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Abstract: This paper is concerned with the asymptotic behavior of the solution of a Timoshenko
system with two nonlinear variable exponent damping terms. We prove that the system is stable
under some specific conditions on the variable exponent and the equal wave speeds of propagation.
We obtain exponential and polynomial decay results by using the multiplier method, and we prove
that one variable damping is enough to have polynomial and exponential decay. We observe that the
decay is not necessarily improved if the system has two variable damping terms. Our results built on,
developed and generalized some earlier results in the literature.
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1. Introduction

In 1921, Timoshenko [1] introduced the following system of hyperbolic partial differ-
ential equations as a model to describe the dynamics of a thick beam:
P19t — K(gx +4)x = 0 in (0,L) x (0, +e0),
@
P2t — biprx + K@z +9) =0 in (0,L) x (0, +o0),

where L, b, K, p1, p2 are positive physical constants, ¢ is the transverse displacement, and
(—¢) is the rotational angle of the filament of the beam. For almost a century, a great
number of researchers have devoted a considerable amount of time and effort studying
this model. As a product, many results concerning the well-posedness and long-time
behavior of the system have been established. For this matter of various types of dissi-
pation, such as boundary and/or internal feedback, heat or thermoelasticity, finite and
infinite memory, and Kelvin—-Voigt damping, have been utilized. Various results regarding
existence, polynomial, exponential and general decay have been proved. For example, the
viscoelastic-type Timoshenko system had received a considerable attention since the work
of Ammar-Khodja et al. [2] in which the authors studied the following system:

P11t — K(Px +9)x =0 in (0,L) x (0, 4c0),

2t — by + K(uy + ) + /Otg(t —§)Pxx(s)ds =0 in (0,L) x (0,400), )

$(0,) = p(L,t) = ¥(0,t) = (L, ) =0 fort >0,
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where ¢ is a positive non-increasing differentiable L! function defined on R, and it is
called the relaxation function (kernel). They established the uniform stability of the system
in the case of equal speeds of wave propagation. For the rate of decay, they obtained
exponential and polynomial stability of the system for the relaxation functions g decaying
exponentially and polynomially, respectively. Guesmia and Messaoudi [3] proved the same
decay result of [2] by weakening some of the assumptions on the relaxation function g.
Messaoudi and Mustafa [4] investigated the same system under more general assumptions
on the relaxation function g and proved for the first time a general decay result from which
the exponential and polynomial stability are only special cases.

For the Timoshenko system with frictional damping terms, a list of researchers have
investigated the well-posedness and long-time behavior of the solutions of this system.
For example, Kim and Renardy [5] investigated the uniform stabilization of the Timoshenko
beam with two boundary control forces. They proved the exponential decay of the energy
by using a multiplier method and provided numerical estimates of the eigenvalues of the
operator associated with this system. Shi and Feng [6] considered a Timoshenko beam with
two locally distributed pieces of feedback and established, using a frequency multiplier
method, an exponential decay result for the energy. Mufioz and Racke [7] considered

P19 — K(gx +)x =0, 3)
P21t — bipxx + K(@x + ) +dipy = 0,

where d is a constant and established exponential and polynomial decay results. Mustafa and
Messaoudi [8] considered the Timoshenko system (3) where di; is replaced by a(t)h(y(t))
and established some explicit and general decay results, depending on /1 and &, using some
properties of convex functions. Similar results can be found in [9-17] and the references
therein. In the above works, it is proved that the exponential stability of system (1) is
achieved in the presence of linear damping mechanisms on both equations of (1) without
imposing any condition on the speeds of wave propagation. However, if the damping
effect is acting on only one equation, the system is exponentially stable if and only if it has
equal speeds of wave propagation; that is,

K b

PT = Piz (4)

For the Timoshenko system with viscoelastic and nonlinear frictional dampings of the form
(Ptt - (4)35 + IIIJ)X = 0/ (5)
Y= P+ Pu ot P+ o gt = 8)gan(s)ds + () =0,

Mustafa [18] obtained energy decay rates for (5) with general assumptions on the functions
h and g. Al-Mahdi et al. [19] considered the system (5) with replacing the memory term
fotg(t — 5)Pxx(s)ds with infinite memory f0+°° 2(s)Pxx(t — s)ds and obtained some new
decay results in the case of equal speeds of wave propagation and just an upper bound
estimate for the energy in the case of non-equal speeds of wave propagation. For more
results on stability of Timoshenko systems with frictional and/or viscoelastic damping, we
refer the reader to [20] and the references therein.

