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Abstract: In this paper, we examine the valuations of equity-indexed annuities (EIAs) when their
reference stocks distribute stochastic dividends. Due to the fact that stocks typically pay dividends at
discrete times after the payment dates are announced, pricing EIAs with dividends is deemed to be
practically significant. We directly model the discrete dividend payments using the jump diffusion
process with regime switching, and then determine the dynamics of the stock price. The equivalent
martingale measure of fair valuation in incomplete markets is determined by employing the Esscher
transform. Finally, the pricing formulas of several of the most common EIAs in the market under the
stochastic dividend model are obtained. Our model incorporates and extends the present literature
on EIAs with accurate and effective valuation methods.
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1. Introduction

Equity-linked annuities (ELAs) are a significant innovation in the insurance industry.
ELAs provide policyholders with insurance protection and an investment return from the
stock market. The most popular type of ELA is the equity-indexed annuity, which has
enjoyed record industry sales in a comparatively short time. EIAs are essentially equity-
linked contracts whose returns depend on the performance of an equity index, usually
the S&P 500. EIAs also have a minimum guarantee clause to eliminate the downside risk
for customers. Since EIA was first launched by Keyport Life Insurance Co in 1995, it has
not only gained great popularity in the market, but also received extensive attention from
scholars. Tiong [1] investigated the pricing of several common EIA product designs with
the use of the Esscher transform. Lin and Tan [2] studied the valuations of some prevalent
EIAs when the interest rates followed a mean-reverting diffusion process. Hainaut [3]
discussed the effect of stock market volatility clustering on the valuation and risk of EIA.
Shi and Zhang [4] utilized a Fourier transform approach to price path-dependent EIAs
under a time-varying Lévy process.

The product designs of EIAs may differ depending on the companies who sell them.
In this article, we discuss the pricing of point-to-point EIAs and annual reset EIAs, which
are the most common in the market. Both of these products earn the realized income of
the index (or other risk assets) with the prescribed participation in a certain period of time,
but the way they calculate returns is different. As in the literature mentioned above, most
research models the reference asset (such as stock) price directly and ignores dividend
payments. In practice, however, dividends are paid at discrete intervals of time, always
after the disclosure of the dates of the dividend payment. Therefore, the study of EIAs
pricing under the dividend situation has important application value. As pointed out by [5],
the dividend discounted model suggests that the reference stock price ought to equal the
present value of all future discrete dividend payments. Under the pricing measure in [5],
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we can acquire the price ex-dividend for a stock that distributes dividend D,, at time ¢, > ¢
under the real probability measure by

St = E; [2 e 70D, |, O]

ty>t

where 7 denotes the expected return on stocks. Thus, from this perspective, the stock price is
a derivative object. A more appropriate method is to directly model the discrete dividends
so that the stock price can be obtained from the dividend model. Numerous works have
also shown that it is suitable to study the derivatives pricing problem by modeling the
discrete dividend payments. Korn and Rogers [5] first introduced the geometric Brownian
motion (GBM) to model discrete dividend payments and got the option price in the Black-
Scholes setting. Kruse and Muller [6] derived analytic expressions for the American option
prices when the dividend process was governed by the GBM. Yan et al. [7] discussed the
valuation problem of an EIA under the assumption that dividends were announced and
paid at the same time. Shan et al. [8] extended the model in [5] and attained the pricing
formulas of European call option.

Regime-switching models have become extremely popular in derivatives pricing
during the last few years. Lin et al. [9] investigated the EIA valuation problems when the
reference stock was driven by a regime-switching GBM. Qian et al. [10] assumed that the
reference risky asset obeyed the stochastic process with regime switching and studied the
pricing of EIAs with stochastic mortality risk under this model. Qian et al. [11] applied the
local risk-minimization method to hedge EIAs when the stock followed a jump-diffusion
process with regime switching. Indeed, the change in the state of the economy has a
significant effect on the number of dividends distributed by the firm. Therefore, the regime-
switching model can also be employed to describe this feature (see [12-14]). Inspired by
the aforementioned works, we exploit the regime-switching jump diffusion process to
model the discrete dividend payments of reference stock. However, the market in our
model becomes incomplete due to the additional risk, which implies that there are many
martingale pricing measures. To explore fair valuation, we take into account the method of
Esscher transform (see, [15-17]) to find a martingale pricing measure.

In reality, when the underlying stock distributes a dividend, its amount is declared
prior to the dividend payment time. Therefore, the research on the pricing of EIAs in this
context is extremely valuable in the application of financial markets. This extends the
current literature on EIAs pricing. The key contributions of this article are outlined below.

