (e me)p(df). @4)

0

Replacing (23) and (24) in (22), we obtain

u(F(df)) = (n1---m_y — Vmult(df) + (n1 - -my_y)u(df). (25)

Similarly for F;"(w) we have

p(F (@) = (n1---m—y = mult(w) + (1 - 11 p(w). (26)

Since w is a generalized curve foliation, then mult(w) = mult(df) and u(w) = u(df).
The lemma follows from (25) and (26). O

In [4] (Lemme 4.3) Rouillé stated that the side of the highest inclination of A/ (Fl* (w))
is the main side and he explicitly determined its inclination, however he did not compute
its height. We determine this height in the following lemma.

Lemma 8. The Newton polygon N (Fj(w)) has a compact side of inclination % and height e, ;.

Moreover this side is the highest inclination side, between all the compact sides, of N (F (w)) and
it is the main side.

Proof. After [4] (Lemme 4.3), the Newton polygon N (F/(w)) has a compact side L of
inclination 1 and this is its main side. We will prove that the height of L is ¢;_;. We

will assume w1thout loss of generality that f € C[[x]][y] is a Weierstrass polynomial. Put
flx,y) = H(y yi(x)), where y;(x) are the roots of f. The inverse image of f with respect

to Fy (as i 1r1 (17)) is

FfED) =110 - @@ - Ti@), @)

i=1
where 77;(¥) = y;(x"""-1). From (9) and Lemma 2, we have
ord(ye(x) — Ti(x)) = g’ and ord(y;(x) —ye(x)) = %, for certains € {1,...,g}. (28)
0

If s < I, using the triangular inequality, then ord(y;(x) — Tj(x)) = % Ifs =1
then ord(ye(x) — Tj(x)) = ord(y;(x) — ye(x)) = % Applying the triangular inequality,
we obtain ord(y;(x) — Tj(x)) = %, hence the coefficients of the term x% in the power
series y; and y¢ are different. For s > I, we have ord(y¢(x) — T)(x)) = b B

n n

ord(y;(x) — ye(x)), and again by the triangular inequality, we obtain ord (y;(x) — T;(x)) =



Mathematics 2023, 11, 613

14 of 25

%. Therefore, ord (y;(x) — Ty (x)) < %, soord (7;(¥) — Ty(¥)) < 7. Observe that the height
of L is the cardinality of the set
m

S:= {yi(x) cord (7 (%) — Ti (X)) < }

n

We claim that the cardinality of S equals the cardinality of
O SN
= L) ord (e () — () < 1Y,

where y¢(x) is the fixed root of Cs such that ord(y¢ (x) — Tj(x)) = %

o In fact, if yf(x) € R then ord (yc (%) — ?J(f)) < %l On the other haEd ord (7, (%) —
T;(%)) = 'Z—;, and using the triangular inequality, we obtain ord (y;(x) — T;(X)) < %’, SO
}7](?) € Sand fR < §S. Similarly, we prove that §S < fR. Let us compute the cardinality of
R. After (a), (b) and (c) of page 6, we obtain

5 — iR = lzlﬁ{yxx) o) ~ve) = Bk = —er
i1 Bo

Since the number of roots of F(f) is n = ep, then the number of roots of F*(f) with
order greater than or equal to ';1—11 ise_q.

Note that ¢;_; is the height of the compact side of the Newton polygon N (F/(f))
which inclination is '::—l’ As F(f) is the union of separatrices of the generalized curve
foliation F*(w), after the third part of Remark 3, we obtain N'(F;(f)) = N (F(w)) and the
lemma follows. [

Let F and G be singular foliations defined by the 1-forms w = A(x,y)dx + B(x,y)dy
and 7 = P(x,y)dx + Q(x,y)dy respectively. We are interested in describing the curve given
by the contact between these two foliations, that is, the curve defined by w A 7, which
admits the equation

A(x,y)Q(x,y) — B(x,y)P(x,y) = 0.