With the advancement of sciences and technology, many physical and engineering
models require more sophisticated mathematical functional spaces to be studied and well
understood. For instance, some models from physical phenomena such as flows of electro-
rheological fluids or fluids with temperature-dependent viscosity, filtration processes in a
porous media, nonlinear viscoelasticity, and image processing, give rise to such problems.
The Lebesgue and Sobolev spaces with variable exponents proved to be efficient tools to
study such problems, as well as other models such as filtration processes through a porous
media and image processing. We cite [21,22] for further details on the electro-rheological
fluids mathematical model. We briefly mention a few of the many references [23-29] that
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discuss the existence, blow-up, and stability of some problems with variable exponents.
Messaoudi [30] focused in particular on the following equation:

us — div(a(x)|Vu| O72Vu) — Aug + |us|"O2u; = 0, (6)

and provided exponential and polynomial decay results with specified constraints on m
and r. The following problem

Uy — div(|Vu”(x)_2Vu) a2y = (1) 2y, (7)

was recently studied by Li et al. [31], and a blow-up result has been produced for solutions
with negative initial energy. The following problem

t
Uy — Au+u +/ g(t —s)Au(s)ds + [us|" )" 2u; = uln [ul¥, on Q x (0, +00),  (8)
0

was studied by Al-Gharabli et al. [32], where g is a relaxation function, m(.) is a variable
exponent, and ug and u; are the given data. The authors produced explicit and general
decay results for a large class of relaxation functions using the well-depth approach, as well
as some specific requirements on the variable exponent function. Gao and Gao [33] and
Park and Kang [34] who studied

t
Uy — Au+u+ /0 g(t — s)Au(s)ds + alus|")"2u; = blu|7¥) 24, on Q x (0,+00), (9)

and proved the existence and blow-up results. Hassan et al. [35] treated Problem (9) when
b = 0 and established an energy decay estimate. Mustafa et al. [36] considered the following
wave equation with nonlinear damping having a variable exponent and a time-dependent
coefficient

Uy — Au + oc(t)|ut\m(x)*2ut =0, (10)

and established theoretical and numerical energy decay results depending on both « and
m. Recently, Mustafa [37] studied the Timoshenko system (5) with replacing the frictional
damping term /(;) by the variable exponent damping term |;|"”(*)=2¢p; and established
explicit energy decay rates where m(x) is the variable-exponent function satisfying some
spastic conditions.

In the present work, we consider the following nonlinear Timoshenko system:

P19t — K(@x + 9)x + | [PV 291 = 0,

0291t — bipx + K (@ + ) + Blye[10) 2y = 0,

¢(0,t) = ¢(L, t) = ¢(0,t) = p(L,t) =0, (11)
@(x,0) = @o(x), @t(x,0) = @1(x),

P(x,0) =vo(x), P:(x,0) = ¢1(x),

where (x,t) € (0,L) x (0,+00), 7, B are positive constants, ¢g, ¢1, o, P1 are given data
and p(.) and g(.) are the variable exponent functions satisfying some conditions to be
specified in the next section. This system describes the transverse vibrations of a beam
subject to the effect of the two nonlinear variable exponent damping terms |¢:|P()~2¢;
and [1p;|90) =24 in the presence of a non-standard frictional damping due to the nature of
the “smart” material. Our goal is to investigate System (11) and prove that the system is
exponentially and polynomially stable and the stability results depend on the coefficient of
the system and the variable exponents p(.) and 4(.). We prove that one variable damping
is enough to have polynomial and exponential decay. We observe that the decay is not
necessarily improved if the system has two variable damping terms.
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The paper is organized as follows: In Section 2, some preliminaries are given. We
establish some technical lemmas in Section 3. In Section 4, we state and prove our main
energy decay results. We present some conclusions in Section 5.

2. Preliminary and Assumptions

In this section, we present some preliminaries about the Lebesgue and Sobolev spaces
with variable exponents (see [38—40]). Throughout this paper, c is used to denote a generic
positive constant. Let p : () — [1, o0] be a measurable function, where Q) is a domain of R".
The Lebesgue space with a variable exponent p(-) is given by

LrO(Q) := {v : Q) — R; measurablein Q : ¢,(.)(Av) < oo, for some A > 0},

where

0 (@) = [ fo(x)Vax,

equipped with the following Luxembourg-type norm
. ) v(x) p(x)
Hmbm._uﬂ{A>o.A;LXf‘ dx < o},

the space LP() () is a Banach space (see [39]), separable if p(-) is bounded and reflexive if
1 < p1 < p2 < oo, where

p1 = essinfycqp(x), p2:= esssup,qp(x).