(i) We replace the specific pricing measure in [5] with the general real probability measure
and obtain the dynamic of the reference stock price under the martingale pricing measure.

(i) We employ the Esscher transform to identify the unique martingale pricing measure
in the incomplete setting under the stochastic dividend model.

(iii) We derive the pricing formulas for the point-to-point EIA and the annual reset EIA
when the dividends are declared earlier than the payment time.

The remaining part of the article is organized below. Section 2 describes the dynamics
of the dividend model and identifies the unique martingale pricing measure by applying
the Escher transform. Section 3 presents the point-to-point EIA and annual reset EIA
pricing under the stochastic dividend model. The last section contains conclusions and
some potential works.

2. Literature Review

Here, we briefly review the literature on the valuation of EIAs. Much attention has been
paid to the pricing of EIAs in the Black-Scholes framework, including studies by [1,18,19].
These works examined the application of option pricing theory and its techniques to
EIAs valuation. To address the problem of volatile smiles, ref. [20] assumed that the
underlying asset price followed a variance-gamma process and derived analytical solutions
for EIAs with different product designs. Scholars also investigated the impact of alternative
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dynamics on the prices of EIAs. For example, refs. [3,10,21] examined the valuation of
various EIAs in a jump diffusion setting. Refs. [2,22,23] studied the problems of pricing
EIAs with stochastic interest rates and mortality risk, while [24,25] considered the EIAs
pricing with stochastic volatility. Regime switching models are more popular in pricing
EIAs in recent years. Ref. [9] discussed the valuation of EIAs when the market value
dynamic of the underlying asset is driven by a regime switching GBM. Meanwhile, the
Esscher transform was utilized to determine a pricing measure for fair valuation. Some
examples of EIA pricing under regime-switching models include [26-28]. Unlike the
Esscher transform, ref. [27] utilized the minimal martingale measure method to identify a
pricing measure. Ref. [4] used a Fourier transform approach to price path-dependent EIAs
under a time-varying Lévy process and utilized the minimal martingale measure method
to identify a pricing measure.

3. The Modeling Assumptions

Consider a complete probability space (), F, P), where P is the real-world probability
measure. We suppose that the economic states are modeled by a continuous-time Markov
chain {¢;} (o7 on (Q, F,P) with a state space 2". The state space of {{;}c| ) is a finite

set of unit vectors (eq,...ey), wheree; = (0,...1,...0) € RN. Here, we take the usual
practice of Elliott et al. [15] and give the following representation form of {G:};c(o,7:

t
&t = Co +/O Q¢sds + My, ()

where {M;}c(o1) is a martingale process with respect to the filtration generated by

{Ct}icporpand Q = (qij)i,jzl,...N is the rate matrix of {&; }c(o 77-

Assumes that the reference equity distributes dividends at equidistant times. Specifi-
cally, these dividends D; = X¢,..., Dy =X, ... paid at times0 < t; = h,...,t, =nh...,,
where {X; } (o, 7] is the dividend process described by the following jump diffusion process:

% = (4~ KA)dt + odW; + (7 —1)dNy, 3)

where Xg = xg, u < 7, {Wt}te[O,T] is a standard P-Brownian motion (P-BM), {A}c(o 7] is
the intensity of the Poisson process { N} (o 7] and {0t } (o 7] is the volatility of {Xi},c(o 7-
If the jump arrives at time ¢, the jump amplitude is controlled by Z; ~ N(j1,07) , where
o1 > 0. Thus, the percentage change in the dividend process is k = eM39 1. Write
(F7) e o,7) and (.7-"5) o] for the P-augmentations of the filtration generated by {S: } (o 1]
and {Ct}ec(o 1], respectively. Assume that for every t, {Z;} are i.i.d., and {Zt}ic(o 1),

{Nt}tejo 1), {GtHepo,r) and {Wt}te[O,T] are independent of each other. The parameters oy, A;
depend on the chain {{; }c(o,7), as follows:

O := <0', §t>/ At = <)L,§t>,

where o, A € RY, and (-, -) represents the inner product operation. Moreover, we can get
the same relation as [5]:

o t ot t
EX;/Xo = e"E {exp { / osdWs — % / O'SZdS + / Zs_dNg — / k)\sdsH = eM.
Jo 0 Jo 0

Assuming that dividends are announced and paid at the same time, the underlying
share price can be shown as

¢ ¢ _ ¢
Si = Soexp{/ (?—k)ts— ;asz>ds+/ ades—ir/ zsts}, )
0 0 0
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for t € ((m — 1)h, mh), where Sy = Xge~(F—#)mh (1 — e’(f”‘)h). Particularly, we have

S = S — Xonty = Spup_e” TN, ®)

This relational equation indicates that S,,;, is determined by S,,;;,_. That is, the absolute
amount of dividend payments is stochastic, but not their relative amount.

