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1. Introduction and Preliminaries

Best proximity point theory provides basic tools to find approximate solutions of
problems in mathematics and related disciplines, particularly whenever an exact solution
does not exist.

For a non-self-mapping 7 : M — N, where M and N are two nonempty subsets of a
nonempty set (), a point m € M is an exact solution or the fixed point (FP) of 7 if m = Tm.
In the case where M and 7 (M) have an empty intersection, then 7 has no FP. For such
situations, it is better to find a point m € M such that the distance between m and 7T m is
minimized. That is,

¢(m, Tm) = g(M,N) ¢))
where
Q(M/ N) = meﬁ}fleNg(m’n)’

and ¢ is a metric on Q). A point m in M that satisfies (1) is called the best proximity point
(BPP) of T. In the literature, many mathematicians have contributed to the development
of the BPP theory of metric spaces. The main objective of this theory is to develop neces-
sary and sufficient conditions that ensure the existence of best proximity points (BPP(s))
of 7 (a non-self-mapping of certain distance space). For more details, one can see the
references [1-4].

If M =N = Q,in (1) (thatis, T is self-mapping), then g(m, Tm) = 0orm = Tm. In
this case, m becomes an FP of 7. Therefore, BPP theory is a natural generalization of FP
theory.

In 1969, Fan [5] provided a remarkable result in BPP theory. After that, many math-
ematicians have contributed to the development of BPP theory with different proximal
contractions [6-8].
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One interesting proximal contraction is the « — i —proximal (ay) contraction by Jleli
and Samet [9], and they have developed some BPP(s) results in metric space (in short, MS).
Abkar and Gabeleh [10] developed some BPP(s) for Suzuki-type contractions. Hussain
et al. [11] generalized the ay contraction to the Suzuki-type ay contraction and developed
some BPP(s) results for it.

Recently, Khan et al. [12] generalized the contraction used in [11] and developed some
BPP(s) results in the domain of MS.

After the development of fixed points (FP) results for multivalued mappings by
Nadler [13] in 1969, many mathematicians extended BPP theory from single-valued map-
pings to multivalued mappings. For instance, Ali et al. [14] in 2014 extended the &y
contraction to ay multivalued contractions and developed some BPP(s) results for them.

Later on, MS was extended to the b-metric space (b-MS) by Bakhtin [15] in 1989 and
by Czerwik [16] in 1993. After that, a new area of research for the existence of BPP in
b-MS is opened up, and many researchers have developed BPP(s) results for single- as
well as multivalued mappings in the domain of b-MS. For more details, one can see the
references [17-21].

In this paper, we introduce a new multivalued Suzuki-type ay (cyclic) contractions
in the domain of b-MS and develop some BPP(s) results. Examples have been given to
explain our main results and to show that our main results are the proper generalization of
results given in [12]. As an application of our results, we develop the optimum solution for
a system of ordinary differential equations.

Definition 1 ([15]). The mapping ¢ : QO x Q) — [0, 00) is a b-metric, and (Q), ¢) is called b-MS if
the following hold:

(b1) ¢(511, 21p) = 0if and only if 511 = 51 for all 51, 500 € O);

(b2) (501, 50) = ¢(s22, 521) for all 5¢1, 500 € O

(b3) There exists a real number k > 1 such that ¢(¢1, 30) < k[g(5e1, 263) + (523, 212)] for all
sy, 7, 3 € Q.

Remark 1. If k =1, then ¢ becomes a metric.

In this article, RT, R, N, N, 20\®, denote the set of non-negative reals, reals, positive
integers, non-negative integers, and nonempty subsets of (), respectively. Define

My={me M:¢g(m,n)=¢(M,N) for somen € N} and
No = {n € N:¢(m,n) =¢(M,N) for some m € M}

where M, N € 2\@. If My is nonempty, then (M, N) has a weak P—property (shortly as
weak Py) (compare with [22]) if

{ ¢(m1,n1) = ¢(M,N),

implies ¢(mq, my) < c(ny,n7),
c(ma,my) = ¢(M,N), "™P ¢(my,my) < g(ny,n2)

for all my,my € M and ny,n, € N.

Definition 2. A mapping T : MU N — 2M\@ U 2N\@ is said to be cyclic if T (m) C N for all
m e Mand T (n) C Mforalln € N.

In the following, we introduce multivalued a—proximal admissibles with respect to p
(for short, m — ) for multivalued mappings (compared with [12]).
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Definition 3. A mapping T : M — 2N\@ is m — a,, if

a(my, my) > p(my, my),
¢(m3,ny) = ¢(M,N), implies a(m3, my) > p(msz, my),
¢(my,n2) = ¢(M,N),

for all my,my, mz,my € Mand ny € Tmy, ny € Tmy, where x : M x M — [0,00) and
p:MxM—[1,0).

Remark 2.

(i) IT:M—2N\Qisreplaced by T : M — N, then T is a—proximal admissible with respect
to p (shortly as ayp) (see [12]).

(ii) If p = 1 in the Definition 3, then T is called multivalued a—proximal admissible (compare
with [14]).

(iii) If p = 1 and 2N\@ is replaced by N in the Definition 3, then T is called a—proximal
admissible (compare with [9]).

(iv) If M = N = Q in the Definition 3, then T is called x—admissible with respect to p (for short,
& —p).

Consider the following class:

¥ is a class of functions ¢ : [0,00) — [0, 0), such that ¢ is monotone increasing and
there exist up € N, a € (0,1), b € [1,00), and a convergent series of non-negative numbers
2;0:1 uy such that for any Y > 0,

bHHpE L (Y) < abf gt (Y) + uy

for all 4 > pp. A function ¢ € Y is a “Bianchini-Grandolfi gauge function (also known as
(c)-comparison function)”.