Proof of Lemma 1. Consider w = Zwij, =Y i, where wjj = Aijxi_lyfdx + Bijxiyf_ldy

ij s
and 77,5 = Prsx" " 1ySdx + Qpsx"y*~1dy, for i, j,7,s € Nand Ajj, Bij, Prs, Qrs € C.
We have Wjj Nl = (AijQrs — BijPrs) xiJrrilijrsildx A dy If AijQrs — BijPrs #

0 then

ord, (cui]' A 7775) = (i+vj) + (r+vs) =1 —v = ordy(wj;) +ordy(1rs) — 1 —v.

Hence from (14) and since In, (w) A In, (17) # 0, we obtain In, (w A 17) = (Inv(w) A

Inv(iy)) and ord, (Inv(a) A 17)) = ordy (Inyw) +ordy (In, ) — 1 — v; and the Lemma 1 follows.
Consider a generalized curve foliation F : w = 0 whose only separatrixis C : f = 0.

Then G : d ( f (k)) = 0 is a generalized curve foliation having as the only separatrix the k-th
approximate root characteristic f¥) of f with0 <k < g —1. O

Example 1. Let us consider the curve Cy : f = (y? — x%)2 — x® with characteristic exponents

(4,6,9) and approximate roots fO) =y and f(1) = y? — x3. The branch C ¢ is the only separatrix
of the generalized curve foliation given by

w (—x7y 4+ x7 — 6x°y — 2x*y? + 6x° + xy* — 6x%y?)dx

+ (—=x%% + x0y — x& — 2533 + 17 — 4xPy + 443)dy.
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Moreover df(©) = dy and df(Y) = —3x%dx 4 2ydy. For % = §, we have Iny (w) =

4
6x°dx, In% (df(0)> =dy and In% (df(l)) = —3x2dx, so In% (w) A In% (df(o)) =
6x°dx A dy, but In% (w) A In% (df(l)> = 0. In this last case we can not apply Lemma 1. However,

we can apply it to their respective inverse images with respect to F(X,7) := (¥%,5 +*%°) and
_ B _ 9.

V= ?12 = 5:
F(w) (8%°7% + 2%y + 3%27° + 8x°y° + 12%!1y? — 12%!ly — 2%y — 2%!8 — 15%1

243°7% — 30x20 — 3x1472 + 158°7* — 63177 4 12%27° + 24x°7°)dx
12%%%%)dy,

+ o+

E; (d f(0>) = 3%2dx + dy and F} (d f<1>) = 6x2ydx + 2(7 + ) d.

Hence In, (F (w)) = (—15%" + 24%°9%)dx + 8%°ydy, In, (Fz* (d f<0>)) = 3%2d¥, and
iy (F; (dfM)) = 6¥27d% + 28°dg. Then Iny (F5 (w)) A Iy (F5 (df(©)) ) = —48%57d% A
dy and Iny(Ff () A Iy (F5 (dfM) ) = ~30%77dx A dg.

Therefore, when we are not in the hypothesis of Lemma 1, we will apply it to the inverse images
of w and d f) with respect to some F.

4. Approximate Polar Curves of a Foliation

Consider the branch C¢ : f(x,y) = 0 with characteristic exponents (By, ..., Bg). Re-

member that n; = ged(Po,. - Bicr)
ged(Bo, - -, Bi)
Weierstrass polynomial. Let f*) be the kth approximate root of f, where 0 < k < g — 1.
Let w = A(x,y)dx + B(x,y)dy be a 1-form defining a generalized curve foliation
F : w = 0 which only separatrix is C;. The approximate polar curve (or just polar curve) of w

. Suppose, without loss of generality, that f is a

with respect to the characteristic approximate root f) of f is the curve of equation

PO (x,y) = A ) 3P (x,y) = Blx,y) £ (x,y) = 0. (29)

Its inverse image with respect to F; (defined as in (17)) is
% 0\ = — (= — O\* — — * (= — ON* — —
FPO)En=acEn(h") & -8 @En (A7) @ (30)
Lemma 9. With the above notations we have

Ff (@) AFF (df®) = myomy @t (g (P ) dx A dg
Proof. Applying (18) to the foliations w and d f (k) and after (29) and (30), we have

K\ *

) nE (df(k)) ny ey g XTI AT B*Tf) (fy(
LA ¥ P i
= np---n_qx (A (fy ) B (fx ) )dx/\dy
= ny-eemqxt2d (Fl* ( (E}k)»dy A dy.