As mentioned earlier, our market model is incomplete, and thus, lots of martingale
pricing measures exist. Next, we employ the Esscher transform in [9,10] to find a martingale
pricing measure for fair valuation. Define Y1 = log 3 f . Then, we divide Y7 into a diffusive

process Y+ plus a pure jump process Y2, where

t 1 t . t
Yl = / (7 - k)\s - 0_52) ds + / O-SdWSI Y2 = / ZS*dNS’
Jo 2 0 Jo

For each t € [0, T], we write G = F; Sv F7. ¢ Then, the Esscher transform Q ~ P on G; with
respect to the regime-switching parameters (6} )tejo,1) and (67) 0,7y is given by

dQ’ B exp( Jiotay?! + [ eg,dYg)
P lg, Elexp( [y o1dYl + [y 62 dY?) | Ff]

t 2
—exp(/ 62 Z,_dN; — /As(e%%ﬁ%(@?ﬁ) —1>ds>
_ 1 2
~exp( /O olodW, — 5 /O (62cr) ds), ©)

where 0} = (6™,¢;), 0™ = (07,60%',...,00") € R", m = 1,2. Itis not difficult to verify that
the Radon-Nikodym derivative process A; is an exponential martingale.

According to fundamental theorem on asset pricing in refs. [29,30], the absence of arbi-
trage is equivalent to fulfilling the so-called martingale condition: there exists an equivalent
martingale measure, such that the discounted stock price is a martingale under that measure.
Let r denote the risk-free rate, as in refs. [31]; the martingale condition becomes

A=

Sp = EQ [Eirtst | go}, (7)

To further identify the parameters 6} and 6?, we adopt the view in refs. [31,32] that the
jump risk is diversifiable and not priced, which implies that 62 = 0. Then, we solve the
martingale condition by the following theorem.

Theorem 1. When the dividend payments of the reference asset follow a stochastic process, the mar-
tingale condition in (7) is valid if and only if

R ®)
Proof. By means of Bayes’ rule, we can obtain
Ele 552 | Gol
d
[ 10
t 1 t 1,2
_ 1 _ - 1 _ _ M1+ 50
SQE{exp(/O o (1+ 01 ) dw, 2/ (1+9) ds /(1 elrtiot) A ds
't t
+/ ZS_st+/ (eu1+%v$f1 s+ / rfrkastS}Uf)ds \ go)}
0 0
t
— 5 1.2
,Soexp(./o (r r—kAs + 0;0; —|—k/\s) )

EQ [e’”Sf ‘ go] =
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Hence, the martingale condition (7) is valid if and only if 6} = 5. Vice versa. This proves

o7
the theorem. [

Substituting the regime-switching parameter, A; can be rewritten as

_dQ B br—F 1 tr—7\?
AthlgtEXp</0 o dWS_ZO((TS)dS>' 9)

Applying the Girsanov’s theorem, Wy = W; + fot %ds is a standard Q-BM. So, the price of
reference stock under the martingale pricing measure Q is given by

? = (r — KA)dt + od W + (¢%- —1)dN:. (10)
t—

Indeed, the expected return of the stock under the equivalent martingale measure equals
the risk-free rate, so the assumption that 1 < r in [5] still holds.

Remark 1. Under the martingale pricing measure Q, when the discrete dividend payments of
reference asset follow a jump-diffusion process with regime switching, the discounted stock price
process {e~" S} is a martingale between the adjacent dividend payment time.

In practice, dividends of underlying stocks are always paid after the dates of their
payment are disclosed. To solve this, we adopt the view in [5], supposing that the divi-
dend distributed at time mh is declared at time (m — 1+ p)h and equals X, 1_,),, where
p € (0,1). From the declaration of a dividend to the date of dividend payment, the under-
lying stock price S; incorporates a deterministic part, reflecting the present value of the
next already known dividend. The stock price at this time is considered the sum of the
ex-dividend price and the evolution of the present value of the next dividend payment. So,
the dividends for this time interval are referred to as cum dividends. When we interpret
the announcement of the dividend as the payment of its present value at the announcement
time, then with D, 1, 1 Xone " "17P) wwe utilize the prior work to derive the ex-dividend
price of underlying stock as

Xpe— (r=m{(m+p)h—t}
1—e(r—mh

, (11)

and the cum-dividend price is given by
Sgum _ Sfx +X(m_l_‘rp)her(tf(mfler)h), (12)
fort € ((m—1+p)h,mh). Fort € ((m —1)h, (m — 1+ p)h), the stock price as follows

Xpe~ (r={(m=1+p)h—t}

St 1—e(r=wh (13)
In particular, we can get the following relational equation, similar to (5),
Sy = Sy — Xmh = S, e~ 1Pk, (14)

In particular, p = 1 indicates that the dividends are declared and paid at the same time.