Lemma 1 ([23]). Ifp € ¥, then

(i) (P"(Y))uen converges to 0 as p — oo forall Y € RY;
(i) Pp(Y) <Y, foranyY € (0,00);

(iii) 1 is continuous at 0;

(iv) The series Y7 bFy! (Y) converges for any Y € R™.

Throughout this article, we denote k¢* (521, 502) = ¢(5¢1, 512) — kg(M, N); CL(Q) as the
closed subsets of (2; K(Q) as the compact subsets of (); BPP(T') as the set of BPP(s) of T;
and FP(T) as the set of FP(s) of 7.

Definition 4. Let (Q,¢) be a b-MS and for every M, N € 22, the Pompeiu—Hausdorff metric
induced by ¢ is given by

max{sup,, . 6(m,N),sup,.n6(M,n)}, if M #N # @
HMN)={ 0, fM=N=0
+o00, otherwise

where ¢(m, N) = inf{g(m,n),n € N}.

Definition 5 ([12]). Let (Q),g) bean MS, M,N € CL(Q) andx : M x M — [0,00). T : M —
N is a Suzuki-type generalized oy contraction if

¢(my, Tmy) — g(M,N) < a(my, my)g(my, my) )
implies  ¢(Tmy, Tmy) < (T (mq, my)), 3)
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forall my,my € M, where p € ¥ and

Q(mlz mZ)/ Q(mlz Tml) - g(M/ N)/
G(ma, Tmy) — (M, N),g(ma, Tmy) —¢g(M,N),
g(my, Tmyp) —g(M,N)

(¢(my, Tm}) — 6(M, N))(g(m, Tmz) — (M, N))
1+ (g(mlrmZ))

I'(mq,mp) = max

Theorem 1 ([12]). Let (€, ) be a complete MS, and M, N € CL(Q) with (M, N) has P,. T :
M — N is ap, a Suzuki-type generalized oy contraction, and for nonempty set Mo, T (Mo) € Np.
Also suppose a(mg, my) > p(mg, my) and ¢(my, Tmgy) = ¢(M, N) for some my, my in My, and
T are continuous. Then, BPP(T) is singleton.

In the following, we introduce generalized multivalued Suzuki-type ay contractions
in b-MS.

Definition 6. Let (Q),¢) bea b-MS, M,N € CL(Q)). T : M — CL(N) is called a generalized
multivalued Suzuki-type ay contraction of @ type if

¢ (my, Tmy) < a(my, my)g(my, my) implies H(Tmy, Tmy) < ¢p(@(my,ma)),  (4)
for all my,my € M, where « : M x M — [0,00), ¢ € ¥ and
g(my, Tmy) — kg(M,N)

G(mL mz), X ’
c(ma, Tmy) — kg(M,N)

T ,G(ma, Tmy) — (M, N),
@(mq, my) = max c(my, Tma) — kg(M, N)

. ,
(s, T} — ke(M, N)) (¢, Try) — ke(M,N))
k(1 +k(g(mq,m3))

Definition 7. Let (Q),¢) bea b-MS, M,N € CL(Q)). T : M — CL(N) is called a generalized
multivalued Suzuki-type oy contraction of ¢ type if

¢ (my, Tmy) < a(my,my)g(my, my) implies H(Tmq, Tmy) < p(&(mq,myp)), ()
for all my, my € M, where o : M x M — [0,00), ¢ € ¥ and

¢(my, Tmy) —kg(M,N)

G(my,my), r
¢(my, Tmy) —kg(M,N) ¢(ma, Tmy) —kg(M,N)
k ! k

&(mq,my) = max

Definition 8. Let (Q),¢) bea b-MS, M,N € CL(Q). T : MUN — CL(M) UCL(N) is called
a generalized multivalued Suzuki-type ay cyclic contraction of @ type if

¢*(my, Tmy) < a(my, mp)g(my, my) implies H(Tmy, Tmy) < ¢(@(my,ma)),
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forall my,my € MUN, wherea : MUN x MUN — [0,00),9p € ¥ and

,T —k¢(M,N
g(mllmZ)/ Q(ml ml) Q( ),

k
¢(my, Tmy) — kg(M,N)

@(m, m2) = MaX (. Ty} ke(M, N)

. ,
(lmy, T} — kg(M, N))(g(m, Trnz) — kg(M, N))
k(1 +k(g(mq, mp))

,G(ma, Tmy) —g(M,N),

Definition 9. Let (Q),¢) bea b-MS, M,N € CL(Q). T : MUN — CL(M) UCL(N) is called
a generalized multivalued Suzuki-type ay cyclic contraction of ¢ type if

¢"(m1, Tmy) < a(my, my)g(my, my) implies H(Tmy, Tmy) < ¢p(@(my, my)),
forall my,my € MUN, whereax : MUN x MUN — [0,00),9p € ¥ and

G(my, Tmy) —kg(M, N)

g(my,my), ?
g(m2/7-m2> _kg(M/ N) Q(mz, Tml) _kg(M/ N)
k ! k

¢(my,my) = max

Remark 3.

(i) If in Definitions 6 and 7, T : M — CL(N) is replaced by T : M — N, then T is called
a generalized Suzuki-type ay contraction of @ type and a generalized Suzuki-type ay cyclic
contraction of ¢ type, respectively.

(ii) If in Definition 6 T : M — CL(N) is replaced by T : M — N, and @ is replaced by @',
where

Q(mL mz)’ g(ml, Tml)ki kg(M/ N) ,

g(ma, Tmp) — kg(M, N)

7

@' (my, my) = max

(
G(mo, Tml)k— kg(M, N)
c(m, Tmz)k— kg(M, N)

x ,
(i, T} — ke(M, N))(g(ma, Trnz) — kg(M, N))

)
k(1 +k(g(my1,my))

then T is called a generalized Suzuki-type ay contraction of @' type.