NN
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Letv = %, with! € {1,...,¢} where m; = ﬁ’ and n; = e’l. We are interested in
! 1
finding In, (Fl* (Pék)> ) The strategy will be to apply Lemma 9. For this we need to know
In,F(w) and In, (Fl* (df(k)) ) . We can write
InF'(w) = )] .Al]xl Wdx+ ) Bix'y/~ldy, (31)
i+vj=c i+vj=c

where ¢; = ord,(InyF(w)) and A;;, B;; € C. We will denote by £; the support line of
inclination v of the Newton polygon of F/(w), that is

Li+vi=q. (32)

On the other hand, in order to calculate In, <Fl* (d f (k)) ) , we will analyze what hap-
pens with In, (F(f (K))) and then we will apply Lemma 5.

Recall that cont (f,f(k)> = % = ordy (yc(x) — 1(x)) (see equality (6)).
First, consider the case k = 0. As fO(x,y) = y, then df®(x,y) = dy. Then
F(f©) =F(y) =7+ T)(%) and
F(df®) = d(F+Ti(%) = Ti()d7 +d7, (33)
where T)(X) = T (ye (xmm211)).

Now, we w1ll study the case k > 1. After (4), we obtain
m
F(f9) = T10- 6 - Tu(®))

k
= (- 0@ -Ti@) [ - @ -Ti(™)) |,

i=1

where §;(%) = &;(x™" "), Zi(k) - {(SjeZerf( sordy (6;(x) —ye(x)) = g—} fori €
{1,...,k}andje{2,...,m}.

After (7) we have
_ j B
51(X) = apX BL (o) + ¥ a].j%(nl“'”l—l) 4. _i_aﬁkj?k(”l“‘”l—l) +
]‘6(?1)
1<]</52
+ Z a]yi(nl 1) 4 Z b]f?k(nl'””l—l)/
Br<j<Pr+1 °k
and
— B B2
T)(%) = aﬁlj%(”l“'”l—l)_f_ Z a]xn(nl 1) +ap, X 2(meem) 4oL
j€ler)
B1<j<p2
+ Y ajy%("l M)
jeler—1)
Bi-1<j<pi

Now from [5] (Corollaire 1.1.1) and the equality (11), we obtain ttZl.(k) = (n; —
1)ni+1 <Ny,
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fori € {1,...,k}. Let us denote by

k . k .
o = (Z(ﬁz@ﬁé)) (n---mpq) = <2(”i = Dnjgq - 'le§8> (m---mq1), (35

i=1 i=1
where ! € {k+1,...,g}. Since the empty sum is zero, we have pl(o) =0.

Lemma 10. Ifv = %Z with 1 > k + 2, then

(5 (419)) = 00

where cl(k) = pl(k) + %(ﬂl ---my_q), being pl(k) as in (35), 60 = 1and 60 ¢ C\{0} for
1 <k < g—1. In particular ord, (Iny (Fl* (df(k)>)) = cl(k).

Proof. Suppose first of all that 1 < k < g — 1. After Lemma 4, ord(6;(X) — T;(X)) =
g:) (n1-+-m_q) for2 < j < mand ord(61(x) — T)(x)) = ’3;‘3“ (n1---n;_1). Replacing
in (34), we obtain

(B (f9)) = (- 6:3) = Ty(®)) Iny (ﬁ( (7- f%(ﬂ-ﬂ(ﬂ))))
5€Z;

i=1

Pr+1

(m--m1-1) (k)=
g'BH]x Bo 9( )xpl

wherepl —<i( >> ny---n_1) and 8% e C\ {0}.

