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Abstract


This paper presents an overview of the main methods used to identify autoregressive models with additive noises. The classification of identification methods is given. For each group of methods, advantages and disadvantages are indicated. The article presents the simulation results of a large number of the described methods and gives recommendations on choosing the best methods.
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1. Introduction


Autoregressive models find applications in a variety of applications, such as speech processing [1,2], spectral analysis [3], econometric modeling [4], biomedical signal processing [5], structural health monitoring [6,7], and communication [8].



In many applications, the autoregressive model is observed in additive noise. Additive noise makes the autoregressive parameter estimates biased. It is well known [9] that additive noise broadens spectral peaks in autoregressive analysis. Spectral estimation can lead to loss of resolution of closely spaced sinusoids.



Autoregressive with additive noise can be represented by the autoregressive moving-average ARMA(p, p) process [10]. Known methods [11] can be used to estimate the parameters of ARMA processes. However, ARMA models do not consider the restrictions on moving average coefficients. Therefore, the use of methods for identifying ARMA processes is inferior in accuracy to methods for identifying autoregressive processes with additive noise.



There are a huge number of methods for estimating autoregressive parameters with additive noise. In this review, we have tried to describe the main groups of methods that are used for this. In the article, special attention is devoted to methods in the time domain.



The main advantages and disadvantages of each group of methods for identifying autoregressive models in the presence of additive noise are considered.



In this article, firstly, a classification of identification methods of the autoregressive model in the presence of an additive noise is carried out. We hope that our review will be useful both to scientists developing new identification algorithms and to scientists using autoregressive models in applied problems.



In preparing the review, the authors also had the goal of highlighting the best methods. The best algorithms can be generalized to identify a wider class of autoregressive models, such as those with fractional derivative [12]. The algorithm for identifying the fractional order models of autoregressions with additive noise is presented in [13]. It assumes that the signal-to-noise ratio is known. The article presents the simulation results of a large number of the described methods and gives recommendations on choosing the best methods.




2. Materials and Methods


2.1. Problem Statement


Consider a noisy autoregressive model of an order  p  described by the following equation:


   z i  =   ∑  m = 1  p    a   m     z  i − m     +  ε i  ,    y i  =  z i  +  ξ i   



(1)




where    a   m      are constant coefficients.



The Autoregressive model in presence of an additive noise is shown in Figure 1.



The following assumptions are introduced [14]:



Assumption 1 (A1).

The noise sequences      ε i      and      ξ i      are zero–mean white processes   E    ε i    = 0  ,   E    ξ i    = 0   mutually uncorrelated,   E    ε i   ξ i    = 0   the unknown variances   E    ε i 2    =  σ ε 2   , and   E    ξ i 2    =  σ ξ 2   , where is the expectation operator.





Assumption 2 (A2).

The noise sequences      ξ i    ,    ε i      are a stationary process.





Assumptions A1 and A2 are standard for most methods for identifying noisy autoregressive models. Some methods have generalizations for the case when the noise      ξ i      is colored. In real applications, if the sequence      y i      has a non-zero mathematical expectation, then preprocessing should be done by removing the constant component or trend.



Assumption 3 (A3).

The order of p is known.



In many problems of parametric identification, the order  p  is assumed to be known a priori. If there is no order information in real applications, then the parameter estimation algorithm can be evaluated. An estimate of the order p is considered, for example, in [14].



It is required to estimate the unknown coefficients of the dynamic system described by Equation (1) from the observed sequences      y i      with noise for the known order  p .






2.2. Linear Regression Representation and Notation


Let us introduce the notation:



	
  a =      a   1    , … ,  a   p       T    is the vector of parameters,



	
   a ¯  =     1 ¦  a T     T    is the extended vector of parameters,



	
   φ i  =      y  i − 1   , … ,  y  i − p      T    is the regression vector,



	
   ϕ i  =      z  i − 1   , … ,  z  i − p      T    is the unobserved regression vector,



	
    φ ˜  i  =      ξ  i − 1   , … ,  ξ  i − p      T    is the noise vector,



	
    φ ¯  i  =      −  y i  ¦  φ i T      T    is the extended regression vector,



	
    φ ¯  i  =      −  z i  ¦  ϕ i T      T    is the extended unobserved vector,



	
     φ ˜  ¯  i  =      −  ε i  −  ξ i  ¦   φ ˜  i T      T    is the extended noise vector,



	
   R φ  = E    φ i   φ i T      is the covariance matrix,



	
    R ¯  φ  = E     φ ¯  i    φ ¯  i T      is the extended covariance matrix,



	
   R ϕ  = E    ϕ i   ϕ i T      is the unobserved covariance matrix,



	
    R ¯  ϕ  = E     ϕ ¯  i    ϕ ¯  i T      is the extended unobserved covariance matrix,



	
    R ˜  φ  = E     φ ˜  i    φ ˜  i T      is the covariance matrix of error,



	
     R ˜  ¯  φ  = Ε      φ ˜  ¯  i     φ ˜  ¯  i T      is the extended covariance matrix of error.






Equation (1) can be represented as the linear regression:


   y i  =  φ i T  a +  e i  ,  



(2)




where


   e i  =  ε i  +  ξ i  −   ∑  m = 1  p    a   m     ξ  i − m     .  












2.3. Classification of Identification Methods


Identification methods can be classified and organized in different ways. We classify identification methods according to the type of data used. The basis of our classification is the classification proposed in [15] for identification methods with errors in variables. All identification methods can be divided into time-domain methods and frequency-domain methods. For each of these areas, at least three groups of methods can be distinguished:




	
Methods using the covariance matrix. This case includes instrumental variables, bias-compensated least squares, the Frisch scheme, Yule-Walker equations, total least squares (TLS) and extended least squares (XLS).



	
Methods using the original time-series data. This case includes the use of prediction error and maximum likelihood techniques. No data compression takes place.



	
Methods using higher statistics.








The classification of identification methods is shown in Figure 2.



Table 1 presents various real-world applications that have used autoregressive models with noise.





 





Table 1. The real-world applications that have used autoregressive models with noise.






Table 1. The real-world applications that have used autoregressive models with noise.











	Group of Methods
	Speech Analysis
	Structural Monitoring and Diagnostics
	Biomedicine Signals





	1
	[1,2,16,17]
	[6,7,18]
	[19]



	2
	[20]
	
	[5]



	3
	[21,22]
	[23,24]
	[25]










3. Methods Using the Covariance Matrix


3.1. Instrumental Variables


The instrumental variable (IV) method is often used instead of least squares to avoid the problem of estimation bias. In fact, the instrumental variable method is based on the least squares technique. The idea is to introduce a new vector regression    ψ i    that contains the instrumental variables and satisfies the following assumptions:



Assumption 4 (A4).

   E    ψ i   e i    = 0 ;   





Assumption 5 (A5).

The matrix    R  ψ φ   = E    ψ i   φ i T      is nonsingular.





The choice of the vector of instrumental variables that satisfy the Assumptions A4 and A5 in the general case is a difficult problem. The matrix    R  ψ φ     is often ill-conditioned.