(iii) If in Definitions 8 and 9 T : MUN — CL(M) U CL(N) is replaced by T : MUN —
MU N, then T is called a generalized Suzuki-type ay cyclic contraction of @ type and a
generalized Suzuki-type ay cyclic contraction of { type, respectively.

2. Best Proximity Points Results for Generalized Multivalued Suzuki-Type
«y Contractions

The following is our main result of this section.

Theorem 2. Let (Q),g) be a complete b-MS (b-CMS) M,N € CL(Q) with My # ¢. Let
T : M — CL(N) be a generalized multivalued Suzuki-type ay contraction of @ type satisfying:

1. Foreachm € My, T (m) C Noand (M, N) has a weak Py,

2. Tism—ay,

3. There exist elements mg and mq in My and ny € T mq such that g(mq,n1) = ¢(M, N) and
a(mo,my) > p(mo,my);

4. T is continuous.

Then, BPP(T') is nonempty.
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Proof. From (3), there exist mg and m7 in My and nq € T my, such that
¢(mi,n1) = ¢(M,N), a(mo,my) = p(mo,m1); (6)
if n1 € Tmy, then
¢(M,N) < g(my, Tmy) < ¢(my,m) = 6(M,N),
which implies ¢(my, Tmy) = ¢(M, N). That is, my is the BPP of 7. Next, if ny ¢ 7 my, then,

¢(mo, Tmgy) < ¢(mg,ny) < kg(mgy, my) + kg(mq,ny),
¢(mo, Tmg) < kg(mg,my)+kg(M,N),

therefore,
kc* (mo, Tmg) < kg(mo,my).

Thus, we get:
¢*(mo, Tmo) < g(mo,my) < p(mo, m1)g(mo,my) < a(mo, my)g(mo,my).
From (4), we get:

H(Tmg, Tmy) < ¢p(@(mgy, my))

Tmp) —kc(M, N
g(mO/ml),g(mo my) — kg ( ),

k
,T —k¢(M,N
g(ml ml) G( )zg(mlszO) —Q(M,N),

k
S Y| maxg ¢ (mg, Tmy) — kg(M, N)

. ,
(o, Trin) — ke(M, N) (c(my, Tmy) — ke(M, N))

k(1 + kg(mg, my))
(o, m1), c(mo,ny) — kg(M(i N)ll

k

LT —kc(M,N
g(ml ml)k G( )’g(mll ”1) . Q(M, N),
=PI MY g(mo, Tim) — K26(M, N)

2k2 !
(¢(mo,n1) — kg(M, N)(g(m1, Tmy) — kg(M,N))
k(l + kg(m()r ml))
Hence,
H(Tmo, Tmy) < pmax{g(mo,my),g(ny, Tmy)}.
Consequently,

¢(m, Tmy) < H(Tmg, Tmy) < pmax{g(mo,m1),c(n1, Tmy)}.
If max{g(mo, m1),¢(n1, Tmy)} = ¢(ny, Tmy), then
¢(nm, Tmy) < ¢(g(m, Tmy) < g(ny, Trmy),
which is a contradiction. Hence,
¢(m, Tmy) < ¢(c(mo,my)). @)
Now for g > 1, there exists ny € T m; such that

g(n1,n2) < qg(ny, Tmy),
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and using (7), we have
¢(n1,m2) < qp(g(mo, m1)). ®)
As ny € Tmy C Ny, there exists my € My such that
Q(le,nz) = Q(Ml N) (9)

Note that my # mq; otherwise, my becomes the BPP of 7. From (6) and (9), we get

a(mo,my) > p(mg,my),
¢(m1,m1) =¢(M,N),
¢(ma,nz) = g(M, N).
As T is m — «p, and (M, N) satisfies the weak Py, we obtain
tx(ml,mz) > p(m1/m2)/ g(mlrm2) < Q(Tll,ﬂz). (10)
From (8) and (10), we get:
¢(my,my) < g(ny,n2) < qy(g(mo, my)). (11)

Since ¢ is strictly increasing, therefore,

g (ma, ma) < P(qyp(g(mo, m1))).

Set
pap(c(mo,m))) _ (12)

P(c(m1,my))
If ny € Tmy, then my is the BPP of 7 and the proof completes. So, suppose 1y ¢ T my, then

=

c(mq, Tmy) < ¢(my,ny) < kg(mq,my) +kg(my, na);
therefore,

¢*(my, Tmy) < g(my,my) < p(my, my)g(my, my) < a(my, my)g(my, my).
From (4), we get:
H(Tmy, Tmy) < p(@(my, my)),

where

, —kc(M,N
(;(m1,I112), G(ml Tml) g( )/

k

LT —kc(M, N
G(mZ mZ)k Q( ),Q(le,TWll) *Q(M,N),
@(m, m2) =MaX\ - ¢(my, Tmy) — kg(M, N)

2k? !
(¢(m1, Tmy) — kg(M, N)(g(ma, Tmy) — kg(M,N))
k(l +kg(mlrm2))
< max{¢(my, my),g(ny, Tmy)}.
Hence,
H(Tmy, Tmy) < pmax{g(my,my),g(ny, Tmy)}.
This implies

¢(ny, Tmy) < H(Tmy, Tmy) < pmax{¢(my, my),c(ny, Tmy)}.
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If max{¢g(my, my),c(ny, Tmy)} = g(na, Tmy), then
¢(n2, Tmy) < (g(na, Tma) < g(na, Tmy),
which is a contradiction. Hence,
¢(n2, Tmz) < ¢(c(m, my)).
Now, again for g1 > 1, there exists n3 € T my such that
c(n2,n3) < q16(n2, Tmz) < qrip(g(my, my)).
From above and (12), we get
¢(n2,n3) < gy (g(mo,m1)).
Asnz € Tmy C Ny, there exists mz € Mg such that

¢(ms,n3) = (M, N).

Note that m3 # my; otherwise, m; becomes the BPP of 7. From (6) and (14), we get

a(my, my) > p(my, ma),
¢(ma,nz) = 6(M,N),
¢(ms,n3) = g(M,N).

