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1. Introduction

We consider problem

Uy — ttxx — A2u > Wlu|? in Ry x]81, 8o,

u(0,-) > ug in |Gy, o, 1)

M(II§2> > 0 in R+/
where Ry = (0,00), u = u(t,x), A # 0, & — ﬁ <81 < 82,0 < B <1, uy is the partial
derivative of u w.r.t. the time variable in the Caputo sense, d > 1 and W > 0 almost
everywhere. Namely, we focus on nonexistence criteria for weak solutions to (1).

Existence and nonexistence theorems for parabolic equations and inequalities have

attracted much attention in the literature. One of the remarkable results in this direction is
due to Fujita [1], where he considered equation

ur— Au=u? in Ry x RN, )

where d > 1. Namely, it was proven that dy = 1+ % is critical, in the sense that, if
u(0,-) > 0and d < dy, then the set of global positive solutions to (2) is empty; if d > dy
and ug is small, then (2) admits global positive solutions. It was proven later (see, e.g., [2])
that, if g = gy, then the set of global positive solutions to (2) is empty. Problem (2) has
also been studied on other domains; for instance, exterior domains [3-6] and sectorial
domains [7]. In [8], by showing that any solution to equation —Au = |Vul|?, p > 2 in the
half-space with an homogeneous Dirichlet boundary condition has to be one-dimensional,
the authors provided several applications to the parabolic problem u; — Au = |Vu|? posed
in a bounded domain (satisfying a certain regularity) with an homogeneous Dirichlet
boundary condition. In [9], problem u; — TAu; = Au+ |ulP + f(x), t > 0, x € RN was
considered, where T > 0, p > 1 and f is a nontrivial continuous function satisfying
f(x) — 0as |x| — oo. It was proven that this problem admits a Fujita-type critical exponent
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pe = 0 if N € {1,2}, p. = % if N > 3. In [10], Mitidieri and Pohozaev considered
parabolic inequality

aa—? —|xl°Au > |u|? in Ry xRN,

where 0 < ¢ < 2. They proved that for a certain class of the initial values, the set of weak
solutions is empty, provided that 1 < d < 1+ I%f—_g Parabolic differential inequalities
have also been studied for different kinds of nonlinearities. For instance, Filippucci and
Lombardi [11] considered differential inequality

up — div(|Vu|*2Vu) > F(u,|Vu|) in Ry x RN,

where F(u, |Vu|) = a(x)u? — b(x)u™|Vul’,0 < m < q,0 < s < % and a,b are
nonnegative weights. We also refer to [12], where quasilinear parabolic inequalities were
studied in R, x RN with nonlocal terms of the form (K% uP)ul, where p,q > 0,K > 0
belongs to a certain class of weight functions and * is the convolution product w.r.t. the
variable space. In [13], Kartsatos and Kurta studied the blow-up of solutions to parabolic
inequalities of the form u; > F(u) + |u|P~1u,t > 0,x € RN, where p > 1and F(u) includes
several classes of quasilinear differential operators.

The study of blow-up for partial differential equations and inequalities with partial
fractional derivatives w.r.t. the time variable has attracted much attention in the literature,
see, e.g., [14-19]. In particular, the time-fractional version (in the Caputo sense) of (2) was
studied by Zhang and Sun in [19], where it was shown that gy = 1+ % is still critical (in the
Fujita sense). We notice that when A — 0 and § — 17, (1) reduces to parabolic inequality

Up — Ugy > W|u|d in Ry x]&, &

We refer to [20] for the study of problems of the above type in the N-dimensional case.

The novelty of this work is the consideration of time-fractional parabolic inequalities
involving modified Helmholtz operator — % — A2 on bounded intervals. Namely, as far as
we know, the study of nonexistence for evolution inequalities involving the above operator
has not been previously considered. For some numerical studies of problems involving the
modified Helmholtz operator, see, e.g., [21-23].

We refer to [24] for more details about the following notions. We let I'(-) be the Gamma
function. We let x be a continuous function in [0, 7], T > 0. For ¢ > 0, we let

()= 0@ [ =95 a0 ds, B () = 0] [ (s -0 g(s)ds, 0 <t <.

Lemma 1. We let x;, i = 1,2, be two continuous functions in [0, |, and ¢ > 0. We have

L 1 0 e ds = [ 6 o (s) ds.

