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Abstract: An optimal control for a dynamical system optimizes a certain objective function. Here,
we consider the construction of an optimal control for a stochastic dynamical system with a random
structure, Poisson perturbations and random jumps, which makes the system stable in probability.
Sufficient conditions of the stability in probability are obtained, using the second Lyapunov method,
in which the construction of the corresponding functions plays an important role. Here, we provide a
solution to the problem of optimal stabilization in a general case. For a linear system with a quadratic
quality function, we give a method of synthesis of optimal control based on the solution of Riccati
equations. Finally, in an autonomous case, a system of differential equations was constructed to
obtain unknown matrices that are used for the construction of an optimal control. The method using
a small parameter is justified for the algorithmic search of an optimal control. This approach brings
a novel solution to the problem of optimal stabilization for a stochastic dynamical system with a
random structure, Markov switches and Poisson perturbations.

Keywords: optimal control; Lyapunov function; system of stochastic differential equations; Markov
switches; Poisson perturbations

MSC: 60]25; 93C73; 93E03; 93E15

1. Introduction

The main problem considered in this paper is the synthesis of an optimal control for a
controlled dynamical system, described by a stochastic differential equation (SDE) with
Poisson perturbations and external random jumps [1,2]. The importance of this problem
is linked to the fact that the dynamics of many real processes cannot be described by
continuous models such as ordinary differential equations or Ito’s stochastic differential
equations [3]. More complex systems include the presence of jumps, and these jumps can
occur at random T, k > 1, or deterministic time moments, t,,,m > 1. In the first case,
the jump-like change can be described by point processes [4,5], or in a more specific case
by generalized Poisson processes, the dynamics of which are characterized only by the
intensity of the jumps. The jumps of the system at deterministic moments of time, t;,, can
be described by the relation:

Bx(tur) = x(tw) = x(tu—) = (..., M

where x(t),t > 0, is a random process describing the dynamics of the system, the function
g is a finite-valued function that reflects the magnitude of a jump which depends on time
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t and process x in the time t;—. According to the works of Katz I. Ya. [1], Yasinsky
VK., Yurchenko I.V. and Lukashiv T.O. [6], the description of jumps at deterministic time
moments, ¢, are quite accurately described using the Equation (1). It allows a relatively
simple transfer of the basic properties of stochastic systems of differential equations without
jumps (g = 0) to systems with jumps. Such properties, as will be noted below, include
the Markovian property, x(f),t > 0, concerning natural filtering, and the martingale
properties, ||x(t)||?,t > 0[7,8]. It should be noted that the description of real dynamical
systems is not limited to the Wiener process and point processes (Poisson process). A more
general approach is based on the use of semimartingales [9]. The disadvantage of this
approach is that it is impossible to link it with the methods used for systems described
by ordinary differential equations or stochastic Ito’s differential equations. The second
approach to describe jump processes, x(t), is based on the use of semi-Markov processes,
considered in the works of Korolyuk V.S. [10] and Malyk I.V. [2,11]. In particular, the works
of Malyk L.V. are devoted to the convergence of semi-Markov evolutions in the averaging
scheme and diffusion approximation. The results derived in these works together with
the results of the works on large deviations (e.g., [12]) can also be used to investigate the
considered problems.

Since we consider generalized classical differential equations, the approaches used will
also be classical. The basic research method is based on the Lyapunov methods described
in the papers by Katz I. Ya. [1] and Lukashiv T.O. and Malyk L.V. [13]. It should be noted
that the application of this method makes it possible to find the optimal control for linear
systems with a quadratic quality functional, which also corresponds to classical dynamical
systems [14].

It should be noted that a large number of works are devoted to the issues of stability of
systems with jumping Markov processes. For example, the works [15,16] consider sufficient
conditions for the stability of Ito stochastic differential equations with Markov switching
and the presence of variable delay. In the work [15], this theory has gained logical use for
modeling neural networks with a decentralized event-triggered mechanism and finding
sufficient conditions for stabilizing the process that describe dynamic of the neural net-
work. Note that the authors of this work also considered systems of stochastic differential
equations in which the deterministic term near dt is quasi-linear; that is, the linear compo-
nent plays the main role in this research. This assumption of quasi-linearity allows, with
additional conditions on the value of the nonlinear part, the discovery of sufficient stability
conditions of the x(t), t > 0, by constructing suboptimal control u(t),t > 0. Similar results
were obtained also in the work [16], where authors described an algorithm of stabilization
by construction of the non-fragile event-triggered controller for Ito stochastic differential
equations with varying delay. The authors chose a specific class of admissible controls,
which makes it possible to solve the optimization problem for finding a suboptimal control.

The structure of the paper is as follows. In Section 2, we consider the mathemat-
ical model of a dynamical system with jumps. It is described by a system of stochas-
tic differential equations with Poisson’s integral and external jumps. Sufficient condi-
tions for the existence and uniqueness of the solution of this system are given there. In
Section 3, we investigate the stability in probability of the solution x(t),t > 0. In this
section, we consider the notion of the Lyapunov function and prove the sufficient condi-
tions for stability in probability (Theorem 1). The algorithm for computing the quality
functional, J,(y, h, xo), from the known control, u(t), is given in Section 4. Moreover, we
further present sufficient conditions for the existence of an optimal control (Theorem 2),
which are based on the existence of a Lyapunov function for the given system. Section 5
considers constructing an optimal control for linear non-autonomous systems via the coef-
ficients of the system. The optimal control is found by solving auxiliary Ricatti equations
(Theorem 3). For the analysis of linear autonomous systems, we consider the construction
of a quadratic functional. Finally, we formulate sufficient conditions of existence of an
optimal control (Theorem 4), and present the explicit form of such a control in the case of a
quadratic quality functional.
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2. Task Definition