From (6), the martingale pricing measure gained through the Esscher transform is
also applicable to the case where the dividends are declared earlier than the payment time.
The reference stock price in this case is then given by the below theorem.
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Theorem 2. When the dividend payments of the reference asset follow a jump-diffusion process
with regime switching, the price of discounted stock {e~"'S;} is a martingale between the adjacent
dividend announcement and dividend payment time.

Xoe—(r—;z)(m—ler)h

Proof. If t € ((m —1)h, (m + p)h), let Sy = ==———5—, then the price of discounted

stock is given by

t t t
e S =8 exp { / (—kAs — %Usz)ds —|—/ o dWs —l—/ stNs}. (15)
0 0 0

Xge~ =)+

Ift € ((m—1+p)h,mh), we write S, = S ——— )h; the price of discounted stock can be

described by
t t t
e S =5, exp { /0 (—kAs — %af)ds + /0 0sdWys —s—/o Zs,st} + X(m_1+p)h€7’(m*1+p)h, (16)

With the definition of exponential martingale, we can quickly determine that the price of
discounted stock (15) and (16) are Q- martingales. This completes the proof. [J

4. Pricing EIAs

In this section, we introduce two common EIA designs and pricing formulas when
the dividends are declared earlier than the payment time. In order to make our model
more suitable for the actual market, we also take the mortality risk of the policyholder
into consideration.

4.1. Pricing the Point-to-Point Design EIA

Suppose that the initial premium be 1, thus the contingent claim Cp, () can be ex-
pressed as
Cpp(t) = max{min(e*¥t, eft), e}, (17)

where « is the participation rate, which is usually less than or equal to 1, 8 is the upper
limit rate that indicates the maximum annualized rate that can be credited, and y(< B) is
the guaranteed minimum return during the entire contract period. As in [9], we denote
k(x) as the future lifetime of the policyholder at age x. We suppose that x(x), S; and §; are
independent of each other. We also assume that T is an integer, and if the insured survives
after maturity time, the policy will pay Cpp(T); if the insured died in (t —1,t],t < T,
the insurer will pay Cp(t). For ease of expression, the following standard actuarial notation
will be used: ¢px = P(x(x) > t) represents the probability that a x-year-old human lives to
agex +t,and iqx =1 — ¢px.

Theorem 3. Under the martingale pricing measure Q, when the dividend payments of the reference
asset obey a jump-diffusion process with regime switching, the time-zero price of T-annual maturity
point-to-point EIA Py, (So, T; ) is as follows

(i) When T € ((m —1)h, (m+ p)h),

—Jy Asds fT/\ ds)"
© € 0 sas
Ppp(So, T; &) =Eqg|e ™" Y ( )

n=1

p_y Y(0,T)| X 7p«

o e JoAsds (fot )Lsd5> !
F(0,) | X t—1PxGxti-1, (18)

T
+ Z EQ €_rt "
t=1 n=1 n:
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where

¥(0,) = 7 D(dy) + ePp(dy) + o118 et Ik )5 ([ etds k) g )

. r_ fot (r— 102 — k)ts)ds — nyy
1= ,

q/fot 02ds + no?

Lt [y (r - 302 kA

\/ fot o2ds + no?

B R (402 - ) ds i a(fo2ds + )
3= ,

\/ Jo 02ds + no?

R e )

\/ Jo 02ds + no?

ds + npy

N—

dy =

~

dg =

(i) When T € ((m — 1+ p)h, mh),

N Jo Asds (fOT /\sds)n ~
Ppp(S(), T; C) = EQ e’ Z 1IJ(O, T) X TPx

n=1

n!

w0 ¢~ JoAsds (fot /\sds>n

! qj(o/ B | X t-1PxGxrt-1, (19)

T
+ 2 EQ e*?’t
t=1 n=1

where
‘?(0, t) = e"®(dy) + eﬁtCD(dz) i etx(rt—fot Jo2ds— [, k/\sds—(r—y)h—&-nyl)—&-%(fot aszds—n(rlz) [D(ds) — D(ds)),

; %t—f0t<r—%asz—k)»s)ds—k(r—y)h—nyl
1= ,
[y 03ds + no?

%ﬁt+f0t<r—%asz—k)\s ds — (r — w)h +nuy

\/ fy 02ds + no?