The variable-exponent Sobolev space is defined as follows:
wirt)(Q) = {ZJ e LP1)(Q) such that Vo exists and |Vo| € L’”(')(Q)},

which is a Banach space with respect to the norm HUHWLP(')(Q) = o]y +1IVoll,.), and
it is separable if p(-) is bounded and reflexive if 1 < p; < pp < co. Furthermore, we set

W&’p 0 (Q) to be the closure of CP(Q) in W?()(Q)). We use the standard Lebesgue space
L?(0, L) and Sobolev space H} (0, L) with their usual scalar products and norms and we
assume the following hypotheses :

e (A1) p,q:Q — [1,00) are continuous functions such that

p1 = essinfyeqp(x), p2 = esssup,qp(x).

and1 < p; < p(x) < pa < co.

g1 := essinfrenq(x), g2 := esssup,nq(x).

and 1 < g1 < g(x) < g2 < oo. Moreover, the variable functions p and g satisfy the
log-Holder continuity condition; that is, for any é with 0 < § < 1, there exists a
constant A > 0 such that

< ———+—— forall x,y € O, with |x —y| <4, (12)
log |x — ] g oy

and the same log-Holder continuity condition for the variable function g.

*  (A.2) The coefficients b, p1, p2, K satisfy % = %

For completeness, we state, without proof, the global existence of System (11) which
can be established by Faedo—Galerkin approximation, see [23,33].
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Proposition 1. Let (9o, ¢1), (0(.,0), 1) € HY(0,L) x L2(0, L) be given. Assume that (A.1)
holds. Then, problem (11) has a unique global (weak) solution

¢, € L°([0,T); Hy(0, L)),

and
@r € L°((0,T); L*(0,L)) N LPY((0,L) x (0,T)),

¥ € L=((0,T); L2(0,L)) N L1V ((0,L) x (0,T)).

We introduce the “modified” energy associated with problem (11)

1
E(t) = 5 [o1llgll2 + o2l [931]2 + 192112 + KIl (9x + 9)?I12] (13)
where || - [[2 = || - |[12(o,1)- Direct differentiation, using (11), leads to
L L
E'(t) = —7/ e PO dx — 5/ e 7Cdx <0, VE> 0. (14)
0 0

3. Technical Lemmas

In this section, we state and establish several lemmas needed for the proof of our main
result. We use ¢ > 0 to denote a positive generic constant. The following lemmas will be of
essential use in proving our decay results.

Lemma 1. For any y > 0and g1 > 2, we have the following

L L L
= [, wll P pdx <cnp [ gk p [ o @lpl (15)

and, if 1 < q1 < 2, we have

L L L L -1
B [l 2ypux <20y [ yRdx+c, {B || 0+ ( I ﬁlwt“")dx) ] (16)

where cy is a positive constant depends on 11 and ¢y and c,(x) are two positive constants defined
in (19) and (22), respectively.

Lemma 2. Forany A > 0and py > 2, we have the following

L L L
—7/0 Y|P 2ppdx < CzM/O ¢§dx+7/o e (x)] @ [P dx, (17)

and, if 1 < py < 2, we have

L L L L pi-1
=1 | glonl" 2gudx < 2eAy [ gRdx+cy {7/ [P + (/ ’r(Ptl”(“‘)dx> } (18)
0 0 0 0
where c, is a positive constant that depends on A,

r(x) = AP (p(x) P (p(x) ~ 1P >,

= <c51 (219(0))1712 + ¢ (2E(0))p22> > 0.

and
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Proof. We prove Lemma 1 and the proof of Lemma 2 will be in the same way. We start by

applying Young’s inequality with (x) = q(qx()xll and {’(x) = g(x). Thus, fora.e x € (0,L)
and any 77 > 0, we have

| 1102y < I + ¢ () [ |7,

where
oy (x) = 7' 710) (g(x)) 710 (g(x) — 1)1~ > 0. (19)

Hence,

L L L
B [l 2y <y [Cpdx B [ e olpiPax. Qo)

Next, using (13) and (14), Poincaré’s inequality and the embedding property, we obtain
L
7(x) 4 :/ a(x) 4 / 9(x) 4
)t = [l [ gl

< 924 / 4
< [ttt [ ginax

L L
< [rplmar s [ glnax
0 0
< cM gl 13 4 ey 1 (21)