To improve the accuracy of estimates of the dimension of the instrumental variable vectors, more dimensions of the corresponding regression vectors are taken:   dim  ψ i  > dim  φ i  = p  



This modification is called the method of extended instrumental variables (EIVs). Finding estimates by the extended instrumental variables involves solving the overdetermined system of linear algebraic equations:


    R ^   ψ φ   a =   r ^   ψ y   ,  



(3)




where


    R ^   ψ ϕ   =  1 N    ∑  i = 1  N    ψ i   φ i T    ,     r ^   ψ y   =  1 N    ∑  i = 1  N    ψ i   y i    .  











An estimate for the extended instrumental variables estimator can be expressed as [26]


    a ^   E I V L S   =       R ^   ψ ϕ   W   R ^   ψ ϕ       − 1       R ^   ψ ϕ   W   r ^   ψ y     ,  



(4)




where   W =  Γ T  Γ   is a positive definite matrix.



The optimal choice of matrix for an autoregressive model is [25]


  W =     E   A    q  − 1     G    q  − 1      ψ i  A    q  − 1     G    q  − 1      ψ i T        − 1   ,  



(5)




where



  A    q  − 1     = 1 +  a 1   q  − 1   + … +  a p   q  − p   ,      q  − 1     is the unit delay operator,    q  − 1    y i  =  y  i − 1    ,



  G    q  − 1       is a rational filter,    ψ i  =          y  i − p − 1      ⋯     y  i − p −  p 1           T  ,    p 1  ≥ p .  



The matrix defined by the Equation (5) requires the knowledge of the true parameters of the autoregressive model. Various iterative algorithms for estimating matrix parameters are proposed in [27,28].



In [29], it was proposed to use total least squares algorithm to solve the system of equations described by (3)


   Γ ¯    R ^   ψ  φ ¯     a ¯  = 0 ,  



(6)







The most famous algorithm for solving the total least squares is based on the right singular vector [30]. Let  w  denote the right singular vector of    Γ ¯    R ^   ψ  φ ¯      associated with its smallest singular value:


    a ^   E I V T L S   =     w ^   2 : p + 1    /    w ^  1     



(7)







The estimates vector given by the Equation (7) has a higher estimation accuracy on finite samples compared to the estimator defined by Equation (4).



Instrumental Variables Based on the Kalman Filter


Another approach to this problem uses coupled Kalman filters [31] or    H ∞    cross-coupled filters [32,33].



The Kalman filter can estimate the true value of     z ^  i    assuming the knowledge of the parameters   a ^  . However, the other Kalman filter estimates using estimates of     z ^  i    as if they were true values. These two filters work together to jointly converge to the autoregressive parameter estimate.



Advantages. Instrumental variables have low computational complexity.



Disadvantages. Instrumental variable methods may have poor accuracy due to a weak correlation between    ψ i    and    φ i   .





3.2. Bias Compensated Least Squares (BCLS)


The least squares estimate of the equation    y i  =  φ i T  a +  e i    is obtained by the following equation


    a ^   L S   =      1 N    ∑  i = 1  N    φ i   φ i T        − 1      1 N    ∑  i = 1  N    φ i   y i        



(8)




and substituting (2) into (7), we obtain


    a ^   L S   = a +      1 N    ∑  i = 1  N    φ i   φ i T        − 1      1 N    ∑  i = 1  N    φ i   e i       .  



(9)







BCLS estimation can be represented as an iterative procedure:


    a ^   B C    t  =   a ^   L S   +  σ ξ 2   t   R φ  − 1     a ^   B C     t − 1   .  



(10)







In practice, the noise variance    σ ξ 2    in Equation (10) is unknown and must be estimated. The following methods have been proposed.



3.2.1. Modified Least Square, MLS [34]


The noise variance can be defined as


    σ ^  ξ 2   t  =     ∑  i = 1  N      y  i − 1   −   a ^   B C  T    t − 1   ⋅  φ  i − 1        y i  −   a ^   B C  T    t − 1   ⋅  φ i        N     a ^   B C    1      t − 1   +   a ^   B C  T    t − 1   H   a ^   B C      t − 1       ,  



(11)




where


  H =      0   0   …   0     1   0   …   0     ⋮   ⋱      ⋮     0   …   1   0      .  












3.2.2. Bias Compensated Least Square, BCLS [35]


Let us find an auxiliary estimate   φ ^   defined as


    c ^   b c l s    =       ∑  i = 1  N    φ i   φ  i − 1  T        − 1       ∑  i = 1  N    φ i   y  i − 1        ,  








then the noise variance can be defined as


    σ ^  ξ 2   t  =     ∑  i = 1  N    y i     y  i − 1   −   c ^   b c l s  T    φ ^   i − 1         N     a ^   B C    1      t − 1   +   a ^   B C  T    t − 1   H   c ^   b c l s        .  



(12)








3.2.3. Bias Compensated Least Square Backward, BCLS-B [36]


The auxiliary estimate     c ^   b c l s − b      is defined as


    c ^   b c l s − b    =       ∑  i = 1  N    φ i   φ i T       1      ∑  i = 1  N    φ i   y  i − r − 1       ,  



(13)




then the noise variance can be defined as


    σ ^  ξ 2   t  =     ∑  i = 1  N    y i     y  i − r − 1   −   c ^   b c l s − b  T   φ i        N   a ^   B C  T    t − 1     c ^   b c l s − b      .  



(14)








3.2.4. Improved Least Square No Prefiltering, ILSNP [37]


Let us introduce the following notation:


   a ⌣  =       a T   ¦ 0    T  ,    e ⌣  =       0  1 × p    ¦ 1    T  .  











Let us calculate the least squares estimate for the introduced vector of parameters:


     a ⌣  ^   L S   =       ∑  i = 1  N     φ ¯   i − 1     φ ¯   i − 1  T        − 1       ∑  i = 1  N     φ ¯   i − 1    y i      ,  



(15)




and similar to Equation (9), we can write


     a ⌣  ^   B C    t  =    a ⌣  ^   L S   +  σ ξ 2   t    R ¯  φ  − 1      a ⌣  ^   B C     t − 1   ,  



(16)




the noise variance can be defined as


    σ ^  ξ 2   t  =   −  e T     a ⌣  ^   L S     N  e T    R ¯  φ  − 1      a ⌣  ^   B C     t − 1     .  



(17)







If the ratio of variances is known a priori


  γ =    σ ε 2   /   σ ξ 2    ,  








the noise variance can be defined as [38]


    σ ^  ξ 2   t  =    1 N    ∑  i = 1  N        y  i − 1   −   a ^   L S  T   φ  i − 1      2      1 + γ +   a ^   L S  T     a ⌣  ^   B C      t − 1     .  



(18)







A comparative characterization of methods 1–4 was carried out in [39]. The simulation results showed that BCLS-B and ILSNP are equivalent to each other and give consistent estimates.




3.2.5. The Inverse Filtering Least-Squares (IFLS) Method [40] Considered Another Power Function




  E    e i   e  i − k     =   ∑  i = 0  p     ∑  j = 0  p    b i   b j       r y    k + i − j   ,  



(19)




where


    b 0  = 1 ,    b i  =  a   i    ,   i = 1 , r   ,    r y   k  = E    y i   y  i + k     ,    r y   k  =  1  N − k     ∑  i = 0   N − k    E    y i   y  i + k       .   











On the other hand,


  E    e i   e  i − k     =  σ ξ 2    ∑  i = 0  p    b i   b  i + k     +  σ ε 2  δ  k  ,  



(20)




where    b  i + k     is taken equal to zero for the values of its index that are outside the interval   0 ≤ i + k ≤ r  , and   δ  k    is the Kronecker delta function defined as


  δ  k  =       1     k = 0 ,       0     k ≠ 0        



(21)




.