] % —fot(r— %Jsz—k/\s)ds—l—(r—y)h—n‘ul —a(f()ttfszds+n(712)
3= /

\/ Jo o2ds + no?
lt—f(r—laz—k)\)ds%—(r— Yh—n —tx(ftazds—i-naz)
« —Jo 295 s " ! 07 1

\/fot 02ds + no?

Proof. For (i), when T € ((m — 1)h, (m + p)h),

S
N
|
~—

Sy T 1, T T
Yr =log g :/0 (r—kAs — E¢rs)ds+/0 (deWs—i—/O Zs_dN;. (20)
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The time-zero price of this policy under the equivalent martingale measure Q is
T
Pop(So0, T;€) = Eq e TCop(T)I(x(x) > T)| + Y Eq[e™""Crp(T)I(t 1 < x(x) < )]
t=1

T
= Eq [E_VTCPP(T)} X rpx+ Y Eqle "Cpp(t)] X t—1PxGrtt—1. (21)
t=1
Substituting for (20), we have
Eqle ™" Cpp(T)] = Eq [Eq[e™""Crr(T) | Go |
= EQ _e_rTEQ |:€7TI(YT < %T) | g0:|:| + EQ |:E_rTEQ |:65TI(YT > éTT) | g0:|:|
+Eq|e " TEg [T I(7T < aYr < BT) | Go|]

o o I A5 ([T 2sds)”

n!

~ o (d)

efrTe'yT
n=1

co ¢ Jo Asds Thsd !
e Jo sas
+ EQ e TTePT Z <f0 )

n=1

p @(dy)

2

+Eqg l:e—rTE”‘(ng(”*%‘Zg*k)‘ﬁ)dSJf”lil) +% (fOT lfszdel’llle)

o= Jo Asds (fOT /\sds) !

n!

e

(®(d3) — D(dy)] |- (22)

n=1

Then, (18) comes immediately from (21) and (22). For (ii), when T € ((m — 1+ p)h, mh),

S _ X _ e—r[(m—1+p)h—T]
Yr = log ST~ Xon-trpin
S
T 1, T T
:/O (r—k/\s—ias)ds—(r—y)h—i—/o asdws+/o Z,_dN. (23)

According to the proof of (i), it is not difficult to get (19). Thus, the theorem’s proof is
finished. [

Let J; indicates the occupation time of {‘st}te[o,T] in state e; over the time horizon [0, T].
Then,

T N

P [ Asds = Yonil 4
0 i=1
T N

Up — /0 o2ds = Y o2 (25)
i=1

Write ] = (1, J2, . - ., Jn) for the vector of occupation times. Let B denote a diagonal matrix
consisting of the elements in the vector { = ({1,(2,...,{n) as its diagonal. For any ¢,
the characteristic function of | under Q is

Elexp(i(¢, 1)) | Gol = (exp[(Q +iB)T]Go, 1), (26)

wherei = /~1,1= (1,1,...,1) € RN. Let ¢(J, Jo, ..., Jn) denotes the joint probability
distribution for the occupation times | = (J1, J, ..., Jn)- Note that ¢(J1, J2, ..., Jn) can be
completely determined by the characteristic function.
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For (i), when T € ((m —1)h, (m + p)h), the time-zero price of the point-to-point design
EIA (18) becomes

Pop(S0.T28) = [ V(S0 AR Un 01, T I)dhdla -]y X s

T

- t; /[o,ﬂ

V(S0 AL UL Co)pUn T2, - IN)ATd]2 - AN X 1—1Pxlari-1, (27)

where ¥ .,
o — /\*
V(So,Af, Ui o) =T Y &)

n=1

Y0, T), (28)

* 0(2
¥(0,T) = e"TD(dy) + ePTD(dy) + T 2Ur—kAptmpn )+ (Ur—n0t) (p(dy) — B(dy)],

14

dy = ,
\/UT+710'12

_T[;TnLrT—%UT—k/\’%—i-nyl

\/Ur + no?

p %T—rT—i—%UT—i—kA}—nyl—oc(LIT+nal2)
3= ’

\/Ur + no?
T

p L — T+ JUr + kA% — npy — a(Ur + no?)
4= .

\/Ur + no?