As T is m — «p and (M, N) satisfies the weak P,, we obtain
a(mp,m3) > p(ma,m3), ¢(ma,m3) < g(na,n3),

From (13) and (15), we get

¢(ma,m3) < ¢(qip(g(mo, my)).

Since ¢ is strictly increasing, therefore

P(g(ma, m3)) < 9 (q(g(mo, my)).

Continuing this, we obtain sequences {m,} C My and {n,} C Ny, such that

w(my,my1) > plmy,my),
g(m]hLl/ n“qul) = Q(M, N)/
g(my-‘rZ/ 7’1”4_2) = Q(M/ N)/

¢(nys1, nps2) < qu(p(g(mu, myi1))),

where

¥ (qy(g(mo,m1)))
Y6y, 1))

for all p € N. Using (19) in (18) we get

>1,

qu =

(a1, mut2) < P (qyp(g(mo, ma))),

for all 4 € N. Since T is m — & and (M, N) satisfies the weak Py, we obtain

D‘(my+lrmy+2) > P(my+1/m;4+2)r Q(my+1rm;4+2> < Q("y+lr”y+2>-

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(21)
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Now, to prove {m, } is a Cauchy sequence in M, let ¢ > 0 be given. Since

kfapH (g (g (mq, mg)) < oo,
u=1
there exists some positive integer i = h(e) such that
Y K (qp(g(m, mg)) < e.

I>h

Using the triangular inequality, we obtain

Q(my/ my) < kg(my/ m;t+1) + kzg(m;t+1/ merZ)
e kARG (g, my). ‘

This implies

k=1 (q(g(my, mo) + K*p* (q(g(m1, mg))
SRR HA 2 g (g (ma, mo) )

o (K1 (g my, i) + K (g3 o)

Q(m;u my) <

<
+ee 2P 2 (g (g (m1, mo)))
1Al
< WzkllPl(qlP(Q(ermo))
i=p
1 = .
< WZklwl(qw(g(wmo))
i>h

1
< ngs’

forall A > u > I > h, where h' = max{2,h}. Thus, {m,} is a Cauchy sequence in M.
Similarly, {n, } is a Cauchy sequence in N. Since (€2, ¢) is complete and M and N are closed,
there exist m* € M and n* € N such that m;, — m* and n, — n* as p — oo, respectively.
Since g(my,ny,) — ¢(M, N) for all u € N. We conclude

lim ¢(my, ny) = g(m*,n*) = g(M,N).

H—0
Continuity of 7 implies
lim H(7my,, Tm*) = 0.

H—0
Asnyq € Tmy:
g(n*, Tm*) < kg(”*/”y+1) + kg(”y—&-b Tm*) < kg(n*f”u—&-l) + kH(me Tm").

Letting y — co, we get:
g(n*, Tm*) <0,

which implies n* € Tm* = Tm*. Furthermore,
¢(M,N) < ¢(m*, Tm") < ¢(m",n") = ¢(M,N);

hence,
¢(m*, Tm*) =¢(M,N),

which implies m* isa BPP(7). O

Next is the single-valued version of Theorem 2.
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Theorem 3. Let (Q),¢) be a b-CMS, M,N € CL(Q) with My # ¢. Let T : M — N bea
generalized Suzuki-type ay contraction of @ type satisfying the following:

1. Foreach m € My, we have T (m) € Ny, and (M, N) has the Py;

2. Tisay,
3. There exist elements mq and mq in My such that ¢(my, Tmgy) = ¢(M, N) and a(mg, m1) >
P(m()/ ml)/

4. T is continuous.

Then, BPP(T) is nonempty.
Proof. The proof follows from Theorem 2. [J

Corollary 1. Let (Q),¢) be a b-CMS, M, N € CL(Q) with My # ¢. Let T : M — N be a
generalized Suzuki-type oy contraction of @' type satisfying the following:

1. Foreach m € My, we have T (m) € Ny, and (M, N) has the Py,

2. Tisay;
3. There exist elements mq and mq in My such that ¢(my, Tmgy) = ¢(M, N) and a(mg, my) >
P(m()/ Wl]),

4. T is continuous.
Then, BPP(T) is singleton.

Proof. The existence of BPP directly follows from Theorem 2. For uniqueness, suppose on
the contrary that m; and m; are two distinct BPP(s). Then,

¢(m, Tmy) = ¢(M,N),
¢(ma, Tmz) = ¢(M,N).
Then, P, implies
g(ml,mz) = g(Tml,Tmz). (22)

Now,

¢"(my, Tmy) = —(g(my, Tmy)—kg(M,N))

el

(6(M,N) —kg(M,N)) <0 < a(my,mp)g(my,my),

which implies

¢(Tmy, Tmy) < (@' (my, my)).
It further implies
g(my,my) < (' (my, my)) < P(g(my, my)) < g(my, my),

which is a contradiction. Hence, BPP(T) is singleton. [J
Remark 4. If we take b = 1 and p = 1, then Theorem 1 becomes the corollary of Corollary 1.

Now, we prove the following result without the assumption of continuity of the

mapping 7.
Theorem 4. Let (Q),g) be a b-CMS, M, N € K(Q) with My # ¢. Let T : M — K(N) bea
generalized multivalued Suzuki-type ay contraction of ¢ type satisfying the following:

1. Foreach m € My, we have T (m) C Ny, and (M, N) has a weak Py,
2. Tism—ay
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3. There exist elements mg and mq in My and ny € T mq such that g(mq,n,) = ¢(M, N) and
a(mg,my) > p(mg,my) > 2k;

4. If {my} is a sequence in M such that a(my,my, 1) > p(mu,my1) > 2k and my, —
m € Mas yu — oo, then there exists a subsequence {m,, } of {m,} such that a(m,,, m) >
p(my,,m) > 2k forall 1 > 1.