In addition, Equations (19) and (20) give the following equality:


    σ ξ 2    ∑  i = 0  p    b i   b  i + k     +  σ ε 2  δ  k  =   ∑  i = 0  p     ∑  j = 0  p    b i   b j       r y    k + i − j     ,   k = 0 , 1 … q , k ≥ p .   



(22)







Using the initial estimate and solving a system of equations, we determine the variance    σ ξ 2    and substitute it into Equation (9).



Recursive algorithms that compensate the bias estimation using additive noises terms are considered in [41,42].



Advantages: Computational simplicity. Matrix inversion or estimation of the minimum eigenvalue is performed only in the first step. In the next steps, the estimates and parameters are refined using formulas with low computational complexity.



Disadvantages: Noise variance needs to be estimated. The accuracy of BCLS estimates is lower than the Frisch schemes and the Yule-Walker equations.





3.3. Frisch Scheme


For extended vectors, the following equality is true:


        ϕ ¯  i  −       ε i  ¦  0  1 × p       T     T   a ¯  = 0 ,  



(23)







Using Equation (23), we define the equation for covariance matrices equation as follows:


    R ¯  ϕ   a ¯  = E       ϕ ¯  i    ϕ ¯  i T  − Ω    a ¯    = 0 ,  



(24)




where


  Ω =        σ ε 2       0  1 × p          0  p × 1        0  p × p         .  











Equation (24) is the main one for the Frisch scheme. The idea is to determine the noise variance estimates and then determine the parameters vector from the equation


      R ¯  φ  −   R ¯   φ ˜      a ¯  = 0 .  



(25)




where


      R ˜  ¯  φ  =        σ s 2       0  1 × p          0  p × 1        σ ξ 2   I p        ,    σ s 2  =  σ ε 2  +  σ ξ 2  .   











In [43], a method for estimating variances was proposed, and under the restriction    σ s 2  ≥  σ ξ 2  .   Let us introduce an additional notation:


      φ ¯  ′  i  =         φ ¯  i          φ _  i        ,      φ ¯  ′  i  =          φ ˜  ¯  i           φ _  ˜  i        ,      R ¯  ′   φ ˜   =        σ s 2       0  1 × p +  l 1           0  p +  l 1  × 1        σ ξ 2   I  p +  l 1          ,   










     φ _  i  =      y  i − p − 1   , … ,  y  i − p − 1 −  l 1       T  ,      φ _  ˜  i  =      ξ  i − r − 1   , … ,  ξ  i − r − 1 −  l 1       T  ,    l 1  ≥ 1 .   











Frisch Scheme is shown in Algorithm 1.





	
Algorithm 1.Frisch Scheme [44].




	
Step 1. Calculate the estimates of the covariance matrices      R ¯  ^  φ  ,     R ¯  ^  ′  φ  .  




	
      R ¯  ^  φ  =  1  N − p − 1     ∑  i = r + 2  N     φ ¯  i    φ ¯  i T    ,     R ¯  ^  ′  φ  =  1  N − p − 1 −  l 1      ∑  i = r + 2 +  l 1   N      φ ¯  ′  i     φ ¯  ′  i T    .   




	
Step 2. Determine the maximum value of the variance    σ  s max  2    if    σ ξ 2  = 0  :




	
     σ ^   s max  2  =   det       R ¯  ^  ′  φ      det      R ¯  ^  φ      ,   

	
(26)




	
maximum value of the variance    σ  ξ max  2    is obtained if    σ ξ 2  =  σ s 2   :




	
    σ  ξ max  2  =  λ  max        R ¯  ^  φ    ,   

	
(27)




	
where    λ  max        R ¯  ^  φ      is the minimum eigenvalue of a matrix      R ¯  ^  φ   .

Step 3. Select points    ζ 1  ,  ζ 2  > 0 ,      ζ 1     ζ 2    ≤    σ  s max  2     σ  ξ max  2    .  

Calculate the estimates of the variances as




	
    σ ^  s 2  =    ζ 1     λ  max        R ¯  ^  φ  − 1   ⋅ d i a g    ζ 1  ,  ζ 2   I p        ,         σ ^  ξ 2  =    ζ 2     λ  max        R ¯  ^  φ  − 1   ⋅ d i a g    ζ 1  ,  ζ 2   I p        ,  

	
(28)




	
     σ ^  ′  s 2  =    ξ 1     λ  max         R ¯  ^  ′  φ  − 1   ⋅ d i a g    ζ 1  ,  ζ 2   I  p +  l 1          ,          σ ^  ′  2 2  =    ξ 2     λ  max         R ¯  ^  ′  φ  − 1   ⋅ d i a g    ζ 1  ,  ζ 2   I  p +  l 1          ,  

	
(29)




	
Step 4. Calculate matrices as




	
      R ¯  ^  ϕ   =    R ¯  ^  φ   − d i a g     σ ^  s 2  ,   σ ^  ξ 2   I r    ,   

	
(30)




	
       R ¯  ^  ′  ϕ   =    R ¯  ^   φ ′    − d i a g      σ ^  ′  s 2  ,    σ ^  ′  ξ 2   I  r +  l 1      .   

	
(31)




	
Using the obtained estimates vector, we can calculate the parameter estimates from the following expression




	
      R ¯  ^  ϕ     a ¯  ^      σ ^  s 2  ,   σ ^  ξ 2    = 0 .   

	
(32)




	
Step 5. Calculate the value of the error function




	
   J     σ ^  s 2  ,   σ ^  ξ 2  ,    σ ^  ′  s 2  ,    σ ^  ′  ξ 2    =   a ¯  T      σ ^  s 2  ,   σ ^  ξ 2        R ′  ¯  ^  φ T    R ¯  φ   a ¯      σ ^  s 2  ,   σ ^  ξ 2    .   

	
(33)




	
Repeat Steps 3–5 until the minimum of the function (37) is found. Estimates of parameters and variances corresponding to the minimum are taken as true values.







Ref. [14] proposed a similar scheme based on a biased normal system instead of the eigenvalue problem (23).



In [43], the proposed approach based on the Frisch scheme is compared with the bias-compensating least-squares method [37]. The results showed that the Frisch scheme gives the best results, even if the noise level is high.



Advantages. High accuracy.



Disadvantages. Computational complexity, at each iteration of the loop needs to evaluate its own vector.




3.4. Yule-Walker Equations


The Yule-Walker equations for autoregression without additive noise are described as


   R z  a = −  r z  ,  



(34)




where


    R z  =        r z   0     ⋯     r z    −   p − 1          ⋮   ⋱   ⋮       r z    p − 1      ⋯     r z   0          ,    r z  =        r z   1       ⋮       r z   p        .   











With additive noise, the autocorrelation function and the Yule-Walker equations are described as


   r y   0  =  r z   0  +  σ ξ 2  ,    r y   τ  =  r z   τ  ,   τ > 0 ,  










   R y  a = −  r y  .  