For (ii), when T € ((m — 1+ p)h, mh), the time-zero price of the point-to-point EIA
(19) becomes

aT _ (rT —lup - kA?) —npy

Ppp(S0, T; ) = /[0 - V(So, Ay, Ur, &0)¢UJ1, Ja, - -, IN)A1d 2 . .. d]N X TPx

T ~
+ Z/ V(So, AL, U, 80)p (i, T2, IN)A1A]2 - o d]N X -1 PxGxsi—1, (29)
=170,V

where

_ 0 ,—AX Ax n
V(So, )\#7:/ UT,' 60) = e*i’T Z ‘ TI/E| T) \F(Or T)/ (30)
n=1 :

F(0,T) = " d(dy) +€ﬁTq)(d2) +elx(rTf%UTfk)L’%f(rfy)h+n]/l1)+%(UT7H(712)[(D(d3) — O (dy)],
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V‘X—T - (rT— %UT—k/\}) +(r—u)h—nm

dy = ,
\/ Ur + no?

%ﬂT+rT—%UT—k/\’T—(r—y)h+ny1

dy = N

i — i—T—rT—l—%UT—I—k)\,T—I—(T—V)h—ﬂVl—DC(UT‘F"OHZ)I
Uy + no?

ds — %T—rT—I—%UT—l—kA/T—l-(?’—}i)h—?’l}ll—“(UT“‘”‘T%).

\/UT-I-VlO'lz

4.2. Pricing the Annual Reset EIA

With this policy, its payoffs are modified or reset each year. The return for one unit of
such EIA in year ¢ is as follows

t 3
Cor(t) = Hmax{min(e"‘yi,eﬁt),eﬁ}, (31)
i=1

where Y; = Y (i) — Y(i — 1). Just like the point-to-point EIA, the variable Y (i) in the expres-
sion above has several forms, including the forms defined in (20) and (23). The valuations
of these EIAs are similar to the pricing used in the point-to-point EIA. Meanwhile the
return of the annual ratchet EIA is same for Theorem 3, except it replaces Cp, (t) with Cyr(t).
According to the independence between mortality risk and financial risk, the time-zero
prices of the annual ratchet EIA with maturity T years under the pricing measure Q are
as follows

when T € ((m —1)h, (m+ p)h),

T
P(So,T; &) = Eq [e*’TCW(T)I(K(x) > T)] + Y Egle ""Car()I(t—1 < x(x) <t)]
t=1

T
=Eg [efrTCar(T)] Px+ ) Eg [e 7" Car(t)]t—1Px X Gx4—1, (32)
=1

when T € ((m — 1+ p)h, mh),
T
P(SOI T; gO) =Eq [eirTCar(T)} TPx + Z Eqg [eirtcur(t)} t—1Px X x4t-1- (33)
t=1

5. Discussion and Recommendation

This paper extends the results of [5]. Although the dividend process is drawn by an
exponential Lévy process, we generalize the diffusion process to a jump diffusion process
with regime switching. Regime-switching models have the advantage of flexibility in
describing the effects of structural changes in economic conditions and have been applied
to a variety of practical problems in finance and insurance. We also use the Esscher
transform to obtain a concrete pricing measure. Different from the assumption in [7], where
dividends are declared and paid at the same time, we obtain the pricing formulas for the
point-to-point EIA and the annual reset EIA in the case where dividends are declared earlier
than the time of payment. It is clear that our results are more consistent with the reality of
market transactions.
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6. Conclusions

In this paper, we investigate the valuation of point-to-point EIA and the annual reset
EIA when the dividend process of their reference stock is driven by the jump diffusion
model with regime switching. Instead of the approach of modeling the risky assets directly,
this paper starts by modeling the dividend process. Our results fully take into account
the impact that dividends have on the pricing of EIAs. The stock usually pays dividends
at discrete times after the payment dates are announced. Therefore, it is more practically
useful to consider the pricing of EIAs when dividends are declared earlier than they
are paid.

Although the pricing formulas are well derived mathematically under the proposed
model, there are several limitations in this article. Therefore, we present the following
research directions to overcome these limitations. First, since EIA itself is a long-term
derivative instrument, it is unreasonable to assume that interest rates will remain constant
for such a long time. Thus, it is necessary to consider the pricing of EIAs under stochastic
dividends and interest rates. Second, the number of dividends per distribution of the risky
asset is not constant. In addition to the jump diffusion process, we can also try to use the
stable process to describe the dividend process. The large and small jump parts of the stable
process can portray the variation of dividends more carefully. Third, the occurrence of
dividend jumps in the price process of risky assets makes pricing various path-dependent
derivatives an interesting problem. For example, pricing the barrier option under stochastic
dividends is a challenging problem. Because the number of dividends affects the timing of
the exercise, it is tricky to carve out the joint distribution of the dividend process and the
stopping time. The above issues will be considered in our future research.