Therefore In, (Fl (f( ))> = aﬁkﬂe(k)fcfk), with cl(k) = pl(k) + ﬁggl( ~-ny_1). So

d (InVFl* (f(k))) = a.Bk+19( )Cl( ) CI ~ldx. Applying Lemma 5 we have

nFf (df®)) = d(iny (F (£9))) = ag,, 604" T, (36)
and ord, (InVF* (df(k)>) = cl(k).
Let us study the case k = 0. From Equation (33), we have

B
F(@f ) = (a5, B (m - omp e 0vme0 1 Yt a,

so supp (F/ df0)) = {(ﬁl( "nl_l),O),(O,l } Since % __mg ‘Bl then L >

nl ... nl nl
By 1\ 4=
%(nl -+-nj_1). Consequently In, (Fl* (df(o)) = (a/gl al( ny---np_1)xn (”1 m-1) 1)clx,
and ord, (InvFl* (df(o))) = %(”1 ceemp_q). O

Lemma 11. Ifv = %[ with 1 > k + 2, then

InV<PI*(w)/\F,*(df(k))> <+2 0BT g 1>dxAdy,
i+vj=c,

where § = —aﬁkHG(k)cl(k) e C\{0} and cl(k) = pl(k) + %(ml ---ny_q), being pl(k) as in (35).

Moreover
ord, (Inu (Fl* (w) N (df ))) =+ cl(k) —1—v,
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where ¢; = ord, (In, F (w)).
Proof. After Lemma 10, we have
iy (7 (dF9)) = ag,,00cVx" dx, (37)

where 6(6) € C\ {0}. From (31) and (37), we obtain

In, F(w) A Iny, (Fl* (df(k))) ( Z GB Hl ) dx Ady,

i+vj=c

where 0 := —aﬁkﬂe(k)cl(k) # 0and B;; # 0 for some i, j since by definition of main side,
F}(w) has contribution of B (see Lemma 8). Therefore In, F*(w) A Iny (Fl* (d f (k))) #0,

and applying Lemma 1, we obtain
Iny (1:,* (W) AF (d f<k>)) - ( Y oBgE g >dx A dy,
i+vj=c

and

ord, (Inv (Fl*(w) N Ff (df(k)) )) = ord,(In,F (w)) + ord, (IHVF,* (df(k)>) 1oy
= Cl+cl(k)—1—1/.
O]

Lemma 12. Forv = ':Z—ll with ] = k + 1, we have

In,Ff (df ) P( zel ldevLu(k)fpl(k)d?,

i=1 'B 0
particular ord, (I nyFf (d £ )) = pl(k) +v.

where pl(k) = (Z (]jZl b i >> (ny---m_1),a% =Tand a® € C\{0} for1 <k < g—1.1In

Proof. Suppose first of all that 1 < k < g —1. By Lemma 3, ord(6;(X) — T(¥)) =

g(’) (n1-+-m_q)for2 <j<m1<i<kandord(6;(%)—T(X)) = t(ny---n_1), with

k p— —
1 (7- 6 -Tu@))
i=1 5,‘62[(’()

where pl(k) = (i (ﬁZi(k)g[i))) (n1---m_1) and a® € C\ {0}.

