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Abstract: This work considers fractional operators (derivatives and integrals) as surfaces f(x,«)
subject to the function constraints defined by integer operators, which is a mandatory requirement
of any fractional operator definition. In this respect, the problem can be seen as the problem of
generating a surface constrained at some positive integer values of « for fractional derivatives and at
some negative integer values for fractional integrals. This paper shows that by using the Theory of
Functional Connections, all (past, present, and future) fractional operators can be approximated at
a high level of accuracy by smooth surfaces and with no continuity issues. This practical approach
provides a simple and unified tool to simulate nonlocal fractional operators that are usually defined
by infinite series and/or complicated integrals.
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1. Introduction and Motivations

Since a few centuries ago, many distinct definitions of fractional operators have been
introduced [1]. Following the initial Riemann-Liouville definition in 1645 [2,3], several
other definitions appeared. To mention a few different definitions, we have: Weyl [4],
Caputo [5], Caputo-Fabrizio [6], Canavati [7], Riesz [8], Hilfer [9], Erdélyi-Kober [10],
Jumarie [11], Atangana—Baleanu [12], Davidson-Essex [13], Yang [14], Miller—Ross [15],
Marchaud [16], Hadamard [17], Osler [18], Cossar [19], Sonin—Letnikov [1], Coimbra [20],
Katugampola [21], Hilfer-Katugampola [22], and Griinwald-Letnikov [23]. The number of
distinct fractional operators is becoming so large that the need to classify them on subsets
has been studied [24].

Integer operators acting on a function f(x) are local operators (the value can be
computed using only knowledge of the values of f(x) in an arbitrarily small neighborhood
around x), while fractional operators are typically introduced as non-local operators (the
value provided depends on the domain definition or on the definition of an initial point).
The fractional operators so-far introduced are derived as the extension of some specific
mathematical definition with the hope that it is supposed valid also for fractional operators
of any order. For example, the definition of the Riemann-Liouville fractional operators
comes from the Cauchy formula for repeated integration, while the definition of the
Griinwald-Letnikov comes from the limit of finite differences. Unfortunately, the existing
fractional operators also depend on the selection of an initial point, and this generates
continuity issues at that point. How can this loss of continuity be justified?

Calculus is mainly based on the concepts of two operators: the derivative and its
inverse, the anti-derivative. Based on the anti-derivative, definite, indefinite integrals
can be derived. The integer operators have a clear and known geometrical meaning.
By contrast, the geometrical meaning of all fractional operators so-far introduced is still
questionable. To give some examples, ref. [25] has provided the geometrical interpretation
using a new specific definition of fractional derivatives; ref. [26] has shown that for the
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Riemann-Liouville derivatives, a connection with infinite jet bundles, the interpretation
given by [27] is restricted to polynomial functions only; meanwhile the interpretation
for [28] is based on the four concepts of fractal geometry, linear filters, construction of a
Cantor set, and physical realization of fractional operators.

The proliferation of fractional operator definitions has generated confusion, ambiguity,
and uncertainty among users, with consequent delayed research and disinterest in the
subject. The main reason is: the user should know which one suits the problem he wants to
solve. An answer to this question requires knowing all existing formulations, their ranges
of definition, and their assumptions. What if the user’s domain of application does not
match with any of the fractional operators’ existing domains? Or what if the problem
under analysis does not suggest the selection of an initial point, which is often required
by the various formulations? In addition, to implement the existing fractional operators,
the computation of complicated integrals and/or infinite series, such as the Mittag—Leffler
function [29,30], is needed. Closed-form expressions of fractional operators do exist but
just for a very small subset of basic functions and for some specific formulations only [31].

However, despite these difficulties, the number of applications of fractional calculus
is slowly increasing and is touching many science and engineering problems [32]. On
the other hand, no specific reason exists to support that the equations governing physical
problems must involve integer operators only. This article is based on the fundamental
constraint of any fractional operator: it must provide the expression given by the integer
operator when the fractional operator variable becomes an integer. Therefore, due to the
flourishing of applications involving fractional operators, this article aims to provide an
approximate, flexible, and easy mathematical tool that can be used for any function with no
mathematical and/or computational issues for users. This is done by facing the problem of
fractional operators from an interpolation point of view. Specifically, the interpolation tool
used is the one provided by the Theory of Functional Connections (TFC) [33-36].