Author Contributions: Conceptualization, Y.S.; methodology, Y.S. and H.Y.; validation, H.S.; for-
mal analysis, Y.S. and H.Y.; resources, H.S.; writing—original draft preparation, Y.S. and H.Y.;
writing—review and editing, Y.S., H.S. and H.Y.; supervision, H.S.; funding acquisition, H.S. All
authors have read and agreed to the published version of the manuscript.

Funding: This research was funded by the National Natural Science Foundation of China (grant
numbers 62073071, 12101004), the Fundamental Research Funds for the Central Universities and
Graduate Student Innovation Fund of Donghua University (grant number CUSF-DH-D-2022078).

Data Availability Statement: Not applicable.

Acknowledgments: The authors are very grateful to the editor and the anonymous reviewers for
their valuable comments and suggestions, which have greatly improved the presentation of the paper.

Conflicts of Interest: No potential conflict of interest was reported by the authors.

References

1.  Tiong, S. Valuing equity indexed annuities. N. Am. Actuar. ]. 2000, 4, 149-163. [CrossRef]

2. Lin, S.D,; Tan, K.S. Valuation of equity-indexed annuities under stochastic interest rates. N. Am. Actuar. ]. 2003, 7, 72-91.

3.  Hainaut, D. Impact of volatility clustering on equity indexed annuities. Insur. Math. Econ. 2016, 71, 367-381. [CrossRef]

4. Shi, B.X,; Zhang, Z.M. Pricing EIA with cliquet-style guarantees under time-changed Lévy models by frame duality projection.
Commun. Nonlinear Sci. 2021, 95, 105651. [CrossRef]

5. Korn, R.; Rogers, L.C.G. Stocks paying discrete dividends: Modelling and option pricing. J. Deriv. 2005, 13, 44-49. [CrossRef]

6. Kruse, S.; Muller, M. A summary on pricing American call options under the assumption of a lognormal framework in the
Korn-Roges model. Bull. Malays. Math. Sci. Soc. 2012, 35, 573-581.

7. Yan, H.H.; Shu, H.S.; Kan, X. Pricing equity-indexed annuities when discrete dividends follow a Markov modulated jump
diffusion model. Commun.-Stat.-Theory Methods 2015, 44, 2207-2221. [CrossRef]

8. Shan, Y.C.; Yi, H.R.; Zhang, X K.; Shu, H.H. Option pricing under a Markov-modulated Merton jump-diffusion dividend.Commun.-
Stat.-Theory Methods 2021, 1-18. [CrossRef]

9. Lin, S.D,; Tan, K.S.; Yang, H. Pricing annuity guarantees under a regime-switching model. N. Am. Actuar. J. 2009, 13, 316-338.
[CrossRef]

10. Qian, L.Y.; Wang, RM.; Wang, S. Valuation of equity-indexed annuities with regime-switching jump diffusion risk and stochastic

mortality risk. Sci. China Math. 2012, 55, 2335-2346. [CrossRef]


http://doi.org/10.1080/10920277.2000.10595945
http://dx.doi.org/10.1016/j.insmatheco.2016.10.009
http://dx.doi.org/10.1016/j.cnsns.2020.105651
http://dx.doi.org/10.3905/jod.2005.605354
http://dx.doi.org/10.1080/03610926.2013.819922
http://dx.doi.org/10.1080/03610926.2021.1928205
http://dx.doi.org/10.1080/10920277.2009.10597557
http://dx.doi.org/10.1007/s11425-012-4524-6

Mathematics 2023, 11, 603 12 of 12

11.
12.
13.
14.
15.

16.
17.

18.

19.
20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.
31.

32.

Qian, L.Y.; Wang, W.; Wang, N.; Wang, S. Pricing and hedging equity-indexed annuities via local risk-minimization. Commun.
Stat.-Theory Methods 2019, 48, 1417-1434. [CrossRef]

Yan, H.H.; Chen, Q.H.; Shu, H.S. Option pricing based on a regime switching dividend process. Commun. Stat.-Theory Methods
2020, 49, 5964-5974. [CrossRef]

Sakkas, E.; Le, H. A Markov-modulated model for stocks paying discrete dividends. Insur. Math. Econ. 2009, 3, 19-24. [CrossRef]
Graziano, G.D.; Rogers, L.C.G. Equity with Markov-modulated dividends. Quant. Financ. 2009, 9, 19-26. [CrossRef]

Elliott, R.J.; Siu, T.K. A generalized Esscher transform for option valuation with regime switching risk. Quant. Financ. 2022,
22,691-705. [CrossRef]

Lian, Y.M.; Chen, J.H. Valuation of chooser options with state-dependent risks. Financ. Res. Lett. 2023, 52, 103527. [CrossRef]
Willmot, G.E.; Woo, ] K. Remarks on a generalized inverse Ggaussian type integral with applications. Appl. Math. Comput. 2022,
430, 127302.