Therefore d ( In, (Fl* f (k)) )) = k) pl(k)fpgk)*lydf + a®ze” dy. Applying Lemma 5,

we obtain

i (df®) = d(iny (F (F9))) = <a(k)pl(k)xp,(k)1ydx+a(k)xpl(k)dy> (38)

> b 5t Replacing in (34), we obtain

i, (F (f9))

Il
—
I
<
—
—
<
|
—
>
Sy
—
Hl
|
o
—
=
=
=
S—
S—
—
I
<
~—
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and ord, (Inv (Fl* (df(k)) )) _ Pl(k) Ty
Now we study the case k = 0. From Equation (33) and for I = 1, we observe that

T;(X) =0and Ff (df©) = d(7). Therefore Inl,Fl*(df(O)) = dyand ord, (InvFl* (df(o))) =
v. We finish the proof because pl(o) =0andal® =1. O

Lemma 13. Forv = 'Z—[l with | = k + 1, we have

In,,(Fl*(w)/\Fl*(df(k))) _< Y oAy — o By )Ee 1yf>dx/\dy,

l"H/]':Cl

where pl = <

Moreover

k
Z( )) ny--om_q),a® =1and a® € C\{0} for1 <k < g—1.
i=1

ord, (Inv (Fl*(w) NFf (df(k)) )) =c+ pl(k) -1,
with ¢; = ord, (In, F*(w)).

Proof. By (31), the support line of inclination v of the Newton polygon of F*(w) has
equation £; : i +vj = ¢, being ¢; = ordyx(A(%,0)). Therefore, there is (i, jo) € £;N
supp(F(w)) such that A; ;, # 0 and B;;, = 0. On the other hand, using Lemma 12,
we have

iojo iojo

Iny (F ! (df )) a0 Mzel 17az + a0l ay, (39)
where 2% € C\{0} and pl(k) as in (35). From (31) and (39), we obtain
I
I, (F (@) A Iy (F (dF9)) = ( Y. a4y — o0 By -1y]> d¥ A dy.
i+vj=c

# 0 and B;;, = 0). Applying

iojo

Hence In, F*(w) A Iny Ff (df(k)) # 0 (since A;
Lemma 1, we obtain

Iy (Ff (@) A B (d79)) =< ) a<k><Aij—p§k)Bij>xi+P5k)1yf>dmdy,

i+vj=c
and
ord, (Inv (Pl*(w) NEf (d f(k)) )) = ord, (In,F* (w)) + ord, (InVF,* (d f(k))) 1y
= ¢+ pl(k) -1
O

As a consequence of Lemmas 11 and 13, we have the following corollary:

Corollary 1. Let v = %’ with | > k + 1. The support line of inclination v of the Newton polygon
of In, (Fj (w) Ay (df W) ) is

Lycitvi=a+c® —1—v, forl>k+2,

and
Lycitvi=c+p =1, forl=k+1,

(k) _ (k) ﬁk+1(n1“

where ¢; = ord, (In, F (w)) and ¢;” = p, i

-nj_1), being p,"’ as in (35).
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Proposition 3. Let v = T/ with > k+ 1. If

InyFf(w) = ) Ay 'yde+ ) Byx'yldy

i+vj=c; i+vj=c
then
_ *) . )
iy (Fr (PY)) = Y B gl fort > k42 (40)
i+jv=c
and

i+vj=c

where al® =1, a®,8 € C\{0} for 1 < k < g—1, ¢, = ordy(InF (w)) and Cl(k) -
Pl(k) + %(m --+my_q), being pl(k) as in (35).

Proof. From Lemma 9, we obtain
Iny (Ff (w) A FF(df®)) = In, <n1 N R (Fl* (795,")) ) dx A dy) . @)

If | > k+ 2 then by Lemma 11 and replacing in (42) we have equality (40). The
equality (41) follows from Lemma 13 and again equality (42). O

As a consequence of Proposition 3 we determine, in the following corollary, the points

of the Newton polygon of F/ (Pé,k)) from the points of the Newton polygon of F/ (w).

Corollary 2.