On the probability basis (Q, §, F, P) [7], consider a stochastic dynamical system of a ran-
dom structure given by Ito’s stochastic differential Equation (SDE) with
Poisson perturbations:

dx(t) = a(t—,&(t—), x(t—), u(t—))dt+

+b(t—,&(t—), x(t—), u(t—))dw(t)+

[ (elt= (=), (=), u(t=),2))(dz, dt), ¢ € RAK, @
Rn’l
with Markov switches

ax(t)] = g(ti= &) o x(t)), b€ K= {tu 1} ©)

t=ty

for lim t, = +oco and initial conditions
n——+4o00

x(0)=x €eR", ¢0)=ye€Y,no=hecH. 4)

Here, ¢(t),t > 0, is a homogeneous continuous Markov process with a finite number of
states Y := {y1,...,yn} and a generator Q; {#, k > 0} is a Markov chain with values in
the space H and the transition probability matrix Py; x : [0, +00) x QO — R™; w(t) is an
m-dimensional standard Wiener process; V(dz, dt) = v(dz,dt) — Ev(dz,dt) is a centered
Poisson measure; and the processes w, v, ¢ and # are independent [3,7]. We denote by

Fi, = 0(E(s),w(s),v(s, %), 1e,s < by te < b

a minimal o-algebra, with respect to which () is measurable for all ¢ € [0, t;] and 7, for
n <k

The process x(t),t > 0 is cadlag and the control u(t) := u(t, x(t)) : [0, T] x R™ — R™
is an m-measure function from the class of admissible controls U [14].

The following mappings are measurable by a set of variablesa : Ry x Y x R x R"™ —
R",b: Ry xYXxR" XxR" - R" xR", c: Ry XY XxR" xR" x R" — R" and function
g: Ry xY xH xR" — R" satisfies the Lipschitz condition

la(t,y,xq,u) —a(t,y,xo,u)| + |b(t,y,x1,u) — b(t,y,x2,u)|+

+ / le(t,y, x1,u,2) —c(t,y, xp,u,2)|I1(dz)+
]Rm
+g(ty, h,x1) — g(t,y, b, x2)| < Llx1 — x2, ®)
where I1(dz) is defined by Ev(dz,dt) = I1(dz)dt, L > 0, x1,x; € R" forVt > 0,y € Y,
h € H, and the condition

\a(t,y,O,u)|+\b(t,y,O,u)|+/ le(t,y,0,u, 2)|T1(dz)+
]Rm
+18(ty,h,0)| < C < oo, (6)

The conditions defined above, with respect to the mappings a, b, c and g, guarantee the
existence of a strong solution to Equations (2)—(4) with the exact stochastic equivalence [13].
Let us denote
Pi((y,h,x), T xGxC):=

1= P(&(tkg1), k1, X (1) € T X G X C(G(8), i x(8)) = (v, 1, %))
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the transition probability of a Markov chain (&(#), 7, x(t¢)), determining the solution to
the Equations (2)—(4) x(t), at the k-th step.

3. Stability in Probability

Here we used the definitions from classical works in this area [14,17].

Definition 1. The discrete Lyapunov operator (lvy)(y, h, x) on a sequence of measurable scalar
functions vi(y,h,x): Y x H x R™ — R,k € NU {0} for SDE (2) with Markov switches (3) is
defined by the equation:

(o) (y, I, x) = / Py ((y,h, ), du x dz x dl)ogar (1,2,1) — vy, b, x),k > 0. (7)
YxHxR™

When applying the second Lyapunov method to the SDE (2) with Markov switches (3),
special sequences of the above mentioned functions vy (y, h, x),k € N are required.

Definition 2. The Lyapunov function for the system of the random structure (2)—(4) is a sequence
of non-negative functions {vi(y, h, x), k > 0}, for which

1. forallk >0,y € Y,h € H,x € R™ the discrete Lyapunov operator is defined (1vy ) (y, h, x) (7);
2. forr — o0
o(r) = inf oy (y,h,x) = 4o
keNyey,
heH,|x|>r

3. forr—0
o(r) = sup vy (y,h,x) =0,
keNyey,
heH,|x|<r

Moreover, 5(r) and v(r) are continuous and strictly monotonous.

Definition 3. Let us call a system of random structure (2)—(4) stable in probability on the whole,
and if for Ve1 > 0,e2 > 0 one can specify, as 6 > 0, that from the inequality |x| < & follows
the inequality

PSsuplx(t)| > e p < & 8)
t>0
forallxo e R,y € Y,h € H.

To solve the Equations (2)—(4) in the intervals [t, f; 1), the following estimate takes place.
Lemma 1. Let the coefficients of Equation (2), a, b, c and function g, satisfy the Lipschitz condition (5)

and the uniform boundedness condition (6).
Then, for all k > 0, the inequality for the strong solution of the Cauchy problem (2)—(4) holds

E{ sup x(f)|2} < 7[E|x(tk)|2 +3C (b — fk)] X

B <t<ti

X eXP{7L2((tk+1 —t) + 8)},t € (t teg1)- )

Proof of Lemma 1. Using the integral form of the strong solution of Equation (2) [8], for
all t € [ty, ty1), ty > 0, the following inequality is true:

()] < [x(t)] +/t:|ﬂ(T,§(T),x(T)/u(T)) —a(7,8(7),0,u(7))|dT+
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+/|”(T/§(T),0,u(r))\dr+

+/wr¢ (v)) = b(T, £(%), 0,u(x))ldw() +

+//| (Té(x (7),2) — c(7,8(7),0,u(t), 2)[7(dz, dT) +

n / / le(7,&(7),0,u(t),2) [#(dz, d7)

tp R™
Given (5) and (6) and the inequality (31", xi)2 < nyl, x? we get:
2 2
sup [¥(t)F <7 sup [[x(te)+
B<t<tiys B<t<tip

t 2
s |a(7, ¢ (), x(7),u(1)) — a(7,§(7),0,u(7))|dT| +

2

+

|aT§ ),0,u(7))|dt

2

(7)) = b(7, (1), 0,u(7)) [dw(T)| +

2
+

),0,u(T))|dw(T)

2

+//|C(T,§(T),x('r),u(r),z)—c(r,é(’r),O,u(T),z)|17(dz,d'r) +

!