Hardy, M.R. Investment Guarantees: Modeling and Risk Management for Equity-Linked Life Insurance; John Wiley & Sons: Hoboken,
NJ, USA, 2003.

Lee, H. Pricing equity-indexed annuities with path-dependent options. Insur. Math. Econ. 2003, 33, 677-690. [CrossRef]
Jaimungal, S. Pricing and Hedging Equity Indexed Annuities with Variance-Gamma Deviates. 2004. Preprint. Available online:
http:/ /www.utstat.utoronto.ca/sjaimung/papers/eiaVG.pdf (accessed on 15 December 2022).

Sharma, N.; Pasricha, P; Selvamuthu, D. Valuation of equity-indexed annuities under correlated jump-diffusion processes.
J. Comput. Appl. Math. 2021, 395, 113575. [CrossRef]

Kijima, M.; Wong, T. Pricing of ratchet equity-indexed annuities under stochastic interest rate. Insur. Math. Econ. 2007, 41, 317-338.
[CrossRef]

Qian, L.; Wang, W.; Wang, R; Tang, Y. Valuation of equity-indexed annuity under stochastic mortality and interest rate. Insur.
Math. Econ. 2010, 47, 123-129. [CrossRef]

MacKay, A. Pricing and Hedging Equity-Linked Products under Stochastic Volatility Models. Ph.D. Thesis, Concordia University,
Montréal, QC, Canada, 2011.

Cui, Z.; Kirkby, J.L.; Nguyen, D. Equity-linked annuity pricing with cliquet-style guarantees in regime-switching and stochastic
volatility models with jumps. Insur. Math. Econ. 2017, 74, 46-62. [CrossRef]

Yuen, EL.; Yang, H. Pricing Asian options and equity-indexed annuities with regime-switching by trinomial tree method. N. Am.
Actuar. J. 2010, 74, 256-277. [CrossRef]

Fan, K,; Shen, Y;; Siu, T.K.; Wang, R. Pricing annuity guarantees under a double regime-switching model. Insur. Math. Econ. 2015,
62, 62-78. [CrossRef]

Kolkiewicz, A.W,; Lin, FS. Pricing surrender risk in ratchet equity-index annuities under regime-switching Lévy processes.
N. Am. Actuar. |. 2017, 21, 433-457. [CrossRef]

Harrison, ].M.; Pliska, S.R. Martingales and stochastic intergrals in the theory of continuous trading. Stoch. Proc. Appl. 1981,
11, 215-280. [CrossRef]

Deblaen, F,; Schachermayer, W. A general version of the fundamental theorem of asset pricing. Math. Ann. 1994, 300, 463-520.
Elliott, RJ.; Siu, TK.; Chan, L.L.; Lau, ].W. Pricing options under a generalized Markov-modulated jump-diffusion model. Stoch.
Anal. Appl. 2007, 25, 821-843. [CrossRef]

Merton, R.C. Option pricing when underlying stock returns are discontinuous. J. Financ. Econ. 1976, 3, 125-144. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1080/03610926.2018.1433848
http://dx.doi.org/10.1080/03610926.2019.1625920
http://dx.doi.org/10.1016/j.insmatheco.2009.02.005
http://dx.doi.org/10.1080/14697680802036168
http://dx.doi.org/10.1080/14697688.2021.2005251
http://dx.doi.org/10.1016/j.frl.2022.103527
http://dx.doi.org/10.1016/j.insmatheco.2003.09.006
http://www.utstat.utoronto.ca/ sjaimung/papers/eiaVG.pdf
http://dx.doi.org/10.1016/j.cam.2021.113575
http://dx.doi.org/10.1016/j.insmatheco.2006.11.005
http://dx.doi.org/10.1016/j.insmatheco.2010.06.005
http://dx.doi.org/10.1016/j.insmatheco.2017.02.010
http://dx.doi.org/10.1080/10920277.2010.10597588
http://dx.doi.org/10.1016/j.insmatheco.2015.02.005
http://dx.doi.org/10.1080/10920277.2017.1302804
http://dx.doi.org/10.1016/0304-4149(81)90026-0
http://dx.doi.org/10.1080/07362990701420118
http://dx.doi.org/10.1016/0304-405X(76)90022-2

	Introduction
	Literature Review
	The Modeling Assumptions
	Pricing EIAs
	Pricing the Point-to-Point Design EIA
	Pricing the Annual Reset EIA

	Discussion and Recommendation
	Conclusions
	References