Using TFC, the set of constraints defined by integer derivatives and/or integrals are
(1) analytically satisfied and (2) all possible functions interpolating the constraints can
be obtained. This implies that the proposed method can be used to simulate all possible
fractional operators. Specifically, these approximations are obtained using the flexibility of
orthogonal polynomials and the power of least-squares. However, different minimization
techniques and different ways to expand the free function by, for instance, using neural
networks [37,38], can also be successfully used. Basically, the purpose of this article is to
provide a simple and practical approach for anyone interested in exploring the infinite
possibilities offered by morphing integer operators between consecutive values: that is, by
the infinite continuous transitions between the well-known integer operators—transitions
that are explored using a tool, the TFC [33-36], able to provide all of these infinite transitions.

To summarize: the main contribution of this article consists of providing a functional
interpolation tool (TFC) to derive all possible continuous variations between continuous
integer derivatives and/or integrals. This includes the continuous variations provided by
the existing fractional operators. Using the same mathematical tool, this article provides
all continuous functions fitting discrete series and all continuous surfaces fitting series
of functions.

1.1. Notations

In this article, 7*[f(x)] indicates a generic fractional derivative (if « > 0) or an-
tiderivative (if « < 0) applied to the function f(x). The approximated function obtained
by TEC is indicated by the surface f(x,a) where the additional variable («) retains the

d>f

dxd’

f(x,—1) = /f(x,O) dx is the anti-derivative of f(x), and fy(x,—1) = /f(T,O) dr is the
a

indefinite integral of f(x) with the initial point a.
Function f(x, ) identifies a surface constrained by the boundary conditions f(x, k),
where k € Z, indicating the integer derivatives and/or anti-derivatives in the range of

meaning of the fractional operator variable. This means that f(x,0) = f(x), f(x,3) =
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interest. Note that additional boundary conditions can be easily added to the problem
under analysis. For example, for trigonometric functions, the integer derivative periodicity
is described by the relative constraint f(x,k) = f(x,k +4), where k € Z. One can even
propose extending this periodicity to f(x,a) = f(x,a +4), where « € R (a false relationship
for the existing fractional operators), to obtain a periodicity for any «.

This proposed approach is not a new mathematical definition of fractional operators
but just an interpretation of the fractional operators from the interpolation point of view.
The proposed approach has the advantage of providing a continuous, simple, and practical
tool to explore the infinite surfaces connecting integer operators.

The resulting surface f(x, «) provided by TFC is called the constrained expression and
should actually be indicated as f(x,«, g(x, «)) because it is a functional: i.e., a function of
the free function, g(x,«). By spanning all possible free functions g(x, «), this functional
describes all possible surfaces analytically satisfying the assigned boundary constraints.
The resulting consequence is: in theory, any possible distinct fractional operator can
be analytically replaced by a constrained expression using a specific free function. To
numerically implement this proposed method, the specific free function is estimated by
fitting the data provided by the fractional operator under consideration, F*[f(x)], by least-
squares using the constrained expression. For example, the last section of this article shows
the highly accurate approximation of the Mittag—Leffler function, which is extensively used
to compute fractional operators [39,40].

In addition, this article includes the following mathematical tools:

e  Switching functions for integers: Since fractional operators have all constraints spec-
ified for & € Z, a closed-form of switching functions analytically satisfying the switch-
ing function property ¢;(j) = J;; is developed for integers. These switching functions
are computed by avoiding matrix inversion and are valid for any series of real numbers.
This set of switching functions is called “Lagrangian switching functions” because
their expressions coincide with the multiplicative terms of Lagrange polynomials [41].