+jﬂmxm@wm@mnh>

t 2
<7| sup |x(t)P+ sup L?|[|x(7)dT| +
be<t<tep BeSt<tin |y
2
+C(tepy — )+ sup L /|x )dw(T)| + C*(tp1 — t)+
B<t<ty
f 2
+ sup //|C(T'€(T)'x(T)/”(T)fZ)—C(T/§(T),0,u(T),z)|17(dz,dr) I
te<t<tpi1 i Rm
t 2
+ sup | [ [le(ne(0),0,u(0), 27z, dv)| |-
kat<tk+1 b ®m

Consider the designation:

y(t) = E{ sup |x(5)|2/3tk}~
te<s<t
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Then, according to the last inequality, y(t) satisfies the ratio:

E{x(t)P /31, | +3C2(tsn — t) + (b1 — 1) +8) - [ y(o)dr .

te

y(t) <7

Using the Gronwall inequality, we obtain an estimate of:

E{ sup |x<t>|2/stk}s

e <t<tipq
< 7[Blx(t) P+ 3C3 (1 — 1) (1049,

as required as proof.
O

Remark 1. We will consider the stability of the trivial solution x = 0 of the system (2)—(4); that is,
the fulfillment of (6) when C = 0 [17-19].

Theorem 1. Let:
(1) Interval lengths [ty, tyy1) do not exceed A > 0, i.e., |t 1 —tx| < Ak > 0;
(2) The Lipschitz condition is satisfied (5);
(3) There exists Lyapunov functions vi(y,h,x),k > 0 such that the following inequality
holds true
(Ivg)(y, h,x) <0,k > 0. (10)

Then, the system of random structure (2)—(4) is stable in probability on the whole.

Remark 2. It should be noted that if condition 1 is not satisfied, the number of jumps (3) is finite
and the system (2)—(4) turns into a system without jumps after max ty. In this case, we can use the
results presented in [1].

Proof of Theorem 1. The conditional expectation of the Lyapunov function is:

E{v1(E(tesn), Mierr, X(teg1)) [Bn = /Y><H><]Rm Pr((S(t), i, x(t)) (du x dz x dl)ogq (u,2,1)). (11)

Then, by the definition of the discrete Lyapunov operator (Ivg)(y, h, x) (see (7)) and
from Equation (11), taking into account (10), we obtain the following inequality:

E{0k1 (8 (1), s, X (Bes1)) /81 b = wr(E (k). i X (1)) + (10i0) (S (8, 770 X (8) ) < B([x (8e) - (12)

From Lemma 1 and the properties of the function 7, it follows that the conditional
expectation of the left part of inequality (12) exists.

Using (11) and (12), let us write the discrete Lyapunov operator (Ivy)(y, , x), defined
by the solutions of (2)—(4):

(o) (& () s 2 (1)) = E{ 01 (E(ter1)s Mg X (ts1)) /St b — (8 (k) 17, (1)) < 0. (13)

Then, when k > 0, the following inequality is satisfied:

E{0k 11 (& (teg1), M1, X (begr)) /B < 0 (8 (k) s x(B)).-

This means that the sequence of random variables v (&(tx), 17k, x(tx)) is a supermartin-
gale with respect to y, [5].
Thus, the following inequality holds:

E{on11(E(tn+1), IN+1, X (EN11)) } — E{0n(C(tn), 1n, x(t2)) } =
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N

= Y E{(lve) (&(tx), e x (1))} < 0.

k=n

Since the random variable sup |x(¢)|* is independent of events of o- algebra S, [4],
BSt<tiys

E{ sup |x(f)|2/5tk}=E{ sup |x(f)2}/
b <t<tpy1 b <t<tpyp

i.e., the inequality (9) also holds for the usual expectation

then

E{ sup |X(t)|2} < 7|:E|x‘2}e7L2(A+8)

b <t<tipq

at C = 0, assuming that the stability of the trivial solution is investigated.
Then,
P< sup|x(t)] > € p =
>0

:P{sup sup x(t)|>81}§

neNt, 1 <t<ty

< P{ sup 7e7L2(A+8)|x(tn_1)| > p <
neN

< P{suplx(ty_1)| > Le 72048 L <
neN 7

€1 _
< P{SUP On-1(&(tn—1), -1, X(tn—1)) > 77(716 7L2(A+8)) } (14)
neN
If sup|x(t;)| > r, then based on the definition of the Lyapunov function, the inequality
is fulfilled

sup v te), e, x(tr)) > inf vy, h,x) =9(r). 15
Sup (Gt x(t)) 2 ) (b, Okl x) =0(r) (15)
Using the inequality for non-negative supermartingales [5,7], we obtain an estimate of
the right-hand side of (14):

P{sup O 1(E(tu1), M1, x(tn_1)) > 5(87167L2(A+8))} <

neN

1 o0(y, I x) < — o(]x])

= m m (16)

Given the inequality (14), the inequality (16) guarantees that the inequality (8) of
stability in probability holds for the whole system (2)-(4). O

4. Stabilization

The optimal stabilization problem is such that for an SDE (2) with switches (3), one
should construct a control u(t, x(t)) such that the unperturbed motion x(t) = 0 of the
system (2)—(4) is stable in probability on the whole.

It is assumed that the control, u, will be determined by the full feedback principle. In
addition, the condition of continuity of u(t) on t is in the range

t>0,xeR", yeY, heH (17)
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for every fixed {(t) =y € Yand iy = h € H.

It is also assumed that the structure of the system at time ¢ > 0, which is independent
of the Markov chain 74 (k > 0 corresponds to time t; € K), is known.