(35)







The estimates obtained by solving the system of Equation (39) turn out to be biased. There are two fundamentally different approaches to parameter estimation using the Yule-Walker equations. The first approach is that the estimation of the autoregression parameters is based on the high-order Yule-Walker equations [44,45,46]. The approach presented in [44,45,46] is related to the instrumental variables method:


   R q   a  H O Y W   = −  r q  ,    l 1  ≥ p ,  



(36)




where    R q  =        r y   p     ⋯     r y   1         r y    p + 1      ⋯     r y   2       ⋮   ⋱   ⋮       r y    p +  l 1       ⋯     r y    1 +  l 1          ,      r q  =        R y    p + 1          R y    p + 2        ⋮       R y    p +  l 1          .  



The second approach is based on compensating the bias estimation obtained from the low order Yule-Walker equations and requires estimation of the noise variance [47]. When compensation is applied, the system of Yule-Walker equations becomes non-linear with unknown parameters  λ  and   a ¯  :


      R ¯  y  − λ B    a ¯  = 0 ,  



(37)




where


    R ¯  y  =        r y   1       r y   0     ⋯     r y    −   p − 1          ⋮   ⋮   ⋱   ⋮       r y   p       r y    p − 1      ⋯     r y   0         r y    p + 1        r y   p     ⋯     r y   1       ⋮   ⋮   ⋱   ⋮       r y    p +  l 2         r y    p +  l 2  − 1      ⋯     r y     l 2          ,   B =      0   1   ⋯   0     ⋮   ⋮   ⋱   ⋮     0   0   ⋯   1     0   0   ⋯   0     ⋮   ⋮   ⋱   ⋮     0   0   ⋯   0      ,    l 2  > 1 .  











In [48], a subspace identification method was proposed, which reduces the solution of a nonlinear system of Yule-Walker equations to a quadratic problem for determining the eigenvalues:


     A 0  + λ  A 1  +  λ 2   A 2     a ¯  = 0 ,  



(38)




where


   A 0  =   R ¯  y T    R ¯  y  ,    A 1  = −     R ¯  y T  B +  B T    R ¯  y    ,    A 2  =  B T  B .  











Equation (42) can be represented as


    P − λ Q     a ¯  ¯  = 0 ,  



(39)




where


  P =        A 0       0  p × 1          0  p × 1        I  p × 1         ,   Q =       −  A 1      −  A 2         I  p × 1        0  p × 1         .  











The parameter estimates from (43) can be defined as


   a   i    =      a ¯  ¯   min     i + 1      /     a ¯  ¯   min    1      ,   i = 1 , p .  



(40)




where      a ¯  ¯   min      is the eigenvector corresponding to the minimal eigenvalue in absolute value.



In [49], a version of Method (43) with orthogonalization was proposed. In [50], a simple iterative procedure was proposed. The low order Yule-Walker equations with iterative noise variance estimation is shown in Algorithm 2.





	
Algorithm 2. The low order Yule-Walker equations with iterative noise variance estimation [50].




	
Step 0. From (40), the parameter estimates     a ^   H O Y W      are calculated using the Levinson–Durbin algorithm.

Step 1. Determine the noise variance estimate and variance increment size:




	
     σ ˜  ξ 2  =  1 M  ,   Δ   σ ˜  ξ 2  =     σ ˜  ξ 2   M  ,   




	
where  M  is a large number.




	
Step 2. Calculate estimates of parameters     a ^   L O Y W     from equation




	
       R ^  φ  −   σ ˜  ξ 2   I r      a ^   L O Y W   = −   r ^  y  .   

	
(41)




	
Step 3. Compute the value of objective function




	
   F     σ ˜  ξ 2    =     a ^   H O Y W     −     a ^   L O Y W       σ ˜  ξ 2      .   

	
(42)




	
Step 4. If     σ ˜  ξ 2  >   r ^  y   0    the search stops, and the estimate for which takes the smallest value   F     σ ˜  ξ 2      is selected for the parameter estimate. Otherwise




	
   Δ   σ ˜  ξ 2  =        r y   0   /  M       i f         σ ˜  ξ 2  ≥ 1           σ ˜  ξ 2   /  M       i f         σ ˜  ξ 2  < 1       ,   

	
(43)




	
    σ ˜  ξ 2  =   σ ˜  ξ 2  + Δ   σ ˜  ξ 2  ,   back to Step 2.







A modification of the algorithm [51] using extrapolation has been proposed. This allows the algorithm to have high accuracy on short samples.



The improved least-squares based on the Yule-Walker equations (YWILS) in a new way to estimate the AR parameters and corrupting noise variance [52]. This algorithm uses an overdetermined system of equations consisting of high- and low-order Yule-Walker equations. Improved least-squares based on the Yule-Walker equations is shown in Algorithm 3.





	
Algorithm 3. Improved least-squares based on the Yule-Walker equations (YWILS) [52]




	
Step 0. Calculate the initial estimate




	
     a ^   Y W I L S    0  =       R ^  T   R ^      − 1     R ^  T   r ^  ,   

	
(44)




	
    R H  =       R ^  T   R ^      − 1     R ^  T   I ˜  ,   

	
(45)




	
where    R ^  =       R ^  φ      R ^  q       ,   r ^  =       r ^   φ y       r ^  q      ,     I ˜  =      I r    0     .  




	
Step 1. Calculate the noise variance




	
     σ ^   Y W I L S  2   t  =     S ^  T  g       S ^    2    ,   

	
(46)




	
where    g ^  =   r ^   φ y   −   R ^  φ    a ^   Y W I L S    i  ,     S ^  =     R ^  φ    R ^  H  −  I r      a ^   Y W I L S    i  .  




	
Step 2. Compute the parameters estimates vector




	
     a ^   Y W I L S     t + 1   =   a ^   Y W I L S    0  +   σ ^   Y W I L S  2   t   R H     a ^   B C    t  .   

	
(47)




	
Repeat Steps 1 and 2 until the algorithm converges.







Four methods for estimating variances for the system of high- and low-order Yule-–Walker equations are presented in [53].



Advantages: Computational simplicity for high-order Yule-Walker equations. Using the Yule-Walker equations of high- and low-order, they have high accuracy, simultaneously.



Disadvantages: Methods based on Yule-Walker show unsatisfactory results on short samples, with ill-conditioned covariance matrices, and proximity of the poles to the unit circle [54,55].




3.5. Combined Methods


Ref. [55] proposed the method of compensating least squares (9), in which the variance estimate is calculated using the higher order Yule-Walker Equation (40):


    σ ^  ξ 2   t  =         R ^  φ  − 1     a ^   B C     t − 1      T      a ^   H O Y W   −   a ^   L S             R ^  φ  − 1     a ^   B C     t − 1      2    ,  



(48)




where    a  H O Y W     is an estimate of the autoregression parameters obtained from (41);    •    is Euclidean norm of the vector.



It was shown in [56] that the proposed method gives more accurate estimates on long samples than ILSNP [37].



In [57], the new parameter identification algorithm was proposed. This algorithm uses low-order Yule-Walker equations and bias-compensating least squares to jointly estimate autoregressive parameters to jointly estimate autoregressive parameters. The new algorithm is shown in Algorithm 4.





	
Algorithm 4. The algorithm uses low-order Yule-Walker equations and bias-compensating least squares [57].




	
Step 0. Calculate initial value   β  0  = η  λ  min       R ^  φ    ,  

where    λ  min       R ^  φ      is the minimum eigenvalue of the matrix     R ^  φ   ,   0.5 ≤ η ≤ 0.99  .