*  Continuous description of integer and function sequences: The capability of gener-
ating closed-form switching functions for integers provides us the capability to use
TFC to generate all functions interpolating any numbers sequence and all surfaces
interpolating any function sequence. The example of interpolating the I'(«) function
in the a € [0, 6] range is provided.

Finally, the accuracy of the proposed approach is validated by estimating (by least-
squares) the constrained expression of the Mittag—Leffler function [29,30]. The reasons
for this selection are (1) the boundary continuity issues affecting the existing fractional
operators are in conflict with any fitting method using smooth functions, (2) the Mittag—
Leffler function has no discontinuities and is a key function to compute closed-form
expressions of fractional operators [31,42], (3) the Mittag—Leffler function has a variety of
other applications [30], and (4) because it is a complicate function to evaluate, expressed by
infinite series of a I'(+) function.

1.2. Brief Background on the Theory of Functional Connections

The Theory of Functional Connections (TFC), introduced in the seminal paper [33],
performs analytical functional interpolation, which is a generalization of interpolation. The
TEC derives analytical expressions with embedded constraints; these expressions describe
all possible functions satisfying a set of constraints. This new mathematical framework
has been extended to multivariate domains and to a wide class of constraints, including
points, functions, integer and fractional derivatives/integrals, limits, components, and any
linear combination of these. Applications are found in constrained optimization problems,
as these functionals collapse the whole function space to just the subspace fully satisfying
the constraints where the solution is located. By transforming a constrained optimiza-
tion problem into an unconstrained one, the solution can be then obtained with simpler,
faster, more robust, and more accurate methods. The application areas of TFC optimiza-
tion include differential equations [35,36,43], homotopy continuation [44], quadratic and
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nonlinear programming [45], boundary geodesic problems [46], machine learning [37,38],
vector spaces [47], space object monitoring [48], optimal control [49,50], and fractional
operators [51-53], just to mention the most relevant.

The univariate version of TFC can be obtained by either one of these two functionals,
called ‘constrained expressions’ [54]:

£ 8(x)) = gx) + Y75 (x,8(x)) 55(2)

j=1

flrg(x) = g(x) + i¢j (x,5()) i (x,3(x)),
2

where 7 is the number of constraints, g(x) is the free function, sj(x) is a set of n user-
defined linearly independent support functions, 1;(x, g(x)) are coefficient functionals, ¢;(x)
are switching functions (they are 1 when evaluated at the constraint’s coordinate they are
referring to and 0 when any other constraint is satisfied), and p; (x,g(x)) are projection
functionals representing the constraints written in terms of the free function. The complete
explanation and the properties of the support, switching, and free functions as well as of
the coefficient and projection functionals can be found in [43,54].

This article highlights the flexibility of these functionals not only to perform inter-
polation in the context of fractional operators but also to obtain continuous functions
interpolating integer sequences and continuous surfaces interpolating function sequences.

2. Examples of Applications

In this section, three examples are given to show how to derive the constrained
expressions to obtain continuous surfaces subject to integer derivatives and integrals. Three
important features of these functionals are:

1. They are local operators;

2. They can be expressed in terms of orthogonal polynomials (rather than infinite series
or nasty integrals);

3.  The approximation accuracy they usually provide is close to machine error.

The first example considers the functional interpolation problem of an assigned func-
tion with its first derivative and anti-derivative.

2.1. Function, First Derivative, and Anti-Derivative Example

Let us consider the function f(x,0) = sinx + x cos x, its first derivative f(x, +1), and
its anti-derivative f(x, —1). Using the surface notation f(x, «), these three constraints are

f(x,0) = f(x) =sinx + x cosx
f(x,+1) =2 cosx — x sinx 1)
f(x,—1) = x sinx.

TFC has shown that all surfaces interpolating the constraint functions given in Equation (1)
can be represented by the functional

+1
flxag(xa) =glx,a)+ Y ¢elw)pi(), 2
k=-1
where g(x, ) is the free function and where the expressions of the projection functionals are
p-1(x) = flx, -1) —g(x,~1)

po(x) = f(x,0) — g(,0)
p+1(x) = f(x,1) = g(x,1).
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To derive the switching functions ¢ («), three linearly independent support functions must
be selected. Using monomials as support functions, {1, &, a?}, the switching functions can
be expressed as ¢y (a) = c1x + cox & + c3; a2, The resulting expressions are (see [33-36])

o1(0) = 2(a—1)a

¢o(a) =1—a?
pi1(a) = 5(0&4— 1)a,

N

—_

satisfying the switching functions property ¢;(j) = d;;.