Obviously, there is an infinite set of controls. The only control should be chosen from
the requirement of the best quality of the process, which is expressed in the form of the
minimization condition of the functional:

Li(y,h,xg) :== ki /too E{W(t,x(t),u(t))/¢(0) =y, 1o = h,x(0) = xo}dt, (18)
—0 7tk

where W(t, x,u) > 0 is a non-negative function defined in the region t > 0,x € R™, u € R".
The algorithm for calculating the functional (18) for a given control, u(t, x), is as follows:

(A) Find the trajectory x(t) with an SDE (2) at u = u(t,y,h,x), for example, by the
Euler-Maruyama method [20];

(B) Substitute x(t), &(¢) and u(t) = u(t, x(t)) into the functional (18);

(C) Calculate the value of the function (18) by statistical modeling (Monte Carlo);

(D) The problem of choosing the functional W(t, x, u), which determines the estimate I,,
and the quality of the process x(t) as a strong solution of the SDE (2), is related to the
specific features of the problem and the following three conditions can be identified:

1.  The minimization conditions of the functional (18) must ensure that the strong solu-
tion, x(t), of the SDE (2) fades fast enough on average with high probability;

2. The value of the integral should satisfactorily estimate the computation time spent on
generating the control, u(t);

3. The value of the quality functional should satisfactorily estimate the computation
time spent on forming the control, u(t);

4.  The functional W(t, x, u) must be such that the solution of the stabilization problem
can be constructed.

Remark 3. For a linear SDE (2), in many cases the quadratic form with respect to the variables x
and u is satisfactory
W(t,x,u) = x" M(t)x +u"D(t)u, (19)

where M(t) is a symmetric non-negative matrix of size m x m and D(t) is a positively determined
matrix of the size v X v for all t > Q.

Remark 4. Note that according to the feedback principle, M((t) and D(t) depend indirectly on the
values of {(t) and ng. Therefore, in the examples below, we will calculate the values of M(t) and

D(t) for fixed &(t) and n.

The value I, in the case of the quadratic form of the variables x and u evaluates the
quality of the transition process quite well on average. The presence of the term u” Du and
the minimum condition simultaneously limit the amount of the control action u € R".

Remark 5. If the jump condition of the phase trajectory is linear, then the solution of the stabi-
lization problem belongs to the class of linear on the phase vector x € R™ controls u(t, x). Such
problems are called linear-quadratic stabilization problems.

Definition 4. The control u®(t), which satisfies the condition:

Lo(y, h,x0) = minI,(y, h, xo),

where the minimum should be searched for all controls continuous variables t and x at each
¢(0) =y € Yand 5o = h € H, let us call it optimal in the sense of optimal stabilization of the
strong solution x € R™ of the system (2)—(4).
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Theorem 2. Let the system (2)—(4) have a scalar function v°(t,y, h, x) and an r-vector function
u®(t,y,h,x) € R" in the region (17) and fulfill the conditions:

1. The sequence of the functions v} (y, h, x) = 0°(t, y, h, x) is the Lyapunov functional;
2. The sequence of r-measured functions-control

ud(y,h,x) = 1k, v, h, x) €R'; (20)

is measurable in all arguments where 0 < t; < tryq,k > 0;
3. The sequence of functions from the criterion (18) by x € R™ is positive definite, i.e., for
vVt e [tkr tk+1),k >0,
W(t, x, u,?(y, h,x)) > 0; (21)

4. The sequence of infinitesimal operators (109) \ug, calculated for u® = u®(y, h, x), satisfies the
condition for Vt € [ty, tri1)

(199) 1,9 = =W (¢, x,10); (22)

5. The value of(lvg) + W(t, x,u) reaches a minimum at u = u®,k > 0, i.e.,

(102) |u2 + W(t, x, ”2) = n&%}{(lvg) |, FW(txu)} =0; (23)
6.  The series
Y /°° E{W(t, x(t), u(t))/x(ty_1) }dt < oo (24)
k=0"tk

converges.
Then, the control u; = uo(tk, Y, h,x),k > 0 stabilizes the solution of Equations (2)-/(4). In
this case, the equality
o° (y,h,x0) =

_y /tw E{W(t, x(£), u(t))/x(t_y) bt —
k=0""k

- i%ﬁ‘,(_zt)/tk E{W(t'x(t)' u(t))/xt) }df = I,0(y,h,x0) (25)

is held.

Proof of Theorem 2. I. Stability in probability in the whole of a dynamical system of a
random structure (2)—~(4) for u = u°(t, x),k > 0 immediately follows from Theorem 1, since
the functionals v°(y, h, x) for any t € [t, tx,1), k > 0 satisfy the conditions of this theorem.

II. The equality (25) is obviously also a consequence of Theorem 1.

III. Proof by contradiction that the stabilization of a strong solution of a dynamical
system of random structure (2)—(4) is controlled by uo(tk, x), b <t <tk >0.

Let the control u*(t, x) # u%(t, x) exist, which, when substituted into the SDE (2),
realizes a solution x* () with initial conditions (3) and (4), such that the equality

L= (y,h,x0) < IL,(y,h, xp). (26)

is held.

The fulfilment of conditions (1)—(6) of Theorem 2 will lead to an inequality
(see (27)) in contrast to (26).

From the condition (5) (see (23)) follows the inequality:

(1Y) |« > —W(t,x,u*(t,y,h,x)). (27)



Mathematics 2023, 11, 582

10 of 22

Averaging (27) over random variables {x*(t),{(t), x } over intervals [ty, t41),k > 0
and integrating over t from 0 to T, we obtain n inequalities:

E{0"(t1, &(t1), 1k, X (1)) /Y1, iy, x* (11) } =" (y, B, x0) =

> —/Otl E{W(t, x*(£), u*(t)) /xo}dt, (28)

E{0(to, E(t2), 1y, X (£2)) /Y1, iy, ™ (1) } —
—{0%(t1,&(t), ey, X* (1)) [y, b x0} >

> — /ttz E{W(t’x*(t)’”*(t))/X*(tl)}dt, 9)

1

E{0” (b, (60), s X (80)) /Y1, 1k, ()=

_{Uo(trl—ll C(tn—l)f Wkn,llx* (tn—l))/yn72/ Ukn—z’ X* (tn72)} 2

> /t "OBIW( X (8), 4 () /3 (b 1)} (30)

Taking into account the martingale property of the Lyapunov functions v°(t, &(t), h, x*(t))
(see condition (1) of the theorem) due to the system (2)—(4), i.e., by the definition of a mar-
tingale, we have n equalities with the probability of one being;:

E{0° (e, €(t), 1 X (1)) /Yi—1, M1, X (Be—1) } =

= 0%(ti1, E(t—1), k-1, X" (t—1) ), k = T, 31)
Substituting (31) into the inequalities (28)—(30), we obtain the inequality:

E{vo(tm g(tn)/ Ukn'x*(tn))/tnflr g(tnfl)/ﬂkn,llx* (tn,l)}—vo(y, h, xO) >
>y /tk+1 E{W(t, x*(£), 1" (1)) /x* (1)}t >
k=07t

Z = i /°° E{W(t,x*(t), u*(t))/x"(tx_1) }dt. (32)
k=07t

According to the assumption (26), it follows that for ¢, — co, the integrals on the
right-hand side of (32) converge and, taking into account the convergence of the series (24)
(condition (6)), we obtain the inequality:

(v, 1, x0) = Lo(y, h, x0) <
< i /oo E{W(t, x*(t), u*(t))/x* (ty_1) }dt =
k=0"tk

= L (1,1, x0). (33)

Indeed, from the convergence of the series (32) (under condition (6)), it follows that
the integrands in (33) tend to zero as t — oo. In this way, nh_r}rgo E{"(tn, yn, 1k, x* (ta)} = 0.
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Note that it makes sense to consider natural cases when from the condition

E{W} — 0

t—o0

it follows that E{o"} T 0.
—00

Thus, the inequality (33) contradicts the inequality (26). This contradiction proves the
statement regarding the optimality of the control u°(t;, x),k > 0.
O

In cases when the Markov process with a finite number of states ¢(f;) admits a
conditional expansion of the conditional transition probability

Plw:g(t+At) =yi/E(t) =yiyi #yj} =

= q;j(t)At +o(At),i,j =1,N, (34)

we obtain an equation that must be satisfied by the optimal Lyapunov functions, v,(() (y,h,x),
and the optimal control, ud(t, x),Vt € [t, tis1).
Note that according to [6,21], the weak infinitesimal operator (7) has the form:

our(y, h, x
(190) (., 2) = PR (4, 0),at,y,3,0) ¢

3 SpOT (3 1) - Vou(y, b x) bt y, )+

+ /[vk(y, hx+e(ty, x,u,2)) = oy, b, x) = (Vorly, b, x) T et y, x,u,2)]T1(dz) +
Rm

+Z / (t,x p,] (t,z/x)dz — v(t, x)]q,], (35)
]#ZR’"

T 2 m
where (-, ) is a scalar product, Vo, = (g—?]‘,. .. %> , Vo, = [a‘zvg;} ,k>0,"T"
ij=1

7 Xy,
stands for a transposition, Sp is a trace of matrix and p;;(f,z/x) is a conditional probabil-
ity density:
Px(7) € [z,z +dz]/x(T = 0) = x = p;j(7,2/x)dz + 0(dz)
assuming that {(t — 0) = y;, {(1) = y;.
Taking into account Formula (35), the first equation for v can be obtained by replacing

the left side of (23) with the expression for the averaged infinitesimal operator, (1v)) o [
Then, the desired equation at the points (#, Yir ks x) has the form:

oY ooV T 1 9209
S ((52) ) o (e S )

p) 0
+ /[02(-,~,x+c(t,y,x,u,z)) — 0 — (%)T-c(t,y,x,u,z)]ﬂ(dz)+
Rm

l —+o00
+) {/ v?(y]-, h, x;)pij(t,z/x)dz — o9 (yi b, x)} q;i(t)dt+
jAETT

+W(t, x,u) = 0. (36)
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The second equation for optimal control, ug(t, ¥, h, x), can be obtained from (36) by
differentiation with respect to the variable u, since u = 10 delivers the minimum of the left

side of (36):
AN AN AN
dx ou Ju
u
where g—z —m X r-matrix of Jacobi, stacked with elements {3”7’:, n=1m,s = 1,r};( W) =
(aw aw), k> 0.

duy’ """/ Jduy

Thus, the problem of optimal stabilization, according to the Theorem 2, consists of
solving the complex nonlinear system of Equation (23) with partial derivatives to, determine
the unknown Lyapunov functions, v?k = 02 (y,h,x),i=1,1,k > 0.

Note that this system is obtained by eliminating the control u) = u°(t,y,h, x) from
Equations (36) and (37).

It is quite difficult to solve such a system; therefore, we will further consider linear
stochastic systems for which convenient solution schemes can be constructed.

=0, (37)

—,,0
=ug

5. Stabilization of Linear Systems

Consider a controlled stochastic system defined by a linear Ito’s SDE with Markov
parameters and Poisson perturbations:

dx(t) = [A(t—,{(t=))x(t=) + B(t—, {(t=))u(t=)]dt + o (t—, (¢ =))x(t—)dw(t)+

+/c(t—,(’j(t—),u(t—),z)x(t—)?/(dz,dt), te Ry \K, (38)
RW!
with Markov switching

Ax(t)| = g(ti— &t o x(5-)), b€ K = {ta 1) (39)

t=t;

for lim t, = +oco and initial conditions
n—+oo

x(0) =xp e R", (0) =y €Y, nqo=heH (40)

Here, A, B, o and C are piecewise continuous integrable matrix functions of appropri-
ate dimensions.

Let us assume that the conditions for the jump of the phase vector x € R™ at the
moment when t = t* of the change in the structure of the system due to the transition
§(t'—) =y;in {(t*) = y; # y; are linear and given in the form:

N
x(t) = Kyx(t' =) + ) &:Qsx(t"—), (41)
s=1

where & := & (w) are independent random variables for which E¢; = 0, E&Z = 1 and Kjj
and Qs are given as (m x m)-matrices.

Note that the equality (41) can replace the general jump conditions [6]:

- The case of non-random jumps will be at Qs = 0, i.e,,

x(t*) = Kjjx(t"—);

- The continuous change in the phase vector means that Q; = 0 and K;; = A;; = |
(identity (m x m)-matrix).
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The quality of the transition process will be estimated by the quadratic functional
L(y, h,x0) ==Y /t E{xT(t)M(t)x(t) +ul (H)D()u(t) /y,h, xo}dt, (42)
k=0""k

where M(t) > 0,D(t) > 0 are symmetric matrices of dimensions (m x m) and (r x r),
respectively.