1. Ifl > k+2and (i,]) isa point of N (F} (w)) with Bj; # 0 then (cl(k) +i—(ny-m_q),j—
1) is a point of N (Fl* (P(E,k)) )

2. Ifl = k+1and (i,]) is a point of N'(F(w)) with A;; — pl(k)Bij # 0 then (i + p,(k) -
ny - - N, j) is a point of./\/(Fl* (Pé,k)> )

In the following proposition we will need information about the Newton polygon
« (plk
N (E (PL)):
Proposition 4. Let v = %l with I > k + 1. The support line of inclination v of the Newton
polygon of In,, (Fl* (Pc(uk)) ) is
LW itvj=cy—v, forl>k+2 (43)

and
[,l(k):i+vj:cl+pl(k)—n1---nk, forl =k+1 (44)

where ci; = c; + cl(k) —ny---nj_q, being ¢; = ord, (In, F* (w)), cl(k) = ord, (InvFl* (df(k)))
and pl(k) as in (35).

Proof. Suppose first of all that! > k + 2. Let (a, b) be a point of the support of In, ( Er (P&k)) ) .
From the equality (40), there exists a point (ig, j) of the support of N'(F/(w)), such that
a= cl(k) +ip—mny---n_qand b = j, — 1. Hence a +vb = ¢ ; — v, where ¢ ) := ¢; + cl(k) —
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ny - - - n;_1 and the support line of inclination v of the Newton polygon of In, (F i (Pc(uk)) ) is
Cl(k) 114 vj = ¢ — v. Similarly if I = k 4 1, then from the equality (41) there is a point (i4, ji,)
in the support of V' (F*(w)) with A;,;, — P}E%Biajb #0.S0a+vb=cp 1+ p,(fgl — Ny mg
and El(k) V) = Gy p,(:;)l —ny - - - 1 is the support line of inclination v of the Newton
polygon of In, (Fl* (Pé,k)) ) .0

As a consequence of Proposition 4, we have the following corollaries.

M
Mg41

Corollary 3. Let v = and L (respectively Ly 1) be the compact side (respectively the support

line) of inclination v of the Newton polygon of F;' ; (w). Then the line El(ﬁl as in (44) is the support

line of inclination v of N' (F,j‘+1 (ch,k)> ) Moreover if the Newton polygon of Ff (Pc(uk)) admits
a compact side of inclination v then it is the one with the greatest inclination.

Proof. By Proposition 4 and the convexity of the Newton polygon, it only remains to
prove that if N/ (F,:‘ . (P(E;k))) admits a compact side of inclination v, then it is the one

with the greatest inclination. From (32) we know that the support line of inclination
v of the Newton polygon of F ; (w) is Lyy1 i+ jv = ckyq and this line contains
the main side of N'(F{ ;(w)) (see Lemma 8). In particular the compact side of greater
inclination of N'(F/ ;(w)) has inclination v and it intersects the horizontal axis. So
there is iy € N such that B; o = 0 and A;o # 0. From this last inequality, we obtain

(i0,0) € supp(Iny (Ff, ;(w))), so ig = cxr1. By (41), (ip,0) € supp(lnu (5&1( g@)))

for iy = cxq + p,((lfgl —ny -+ since A;o — p,(:leioo =# 0. Hence the line £,((}j21 intersects

the horizontal axis and it is the support line of inclination v of A/ (Flf . (Pc(uk))) and the
corollary follows. [

Remark 4. Note that the Newton polygon of F, (P(E,k)) does not necessarily have a compact

side of inclination v = ﬁ

as the following example illustrates: if f(x,y) = y*> — x> then
fO(x,y) =yand Pé(j[) = —3x2. Therefore the Newton polygon of df has a single compact side
and it is of inclination v = % and is contained on the line L1 : i + vj = 3 but nevertheless the
Newton polygon of F (ng)) has a single vertex that is (2,0) and its support line of inclination v
isﬁgo) iU =2

Corollary 4. Let v = TZ—;, for k+2 <1 < gand L (respectively L;) be the compact side

(respectively the support line) of inclination v of the Newton polygon of F;*(w). Then the line El(k)

as in (43) is the support line of inclination v of N' (Fl* (Pc(uk)) ) Moreover if the Newton polygon of
(k)

E (Pw ) admits a compact side of inclination v then it is the one with the greatest inclination.