The two surfaces shown in Figure 1 are two examples of how Equation (2) interpolates
these constraint functions (shown in red): the function f(x,0), its derivative f(x, +1), and
its anti-derivative f(x, —1).

g(z,a) =0 g(z,a) = sin(2x) sin(27a)
6\
4| )
2, J |
0
5
g2
=
_4\
_6\
78\
1\
\
(e A\\
\ - \\\ -~ R
N A— 10
-1 5 10 -1 B 0 5
~10 =5 0 -10 5 p

Figure 1. Two distinct surfaces obtained using two distinct expressions of the g(x, a) free function
and interpolating the function with its derivative and anti-derivative provided in Equation (1).

These two surfaces are obtained using the two distinct free functions g(x,«) = 0 (left
figure) and g(x, «) = sin(2x) sin(27a) (right figure). This example shows that distinct free
functions provide distinct surfaces while analytically satisfying the constraint functions.
By spanning all possible free functions, all possible surfaces fully satisfying the three
constraints can be obtained.

In theory, there is a specific expression of the free function ¢(x, «) that makes the
constrained expression analytically equivalent to a given fractional operator. In practice,
however, this equivalency can be obtained at an approximated level of accuracy only,
especially because fractional operators are affected by continuity problems at the bound of
their definition domains.

2.2. Quadratic Polynomial Example

An n-degree polynomial has all its integer derivatives greater than # identically zeros.
A trivial example is a quadratic polynomial:

f(x,0) = ax?> +bx+c
f(x,1) =2ax+b
f(x,2) =2a

f(x,k) =0 for k>3
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These four functions represent four constraints. However, the f(x, «) surface interpolating
this quadratic polynomial can also include the constraint

df (x, )
ou

= 0,
x=3
imposing reaching the third derivative with zero slope. Using monomials as support

functions, {1, a, a2, as, vc4}, the corresponding switching functions for these five con-
straints are

4’0(“):1—%06+%a2—%zx3+11—8zx4
(Pl("‘):glx*%aerZoc?’—ia‘l
¢2(“):_%“+12£“2—;w3+%a4
4’3(”‘):%04—%0424—2“3_%“4
¢4(0¢)=—a+%a2_a3+%a4,

and the constrained expression is
2
folo0,0)) = 8(00) + L el [F(h) ~ 800K — 5(0) 33,3) ~ 94(0) 80(2.3),

og(x, &) = 0. To extend
du a=3
this constrained expression to & > 3, this equation can be multiplied by H(3 — «), where

H(-) is the Heaviside function:

f(x,a,8(x,a)) = H(3 —a)fo(x,a,g(x, ).

which is a functional valid for « € [0, 3] and where g, (x,3) =

2.3. Trigonometric Function Example

If a function has periodic integer derivatives, f(x,k) = f(x,k + p), where p € Z is the
derivative periodicity, then it is possible to simulate an « fractional derivatives periodic
with the same period. For example, for the “sin x” function, the constraints are

f(x,0) = f(x,4) = —f(x,2) =sinx and  f(x,1) = —f(x,3) =cosx. (3)

In addition, the C! continuity in the & coordinate can be obtained by adding the relative constraint

fu(x,0) = fu(x,4). 4)

Using the support functions {1, «, a2, 03, 0%, sin «}, the switching functions shown in

Figure 2 are obtained. This figure highlights the mechanism of the switching functions: at
the coordinate of a constraint, one switching function is one, while all the others are zero.
The constrained expression, satisfying the constraints given in Equations (3) and (4), is

fx, o, g(x,a)) = g(x,a) +¢o(a)[sinx — g(x,0)] + ¢1(a) [ cosx — g(x,1)]+
+¢o(a) [ —sinx — g(x,2)] + ¢3(a) [ —cosx — g(x,3)]+ (5
+¢4(a) [ sinx — g(x,4)] + p5(a) [ga(x,4) — ga(x,0)].