Step 1. Calculate the estimate of the vector of parameter     a ^   B C    0    by solving the following system of equations:




	
       R ^  φ  − β  t   I r      a ^   B C    t  =   r ^   φ y   ,   

	
(49)




	
where     r ^   φ y   =  1  N − p     ∑  i = p   N − p     φ i   y i    .  




	
Step 2. Calculate the estimate of the variance     σ ^  ε 2   t    as




	
     σ ^  ε 2   t  =     r ^  y   1  −   r ^   φ y  T   1    a ^   B C    t      a ^    1     t    ,   

	
(50)




	
where     r ^   φ y    1  =  1  N − p − 1     ∑  i = p + 1   N − p     φ  i − 1    y i    .  




	
Step 3. Calculate Equation (25) as follows




	
   β   t + 1   = β  t  −   f   β  t       f ′    β  t      ,   

	
(51)




	
where




	
   f   β  t    = β  t  +  σ ε 2   t  +   r ^   φ y  T    a ^   B C    t  −  1 N    ∑  i = 1  N    y i 2    ,   

    f ′    β  t    = 1 +       a ^   B C    t     2  .   




	
Step 4. Finally, compute




	
     a ^   B C     t + 1   =   a ^   L S   + β   t + 1    R φ  − 1     a ^   B C    t  .   

	
(52)




	
Repeat Steps 1–4 until the algorithm converges.







The advantage of the proposed algorithm is the use of a good initial guess at step 1.




3.6. Total Least Squares (TLS) and Extended Least Squares (XLS)


One of the most developed methods for solving equations with noise on the right and left sides is total least squares [58]. The identification of an AR with noise is not a total least squares problem. In [59], an objective function is proposed that allows one to obtain consistent estimates of autoregressive parameters with a known noise ratio:


    min  a      ∑  i = 1  N        y i  −  φ i T  a    2       σ ε 2  +  σ ξ 2  +  σ ξ 2   a T  a   =   min  a      ∑  i = 1  N        y i  −  φ i T  a    2      1 + γ +  a T  a   .  



(53)







The objective function (53) can be reduced to full least squares by a change of variables [60] or by using a weighting matrix [61].



The use of various total least squares algorithms for estimating autoregressive parameters is considered in [62,63,64,65].



In [66,67,68], a similar approach is proposed to generalize the LS and TLS case when there is an error in the equation and an error in the measurement. The proposed approach is called “Extended LS” (XLS). Algorithms for XLS are given in the presence of restrictions on the matrix structure.



Advantages: High accuracy of estimation, the ability to use many algorithms for TLS.



Disadvantages: Requires knowledge of noise variance ratio  γ .





4. Methods Using Original Data. Prediction Error Method (PEM) and Maximum Likelihood (ML)


Methods of prediction error and maximum likelihood are based on the representation of model (1) in the form of an ARMA process [10]:


   y i  =   C    q  − 1       A    q  − 1        e i  ,  



(54)




where



   e i    a ^   =  y i  −  y  i | i − 1 ,  a ^      is the prediction error,



   y  i | i − 1 ,  θ ^      is the one-step forecast,



    a ^  =     a ¦   σ ε 2     σ ξ 2      T  .   



The parameters of Equation (53) can be estimated by one of the estimation methods for ARMA processes [11]. However, the accuracy can be improved by taking into account the structural limitations for AR with noise.



For autoregression with noise, the spectral factorization is [10]


   σ e 2  C    q  − 1     C  q  =  σ ξ 2  A    q  − 1     A  q  +  σ ε 2  ,  



(55)




or [69]


   γ e 2  C    q  − 1     C  q  = A    q  − 1     A  q  +  γ ε 2  ,  



(56)




where


   γ ε 2  =    σ ε 2   /   σ ξ 2    ,    γ e 2  =    σ e 2   /   σ ξ 2    .  











Then, the parameter estimates by the prediction error method can be obtained by minimizing the function


   J  P E M     a ^   =   ∑  i = 1  N    e i 2    a ^      



(57)




by the maximum likelihood method by maximizing the function with a Gaussian noise distribution:


   J  M L     a ^   = − N log   2 π   − N log    σ e 2    a ^     −  1   σ e 2    a ^       ∑  i = 1  N    e i 2    a ^     .  



(58)







The optimization of these functions (57) and (58) is a complex nonlinear problem. These objective functions may have more than one extremum on finite data. In [10,69], methods for optimizing the prediction error were proposed, and ref. [70] proposed the EM algorithm.



In [71], a general algorithm as an iterative covariance-weighted autoregressive estimation (ICWARE) was proposed. Based on Equation (2), we write d equations:


         y i         y  i − 1        ⋮       y i  − d + 1       =        y  i − 1      …     y  i − r          y  i − 2      …     y  i − 1 − r        ⋮      ⋮       y  i − d      …     y  i − d − r + 1                a   1           a   2         ⋮       a r        +        e i         e  i − 1        ⋮       e i  − d + 1        



(59)







Equation (58) can be rewritten as


   Y i  =  Φ i  a +  Ξ i   



(60)







The correlation matrix of the vector noise is


   R Ξ  = E    Ξ i   Ξ i T    =        r Ξ   0       r Ξ    − 1           r Ξ    − d + 1          r Ξ   1       r Ξ   0          r Ξ    − d + 2        ⋮                r Ξ    d − 1        r Ξ    d − 2           r Ξ   0        .  



(61)







Assuming still that each    R Ξ    is known, a maximum likelihood solution may be obtained from


  a =   arg min  a    ∑  i = 1   N − d         Y i  −  Φ i  a      R Ξ      .  



(62)







Matrix    R Ξ    depends on the parameters and is usually unknown, and therefore the optimization procedure is iterative. The iterative solution is considered in detail in [70].



To estimate the parameters of the coefficients of noisy autoregression, the Bayesian approach can be applied [22].



Advantages: High asymptotic accuracy. Maximum likelihood estimates are efficient estimates.



Disadvantages: High computational complexity. The need to estimate the dispersion of signals. Maximum likelihood methods and prediction errors can converge to local extremes with a small amount of data. The maximum likelihood method requires a priori knowledge of the distribution law and is sensitive to deviations from the distribution law.




5. Methods Using Higher Statistics


The methods considered above are based on second-order statistics; however, it is possible to construct autoregression identification methods using cumulants. Usually, cumulants of the third and fourth orders are used.



The third- and fourth-order cumulants for   E    y i    = 0   are defined as


   C  3 y      τ 1  ,  τ 2    = E    y i   y  i +  τ 1     y  i +  τ 2      ,  



(63)






     C  4 y      τ 1  ,  τ 2  ,  τ 3    = E    y i   y  i +  τ 1     y  i +  τ 2     y  i +  τ 3      − E    y i   y  i +  τ 1      E    y  i +  τ 2     y  i +  τ 3      −     − E    y i   y  i +  τ 2      E    y  i +  τ 1     y  i +  τ 3      − E    y i   y  i +  τ 3      E    y  i +  τ 1     y  i +  τ 2      .    