-2 -2
s(czwxu? Pl )||¢x||%

< (a?l (215(0)) " (2E<0>)q22) 19113

< o1yl f3,

where c, is the embedding constant,

Q. ={xe(OL):|p(x,t)|>1}, Q- ={xe (0,L): |p(x )] <1}

0 = <ch (2E(0))q]2 +cl? <2E(0)>q22). (22)

Then, from (20) and (21), we find that

and

B [ w2 < canp [ g+ p [ ()l 3)
Combining all the above estimations, estimate (15) is established. To prove (16), we set
01 ={x€(0,L):q(x) <2} and Oy ={x € (0,L) : g(x) > 2}.
Then, we have
) plodt Pty == [ gl 2y p [ glalt . @b
We notice that on ()4,

29(x) —2 < g(x), and 2g(x) —2>2q; — 2. (25)
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Therefore, by using Young’s and Poincaré’s inequalities and (25), we find that
B, 2 < np [P [ 2
M - 0y 477 O
< onpllel B+ egB| [ 102 | |1/Jt|2q(x)2dx}
L 1 1

< cn||wx| 3 + cyB /m ‘¢t|q(x)dx+/07 |¢t|zq12dx]
| Jo 1

r n-1 (26)
< enpllgslB+eop| [ o+ ([ wPax)

[ L -1
< enpllgslB+eqp| [ ot ([ pirax)
B 1

< cnB|lpxl3 +cy {[5 /OL ;|10 dx 4- g2~ (/()Lﬁ|lpt|q(x)dx)qll:|,
where ¢, = ﬁ and
Of ={xe O :|¢e(x,t)| >1} and O] = {x € Oy : [Pr(x,t)] <1} (27)
Next, we have, by the case of q(x) > 2,
B [ I 2pun < onp [ Rx+ [ o) g 28)
Combining (26) and (28), the proof of (16) is completed. O

Lemma 3. Assume that (A.1) holds. Then, the functional F defined by

L
F(t) := *pz/o Pipdx
satisfies, for qq > 2, the following estimate
b oo Kt 2 boo
P() < —o2 [ whdx+ [ (ox+y)Pdr+(K+20) [y
L
+cﬁ/ | ]10) dx, (29)
0
and for 1 < q1 < 2, the functional satisfies
/ Lo K [k 2 boo
P() < —po [ whdx+ [ (px+yPdr+ (K+20) [y

g1—1
+cB /OL |1,1Jt|”’(')dx +cp (/OL |1,bt‘1(x)dx> . (30)

Proof. To prove (29), we start by differentiating F and using the equations in (11) to obtain

L L L
P() = —oo [ hdx—b [ g+ K [ plou+yp)ax
L
+ B[ gl 2 (31)
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Integrating by parts and estimating the last term in (31) using (15), applying Young and
Poincaré’s inequality, then for a positive constant ¢, Equation (31) becomes

L L L K /L
F'(t) < —pz/o ¢%dx+b/0 ¢§dx+1<s/0 ((Px-i—l,b)zdx—kg/o Yy dx
L "L
veup [yl p [ ey (xlyi 0

where c; is defined in (22). Selecting e = ; and 77 = &, the proof of (29) is completed. The
proof of (30) is straightforward by imposing (16) for estimating the last term in (31). O

Lemma 4. Under the condition (A.1), the functional I; defined by

L
L(t):= —/0 (01991 + p2pipr)dx
satisfies for py,q1 > 2 the following estimate
L L L
B0 <= [orgf+pafix +2K [ (gx+)2dx + 20+ K) [ ylax
L L
+ep [l dx+y [~ er(@lod Vs, @)
and for 1 < p1,q1 < 2, the functional satisfies
L L L
B0 <= [[orgF+pa)dx + 2K [ (gut )dx+ 20+ K) [yl
L L
+ep [ lotVdx+y [ er(x)loax
-1

L q—1 L 21
+cB (/0 |1pt|‘7(x)dx> +cy (/0 |<pt|”(x>dx> . (33)

Proof. To prove (32), we use the equations of (11) to obtain

L L L
B0 = = [ (orgh+payddx + K [(gut x40 [ g2

L 2 L 2
+’Y/0 lpiPO)- (Ptﬂl?“rﬁ/O [y |70 2y

Inserting (15) and (17) in the above equation, we find that

! L 2 2 L 2 L 2 L 2
B0 < = [orgF +payPax+K [ (put)ax+b [ ylaxcup [ plax
L L L
+oohy [ glaxty [ ea(@)lodVdx+ B [ ey (o)l 4

Imposing the relation
9% < 2gx + )" +2¢7,
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and using Poincaré’s inequality on the term 2, then (34) becomes