We let x be a continuously differentiable function in [0, T]. The derivative of x of order
0 < ¢ < 1 in the sense of Caputo is defined by

DSx (t) = Iéfg)(’ (1), 0<t<T.

The above definition can be extended to functions x that are absolutely continuous in
[0, 7] (see [24]).

We let v = v(t, x), (t,x) € [0,7] x I, where I C R. Weletv(, ) : [0,7] >t — v(t,x),
x € I. For ¢ > 0, by Igv (t x) and Iv (t,x), we mean

Igv (t,x) = Igv(x,,) (1), Isv(t,x) = Igv(xr,) (1).
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Welet 0 < ¢ < 1. By vg, we mean
U (£, x) = Cng(x,,) (1).

We let
Ar =10,T]x]¢1,82], T>0

and
Ar = {9 =g(t,x) € C*(Ar) : 9 > 0,5upp() CC Ar, 9(-, &) = 0, 9x(-,&2) < 0}.
We now define solutions to (1).

Definition 1. We let A # 0, & — ﬁ <& <& 0<B<1uelLl (1&1,8]) and W >0
almost everywhere. By a weak solution to (1), we mean function

u € L ([0,00[x]E1, &, Wdtdx) NLL ([0,00[x]E1,&]), d > 1

that satisfies

/ |u|dgoWdtdx+/ up(x I ﬁq)(O x)dx < — / (pxx+)\2(p+< ﬁ(p)t)dtdx 3)
forevery ¢ € A7, T > 0.
The set of weak solutions to (1) is denoted by S. Due to Lemma 1, we can show that
any solution u € C2([0,00[x]&;,&]) to (1) belongs to S.

The following theorem is our main result.

Theorem 1. Welet)\#O & — | <& <& 0<B<landd > 1. Welet W > 0 almost

m
everywhere and W1 T e L} .([0,00[x]¢1,&2]). We assume that
9}
w € LG8, [~ uo(x) sin(Al( — ) dx > 0 @
1
and there exists j > 0 such that
liminf F(j, R) = 0, ()
R—o0
where
&+ RI _
F(j,R) = RIB-D+ 1/ /1 “ W dxdt + W d dt.
&1tk 13k

Then S = @.

We prove the above result using the test function method (see, e.g., Mitidieri and
Pohozaev [10]), which requires a suitable choice of test functions. In our case, we construct
a family of test functions belonging to At by taking into consideration the boundedness
of the domain, the time-fractional derivative, the properties of the differential operator

—-2 — A% and the boundary conditions.
sz

We now investigate the case when
Wi(t x) = (t+1)°. 6)

From Theorem 1, we deduce the following result.
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Corollary 1. Welet A # 0, &y — ﬁ <81 < Crand 0 < B < 1. We let W be the function defined
by (6). We assume that ug € L'(]&1, &[) and (4) holds. If

d>1, 0> pd-1),
then S = @.
We next consider the case when
W(tx) = (x = &1)". @

Corollary 2. Welet A # 0, G — ﬁ <81 < Crand 0 < B < 1. We let W be the function defined
by (7). We assume that ug € L'(]&1, &[) and (4) holds. If

(<=2, 1<d<—1—1,
then § = @.
Finally, we study the case when
W(tx) = (x = &) (t+1)*% (8)

Corollary 3. Welet A # 0, G — ﬁ <81 < Grand 0 < B < 1. We let W be the function defined
by (8). We assume that ug € L'(]¢1, &[) and (4) holds. If 0 > 0 and

1<d<1+% o Bt+2)<—0 d=1+72,
p B
then S = @.

Some preliminary estimates are established in Section 2. We prove our main result in
Section 3.
We use the following notations:

e (;,C: positive constants that are independent of T, R and solution u. The values
of such constants are not important, and could be changed from one equation (or
inequality) to another;

* 5> 1(s € R): s > 0is sufficiently large.