Then, BPP(T') is nonempty.
Proof. From Theorem 2, we have:

¢(n1, Tmy) < (g(mo,my)), (23)

as 7 my is compact; therefore, there exists n, € 7 mj such that
¢(n1,mp) = g(ny, Tmy). (24)

Using (23) in (24), we get
¢(n1,m2) < (g (mo,my)). (25)

By assumption (1), we have Tm; C Ny, so there exists my # my € My such that
Q(erWZ) = Q(M/ N); (26)
otherwise, m; is the BPP of 7. From (6) and (26), we get

a(mg,my) > p(mo,my),
¢(m1,n1) = g(M,N),
G(my,nz) = g(M,N).

As T ism —apand (M, N ) satisfies the weak Py, we obtain

a(my, my) > p(my,ma), g(my,my) < g(ny,n2),
SO
g(mlrm2> S g(”l/ 1’12) < lP(G(mO/ I’Yl]))

Continuing in a similar way as in Theorem 2, we get sequences {m,, } in My and {n,} in
Ny such that
a(my, myi1) = p(my, myiq) and my 7 my.q,

ny € Tmy_qand n, & Tmy,

¢(my,ny) = ¢(M,N)and (27)

lmumy1) < () < p(g(my—1,my))).
Along similar lines as in Theorem 2, we can prove that {m,, } and {1, } are Cauchy sequences
in M and N, respectively. Since (), ¢) is complete and M and N are closed, there exist
m* € M and n* € N such that m; — m* and n, — n* as p — oo, respectively, and

¢(m*,n*) = ¢(M, N). Now, we show that m* is the BPP of 7. If there exists a subsequence
{my, } of {m,} such that Tm,, = Tm* foralll > 1, then

¢(M,N) < Q(mererm;lz) < Q(m;tl+1rny1+1) =¢(M,N),
¢(M,N) < ¢(my41,Tm*) <¢(M,N) foralll > 1.

Letting [ — oo, we obtain

¢(M,N) <g(m*, Tm*) < ¢(M,N).
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Hence, m* is the BPP of 7. Thus, we may assume 7 m, # T m* for all € N. From assump-
tion (4), we have a subsequence {m,, } of {m,} such that a(m,,,, m*) > p(m,,,m*) > 2k
foralll > 1. Forny, 1 € Tmy,

¢(mpu, Tmy,) < Q(mﬂl'nﬂl-i'l) < kg (my,, my 1) + kg(mﬂl+1z”ﬂz+1)'
<

G<m}l[/ Tm}lz) kg(m]ll/myﬂrl) +kG<MI N)/
therefore,
g* (mpllr Tmm) < g(m]ilfm]ll+l) (28)
and
kg* (m]/ll-‘rl/ Tm]/ll-‘rl) = g(m]il-‘rl/ Tm],{l-‘rl) _kg(M/ N)
< kg(m]/l]-l-l/ mH1+2) + kg(m}lﬂrz’ Tm}l]-i-l) - kg(Mf N)
< kg(myy 1, my2) + kg(my 0, ny,42) — kg(M, N).

Using ¢(my,42,1,42) = ¢(M, N) and (27), we get

¢ (myy1, Ty 1) < g(my 1, my42) < gy, my, 1), (29)
and adding (28) and (29), we get

¢ (myy, Tmy,) + ¢ (M1, Ty 1) < 2¢(my, my,11).

Now, for a(m,,, m*) > p(my,, m*) > 2k, if for some [ € N,

¢"(my,, Tmy,) > a(my, m*)g(my,,, m") (30)
and
¢" (m;lz-l-l/Tmm—i-l) > “(mm—&-l/m*)‘;(mm—&-lzm*) (31)
holds, then we get
¢ (my,, Tmy,) > a(my, m*)g(my, m*) > 2kg(my,, m*)
and

¢ (mpuy1, Tmyyg1) = a(my 1, m)g(my, 11,m*) = 2kg(my, 11, m”).

By triangular inequality,

2kg(my,, m*) + Zkg(mmﬂ,m*)

Zg(m}lllmm-‘rl) <
< g*(mm/ Tm]iz) + g*(mﬂﬁ-ll Tm,‘uz-H) < Zg(mmrm}l]-l-l)r

which is a contradiction. Hence, either

g* (m}lﬂrl' Tm}lﬂrl) < “(mplﬁl/ m*)G(mH1+1/ m*) (32)

or
¢ (my, Tmy,) < a(my, m*)g(my,m") (33)

holds for infinitely many / € N. If (32) holds for infinitely many ! € N, then from (5), we get
H(Tmy, Tm*) < ¢(¢(my,,m*)).
For ny, 1 € Tmy, wehave g(ny, 1, Tm*) < H(Tmy, Tm*); therefore,

G (1, Tm™) < & (my,,m™)), (34)
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where
o G(my, Tmy,) —kg(M,N)
( *) B g(mm’m ), Hi Hi ,
OUMy M) =Y, o) — kg(M,N) g(m”, Tmy,) — kg(M, N)
k ! k
. ( %Emyilm;>/(%\(4mﬁ3mﬂ[+l)/
< maxg ¢(m*, Tm*) —kg(M, N P
k /g(m /my[+1)
if
. c(m*, Tm*) —k¢(M, N .
max{g(mm,m )’g(m,ul’m}ll‘i‘l)/ ( )k ( )/g(m /my]-i-l)
¢(m*, Tm*) —kg(M,N)
= p .
Then, from (34), we have
. m*, Tm*) —kc(M, N
(1, Tom )gw(g( )kl )). (35)

By triangular inequality, we have

1 * * *
%(g(mm-i-l/Tm ) _kg(Tmy[/mm-‘rl)) < Q(TmH[/Tm ) < g(”H1+1/Tm )

Using the fact that 1,1 € T'my,; and by (35)

(smy 1, ) = (M, N) < p (S TR

k

Sl

Letting I — oo and using ¢(Y) <Y, we get

¢(m*, Tm*) —k¢(M,N)  ¢(m*, Tm*) —kg(M,N)
k < k ’

which is a contradiction. Hence,

g(n]/l1+1l 7—7’}’1*) < ¢(max{g(mm/ m*)/ g(m}llr mpl1+1)/ g(m*/ m}ll+1> }) :

Letting | — co, we get
n* e Tm".
Hence,
¢(M,N) < ¢(m*, Tm") < ¢(m*,n") = ¢(M,N).