The left plot of Figure 3 shows the resulting surface obtained using this constrained expression
using g(x, «) = 0, while the right plot is the surface obtained using g (x, &) = sin(a7t/2) cos x.
Again, both surfaces analytically satisfy the constraints given in Equations (3) and (4), high-
lighted in Figure 3 in red.
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Br(e)

—0.5

0 0.5 1 1.5 2 2.5 3 35 4
o

Figure 2. Switching functions for f(x) = sinx.

sin o —COST

sinx —COST

—sinz —sinx

) CcoS T
0.5
s
i 0
g
—0.5
-1
-1.5 sinx

Figure 3. Surfaces interpolating the integer derivatives of sin x using g(x,«) = 0 (left) and using
g(x, ) = sin(ar/2) cos x (right).

The contour difference between these two surfaces is shown in Figure 4. This contour
difference is perfectly zero at the constraint coordinates, where the constrained expression
analytically matches the constraint functions.

0 1 2 3 4 5 6

Figure 4. Contour plot of the difference obtained using Equation (5) with g(x,a«) = 0 and g(x, &) =
sin(arr/2) cos x.
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Figure 5 shows in the top two plots the errors obtained in satisfying the boundary
constraints for g(x,a) = 0 (simple interpolation):

f(x,0)=f(x,4) and  fu(x,0) = fa(x,4),

and the bottom two plots show the boundary constraints for g(x,«) = sin(a7/2) cos x
(functional interpolation):

f(x,0,8(x,0)) = f(x,4,8(x,4)) and  fu(x,0,8(x,0)) = fa(x,4,8(x,4)).

«10~13 Interpolation X «10~13 Interpolation
0.5 1 = 05F

= =
= 2

| 0 | 0
2 S
2 £
= <

—0.5 | —0.5

1 . . . . . 1 . . . . .
0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7
xT T
L X 10713 Functional interpolation 4 X 1071 Functional interpolation
T T . T T T . .

3 3

I
= 051 2r
: |
=

| 0 0
S
)

S .
=05
=

Figure 5. Validation of the errors at bounds using Equation (5) with g(x,&) = 0 and g(x,a) =
sin(a7r/2) cos x.

3. Continuous Representations of Any Integer or Function Sequence

In mathematics and computer science, the sequence of integers and functions is an
important subject. While traditional discrete integer sequences have been instrumental for
solving many problems, there exists a class of challenges wherein continuous represen-
tations of them prove to be not only advantageous but often indispensable. This section
shows how to derive these continuous representations by proposing a general method that
enables the transitions from a discrete sequence of integers (or real or complex numbers)
to a set of continuous functions and the transitions from a discrete sequence of functions
to a set of continuous surfaces matching the integer and function sequences, respectively.
By bridging the gap between the discrete and the continuous, a new level of flexibility in
handling a wide spectrum of mathematical and computational problems can be explored.

An existing example is the I'(x) function: a continuous function interpolating the
sequence of factorials. Since these sequences are often infinite, a closed-form expression of
an infinite set of switching functions is needed to perform functional interpolation.

3.1. Switching Functions for Sequences

Switching functions are derived by selecting n support functions for some # constraints.
In our case, the constraints all occur when a € Z. However, it is possible to derive the
switching functions for a set of n complex values: «;. The property of the switching
functions implies that the function ¢ («;) must be zero if «; # ay. Therefore, thanks to the
fundamental theorem of algebra,

Pr(a) = [ J(a — o).
ik
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The constant ¢, can be computed by imposing ¢y (ax) = 1. Therefore,
[ J(x — )
itk
Prl(e) = FH—- (6)
[ I(ax —ai)
itk