2. Preliminary Estimates
Welet A # 0,8 — 755 <& <&,d>1and0 < B < 1. Welet W > 0 almost

Al
everywhere, and 1 € Llloc(]é‘l, &)). Forall T > 0, we let
Ar={¢p € Ar:wi(p) < oo,i=1,2},

where

=)
(

PW) 71 dx dt, )

Pxx + A2

<1(9) /supp(fpxx+A2<p)

_d_
a1

(goW)‘?%11 dx dt. (10)

wlp) = /supp((@%)t)‘(w?")t

Lemma 2. Welet p € Ar, T > 0. Ifu € S, then

9} _ 2
/5 uo(x)I; Bq) (0,x)dx < CY_ wi(g). (11)
1 i=1
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Proof. Weletu € S. By (3), we have

d b2 1-p
/ |u] godedt+/ uo(x)I; " (0,x)dx
JAT &

(12)
< 2 1718 — .
_/AT|u\ Prx +A qo‘dxdt—i—/AT|u|‘(IT (p)t’dxdt L+1D
We now use Young’s inequality to obtain
L= / (|u|<p%W%> ((p_Tl Pxx —i—/\z(p‘W_Tl) dx dt
Ar
. (13)
<= u|"eWdxdt + Cw
<3 /AT ul’e 1(¢)
and 1
I < f/ lu|eW dx dt + Cw, (). (14)
2 JAr
Finally, (11) follows from (12)—(14). O
Form > 1land T > 0, we let
s\m
er(s) = (1-7) (15)
for every s € [0, T]. We let
g e C°°([O,oo[), 0<8<1, l9|[0’%] =0, l9|[1,oo) =1. (16)
For R > 1, we let
Or(x) = x(x)8" (R(x —¢1)), G1 <x <&, (17)
where
x(x) = sin(|A[(G2 — x)). (18)
We remark that
k>0, K"+ A% =0, k(&) = 0. (19)
ForT > 0and m,R > 1, we let
p(t, x) = Or(x)Cr(t) (20)
for every (t,x) € Ar. We can easily check that ¢ € Ar.
Lemma 3 (see [25]). We have
1— S 17‘5+m
o) =c(1-7) :
Lemma 4. We let Wi1 € L} .(Ar). We have
T (&+x
wi1(9) < CRET / / U W dxdt. 1)
0 J&+%
Proof. By (9), (15) and (20), we have
wr ( )</T/ 9+ A29 %(Wﬁ ) dx dt 22)
ner= 0 Jsupp(8p+A20g) R R R )
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Furthermore, using (17) and (19), we obtain
0% (x) + A20g (x) = x(x) [0 (Rxg,) ] "+ 2K (x) (o™ (Rxgl)]’, xg =x—2C1,  (23)
which implies by (16) that
T
/ / +/\219R‘ (WéR)TT dx dt
0 Jsupp(dp+A20g)
1 (24)
T C1+§
- / / 9+ A20p| ™ (w&R)d T dxdt = J.
0 JE+ik
Moreover, by (16) and (18), for all §; + % <x <+ %, we have
Ci<x(x) <G, [K(x)]<C
and
/ _ " _
6" (Rxg,)]'| < CRO"™(Rx, ), |[0" (Rxe,)] 8" (Rx ).
Hence, by (23) (and since 0 < ¢ < 1), it holds that
Gtg
] < CR#H / / W dx dt. (25)
Gtk
From (22), (24) and (25), we obtain (21). O
Lemma 5. We let Wi1 € L} .(Ar). We have
—pd (T rGo -1
wy(p) < CTa1 / / Wa=T dx dt. (26)
JO ;‘rﬁ-%
Proof. Using (10), (16) and (20), we obtain
T b S _
- / / (7 Por) | " R (WEr) T dxdt. (27)
0 §1+ﬁ
By (15) and Lemma 3, for all 0 < t < T, we have
LB e —pd
T ( gT) < CTd1 (28)

Moreover, for all &1 + ﬁ < x < G, by (17) and (18) (and since 0 < ¢ < 1), we have

19R (X ) <C.
Therefore, (26) follows from (27)—(29). O

3. Proofs of the Obtained Results

(29)

Proof of Theorem 1. Weletu € S. For m, T, R >> 1, we let ¢ be the function given by (20).

Due to Lemmas 2, 4 and 5, we have ¢ € At and

/;2 o) P (0, %) dx

Gitr -1 24 T ¢ 1 —pd
<cC // Wdfldxdthfl—k// W dxdt T .
§1+2R 0 élJrﬁ

(30)
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Using (20) and Lemma 3, we obtain

/;2 uo(0)I7 P (0,x)dx = Iy P¢7(0) /;2 o (x) B (x) dx
1 2 1 (31)
—crtt | g o (x) sin(|A| (& — x))8™ (R(x — &1)) dx