Proof. It is similar to the proof of Corollary 3. [

Remember that A/(F(w)) has a main side and it is contained on the support line of
this Newton polygon of inclination v = %l (see Lemma 8).

Lemma 14. Let (ay,by) be the vertex of the main side of N (F(w)) with the smallest y-coordinate
and having a contribution of B(X,¥). Then by > n;.

Proof. By hypothesis by # 0. After (32), the support line of N'(F(w)) of inclination v is

(cr=a1) _ (q=m)

i +vj = ¢ for certain ¢; # 0. In particular by = = o € N, and therefore
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i —a . PR . .
(G i 1 i positive. Since n; and m; are coprime then

lemma follows. [

(61;7”1) is a positive natural and the

If N is a Newton polygon and g € Q*, we will denote N>, (respectively N-,) the
Newton polygon which results from eliminating in AV the sides of inclination strictly less
than (respectively less than or equal to) g.

Proposition 5. Put v = ':—IZ with k+2 <1 < g. Let (ap, by) be the vertex of the main side of
N (Ff(w)) with the highest y-coordinate and having a contribution of B(X,Y). Then the highest

y-coordinate of the vertices of N (Fl* (P&k)) ) N is by — 1.
>v

Proof. It is a consequence of Corollary 4 and the first part of Corollary 2. [

5. Decomposition of the Approximate Polar Curve of a Foliation: Proof of Theorem 1
Remember that f € C{x}[y] is an irreducible Weierstrass polynomial with charac-

teristic exponents (Bo,...,Bg). Put n; = % for 1 < i < g. Denote by f),
0 < k < g — 1 the characteristic approximate roots of f. Let us prove Theorem 1, which
generalizes [13] (Theorem 1).

Letk+2 <] < gandv = ':—I’ Let v; < v2 < --- < v, be the inclinations of
N (Fl* (P(E,k)))> , which are strictly greater than v. Denote by L; the compact side of
v

N (Fl* (Pt(vk))) of inclination v;. Letr € {1,...,q}. The Newton-Puiseux roots of the

v
corresponding to the compact side of N (F,* (P‘E,k))) of inclination v, are

vw

curve F/f (Pc(um
of the form 7, (X) = dpsX"" + €,5(X), with d;s # 0 and ordye,s(X) > v, wheres =1,...,s,,

q s
being s, the height of the side L,. For | > k + 2 we define .= TTT1@ 7). After
r=1s=1
Lemma 6, the reduced equation of the union of separatrices of F(w) is F(f) = 0. By
Lemma 8 the support line containing the main side of N'(F;"(w)) has inclination ’Z—I’ Since
w = 0 is a generalized curve foliation then F(w) is also (see Lemma 7) and applying the
third part of Remark 3 we have the equality NV (F/(w)) = N (F*(f)). Hence, from [18]
(Lemme 8.4.2), the order of any Newton—-Puiseux root of F*(f) is less than or equal to %l
and by Lemma 8, F(f) has Newton-Puiseux roots of order % Let D be an irreducible
component of F*(f) whose Newton-Puiseux roots have order equals ':Z—I’ Sincev, > v = "1

ny’
0

forall r = 1,...,q; any irreducible component P; of T verifies cont(D, P;) = 'Z—[’ So,

going back to the coordinates (x,y), we obtain

m ,Bl
n P)= —— = nk+2 <1<
cont(Cy, Py) a0 con k + S

where P; and T') are such that P; = Ffl(Pl) and TV = Ffl (F(’)).
Let k+2 <[ < g. The Newton—Puiseux roots of the polar P(E,k) which contact with C g

is greater than or equal to % coincide with the Newton—Puiseux roots of T'k*2) ... T(8), By
Lemma 8 and Proposition 5, the height of N/ (Fl* (7%5,“) ) - is ¢;_1 — 1. Hence the number
>y

of Newton-Puiseux roots of C¢ having contact, with the polar curve P(E,k), greater than or
equal to % is
ny-empog(e-g —1). (45)