These switching functions are nothing else than the coefficient terms of Lagrange polyno-
mials, Ly, («), interpolating the n points, [ak, Yk,

n
Lu() = ) yede(a).
k=1
The set of switching functions given by Equation (6) satisfies the following two properties:

Proposition 1. The sum of all switching functions is 1,
n
) o) = 1. @)
k=1

Proof. All ¢y (a) are polynomials of degree n — 1; therefore, the sum of these polynomials

can be a polynomial of degree n — 1 or lower but not greater. The ¢ («) polynomials are
n

switching functions: therefore, for any i, we have )  ¢(«;) = 1. Therefore, the polynomial

k=1
n n
Y ¢x(a) —1 = 0 has n roots at all the a; # a; and at ay. Therefore, the ) ¢ (a) cannot
k=1 k=1
n n
be a function of a. Since the polynomial ) ¢(«) — 1 = 0 has n roots, then ) _ ¢y (a) =1
k=1 k=1

must be satisfied for any values of a. [J

Proposition 2. The switching functions are linearly independent,
n
Y ckpp(a) =0 ifand only ifall ¢, = 0,
k=1

because the Lagrange coefficients are linearly independent. In addition, it is our conjecture that
the Wronskian of the switching functions matrix is 1: that is, the switching functions matrix
is unimodular.

It is important to outline that the generation of these Lagrange switching functions
does not require any matrix inversion.

3.2. Functional Interpolation of Any Sequence of Numbers and Functions

Using Lagrange switching functions, all continuous functions interpolating any integer
sequence can be obtained. For instance, the functional

Flag(@) = g(a) + i Pu(a) [k — g(K)], ®)

interpolates the factorials. In theory, by spanning all possible expressions of the free
function g(«), all continuous functions interpolating factorials can be obtained. Specifically,
there exists an expression of the free function that makes this functional approximate the
I'(«) function. This is done in Section 3.3 at a high accuracy level.
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Similarly, the functional representing all functions interpolating Fibonacci’s sequence is

Flag(@) = g(a) + ki @) [Fe— g(0)], )

where the Fibonacci sequence satisfies the recursive relation F 1 = F; + Fy_1. Following
the same logic, this approach can be used to interpolate by continuous functions any
sequence numbers [55]: for instance, the prime numbers [56], the Catalan numbers [57], the
Bell numbers [58], the perfect numbers [59], and the Abundant numbers [60], just to mention
a few. Extensive sequences can be found in the Encyclopedia of Integer Sequences [61] and
are published in the Journal of Integer Sequences [62].

Similarly, this approach can be used to interpolate any function sequences. For instance,
the functional describing all surfaces interpolating Legendre’s orthogonal polynomials is

fx o g(x,a)) =g(x,a)+ Iiﬁbk(“) [Li(x) — g(x, k)], (10)

where 2k +1 k
Lii1(x) = mek(x)_mLk—l(x)r k=1,2---

is the recursive (Bonnet’s) relation defining the sequence of Legendre’s polynomials, start-
ing with Lo(x) = 1and Ly (x) = x.

Since TFC can be applied to any integer and function sequences, the switching func-
tions for natural numbers, ¢y («), play an important role for building functionals subject
to integer derivatives and integrals. Note that the set of switching functions adopted for
Equations (8)—(10) is the same.

To quantify the level of accuracy that can be obtained with this TFC approach, the
following subsection provides a least-squares estimate of the free function to approximate
the I'(«) function using Equation (8).

3.3. Least-Squares Approximation of the T («) Function

The function o
I'(a) = / et dr, R(a) >0
0

is a continuous function interpolating the whole set of factorials I'(n +1) = n!, n € Z*. The
I'(a) function is not the only function that has this property. There are actually infinitely
many ways to extend the factorials to a continuous function [63], such as the Hadamard
Gamma function H(n) [64], the logarithmic single-inflected factorial function L(n), and
the logarithmic single-inflected hyper-factorial function L*(n) [65]. However, it has been
proved that the only function satisfying the recurrence relationship

I'(a+1)=al(x) (11)

for a € Ris the I'(«) function [66]. For this reason, the I'(«) function is rightfully considered
the extension to reals of factorials. The recurrence property of Equation (11) makes the I'(«)
function the building block on which many existing fractional operators have been based.