I(t) < /(p1¢t+pz¢t dx+1</ ¢x+¢2dX+b/ t/)idx+cmﬁ/ prdx
e [ (ge+ 9)dxt 200y [ by [ ()l
L
+ [ eyl Cax

Selecting 7 = # and A = %, so the proof of (32) is completed and the proof of (33) is
straightforward by estimating the last two integrals in (34) using (16) and (18). O

Lemma 5. Assume that (A.1) holds. Then, for any 0 < e < 1, the functional

L(t) _Pz/ Pt cpx+¢dx+ /(Pﬂ,bxdx

satisfies for py,q1 > 2 the following estimate

L(t) < [bprgx]ic 2/ (px +9)2dx
L
p()
—i—pz/o gbtdx+c)\/() l,bxdx—i—c'y/o cr(x) ||\ dx
b L L
+(£1P2)/0 (Pt4’xtdx+c,3/0 |70 dx, (35)

and for 1 < p1,q1 < 2, the functional satisfies
L(t) < [bpxesiZ 5 / x + ) ’dx
+p2/ Prdx + c)\/o P2dx +cy /OL e ()| PO dx
+ <p1 - P2> /OL Prpxrdx +cp /OL e 10 dx

. n-1 L p1—1
+cﬁ(/o IW(’”dx) +cv(/0 lqot|"<x>dx) : (36)

Proof. To prove (35), we use the equations of (11), integrating by parts, recall (15) and (17)
and apply Young’s inequality to have the following:

BO) = gk —K [ (oa )
+p02 ./(; Yrdx + (KPZ)/O Prxidx

L by (L
—/3/ (px + 1) [10) "2 prdx — l/ x| [P0 2y dx

IN

[bx 2] = K/ (px +9) dx+c117,3/ (px + 1) %dx
bor [ w%dx+ﬁ/ (el + Y[ g2 a0

ob L
+<—Pz>/ (Pthxtdx-i— /()CA(X)|fPt|p(')dX,
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where 2 2
c1 = (2E(0 + [ 2E(0 . (37)
( ( >) ( ( ))

Selection 7 = ﬁ, the proof of (35) is completed and the proof of (36) is straightforward
by estimating the last two integrals in (35) using (16) and (18). O

Lemma 6. Assume that (A.1) holds. Let m(x) = 2 — $x, for x € [0, L]. Then, forany 0 < e < 1,
the functional

b
B0 = 2 [Cm() g+ L [ ) gugui

satisfies for p1,q1 > 2 the following estimate:
BO < g [@eLn)?+ ope(0,0)]
_g(goi(L, t) + goi(O,t)) + (i +ce+ ceA)K/L(% + )%dx + cep; /OL @2dx
+- Pz/ Rdx+ ] / 1P§dx+7/ er ()] e P )d
b B[ e, )
and for 1 < p1,q1 < 2, the functional satisfies
B < g [@elL )+ (bpel0,0))]
_g(goi(L, t) + ¢2(0, t)) + (i +ce+ ce/\)K/L(% + )%dx + cepy /L @2dx
o [ gpae s D [Tty [ a0+ [ eyl

L q1—1 p1—1
sep([ i ax) " ver([ loroar) (39)

Proof. Exploiting the equations of (11), we have
/ [ 2 2 1k 2
B = g |~Ou(L0) = (bys(0,0) = 5 [ (x) o) dx

17 /
+ " _—K/ x) (bpx) (@x + P)dx — ﬂ/o (x)t/)tzdx]
1

= [ [ meowlgd 2]
re| (R0 + 20 + / Dy

1k P1 (-
=2 /o m'(x )(pxdx—ﬁ dx——/ X) Qx| @t §0tdx .

Using Young’s and Poicaré’s inequalities, (15) and (17), and the relation

97 < 2(px +9)* + 297,
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we find that

B0 < o [-0pelL ) — bye(0,0)7]

_g(goJZC(L,t) + qofc(O,t)) + (i +ce+csA>K/0L(gox + ) 2dx

+csp1/ @rdx + p2/ Wrdx + ;7/ P2dx
4 [ @O+ [ eyl

Hence, the proof of (38) is completed, and the proof of (39) is straightforward by using (16)

and (18). O

Lemma 7. Assume that (A.1) holds, then for any e > 0 small enough, the functional

I(t) == 3cely (t) + ula(t) + I (t)
satisfies for p1,q1 > 2 the following estimate