Hence,
¢(m*, Tm") = ¢(M,N),

which implies m* € BPP(7). Similarly, if (33) holds for infinitely many / € N, the conclusion
holds. O

Theorem 5. Let (Q),¢) be a b-CMS, M,N € CL(Q) with My # ¢. Let T : M — N bea
generalized Suzuki-type ay contraction of ¢ type satisfying the following:

1. Foreach m € My, we have T (m) € Ny, and (M, N) has the Py,

2. Tisay,

3. There exist elements mq and my in Mg and ny = T mg such that ¢(m1,n1) = ¢(M, N) and
a(mg, my) > p(mg,my) > 2k;
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4. If{my} is a sequence in M such that a(my, m, 1) > p(my,m, 1) > 2k and my, — m €
M as y — oo, then there exists a subsequence {my,} of {my,} such that a(m,,,m) >
p(my,, m) > 2k forall 1 > 1.

Then, BPP(T) is singleton.

Proof. The existence of BPP(s) follows from Theorem 4, and the uniqueness follows from
Theorem 3. [

We give an example to illustrate the above theorems.
Example 1. Let QO = R2, ¢(Py, Py) = |x; — x2|* + |y1 — ya|*, where
Py(x1,11), Pa(x2,12) € QL
Then, ¢ is a b-metric with k = 2. Let

M={(1,2"):p e Ny},N = {(021,,> S Nl} u{(0,0)},

which implies
¢(M,N)=1.

Define mapping T : M — 2N\@ as

T(1,2H) = {(O,;ﬂ) :0<a< ;4}.

Mo = {(1,1)} and No = {(0,1)},

We have

which implies
T (Mp) C Np.
_ [ cGa, ) if s # s, _ 9 B
w(3,50) = { 2 otherwise, ) = 10Y' and p(s,32) = 2.

Let Py = (1,2"), P, = (1,2/2) € M, where pp > .

e T(P) = {<0,2}41),. . (0,1)} and T (P,) = {(0,212>,~ " (0’1)}'

HT ), 7)) = (g~ o) = (”’;ﬂ)z

It implies

o fameem —1N\? 1
as pp — p1 < pp it implies (2”2> <y therefore,

H(T(P1),T(P)) < 5. (36)

N

Now, consider
(P, Py) = (22 —21)> > 1;

it implies
@(x,y) > 1.
Therefore,

P(@(x,y)) > 19—0 (37)



Mathematics 2023, 11, 574

15 of 21

(36) and (37) implies
H(T(P), T(P)) < ¢p(@(x,y))-

Therefore, T is generalized multivalued Suzuki-type a contraction of @ type. Note that T (M) C Ny
and (M, N) satisfies a weak Py. Furthermore, T is clearly m — a,. Theorem 2 implies T has a BPP,
which is (1,1).

Now, we give an example that satisfies all the conditions of Theorem 3, whereas
Theorem 1 will not be applicable.

Example 2. Let QO = {1,2,3,4,5}, such that

¢(1,2) = 1,6(1,3) =5,¢(1,4) =4,5(1,5) = 8,¢(2,3) =3,
¢(2,4) = 6,6(2,5) =9,¢(3,4) =7,5(3,5) =10,¢(4,5) =13,
¢(x,y) = ¢(y,x)andg(x,x) =0 forall x,y in Q.

¢ is not metric because
€(1/3) =5 ﬁ 1+3= g(l,Z) + 5(213)-

Fork = 2, (Q),¢) is a b-MS.
Suppose M = {2,4} and N = {1,3,5}. Define T : M — N by

T(2)=1,T(4) =3.

_ [ sba, ) if s # s, _ 9 B
a(sa, %) = { 0 otherwise, ) = 10Y' and p(za, 3%2) = 2.

Note that
¢(M,N) =1, My = {2} and Ng = {1}.
Here, we discuss different cases. Case (i), x = 2, y = 4, is as follows:

¢(2,T2) — ke(M,N) = ¢(2,1) — ke(M,N) = 1 — Z _ —i <36 = a(2,4)¢(2,4),

and 9
6(72,T4) =¢(1,3) =5= 15(6) = ¥(@'(2,4)).

Case (ii), x = 4,y = 2, is as follows:

6(4,T4) —ke(M,N) = ¢(4,3) =7~ > = 2 <36 =a(4,2)(4,2),
and
9

6(T4,72) = ¢(3,1) =5 < 75(6) = p(@'(4,2).

Therefore T is a Suzuki-type generalized wyy contraction of @' type. Note that T (My) € No, and
the pair (M, N) has Py. Furthermore, T is clearly «p. All axioms of Theorems 3, hold. Therefore,
T has a unique BPP, which is 2.

However, if we define the usual metric d(x,y) = |x —y| on Q, then Theorem 1 is not
applicable. For instance, if x =2, y = 4, then

d(2,72) —d(M,N) =d(2,1) —d(M,N) = 0 < 4 = a(2,4)d(2,4),

whereas

(T2, T4) = d(1,3) =2 £ 130(2) — p(T(2,4).

Therefore, our results are the proper generalization of the results already exist in the literature.
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3. Best Proximity Points Results for Generalized Multivalued Suzuki-Type ay
Cyclic Contractions

In this section, we derive the existence of BPP(s) for generalized multivalued Suzuki-
type ay cyclic contractions.