Restricting the numerical interpolation example to the a € [1, 6] range, a least-squares
optimization problem has been solved using the constrained expression given in Equation (8).
This has been done by expressing ¢(«) as a linear combination of 19 Legendre orthogonal
polynomials (from Lg(a) to Lps(a)) since the polynomials from Ly(«) to Ls(a) are linearly
dependent from the monomials used as support functions to derive the switching functions
given in Equation (6) and used to derive the constrained expression Equation (8).

By discretizing the « range with N = 36 Chebyshev—Gauss—Lobatto points, the results
of this approximation are given in Figure 6. The left figure shows the resulting f(«, g(«))
function, while the right figure shows the L, errors obtained in approximating the I'(x + 1)
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function by increasing the number of basic functions adopted to expand the free function.
Using 19 basis functions, the largest absolute error obtained (~5.6 - 10~ ) is close to
the machine-error level with a condition number of the matrix to invert lower than 100,
highlighting the robustness of this least-squares approximation.

It is important to highlight that obtaining a very good approximated expression of the
I'(«x) function using polynomials f(«, g(x)) allows easier further manipulations of it: for
instance, manipulations requiring derivatives and/or integrals.

800 : : : 10% ¢
P
700 | [ 0 .
[ *
*
600 i 10—2% *
5\ f *
*
+ f
500 [ 3 107'1; *
= = ; *
% I b *
d; 400 E 10 *
= s *
300 - :i/ 10—8;, .
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Figure 6. Error obtained in the least-squares fitting of the I'(« 4 1) function with Equation (8) using
increasing number of basis functions to describe g(«).

4. Least-Squares Approximation with Functional Interpolation

Performing a least-squares fitting of data provided by fractional operators presents
a unique set of challenges. These operators, by their nature, are nonlocal, meaning they
are defined over a specific range and not outside that range. This nonlocality and the
selection of an initial point lead to the generation of boundary discontinuities at the domain
bounds. For example, the Riemann-Liouville fractional operator definition requires the
selection of an initial point, and the function is assumed to be constant before that point.
This assumption generates a C! discontinuity at the selected point. This problem is partially
solved in the Caputo definition by enforcing that the function is linear before the selected
point. However, this entails a C2 discontinuity at the same location. In the Griinwald-
Letnikov formulation, a discontinuity arises from the truncation of an infinite series. The
presence of discontinuities poses significant hurdles, precluding obtaining high accuracy in
least-squares fitting problems using smooth functions.

Since fractional operators have continuity problems at the edges of the definition
domain, the numerical validation of the proposed functional interpolation method to ap-
proximate fractional operators is numerically applied to the Mittag—Leffler function because
this function is deeply adopted to derive fractional operators [42], because it is a difficult
function to compute (an infinite series expressed in terms of I'(-) functions), and because it
was used to obtain closed-form expressions of Riemann-Liouville fractional derivatives and
integrals of basic functions [31], such as the exponential and the trigonometry functions.

Functional Approximation of the Mittag—Leffler Function

The Mittag-Leffler function appears in many areas of fractional calculus: for instance,
in the fractional generalization of the heat equation, Lévy flights, superdiffusive transport,
viscoelasticity, and random walks [30]. The two-parameter Mittag—Leffler function [30,42] is
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Ep(2) = ) vy
’ = T(ak+D)
Setting b = 1, z = —x? and using the surface notation, the one-parameter Mittag—Leffler

function becomes [29,42]
00 (_ x2)k
E(a,x) = _—
kgo I(ak+1)

One application of this function is to continuously morph between Gaussian and Lorentzian
functions. Specifically, for 2 = 0 and a = 1, the Mittag-Leffler function converges to

E(x,0) = 1-1—% and E(x,1) = e (12)

In addition, it is possible to prove that this function also satisfies
E(0,a) =1 and  E,(0,a) =0. (13)