(64)







In practice, however, the cumulants are estimated from N samples of output data,      y i      replacing mathematical expectation by sample averages:


    C ^   3 y      τ 1  ,  τ 2    =  1  N − μ     ∑  i = 1   N − μ     y i   y  i +  τ 1     y  i +  τ 2      ,  



(65)






     C ^   4 y      τ 1  ,  τ 2  ,  τ 3    =  1    N − 1     N − 2     N − 2       N   N − 1     ∑  i = 1   N − μ     y i   y  i +  τ 1     y  i +  τ 2     y  i +  τ 3        −    − 3   N − 1     ∑  i = 1   N − μ     y i   y  i +  τ 1        ∑  i = 1   N − μ     y  i +  τ 2     y  i +  τ 3      − 3   N − 1     ∑  i = 1   N − μ     y i   y  i +  τ 1        ∑  i = 1   N − μ     y  i +  τ 2     y  i +  τ 3      −    − 3   N − 1     ∑  i = 1   N − μ     y i   y  i +  τ 3        ∑  i = 1   N − μ     y  i +  τ 1     y  i +  τ 2      .   



(66)







In methods using cumulants, the noise limits are different from those given above. The third-order cumulant requires that the sequence      ξ i      has a symmetric distribution, and the sequence      ε i      has an asymmetric distribution.



The fourth-order cumulant requires the sequence      ξ i      to have a Gaussian distribution and the sequence to have a non-Gaussian distribution      ε i     . Under these assumptions, the following equalities hold:


   C  3 y      τ 1  ,  τ 2    =  C  3 z      τ 1  ,  τ 2    +  C  3  ξ 2       τ 1  ,  τ 2    =  C  3 z      τ 1  ,  τ 2    ,  



(67)






   C  4 y      τ 1  ,  τ 2  ,  τ 3    =  C  4 z      τ 1  ,  τ 2  ,  τ 3    +  C  4  ξ 2       τ 1  ,  τ 2  ,  τ 3    =  C  4 z      τ 1  ,  τ 2  ,  τ 3    .  



(68)







In [72], a theorem was proved that consistent estimates can be obtained from the “normal” equations based on (p + 1) l-D slices of the k-th order cumulant


     ∑  m = 0  r    a  ( m )    C  k y     τ − m , t , 0 , 0 …   = 0 ,     τ > 0 ,   



(69)




or


    ∑  m = 1  r    a  ( m )    C  k y     τ − m , t , 0 , 0 …   = −  C  k y     τ , t , 0 , 0 …   ,    



(70)




with   τ > 1 , … , p + M ,    M > 0  ,  t > 0 , … , p ,     C  k y     is k-th order cumulant.



In [73], a method of instrumental variables method was presented that uses third-order cumulants. It was shown that when choosing a vector of instrumental variables as follows,


   ψ i  =      y  i − 1  2  …  y  i − p −  l 1   2     T  ,  



(71)




matrices and vectors in presented in Equation (4) consist of third-order cumulants.



In [74], the choice of a vector of instrumental variables for the use of fourth-order cumulants was proposed:


   ψ i  =      y  i − 1  3  − 3  σ y 2   y  i − 1    , … ,  y  i − p −  l 1   3  − 3  σ y 2   y  i − p −  l 1        T  .  



(72)







Methods are also known to use equations with cumulants of different orders. Ref. [75] introduced methods using both autocorrelations and fourth-order autocumulants and [76] third-order and fourth-order autocumulants.



Overview of identification methods based on cumulants [77].



Advantages: More complete processing of measurements, allowing in some cases to obtain estimates that are superior in accuracy to methods based on second-order statistics.



Disadvantages: Restrictive conditions for signal and interference. Cumulant estimates have a larger error than covariance, and therefore a larger amount of data is required.




6. Frequency Domain Methods


The methods described above refer to time domain modeling methods. However, it is possible to build a model in the frequency domain. Then, usually, the first step is to determine the spectrum of observations. The spectral density can be defined as


   φ y   ω  =  1  A    e  − j ω     A    e  j ω        φ ε   ω  +  φ ξ   ω  ,  



(73)




where    φ ε   ω  =  σ ε 2  ,    φ ξ   ω  =  σ ξ 2  .  



Applying the methods of spectral analysis, we can obtain an estimate of the spectral density     φ ^  y   ω   . The resulting estimate     φ ^  y   ω    is used in the frequency modification of maximum likelihood [78], the Frisch scheme [79], and Yule-Walker equations [80,81].



Frequency identification methods are not limited to the spectral characteristics of signals. For example, in [82], cepstrums are used to identify the parameters of a noisy autoregression.



Advantages: High accuracy with low signal-to-noise ratio, high accuracy for periodic signals.



Disadvantages: Estimating the spectral density is a difficult problem, which requires a sufficiently large sample size.




7. Simulation Results


In this section, some of the considered methods were compared with each other. For each algorithm, a table containing a reference is depicted. Algorithm 4 was selected in [52] for comparison. An augmented symmetric system of equations was used to calculate the total least squares [83].



Test cases were compared to the normalized root mean square error (NRMSE) of parameter estimation, defined as


  δ a =          a ^  − a    2   /     a   2    ⋅   100 %  











The results were based on 1000 independent Monte-Carlo simulations. The number of data points N in each simulation was 4000.



Example 1 ([56]).

Consider a fourth-order noisy AR signal process


   z i  = 1.352  z  i − 1   − 1.338  z  i − 2   + 0.662  z  i − 3   − 0.240  z  i − 4   +  ε i  ,    y i  =  z i  +  ξ i   








where the driving noise    ε i    is Gaussian with the variance being    σ ε 2  = 1   and the observation noise    ξ i    is also Gaussian. Two SNR situations are studied. One is the high SNR situation with SNR = 10 dB, which results from the choice of the observation noise variance as    σ ε 2  = 0.38  . The other is the low SNR situation with SNR = 2 dB, which results from the choice of    σ ε 2  = 2.4  .





Table 2 shows the mean values of the parameter estimates and their standard deviations (SNR = 10 dB).



Example 2 ([52,56]).

Consider a fourth-order noisy AR signal process:


   z i  = 1.6771  z  i − 1   − 1.6875  z  i − 2   + 0.9433  z  i − 3   − 0.3164  z  i − 4   +  ε i  ,    y i  =  z i  +  ξ i   








where the driving noise    ε i    is Gaussian with the variance being    σ ε 2  = 1   and the observation noise    ξ i    is also Gaussian. Two SNR situations are studied. The first one is SNR = 20 dB, which results from the choice of the observation noise variance as    σ ε 2  = 0.056  . The second one is the low SNR situation with SNR = 1 dB, which results from the choice of    σ ε 2  = 4.6  .





Table 3 shows the mean values of the parameter estimates and their standard deviations (SNR = 2 dB).



Table 4 shows the mean values of the parameter estimates and their standard deviations (SNR = 20 dB).



Table 5 shows the mean values of the parameter estimates and their standard deviations (SNR = 1 dB).



Example 3 ([52]).

Consider a fourth-order noisy AR signal process:


   z i  = 0.5500  z  i − 1   + 0.1550  z  i − 2   − 0.5495  z  i − 3   − 0.6241  z  i − 4   +  ε i  ,    y i  =  z i  +  ξ i   








where the driving noise    ε i    is Gaussian with the variance being    σ ε 2  = 1   and the observation noise    ξ i    is also Gaussian. Two SNR situations are studied. One is the high SNR situation with SNR = 10 dB, which results from the choice of the observation noise variance as    σ ε 2  = 0.24  . The other is the low SNR situation with SNR = −5 dB, which results from the choice of    σ ε 2  = 7.3  .