Since uy € L'(]&, &), by (16) and the dominated convergence theorem, it holds that

lim [ up(x) sin(|A[(&2 — x)) 8" (R (X—Cl))dXZ/éz ug(x) sin(|A[(82 — x)) dx,

R—00 /gy ¢1
which implies by (4) that
133 193
/g o (%) sin([A| (& — x)) 8" (R(x — &) dx > C /C up(x) sin([A|(& — x))dx.  (32)

Then, it follows from (30)—(32) that
1-g [% )
T8 [ wo(x)sin((A] (2 — ) dx

L+x -1 —pd
<cC / / W dx dt RET +/ / Wt dxdt T2 |,
&1+ &tk

thatis,

/;2 uo(x) sin(|A] (& — x)) dx

(33)
1 gl R 1-d-B 1
< rR#TE / / W dxdt + T a1 / / W dadt ).
1R 1R
We now take T = R/, where j > 0. In this case, (33) reduces to
& . )
/ér up(x) sin(|A|(&2 — x)) dx < F(j, R). (34)
1

In particular, for j > 0 satisfying (5), taking the infimum limit as R — oo in (34), it
holds that

g
/g ’ up(x) sin(|A|(¢2 — x)) dx < 0.
1
Then, we obtain a contradiction with (4). O

Proof of Corollary 1. Forall j > 0 and R >> 1, we have
R -1 i(1 Q
| / Wt dxdt < C(nR+ RI0-77)),
&1t oR
which implies that
F(j,R) < C(R"InR+ R"M™InR+ R" + R™),
where

M= (ﬁ—l)j+%, T2 = j(1+d_1>, 15 = 2d7j(edf_ﬁl(d71))
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and )
vy = JetB)
¢ i—1

We observe that for all j > 0, we have 7, < 0 and 4 < 0. Moreover, taking

L‘ max 1 1
24~ {(1—ﬁ)(d—1)’e—ﬁ(d—1)}'

we obtain 71 < 0 and 3 < 0. Hence, (5) holds, and due to Theorem 1, we obtain the
desired result. [

Proof of Corollary 2. Forall j > 0 and R > 1, we have

R o+t . R & _ .
/ /1 Rwﬁdxdt§c1zf+%—l,/ /2 Waflldxdtgcw(lnR+Rd%—1),
0 @14’% 0 §1+ﬁ
which implies that
F(j,R) < C(R"M 4+ R" 4+ R"InR),
where

o dHl+1 —Bjtl—d+1 B
e L e e B B e

We observe that for all j > 0, we have yp < 0 and y3 < 0. Moreover, for

0<Bd—-1)j<—(d+L+1),
we obtain y#; < 0. Then, (5) holds. Therefore, Theorem 1 yields the following result. O
Proof of Corollary 3. For all j > 0 and R > 1, it holds that

F(j,R) < C(Rﬁ1 InR + RP2 InR + RP InR + RF+(InR)? + RFs + Rﬁé),

where
,312]'(,5—1)+7621J{d1,52=7_]§Q_+1ﬁ)fﬁ3=€+1_d;z(11_ﬁ_d)
and
_j(=p+1—-4d) . 0 (+1+d _l+1—-d—j(B+o)
b= LB o j(B- 72 ) + HIY, o= TR,

We remark that 84 < 0 for every j > 0. Moreover, when

d+04+1 (—d+1 é—d+1}
1-B)d-1)d+p—-1" B+o [’

we obtain 1 < 0, B3 < 0 and B¢ < 0. We also have B, < 0if ¢ > —p. We next consider
two cases.

j> max{O, ( (35)

Case 1: If
Q>Q1<d<1+%
then, in addition to (35), taking
i> d+/0+1
¢—pld-1)
we obtain 5 < 0.
Case 2: If 0

Q>Qd:3+1<—ﬁ4,
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then P
+0+
Ps="4—1 <0

Therefore, (5) holds in each case. Theorem 1 yields the desired result. [

4. Conclusions

A general nonexistence result is obtained for Problem (1) (see Theorem 1). Namely,
we proved that, if the initial value satisfies (4) and (5) holds for some j > 0, then the set of
weak solutions is empty. Next, we discussed some examples of the potential function W
(see Corollaries 1-3). In this paper, we only considered the one-dimensional case. It will be
also interesting to investigate the higher-dimensional case, namely problem

up —Au—A2u > Wiul? in Ry x Q,
u(0,-) > ug in Q,
u>0in Ry x %,

where 0 < B < 1,d > 1, Q = {xGRN:§1<|x|<§2},O < §H < Hand & =
{x e RN : |x| =&, }.
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