K L L
() < =5 [(ox+yPax =20 [ ghdx

L L L
+cp2/ tptzdx—i-c/ 1/132€dx+c7/ s |PC)dx

+c<—pz>/ (Pthxtdx‘f'Cﬁ/ |‘Pt|q

Proof. Using the estimates in Lemmas 4-6, we have
K 1 L
-5 (y — 14ce — 2ced — ) / (@« +9)2dx

— 2csp1/ on dx+y( —pg)/ PrPxrdx

+ (—3ce+y+— p2/ YRdx

+ (sce(2b+K)+crp+ / Pldx

+ 557/0 ca(x)] e P dx+cs/3/0 ¢y () [ |10 dx

(40)

(41)

Then, choosing A =1, y = 18ce + % and ¢ so that 2ce > 1. Once ¢ is fixed, we set ¢c; = ce
and obtain the required result. In the same way, using (16) and (18), we can prove that, for

1<p,q <2,

K
r'ey < -3 (qvx+llJ) dx—261m/ pidx

—|—cp2/ Py dx—i—c/ zpidx—i—c'y/ |(pt|7’()dx

+C(—P2)/ ¢thxtdx+Cﬁ/ |1l7t\q Jdx

qm—1 n-1
sep(f i ax) " ver([lgiroax)

(42)
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In the following lemma, we use the multiplier

atet) =1 ([ vt0av)x- [ oy

which satisfies, for some c; > 0,
L L L L
/ widx < / P2dx and / widx < cz/ Prdx. (43)
0 0 0 0
Lemma 8. Assume that (A.1) holds. Then, the functional
L
J(t) 1:/0 (o1wes + p29pr)dx, (44)
satisfies for g > 0 and py, g1 > 2, the estimate
J'(t) <p180/ @rdx + pz/ ¥ dx—f/ w%dx—i—cﬁ/ || Tdx
—i—c*y/o |@¢|Pdx. (45)

Proof. Exploiting the equations of (11), (44), and integrating by parts, we obtain

L L L L
Pl/ wt¢tdx+1</ w(¢x+lli)xdx+P2/o llffdx—’r/o wli PO "2 prdx
+/ bprx — K(@x + ) — 5|‘Pt|q(')_2¢’t)dx

L
p1/0 thotdx—K/O (wx+llﬂ)((Px+llJ)dx+P2/O pidx
1
g bl 102 b ol P02
b [ yiar—p [l 2pax = [“wlp0 g, (46)

Using the fact that

we= ([ vtw.0y) -y,

we can prove that /; < 0. Using this result, then (46) becomes

'L 'L
J'(t) < 01/0 wt(Ptdx+P2/0 yrdx
L L L
a b/ w,%dx—[%/ ‘P|‘Pt|Q(')72¢tdx—7/ w|gi|P) "2 gydx. (47)
0 0 0
Using (15), (17) and (43) and Young’s inequality, then (47) becomes
/ Lo ) Loy Lo Lo
Jt) < eopl/ gotdx+—p1/ wtdx—l—pz/ lptdx—b/ Prdx
0 g Jo 0 0
L L L
+6117/3/0 1,L7§dx+c2)w/o lpidx—kﬁ/o o (x) [y |Tdx

L
1 [ ea@lgdrax
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Using (43) again, taking A = 7 and ¢y = min{c1 B, c27}, the above estimate becomes

J'(t) < sopl/ @rdx + pz/ l[Jtdx—b/ Pp2dx
veon [ g2 p [Tty [ leldr

Selecting 1 = %, the proof of (45) is completed. Similarly, using (16) and (18), one can
prove that, for 1 < py1,g91 <2,

! < 24 P2 LZd b de ' 14
J'(t) P1€0 (P x+ 2 o OlPtx 20¢xx+0,50|¢t| x

+ey /O il

L -1 L p1—1
+cp </0 |zpt|‘7(x)dx) +cy (/o |(pt|7"(")dx) . (48)

O

Lemma 9. Assume that (A.1) and (A.2) hold. Then, the functional L defined by
L(t) := NE(t) + NoF(t) + I(t) + N1 J(¢t)
satisfies for some positive constant &, t > 0 and suitable choices of N, Ny, N > 0,
L(t) ~ E(t) (49)

and the estimates

—0E(t) +¢ foL prdx +c foL yrdx, PLa1 =2

—0E(t) + chL @rdx + chL Wrdx — cETM(HE'(t), v=0,#0,1<p,q1 <2
—OE(t) +c [y ¢2dx +c [ 92dx — cE-2(D)E'(t), B=0,9#0,1< py,q <2
—OE(t) + chL @?dx + chL 2dx — cE"(HE'(t), v #0,8#0,1< p1,q1 <2

£'() < (50)

where ay = q71>00c2 §p1>01x3

= min{p1,41}.