Reasoning in a similar way, the number of Newton-Puiseux roots of the separatrix C¢

having contact, with the polar curve P(S,k), greater or equal to % is

111"'111(61*1). (46)
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From Equations (45) and (46) we conclude that the number of Newton-Puiseux roots

of the separatrix C 3 that have contact, with the polar curve Pfuk), equal to % is

nyoonpq(egg—1)—ny-meg—1)=ny---mp—mny---n_y=ny---m_q(n—1). 47)

Therefore
mult(l"m) =ny---n_q(n—1). (48)
On the other hand
mult( (k)) = mult(Afy(k) - Bf,gk)

v

minq{ mult (A f;k) ) ,mult (B f,gk)) } (49)
min{ mult(A) + mult (fy(k)) ,mult(B) + mult (f,gk)> }

Since ord (f,gk)) > ord (fy(k)) =mnq---ng — 1 (see Remark 1) and
mult(w) = min{ord(A),ord(B)} =n —1,

we obtain from (49)

mult( (E,k)> >n+ny---np—2. (50)
(k)
We define I'k+1) .= REEIWEGE Using Equations (48) and (50) we have
mult(F(kH)) = mult(P(E,k)) - mult(l"(k“) . .r(g))
nng e —2—(n—mny-ngy)

v

ny - ng(ngy +1) =2,

Since n; > 2 forany i = 1,...,g, then mult (F(k“)) > 1, so I'*1) it is not a unit.
The Newton-Puiseux roots of T " correspond to the sides of N/ (F,*( ®) )) whose
inclinations are strictly less than "*2 . Using the Corollary 3 we have ord(7) < :Ll for

every Newton—-Puiseux root y of F( ), hence ord(7y) < % for any Newton-Puiseux root
v of the factor L*+1) This finishes the proof.

The following example illustrates that the multiplicity of the polar curve P(E,k) cannot
be determined exclusively with the equisingularity class of the branch f(x,y) = 0, since in
general, we cannot determine the multiplicity of the factor [*+1),

Example 2. Let Cy : (y? — x'1)2 — x17y = 0 be an irreducible curve with characteristic exponents
(4,22,23). Let us consider the foliations defined by the 1-forms

w1 = (B4 xRy 22:2 8y 17]/2 171y — 2x12y2 20113 — 205102 |yt
+y5)dx + (2B — xlgy —x17 - 1zy2 4x11y + xy + 4y )dy,

and

wy = (x27y x22y2 4 22021 — 251043 — 17x10y — 205102 1 x5yP)dx

+ (X y —X17y6 _ 11y7_x _4x11y+y9 _|_4y )dy,

having C as separatrix. The approximate roots of Cr are f ©) =yand fO) =2 —x11, 50

7;(0) _ x23+x22y+22x21 L —17x16y — 2x122 — 2x11yB
22x102 + xy* + 12,
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N (PD)
v=9/2

and
77(91) = 1123 — 11228y — 1167 + 222y — 202222 — 2x18y2 — 2x1713 — 34162
4x123 + 72y 4 2xy® 4 240,

where mult (Pc((g)) = 5 and mult (P(E,ll)) = 6. In Figure 2 we present the Newton polygons of
P(E,Ol) and Pc(ull).

10

Figure 2. Newton polygons of 7352) and P(E,ll>.
On the other hand, we obtain
P(Sg) _ x27y _ xzzyz 420521 — 16y3 17x16y _ 22x10y2 445 y )
and

7;( ) _ 11563295 — 1122736 + 22272 — 22x21y7 22223
4164 4 11210y — 34x1642 + 22540,

where mult (P(E,Oz)) = 10 and mult (P(S})) = 11. See Figure 3 for the Newton polygons of 73(52)
and 77(1)

2

X 5 16 7 X

Figure 3. Newton polygons of ’P(S,OZ) and 73((‘,12).
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