According to the Theorem 2, we need to find optimal Lyapunov functions, 02 (y,h,x),
and a control, ug(t,x), for Vt € [t tii1),tr € K,k=0,1,2,...

The optimal Lyapunov functions are sought in the form:

vg(y, hx) = xTG(t,y,h)x, (43)

where G(t,y, h) is a positive-definite symmetric matrix of the size (m x m).

Hereafter, when ¢(t) describes a Markov chain with a finite number of states Y =
{y1,v2,...,y1}, and 1, k > 0 describes a Markov chain with values /i in metric space H and
with transition probability at the k-th step Pi(h, G), we introduce the following notation:

Ai(t) == A(t,y;), Bi(t) := B(t,y;), oi(t) := o(t,y:), Ci(t,z) == C(t,yi,2),

Gik(t) = G(t/yi/ hk)/ Uik = v(yirhk/ X).

Let us substitute the functional (43) into Equations (36) and (38) to find an optimal
Lyapunov function, v%(y, h, x), and an optimal control, ug(t, x), for Vt € [ty, try1). Given
the form of a weak infinitesimal operator (35), we obtain:

7 ()25 (1) 1 20, (1)x(0) + Bi(u(B)]GaB)x(t)+

+Sp(xT(t)UzT(t)Gik(t)‘Ti(t>x(t))+/xT(t)CiT(trZ>Gik(t)ci(trZ)x(t)n(dz)+

R”l
N I
+xT(t) ; KiGir (1)K + Z(:) Qs Gik()Qs — Gie(t) | qijx (t)+
] 1 S=
+xT ()M (t)x(t) + u” () Dy (t)u(t) =0, (44)
2xT(£)Gir (£) By (t) + 2u” (1) Dy (£) = 0. (45)

Note that the partial derivative with respect to u of the operator (Iv) is equal to zero,
which confirms the conjecture about constructing an optimal control that does not depend
on switching (39) for the system (40).

From (45), we find an optimal control for (t) = y;, when switching (39) #x = hy, k > 0,

ul(t,x) = Dy} ()BT ()G (D)x(1). (46)

Given the matrix equality
2T (G (£) Ai()x = xT (1) (G () Ai () + AT () Gy (1)) x (1)

and excluding u?k from (44) and equating the resulting matrix with a quadratic form to
zero, we can obtain a system of matrix differential equations of Riccati type for finding the
matrices Gy (t), wherei =1,2,...,1,k > 0, corresponding to the interval [t, t;1):

dGi(t)

—o + Gi() Ai(t) = Bi(t) Dy (H)B] ()G (1)) +
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+SP(‘7iT(t)Gik(t)Ui(t))+/Cz‘T(t/Z)Gik(t)ci(trz)n(dz)+
Rm

> qij + My (t) =0, (47)

N I
+ 3 |KGiu(DKij + Y Q7 Gi(H)Qs — Gie(t)
j#i s=0

lim Gy (t) =0,i =1,N,k > 0. (48)

t—oc0

Thus, we obtain the following statement, which is actually a corollary to Theorem 2.

Theorem 3. Let the system of matrix Equations (47) and (48) have positive-definite solutions of
the order (m x m)
Gik(t) > 0,Go(t) >0, ..., Gy(t) > 0.

Then, the control (46) gives a solution to the problem of optimal stabilization of the system
(38)—(40) with jump condition (41) and the criterion of optimality (42).

6. Stabilization of Autonomous Systems

Consider the case of an autonomous system that is given by the SDE
dx = [A(E(1))x + BE(1) uldt + o (&(t) jxdw(t) + C(E(1)xAN(b), t € RL\K,  (49)

with Markov switching (39) and initial conditions (40). Here, x € R, u € R", A(y), B(y),
o(y) and C(y) are known matrix functions defined in the set Y = {y1,¥2, ..., yx} of possible
values of the Markov chain . N(t),t > 0is a Poisson process with intensity A [4].

In the case of phase vector jumps (41) and the quadratic quality functional (42), the
systems (47) and (48) for finding unknown matrices Gy, i = 1, N, k > 0, will take the form:

GitA; + AiTGik — BiDiilBiTGik + O’ZTGikO’i—F
+ACT Gy Cit

N l
+ Y |KEGaKij+ Y QI GixQs — Gir | 41 + My = 0,i = N,k > 0. (50)
j#i s=0

Remark 6. Note that any differential system written in the normal form (such as the system (38),

where the dependence of x on t is explicitly indicated) can be reduced to an autonomous system by
increasing the number of unknown functions (coordinates) by one.

Small Parameter Method for Solving the Problem of the Optimal Stabilization

The algorithmic solution to the problem of optimal stabilization of a linear autonomous
system of random structure ((43), (39) and (40)) is achieved by introducing a small parame-
ter [1]. There are two ways to introduce the small parameter:

Case L. Transition probabilities y; — y; of Markov chains ¢ are small, i.e., the transition
intensities, ¢;;, due to the small parameter (¢ > 0) can be represented as:

’1ij = 87’1']'. (51)

Case II. Small jumps of the phase vector x(t) € R™, i.e., matrices Kj; and Qs from (41),
should be presented in the form:

Kij = I +¢Kjj; Qs = €Qs. (52)
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In these cases, we will search for the optimal Lyapunov function 02 (y,x,h),k>0,in
the form of a convergent power series with a base ¢ > 0

vg(y, hx) =x" ) el (y,h)x. (53)
r=0

According to (46), the optimal control, u%, should be sought in the form of a
convergent series:

u(y,h,x) = —[D ()BT (y) i_; GO (y, ). (54)

Case I. Let us substitute the series (53) and (54), taking into account (51), into (44):
GikAi + (A)"Gi — BiDy' B] Gi + 0 G+

+AC] G Cit

ZK GikKij + Z Qs (GixQs — Gy)erij+ Cix = 0;i = 1,1,k > 0
i

Equating the coefficients at the same powers of ¢ > 0, we get:

AT 16V A, — D BLGY +

+05 G0y + ACTGY i+ My = 0,i = 1,1,k > 0, (55)
A};cfk’) +GY Ay + 0T Gy + ACTG( )c -
- zﬁﬁ(ﬂ Gy Ky + 1Y, 01GY Vs — GY Vg
r—1
+ Y BD;'BIGY Y, (56)
g=1

r>1;Ag = Aj— BD;'BIGY,i = 1,1,k > 0.