Proof. Itis a routine computation to establish that £(t) ~ E(t). To prove (50),, combining
(29), (40) and (45), we obtain

L
L) < —(N—cN —c)ﬁ/o e 1) dx
L
— (N—cNj—c ')// | |PC)dx

K
vy ((px—i—l[)) dx—2c1p1/ (ptdx—i—NlEOpl/ (p%dx

—szz/ wdx+<N+c>p2/ 1,b
<sz1—(K—0—2b Nm—c)/ P2dx

L 1—1 q1—1
+c'y</0 |(pt|p(')dx) +c[3</0 |1,bt|”’(')dx) )
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We start by choosing Ny = and g9 = Nj, then we choose Nj large enough such that

o
(K+2b)n
b% — 2c > 1. Finally, we select N large enough such that N — cNj — ¢ > 0. Then, the above
estimate becomes

p1—1
L'(t) < —cE(t +c/ 1,bdx+c/ (pdx+07</ |§9t|p >dx)

+ cﬁ(/o lwth“dx) "

Recalling (14), the above estimate becomes

L'(t) < —cE(t —i—c/ 1/de+c/ @idx +cy(—E' (1)) 1+c[3( E'(t))" . !
We consider the case when v = 0 and  # 0. In this case, we have
L/(t) < —cE(t) +c [f y2dx+c [ ¢ dx+c/3( E'(1)" (51)

Using Young's inequality with = _1 and {* = 5=, then for any € > 0, we estimate the
last term as follows:

EX(8)(— E'(0)" T < eET () +co( — E'(1)).

Multiplying both sides by E~* where a = ﬁl_ﬂ gives us
(—E' ()" < eE(t) + c.E () ( — E'(1)).
Inserting this estimate in (52), we find that

L'(t) < —(c—¢€)E(t) +c fOL 2dx + ¢ fOL @*dx + c.E7*(t)( — E'(1)). (52)

By taking e small enough and using the non increasing property of E. The proof of (50), is
completed, and the proofs of the remaining cases are similar. [

Lemma 10. Assume that (A.1) holds. If p1,q1 > 2, then

/ pidx < —cE'(t), ifpp =2,
/ yidx < —cE'(1), ifg2 =2, (53)
and
/ ghdx < —cE'() +c(~E(1)) 2, if p2 > 2
/ Prdx < —cE'(H) + c(—E'(1)) %, ifgs > 2. (54)

Proof. By recalling (14), it is easy to establish (53). To prove the first estimate in (54), we
set the following partitions

O ={xeQ:|p:|>1} and D ={xeQ:|¢p] <1} (55)

Use of Holder and Young inequalities and (13), we obtain for (),

Joo, #93x < [olgi|PWdx < —cE'(1), (56)



Mathematics 2023, 11, 538

15 0f 19

and for )y, we obtain

)
d
/qu’t X

2

(f)
2 2 )
< o f toran)® < [ loar)® <e(-Em)E 6
2

Combining (56) and (57), the first estimate in (54) is established and repeating the same
steps to establish the second estimate in (54). O

IN

4. Decay Estimates

In this section, we state and prove our decay results.

Theorem 1. Assume that (A.1) and (A.2) hold and p1,q1 > 2. Then, the energy functional (13)
satisfies, for some positive constants A;, 03, u; >0, i =1,2,3 and forany t > 0,

E(t) < pe™*, if y=0, B#£0andg, =2;
E(t) < pge ™', if v #0, p=0and py =2; (58)

E(t) < .u3ei)\3t/ lf Y 7& 0, ‘B 7é 0 and P2 =102 = 2,

and
E(t)<%, if y=0, B#0and gy > 2;
(t+1)(T)
E(t) < — 2 v, if v#0, p=0andp, >2;
o (%) (59)

E(t) < ‘773’”27_2), if v#0, B#0andpy,q2 > 2,

where my = min{py, 4o }.
Proof. To prove (58);, we impose Lemma 10 in (50); to obtain

L'(t) < —cL(t) +c(—E'(t)).

This gives
LY(t) < —cL(t).

where £1 = L + cE ~ E. Integrating the last estimate over the interval (0, {) and using the
equivalence properties £1, £ ~ E, the proof of (58); is completed, and the proofs of (58),
and (58); are similar. Now, we prove the estimate in (59); and the remaining will be similar.
In this case, we also impose Lemma 10 in (50); to obtain

2

L) < —cL(f) + (=E'(£)) 7 + (—E'(1)) 7.