Table 6 shows the mean values of the parameter estimates and their standard deviations (SNR = 2 dB).



Table 7 shows the mean values of the parameter estimates and their standard deviations (SNR = −5 dB).




8. Discussion


To date, there are a huge number of articles devoted to the identification of such models. Unfortunately, it is not possible to conduct a complete review. The review considers the main methods for identifying autoregressive models with additive noise. In each article, new methods are compared with previously known ones. It is rather difficult to name the best methods. The simulation results depend on the noise level, the order of the model, and the location of the poles. Comparison criteria can also be different: coefficient estimation error, pole estimation error, and spectral characteristics.



It is worth noting that the largest number of works is devoted to bias-compensating methods, the most promising for further development are the Frisch scheme and methods using the Yule-Walker equations of low and high order together. With many samples, the most predictive error and maximum likelihood estimation show the best results.



In a very small number of papers, questions of the numerical stability of the proposed algorithms are considered. In this regard, the development of numerically stable and regularized versions of such algorithms is relevant.




9. Conclusions


In this article, for the first time, a classification of methods of identification methods of autoregressive model in the presence of additive noise was carried out. For real applied problems, each group of methods can be applied. We compared methods using the covariance matrix with each other. Our results showed that the algorithm [42] shows the best results with a large SNR. Algorithm 4 [52] shows the best results with a small SNR. These algorithms should be recommended for real applications and for generalization to wider classes of autoregressions.
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Figure 1. Autoregressive model in presence of an additive noise. 
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Figure 2. Classification of identification methods of the autoregressive model in presence of an additive noise. 
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Table 2. The mean values of the parameter estimates and their standard deviations (SNR = 10 dB).






Table 2. The mean values of the parameter estimates and their standard deviations (SNR = 10 dB).





	Algorithm
	       a ^    1      
	       a ^    2      
	       a ^    3      
	       a ^    4      
	NRMSE, %





	True value
	1.352
	−1.338
	0.662
	−0.240
	0



	OLS
	0.8303 ± 0.0144
	−0.5327 ± 0.0209
	−0.0361 ± 0.0216
	0.0404 ± 0.0151
	60.1221



	EIV (4) [7]
	1.3204 ± 0.3055
	−1.3227 ± 0.3601
	0.6599 ± 0.2471
	−0.2454 ± 0.0940
	21.7754



	EIV (7) [29]
	1.6131 ± 0.3535
	−1.6532 ± 3506
	0.8763 ± 0.2294
	−0.3079 ± 0.0744
	28.9508



	BCLSB (14) [35]
	1.3324 ± 0.1330
	−1.3086 ± 0.2290
	0.6382 ± 0.2157
	−0.2313 ± 0.1010
	14.6435



	Algorithm 1 [42]
	1.3525 ± 0.0516
	−1.3403 ± 0.0833
	0.6659 ± 0.0756
	−0.2426 ± 0.0347
	5.1482



	HOYW [44]
	1.3166 ± 0.3043
	−1.3176 ± 3606
	0.6567 ± 0.2476
	−0.2441 ± 0.0943
	21.8459



	Algorithm 2 [49]
	1.3274 ± 0.2169
	−1.3096 ± 0.3641
	0.6446 ± 0.3364
	−0.2387 ± 0.1518
	22.2355



	LHOYW [52]
	1.4201 ± 0.0019
	−1.4365 ± 0.0047
	0.7426 ± 0.0039
	−0.2675 ± 0.0009
	7.6275



	BCYW (52) [55]
	1.3284 ± 0.2077
	−1.3111 ± 0.3428
	0.6459 ± 0.3136
	−0.2390 ± 0.1403
	20.3441



	Algorithm 4 [56]
	1.3419 ± 0.0695
	−1.3220 ± 0.1142
	0.6490 ± 0.1027
	−0.2348 ± 0.053
	7.3265










 





Table 3. The mean values of the parameter estimates and their standard deviations (SNR = 2 dB).






Table 3. The mean values of the parameter estimates and their standard deviations (SNR = 2 dB).





	Algorithm
	       a ^    1      
	       a ^    2      
	       a ^    3      
	       a ^    4      
	NRMSE, %





	True value
	1.352
	−1.338
	0.662
	−0.240
	0



	OLS
	0.4024 ± 0.0149
	−0.1594 ± 0.0163
	−0.1738 ± 0.0158
	−0.0088 ± 0.0167
	86.0093



	EIV (4) [7]
	0.6150 ± 0.3984
	−0.5152 ± 0.4483
	0.1384 ± 0.3077
	−0.0875 ± 0.1452
	63.2662



	EIV (7) [29]
	0.4379 ± 7.1052
	−0.0213 ± 10.2881
	−0.2836 ± 7.4232
	0.0775 ± 2.5660
	164.9826



	BCLSB (14) [35]
	1.3901 ± 0.9373
	−1.5309 ± 1.6209
	0.9151 ± 1.5331
	−0.3999 ± 0.7552
	72.9827



	Algorithm 1 [42]
	0.8871 ± 0.4578
	−0.7499 ± 0.5773
	0.2369 ± 0.4189
	−0.1188 ± 0.1194
	47.7256



	HOYW [44]
	1.2206 ± 0.3978
	−1.1398 ± 0.4468
	0.4994 ± 0.3062
	−0.1810 ± 0.0940
	63.2722



	Algorithm 2 [49]
	0.7491 ± 0.2169
	−0.5096 ± 0.3641
	0.0104 ± 0.3364
	−0.1448 ± 0.1518
	62.6054



	LHOYW [52]
	1.2206 ± 0.0167
	−1.1398 ± 0.0376
	0.4994 ± 0.0263
	−0.1810 ± 0.0039
	16.8243



	BCYW (52) [55]
	0.6937 ± 0.3644
	−0.4694 ± 0.4268
	0.0055 ± 0.3044
	−0.0253 ± 0.1048
	65.4394



	Algorithm 4 [56]
	1.1101 ± 0.4342
	−1.0383 ± 0.5743
	0.4509 ± 0.4440
	−0.1806 ± 0.1561
	36.8427










 





Table 4. The mean values of the parameter estimates and their standard deviations (SNR = 20 dB).
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	Algorithm
	       a ^    1      
	       a ^    2      
	       a ^    3      
	       a ^    4      
	NRMSE, %





	True value
	1.6771
	−1.6875
	0.9433
	−0.3164
	0



	OLS
	1.4648 ± 0.0149
	−1.2803 ± 0.0308
	0.5586 ± 0.0332
	−0.1474 ± 0.0193
	24.1427



	EIV (4) [7]
	1.7190 ± 0.1479
	−1.7457 ± 0.2049
	0.9743 ± 0.1353
	−0.3247 ± 0.0549
	9.8148



	EIV (7) [29]
	1.7529 ± 0.1526
	−1.7936 ± 0.2006
	1.0036 ± 0.1280
	−0.3338 ± 0.0513
	10.4201



	BCLSB (14) [35]
	1.6739 ± 0.0755
	−1.6822 ± 0.1791
	0.9365 ± 0.1718
	−0.3131 ± 0.0778
	7.0760



	Algorithm 1 [42]
	1.6783 ± 0.0309
	−1.6900 ± 0.0606
	0.9435 ± 0.0593
	−0.3158 ± 0.0292
	2.9486