Note that the system (55) consists of independent matrix equations which, for a fixed
i=1,2,...,1, gives a solution to the problem of optimal stabilization of the system

dx(t) = (Ajx(t) + Bju(t))dt + oyx(t)dw(t) + Cix(t)dN(t), (57)

with the quality criterion

o) = 3 [ EGT(OMx(t) ol (D6 /apet,

=1,1,k > 0,M; > 0,Dy > 0. (58)

A necessary and sufficient condition for the solvability of the system (55) is the exis-
tence of linear admissible control in the system (57), which provides exponential stability
in the mean square of the unperturbed motion of this system [17].

Let us assume that the system of matrix quadratic Equation (55) has a unique positive

definite solution, G{) > 0,i = 1,1,k > 0.
Equation (56) to find Gi(kr) > 0,7 > 1,k > 0is linear, so it has a unique solution for a
fixedi =1,k >0,r > 1and any matrices that are on the right side of (56).
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Indeed, the system
dx(t) = Apx(t)dt + oyx(t)dw(t) + Cix(t)dN(t) (59)
is obtained by closing the system (57) with the optimal control

0 ~15T ~(0

u) = —D;'BEGL x(t),

which provides exponential stability in the mean square. Then, there is a unique solution
to the system (56). Note that in the linear case for autonomous systems, the asymptotic
stability is equivalent to the exponential stability [2]. Consider a theorem which originates
from the results of this work.

Theorem 4. If a strong solution, x(t), of the system (57) is exponentially stable in the mean square,
then there exists Lyapunov functions vy (y, h, x), k > 0, which satisfy the conditions:

2
crflx[1 < oy, b, x) < eallx]f;

dE[v
P < oy

Thus, the system of matrix Equations (55) and (56) allows us to consistently find the

(r)

coefficients G;° > 0 of the corresponding series (53) and (54), starting with a positive

solution Gi(,? ) >0,i=1,1,k > 0 of the system (55).
The next step is to prove the convergence of the series (53) and (54). Without the loss
of generality, we simplify notations by fixing k > 0. Let L, :=  max H Gl-(r) H Then, from
i=1,1,
k>0
(56), it follows that there is a constant ¢ > 0, such that for any 7 > 0 the following estimate
is correct:

r—1
L, <c LgLy—g+Li1]. (60)
q=1
Next, we use the method of majorant series.
Consider the quadratic equation
p?+(a+e)p+b=0, (61)

where the coefficients a and b are chosen such that the power series expansion of one of the
roots of this equation is a majorant series for (53).

We obtain
a+e [(a+e)? i
P12 = — 5 + ( 2 ) —b= Zgrpr- (62)
r=0

Let us substitute (62) into (61), and equate coefficients at equal powers of e. Then, we
get an expression for p, through py, ..., 0,—1:

r—1
PqPr—q + Pr-1
1

1
200 +a

Or = s (63)

q=

where pg should be found from the Equation

3 +apg+b=0. (64)
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Comparing (60) and (63), we find that the series (62) will be major for (53), if we consider

1
c=————>0;,00=Ly >0.
200 +a po 0

Thus, the values of the coefficients a and b in Equation (61) are

a=—|L+2L] <o
b=t 12>0.

Using the known a and b from (61), we find that the majorant series for (53) will
be the expansion one of the roots of (61). This root is such that its values are determined by

Convergence of the series (53) for v)(y, h, x) follows from the obvious inequality

")y, h)

(e}
<Y L.
r=0
Thus, we have proved the assertion which is formalized below as Theorem 5:

Theorem 5. 1.  ForVi=1,1,k > 0, the system (57) has a linear admissible control;

2. Transition intensities, q;, of a homogeneous Markov chain ¢ satisfy the condition (51).
Then,

1. There is a unique solution to the problem of optimal stabilization of the system (43), (39) and
(40) with the jump condition (41) of the phase vector x € R™;
2. The optimal Lyapunov function v(y, h, x) and optimal control ul(y, h, x) are determined

by the convergent series (53) and (54), whose coefficients are found from the corresponding
systems (55) and (56).

Case I Let us substitute the series Gy = Y ;o erl.(kr) into (44) and equate the coef-
ficients at the same powers e. Then, taking into account (52), we obtain the following

equations:
G0+ ATGY + 0760, — B.D BTG +
H+ACTGyCi + ; (G — Gi)gi + My = 0,k > 0, (65)
] 1

G Ay + ATGY +0TG o + ACTGyC + Z V-G g =2, (©6)
J#i

wherei =1,k >0, Ay = A; — BiDileiTGz‘(l?)'

" _ 1T ~(r—4)
@ = ZlBiDik Bi Gy V=
q:

Z KIGY ™ + 6k + KEGY 2K+ 2 Al Q)i

Based on the equations above, the following theorem is correct:
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Theorem 6. 1.  The system of matrix Equation (65) has a unique positive definite solution
G >0,i=T11k>0;
2. Jumps of the phase vector x € R™ satisfy the condition (52).
Then, the linear-quadratic optimal stabilization problem (43), (39) and (40) of minimizing the
functional (42) has a unique solution, which is given in the form of convergent series (53) and (54),

and the matrices Gi(kr ),i =1,Lr>1,k > 0is the only solution to the linear matrix Equation (66).