Theorem 6. Let (Q),g) be a b-CMS, M,N € CL(Q) with My # ¢.Let T : MUN —
CL(M) U CL(N) be a generalized multivalued Suzuki-type «y cyclic contraction of @ type
satisfying the following:

(i)  Forevery m € My, T (m) C Ny, and for every n € Ny, T(n) C My. (M, N) has the
weak Py,

(i) T ism—ap;

(iii) For mg, my in My and ny € Tmg such that ¢(mq,n1) = ¢(M,N) and a(my, my) >
p(mg, my) for ng and ny in Ny and my € Tng, such that g(mq,n1) = ¢(M,N) and
a(ng,m) = p(no,m);

(iv) T is continuous.

Then, there exist m* € M such that ¢(m*, Tm*) = ¢(M,N) and n* € N such that
¢(n*, Tn*) =¢(M,N).

Proof. Consider the restrictions 7/ : M — CL(N) and 7" : N — CL(M) of T on M and
N, defined as

T'(m) =T (m) forallm € Mand 7" (n) = T (n) foralln € N,

respectively. Then, 7’ and 7" satisfy all the conditions of Theorem 2. Hence, by Theorem 2,
with mappings 7" and 7", there exist m* € M such that

¢(m*, T'm") = ¢(m", Tm") = ¢(M,N)
and n* € N such that ¢(n*, T"n*) = ¢(n*, Tn*) = ¢(M, N). This completes the proof. [

Theorem 7. Let (Q),¢) bea b-CMS, M, N € CL(Q) with My # ¢.Let T : MUN — MUN
be a generalized Suzuki-type ay cyclic contraction of @ type satisfying the following conditions:
(i) Foreverym € My, T (m) € Ny, and for every n € Ny, T (n) € Mo, (M, N) has the Py;
(i) T ism—ap,

(iii) For mg, my in My and ny = Tmg such that ¢(my,n1) = ¢(M,N) and a(my,my) >
p(mp, my) and for ng and ny in Ny and my = T ng, such that ¢(mq,n1) = ¢(M,N) and
a(ng,n1) > p(no,n1);

(iv) T is continuous.

Then there exist m* € M such that ¢(m*, Tm*) = ¢(M,N) and n* € N such that
¢(n*, Tn*) =¢(M,N).

Proof. Following along similar lines of Theorem 6, we will obtain the required results. [J

In the following, we derived some fixed-points theorems from our main results.
If we take M = N = Q) in Theorems 2 and 4, then we have the following results.

Theorem 8. Let (Q),g) bea b-CMS and T : Q) — CL(Q) be an a — p such that
g(%l,T%l) < koc(%l,y)g(%l,%z) 1mplzes H(T%l, T%2) < ¢(@(%1,%2)),

forall s¢1, 300 € Q where p € Y satisfying the following:

(i) There exists ¢y € Q) such that a (s, T »0) > p(s0, T »);
(it) T is continuous.

Then, FP(T) is nonempty.
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Theorem 9. Let (Q),¢) be a b-CMS and T : Q — K(Q) be an « — p such that
(o0, Toa) < ka(sa1,30)6(501, 02) implies H(T 521, T322) < $(E(30, 52)),

forall s¢1, 300 € O, where P € Y satisfies the following:

(i) There exists ¢y € Q) such that a (s, T »0) > p(s20, T »9) > 2k;

(ii)  If {2} is a sequence in Q) such that a(5¢, 3¢,41) > p(3¢u, 7411) > 2kand »y — 3 € Qas
p — oo, then there exists a subsequence { ¢, } of {3, } such that a(s¢,;, 3¢) > p(s2y,, 3) >
2k forall 1 > 1.

Then, FP(T) is nonempty.

If we take 1(Y) = gY in Theorems 8 and 9, where 0 < g < 1, then we can conclude
the following theorems.

Theorem 10. Let (Q),¢) bea b-CMS and T : Q3 — CL(Q)) be an « — p such that
c(sr1, Toer) < ka(se1, 30)6(501, 300) implies H(T 31, T 502) < g(@ (311, 52)),

for all 321, 225 € O, where q € [0,1) satisfies the following:
(i) There exists ¢y € Q) such that a (s, T ) > p(30, T 20);
(ii) T is continuous.

Then, FP(T) is nonempty.
Theorem 11. Let (Q),¢) bea b-CMS and T : Q3 — K(Q) be an a — p such that
6301, Tor) < ka(se1,302)6(501, 200) implies H(T 321, T 22) < q(E(311, 5:2)),

for all 51, 3¢5 € Q), where q € [0, 1) satisfies the following:

(i) There exists ¢y € Q) such that a(s<, T »0) > p(s20, T »9) > 2k;

(ii)  If {>¢ } is a sequence in Q) such that a(s¢y, 3,41) > p(3¢u, 26411) > 2kand »y — 3 € Qas
pi — oo, then there exists a subsequence { s, } of {s¢,} such that a (s, 3¢) > p(s¢,, ) >
2k forall I > 1.

Then, FP(T) is nonempty.