Multiplying the last equation by E* where > 0, then we obtain

_ P22
- 2

E9L/(f) < —cEXL(f) + EX(—E'(1))7 + E*(—E'(1)) .
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Use of Young's inequality twice, we obtain for ¢ > 0

“p2

E*L/(t) < —cE*F1L(t) 4+ eEP272 4 eER22 + Co(—E/(1)).

Here, we will discuss two cases:
Case A:If pp < g3, we have

apy 2a(pa—4p)

ap;
ESL/(t) < —CEXHIL(f) + cEm 2 + eER 2E2 2@ 3 4 Co(—E'(1)).

Using the non-increasing property of E, then we obtain
E*L'(t) < —(c—&—ce)E*TIL(t) + Ce(—E/(1)).
Taking € small enough, the above estimate becomes:
Lo(t) < —cE*"Y(t),  vt>0, (60)

where £, = E*L + cE ~ E.
Integration over (0, t), using E ~ L,, gives

p
E(t) < W Vit>0, (61)

where o = pszz
Case B:If o < p, in this case, we will obtain

qu
E(t) < m Vit>0, (62)

where o = qufz. Thus, by taking m, = min{py, g2}, the proof of (59); is completed. [

Theorem 2. Assume that (A.1) and (A.2) hold, 1 < p1,q1 < 2 and py = g = 2. Then,
the energy functional (13) satisfies, for a positive constants C;, i = 1,2,3, and for any t > 0,

E(t) <%, if y=0and B#0;
(t+1)(W>

E(t)<%, if y#0 and p=0;
(t+1)\ 271 (63)
E(t) < —B—~, if v#0 and p #0.
(t+1)<fﬁl)
where m; = min{p1, g1 }.
Proof. To prove (63);, we apply Lemma 10 in (50), to have
LI(t) < —cE(H) + (=E'(1) + (=E'(1)) —cE"(HE'(#), (64)
where a1 = ﬁ;qi > 0. (64) becomes
L4(t) < —cE(t) — cE~ (DE'(t), (65)

where £1 = £ 4 cE ~ E. Multiplying (65) by E*! gives

EM ()L (t) < —cEMTL(#) — cE'(t).
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which implies that
Lh(t) < —cEH (1)
where £, = E*Lq 4+ cE ~ E
Then, we have the following decay estimate
€
E(t) < ——=—,Vt>0, (66)

(t + 1)1/061

where a1 = ;;q This completes the proof of (63);. The proof of (63), and (63); will be in

the same way. O

Theorem 3. Assume that (A.1) and (A.2) hold, 1 < p1,q1 < 2 and py, g2 > 2. Then, the energy
functional (13) satisfies, for a positive constants C;, i = 1,2,3, and for any t > 0,

E(t) <#2, if y=0and B #0;
(t+1)(P>

E(t)<#2), if y#0 and p=0;

e (67)

H0<——&77,#v¢0mMﬁ¢a

(t+1)\ 272

where my = min{p,, g}

Proof. To prove (67);, we apply Lemma 10 in (50), to obtain

2

L/(F) < —cE(t) + (—E'()) 7 + (—E/(£)) ™ — cE-% (£)E (),

where 1) = % > 0. Multiplying by E* where & =

Young's inequality twice, we obtain for ¢ > 0

ngz > 0, using « —aq > 0 and
P2 A2
E*L'(t) < —cE¥TY(t) +eEP2 + eER2 + Co(—E/(t)).
Assuming that g, > p», then

2a(qp—pp)

02 Mpp M2 PR)
E*L(t) < —cE*MIL(t) + eER2 + eER 2E 22 4+ Co(—E/(t)).
Using the non-increasing property of E, then we obtain
EXL'(t) < —(c —e—ce)E*TIL(t) + Ce(—E'(t)).
Taking a small enough ¢, the above estimate becomes:
Lo(t) < —cE*TL(1), vt >0, (68)

where £, = E*L + cE ~ E.
Integration over (0, t), using E ~ L, gives

Cqa

where o = ‘72—2_2 Thus, the proof of (67) is completed, and the proofs of (67), and (67); will
be the same. [
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5. Conclusions

In this study, we considered the Timoshenko system with two nonzero dampings of
variable exponent types. We discussed different cases, and we proved that the system is
exponentially and polynomially stable, and the stability results depend on the values of
P1,P2,91,92. In addition, we concluded that the decay estimate is not necessarily improved
if the system has two dampings.
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