7. Model Example

To illustrate the above theoretical results, consider an example with the following
parameters:

e The continuous Markov chain §(t), t > 0 is defined by generator

-7 7
U] h=kk>1;

®  The values of the function g in the times f; depend only on the value of x:

g(t,&n,x) = Kijx = ax,Qs =0;
where « € [—1, 1]. For example, below we use « = 0.2;

*  The intensity of the Poisson process is A = 0.2;
e The values of the matrices A(¢) for {(t) € {1,2} are

-2 1 1 —4 8 0
A1 = 3 -3 0 ,A2 = 0 1 2 ;
0 6 -2 3 -2 -1

®  The values of the matrices B(¢) for &(t) € {1,2} are

4 2 0 1
Bi=1 0 =2 |,B= 4 -3 |;
1 1 -1 1

e The values of the matrices ¢ (&) for &(t) € {1,2} are

1 0 0 1 -1 -1
a=-1 1 1),e=[0 1 -1/
-1 -1 1 0 0 1
e The values of the matrices C(¢) for &(t) € {1,2} are
03 02 01 -05 01 -02
Ci=1| —-02 04 08 |,C= 04 05 -11 |;
01 01 02 —-0.7 —-06 03

*  The control parameters are

1 00
My=|02 0 |,Dy= ( 100 400 )
0 0 3
For simplicity, we will assume that the random variables 7, are constants and the
solution, x(t), and optimal control, u(t), depend only on the random process, &(t).
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The main problem of optimal control is the solution of the Riccati Equation (50). There
are several basic approaches to finding an approximate solution to this equation. However,
in our example, we used the particle swarm optimization method, which allows us to
relatively quickly find the solution to Equation (50). The results of finding this equation
will be the matrices

0.2044 0.0943 0.0043 0.1268 0.5538 —0.0962
Gy = 01258 03605 0.165 |,G, = 02533 28729 0.2214
0.0139 0.1575 0.3146 0.1096 0.2075 2.0079

Both solutions are positively defined, so by Theorem 3 there exists an optimal control,
which stabilizes system (57) and is defined by

u(t)é(t):i = —D_lBTG,»x(t)

fori € {1,2}. Two realization of the solution, x(t), and corresponding control, u(t), are
shown in Figures 1 and 2.

T T T T T T T T T
40 - X1(0) | -
= X5(t)
x 30 — -
c X5(t)
il
520 i
©
w
’ R\/»N |
0 1 I | 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10
Time, t
T T T T T T
= u,(t)
3 -
B" U2(t)
£
o -
(&)
©
= -
j3
o
1 1 1 1 1 1 i
0 1 2 3 4 5 6 7 8 9 10
Time, t

Figure 1. Realizations of the solution and optimal control with initial conditions (10, 20, 30).

As we can see from the above examples, the resulting optimal control, u(t), stabilizes
the system, and therefore minimizes the functional I, (y, 1, xo). In addition, considering the
form of the matrix D from (42), we can see that u5(t) is close to 0, because

ul (£)Du(t) = 100u3(t) 4+ 160013 (t).

In this way, the optimal control found will agree with the given quality functional I,,(y, h, xg ).

An analysis of the solution showed that there is an optimal control for an arbitrary
a € [—1,1]. The |a| < 1 case corresponds to the compressive case, since in this case the
solution is compressed by the « coefficient at each step in the point, ;. The || = 1 case is
not compressible, but the existence of an optimal control can be found based on Theorem 3.
The case of |¢| > 1 is not included in the theory of this work, since in this case, the solution
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of Equation (50) either does not exist or is not positively defined. This case needs further
investigation.

150 T T T T T T T T T
X,
= X5(t)

‘;100% 2 |
< X5(t)
S
5
S 50F :
n

O 1 1 1 1 1 1 1 |
0 1 2 3 4 5 6 7 8 9 10
Time, t
O T T T T T T T
% u,(t)

. t
S -50 u®) | |
€
o
o
g -100 1
£
O

_150 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10
Time, t

Figure 2. Realizations of solution and optimal control with initial conditions (100,100, 100).

8. Discussion

In this work, we have obtained sufficient conditions for the existence of an optimal
solution for a stochastic dynamical system with jumps, which transform the system to a
stable one in probability. The second Lyapunov method was used to investigate the existence
of an optimal solution. This method is efficient both for ordinary differential equations
(ODE) and for stochastic differential equations (SDE). As it can be seen from the proof of
the Theorem 2, the existence of finite bounds for jumps at non-random time moments, ¢,
(imy ooty = T* < 00), does not impact the stability of the solution. On the other hand,
|tm+ — tm| > 6,m > 1 was used for proving the existence of the optimal control (Theorem 3).
This restriction is also present in the works of other authors. Thus, a goal of future work could
be to construct an optimal control without the assumption |t — t,| > J, m > 1, which will
considerably expand the scope of the second Lyapunov method.

The limitation of the proposed method is linked to the need for a solution to Riccati ‘s
equations that can be computationally heavy. For small dimensions of m, Riccati’s equations
can be solved either by iteration or by genetic algorithms, but for large dimensions of m,
only genetic algorithms work.

9. Conclusions

In this work, we obtained sufficient conditions for the existence of a solution to an
optimal stabilization problem for dynamical systems with jumps. We considered the case
of a linear system with a quadratic quality functional. We showed that by designing
an optimal control that stabilizes the system to a stable one in probability reduces the
problem of solving the Riccati equations. Additionally, for a linear autonomous system,
the method using a small parameter is substantiated for solving the problem of optimal
stabilization. The obtained solutions can be used to describe a stock market in economics,
biological systems, including models of response to treatment of cancer, and other complex
dynamical systems.
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In addition, this work serves as a basis for the study of systems of type (3)—(4) under
the conditions of the presence of condensation point, i.e.,

lim t = t* < oo.
k—o00
Systems with this condition are a mathematical model of real phenomena, in which
exceptional events accumulate very quickly over a finite period of time, which can lead
to a collapse of the system. For example, paper [22] examines the mathematical model
of the collapse of the bridge in Tacoma. At the same time, the authors of this work took
into account only deterministic influences, and did not include random events affecting

the dynamics of the bridge. Considering both deterministic and random influences can
provide a more precise picture for the understanding of such dramatic effects.
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