4. Applications to Differential Equations

BPP theory plays an important role in approximating many problems, especially in the
fields of differential equations and integral equations. For more details, one can see [24-26].
In this section, we obtain the optimum solution of system of differential equations by
applying our obtained results. Consider the following system of differential equations:

d
EF; = o(o,p); p(oo) = p1, (38)
d

% = ¢(o,n); n(00) =11,

where (0y,00) € R? and (¢, p1), (¢, 71) are the points in
SI{(O’,p)GRZZ lo—op| <a, |p—p0|§b}, (39)
for some a,b > 0. The b-metric is given as follows:

c(p(0), () = [lp — o>,
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where
lo—gpll=  max |p(t)—p(t)
telog—a,o0+a]
Define
Cao={p€Clog—a,o0+al:|p(c)—po| <b},
M= {p € Ca:p(on) =p1} (40)
and
N ={p€Ca:plon) =m} (41)

Then, forany p € Mand p € N, |jp — o> > |m — p1]* and ¢(M, N) = |1 — p1|*

Theorem 12. Let S, M, and N be as defined in (39), (40), and (41), respectively, and let p1 < 1.
Suppose o and ¢ are continuous functions defined on S satisfying the following:

1
@ lele, 9) = ¢(o,0)| < Klo—pf - E\m—mlfor some K > 0 whenever K|p —p| >

1
B\m —p1l;
2) oo, p) > ¢(o,p),ifc < opand o(0, p) < ¢(0,p), if ¢ > 0y, whenever K|p — p| <

Ll

=M —p1]-

p

Define T : MUN — MU N as follows:

g

T(e(0)) = m+ [ o(tpt)dt, pcM, (42)

]
a

T(plo)) = p1+ . @(t, o(t))dt, p € N,

satisfying the following:

(i)  Foreach p(c) € My, we have T p(0) € Ny, and for each p(o) € Ny, we have T (p(0)) €
My; (M, N) has the Py;

(ii)  There exist elements po (o) and n1 (o) in Mg and 1 () = T po(0) such that ¢(171(0), p1(0)) =
¢(M, N) and there exist elements () and p1(0) in Ng and n1(c) = T po(c), such that
¢(m1(0), p1(0)) = ¢(M, N). The b-metric is given as follows:

5(p(0), 9(0) = llo — oII*

Then, for any

. b—|m—pol b=lo1—pol 1 [11—pi]
ﬁ<m1n{a, P , P 'K 0 ,

where P is the bound for both ¢ and ¢ and
1
Q= sup{ lo(e,0) - 9(c.p) : Klp — o1 < gl =},

(38) has an optimum solution; that is, there exists p* € M such that ¢(p*, Tp*) = |m — p1|*,
and there exists p* € N such that ¢(p*, Tp*) = |51 — p1|*.
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Proof. Let p € My; then, 7 (p(cp)) = 11 and

[T (p(@)) = pol =

o
m=ro+ [ oltp)

g

< In-el+| [ oltpo)
o

< |11 —po| + Plo — oo

< |1 —pol +BP < b.

This implies 7 (p(c)) € N. Hence, 7(M) C N. Similarly, we can prove 7(N) € M. To
prove that 7 is a generalized Suzuki-type ay cyclic contraction of @ type. Take p € M, p €
N, and assume o > 0y,

- 2
p1—m+ | (ot p(t)) — @(tp(t)))dt| . (43)

90

| To(e) = Tolo)* =

Now,

[ taltot) = ottpt)et = [ (olto(t) — glt,p(6)))d,

0 [00,0]

where f[vo,a](g(t’ o(t)) — @(t,p(t)))dt is the Lebesgue integral of (o(t, p(t)) — ¢(t,p(t)))

over the interval [0y, o]. Now, let
1
G = (telooo+pl:Klp(t) —p(t)] > 3\771 —p1l ¢

C - {te[ao,ao+ﬁ1:1<|p<t>—p<t>|s;m—m}.

Since p and g are continuous functions, we have both C; and C, are disjoint measurable
sets. Therefore,

" B _Jo (et () — o(t,p(t)))dt+
|, Cote: (6 = glt06))dt = Jo (0t 0(t) — p(t,p(£)))at.
Hence, from (43), we have
B 2 _ | M —771+fc](e(t/@(f)) —¢(t,p(t)))st+
|T(p(0)) =T (p(0))|” = ‘ sz — o(t,p(t)))ct

’Pl m+ Je, (et o(t) — o(t, p(t) gt’+
Je,o tm)) olt () '

In Gy, K|p(t) — p(t)] < ‘113|171 —p1|, for ¢ > op by condition (2), we get o(t, p(t)) <
£),50 Ji, (0(t, o(£) — @(t, (1)) < 0and

/Cz(e(f,@(t))—qv(t,p(t)))dt‘ < C2I(Q(f,p(t))—(P(t,p(t)))ldf

Q/Czdtscgw—m
QB < |m1 —p1l-

IN

IN
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Therefore,

2
T(e(e)) = T < (lor=m + [ ltelt () = plt,pe))lat)
Hence,

S(T(o(@), T(p(@)) = sup(|T(p(e)) — T(p(e)])

< lo1 —ml+ ?
=\ Jo, Klp(t) = p(t)| = lm —pa)dt | 7

2
< lo1 —m| +:3maxt§[aofﬁ,tro+ﬁ]
- (Klo(t) = p(t)| = glm —p1l)
(lor —m| +KBllp — ol = [m — p1])?
(KBllo — ol)* < KBllo — |1,

IA A

which implies

§(T(p(0)), T(p(0))) < Kpg(p(e), p(0)) < Kpa(p(c), (7).

Hence, 7 is a generalized Suzuki-type ay cyclic contraction of @ type. T is clearly «,.
Thus, all axioms of Theorem 7 hold for a(x) = x and p(x) = x. Therefore, by Theorem 7,
there exists p* € M such that ¢(p*, Tp*) = |1 — p1|* and p* € N such that ¢(p*, T p*) =
|71 — p1|*. This completes the proof. [

5. Conclusions

In this article, we have established multivalued generalized Suzuki-type & — ¢ —proximal
(cyclic) contractions of b-metric spaces along with the provision of the existence of BPP(s)
of multivalued generalized Suzuki-type « — ¢p—proximal (cyclic) contractions of b-metric
spaces. Examples are given to explain our results and to show that our results are the
proper generalization of the already existing results in the literature. In the end, we have
developed the optimum solution for a system of ordinary differential equations with initial
data. In the future, these results can further be investigated in the context of partially
ordered asymmetric distance spaces and Riesz spaces with some example applications.
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