	HOYW [44]
	1.7175 ± 0.1475
	−1.7421 ± 0.2053
	0.9720 ± 0.1358
	−0.3237 ± 0.0552
	9.8148



	Algorithm 2 [49]
	1.7046 ± 0.0969
	−1.7430 ± 0.1912
	0.9949 ± 0.1838
	−0.3394 ± 0.0836
	9.8718



	LHOYW [52]
	1.7271 ± 0.0009
	−1.7644 ± 0.0035
	0.9988 ± 0.0032
	−0.3317 ± 0.0007
	4.6869



	BCYW (52) [55]
	1.6997 ± 0.0909
	−1.7332 ± 0.1791
	0.9855 ± 0.1718
	−0.3352 ± 0.0778
	8.9913



	Algorithm 4 [56]
	1.6524 ± 0.1428
	−1.6499 ± 0.1802
	0.9108 ± 0.1233
	−0.3034 ± 0.0418
	4.6391










 





Table 5. The mean values of the parameter estimates and their standard deviations (SNR = 1 dB).
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	Algorithm
	       a ^    1      
	       a ^    2      
	       a ^    3      
	       a ^    4      
	NRMSE, %





	True value
	1.6771
	−1.6875
	0.9433
	−0.3164
	0



	OLS
	0.4000 ± 0.0171
	−0.0431 ± 0.0149
	−0.1455 ± 0.0184
	−0.0467 ± 0.0162
	91.7162



	EIV (4) [7]
	0.8889 ± 0.3686
	−0.5655 ± 0.4908
	0.2604 ± 0.3316
	−0.1088 ± 0.1254
	61.0715



	EIV (7) [29]
	1.5291 ± 5.2170
	−1.8422 ± 8.9698
	1.1437 ± 6.2240
	−0.4428 ± 2.1471
	121.5477



	BCLSB (14) [35]
	2.1572 ± 4.2166
	−2.4245 ± 4.7201
	1.5139 ± 2.6912
	−0.4985 ± 1.1785
	107.8923



	Algorithm 1 [42]
	0.9887 ± 0.5611
	−0.7519 ± 0.7174
	0.2899 ± 0.4730
	−0.1397 ± 0.1176
	53.8710



	HOYW [44]
	0.8876 ± 0.3675
	−0.5632 ± 0.4893
	0.2598 ± 0.3300
	−0.1084 ± 0.1250
	61.1761



	Algorithm 2 [49]
	0.9634 ± 0.3572
	−0.5679 ± 0.4452
	0.0451 ± 0.3114
	−0.0042 ± 0.1227
	64.4071



	LHOYW [52]
	1.2751 ± 0.0283
	−1.0305 ± 0.0764
	0.4216 ± 0.0496
	−0.1458± 0.0063
	36.7759



	BCYW (52) [55]
	0.9178 ± 0.3897
	−0.5373 ± 0.4611
	0.0454 ± 0.3130
	−0.0147 ± 0.1216
	66.0065



	Algorithm 4 [56]
	0.7148 ± 0.3569
	−0.3291 ± 0.4349
	0.0438 ± 0.3003
	−0.0274 ± 0.0997
	76.3875










 





Table 6. The mean values of the parameter estimates and their standard deviations (SNR = 10 dB).
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	Algorithm
	       a ^    1      
	       a ^    2      
	       a ^    3      
	       a ^    4      
	NRMSE, %





	True value
	0.5515
	0.1550
	−0.5495
	0.6241
	0



	OLS
	0.4445 ± 0.0149
	0.1782 ± 0.0133
	−0.4296 ± 0.0157
	0.5165 ± 0.0149
	19.4050



	EIV (4) [7]
	0.5560 ± 0.0324
	0.1562 ± 0.0221
	−0.5488 ± 0.0273
	−0.6238 ± 0.0189
	4.6395



	EIV (7) [29]
	0.5570 ± 0.324
	0.1559 ± 0.0221
	−0.5499 ± 0.0273
	0.6242 ± 0.0188
	4.6543



	BCLSB (14) [35]
	0.8134 ± 2.1963
	0.0337 ± 1.0785
	−0.8059 ± 2.1474
	0.8889 ± 2.1919
	92.3074



	Algorithm 1 [42]
	0.5537 ± 0.0198
	0.1543 ± 0.0122
	−0.5496 ± 0.4730
	0.6265 ± 0.1176
	3.2570



	HOYW [44]
	0.5553 ± 0.0324
	0.1556 ± 0.0220
	−0.0204 ± 0.0275
	0.0183 ± 0.0189
	4.6420



	Algorithm 2 [49]
	0.5529 ± 0.0228
	0.1545 ± 0.0124
	−0.5488 ± 0.0230
	0.6257 ± 0.0214
	3.5900



	LHOYW [52]
	0.6013 ± 0.003
	0.1481 ± 0.0002
	−0.5995 ± 0.0003
	0.6618± 0.0002
	8.2081



	BCYW (52) [55]
	0.5526 ± 0.0235
	0.1545 ± 0.0125
	−0.5484 ± 0.0237
	0.6254 ± 0.0222
	3.6791



	Algorithm 4 [56]
	0.5481 ± 0.0259
	−0.1556 ± 0.0125
	−0.5435 ± 0.0278
	−0.6208 ± 0.0256
	4.1437










 





Table 7. The mean values of the parameter estimates and their standard deviations (SNR = −5 dB).
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	Algorithm
	       a ^    1      
	       a ^    2      
	       a ^    3      
	       a ^    4      
	NRMSE, %





	True value
	0.5515
	0.1550
	−0.5495
	0.6241
	0



	OLS
	0.0819 ± 0.0152
	0.0843 ± 0.0175
	−0.0407 ± 0.0161
	0.0467 ± 0.0144
	85.7338



	EIV (4) [7]
	0.4611 ± 0.1434
	0.1821 ± 0.1083
	−0.4576 ± 0.1343
	0.5824 ± 0.1011
	24.1453



	EIV (7) [29]
	0.5422 ± 0.1545
	0.1571 ± 0.1147
	−0.5383 ± 0.1402
	0.6132 ± 0.1121
	22.3391



	BCLSB (14) [35]
	1.8690 ± 22.339
	−1.2108 ± 17.448
	−1.6568 ± 17.564
	1.9414 ± 22.343
	809.2948



	Algorithm 1 [42]
	0.5059 ± 0.0632
	0.1619 ± 0.0561
	−0.5003 ± 0.0696
	0.5776 ± 0.0813
	13.7946



	HOYW [44]
	0.4604 ± 0.1434
	0.1810 ± 0.1022
	−0.4580 ± 0.1341
	0.5819 ± 0.1013
	24.1402



	Algorithm 2 [49]
	0.4936 ± 0.0704
	0.1622 ± 0.0572
	−0.4862 ± 0.0781
	0.5668 ± 0.1087
	64.4071



	LHOYW [52]
	0.4949 ± 0.0047
	0.1666 ± 0.0019
	−0.4915 ± 0.0049
	0.5787± 0.0045
	16.1890



	BCYW (52) [55]
	0.4739 ± 0.0890
	0.1624 ± 0.0524
	−0.4639 ± 0.0993
	0.5479 ± 0.1212
	18.7917



	Algorithm 4 [56]
	0.5904 ± 0.3096
	−0.1083 ± 0.1086
	−0.5783 ± 0.3153
	0.6432 ± 0.2518
	37.4179
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