Equation (12) represents two constraints at specific values of a, while Equation (13)
represents two constraints at a specific value of x. Using {1, a} as support functions, the
recursive approach of multivariate TFC provides the functional that always satisfies the
constraints given in Equation (12):

£7(x,0,8"(x,)) = g (x,) + (1~ ) #x0] +ale -], a9

T+a2
while when using {1, x} as support functions, the functional always satisfying the con-
straints given in Equation (13) is

f*(x,a,8%(x,a)) = ¢g*(x,a) +1— ¢*(0,a) — xg5(0,a). (15)

The overall constrained expression is obtained by replacing the terms in g% (*,a) in
Equation (15) with the expressions of the corresponding terms f*(x,a, §"(x,a)) provided
by Equation (14). Removing all superscripts, the final constrained expression can be written
in a compact way:

f(x,a,8(x,a)) = A(x,a) + B(x,a,¢(x,a)), (16)
where 1
—a 2
A(X,ﬂ) = m‘f‘ﬂe ’ (17)

represents the surface interpolating the constraints given in Equations (12) and (13) using
the support functions {1, a} and {1, x}, respectively, and

B(x,a,8(x,a)) = g(x,a) — §(0,a) — xgx(0,a)
—[8(x,0) —£(0,0) — x8:(0,0)] (1 — a) (18)
—[8(x,1) = g(0,1) — x8x(0,1)] a,

is the functional representing all surfaces that are not affecting the constraints (already
satisfied by A(x,a)): that is, representing all surfaces that are zeros at the constraints

B(x,0,8(x,0)) = B(x,1,¢(x,1)) = B(0,4,8(0,a)) = B(0,4,8x(0,a)) =0,

as can be easily verified.
The free function is then estimated by least-squares by expanding it in terms of n

n
orthogonal surfaces, g(x,a) = Z & Sk(x, &), where &y are the unknown coefficients of
k=1
the expansion, and the orthogonal surfaces Sy (x,«) = L;(x) L;(«) are obtained using the
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product of Legendre’s orthogonal polynomials. The results of this optimization are shown
in Figure 7.

The top-left plot of Figure 7 shows the A(x,a) surface: that is, the surface interpolating
the constraints given by Equations (12) and (13) in the (x,a) = [0,3] x [0, 1] domain. The
difference between A(x,a) and the Mittag—Leffler function (computed using the code
provided in ref. [67]) is given in the top-center figure and shows zero boundary errors
(red lines). This error distribution is also provided by the histogram in the top-right figure,
showing that the function A(x,a) (simple interpolation) is accurate, with a maximum error
lower than 0.03.

The bottom-left plot of Figure 7 shows the surface obtained with Equation (16), which
is obtained by a linear least-squares estimation of the free function g(x,a). The fitting
error of the Mittag—Leffler function is given in the bottom-center figure, while the error
histogram is provided in the bottom-right figure. These last two plots outline the high
accuracy obtained using just 35 orthogonal polynomials and discretizing the domain using
100 x 100 Chebyshev—Gauss-Lobatto points.

Interpolation
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Figure 7. Results obtained interpolating the Mittag—Leffler function: (1) by the A(x,a) function
(interpolation, top three plots) and (2) by the A(x,a) + B(g(x,a)) function (functional interpolation,
bottom three plots), where g(x, a) is expanded in terms of orthogonal surfaces and estimated by
linear least-squares.

Expanding the free function using monomials (instead of orthogonal polynomials), the
same optimization tests provided a maximum error lower than 107 for the same domain
discretization and 20 monomials. This approach can be applied to approximate any other
continuous smooth complicated functions with boundary constraints. This example shows
that these f(x, a) surfaces provide to the user various practical benefits/features: (1) highly
accurate estimates, (2) functions f(x, «) are continuous (no need to interpolate between
points), (3) computational complexity is low (requiring the evaluation of polynomials),
(4) f(x, «) are local operators, and (5) they allow easier further manipulations (computing
derivatives or integrals of polynomials is trivial).

5. Discussion

The geometrical meaning of fractional operators, derivatives, and integrals is still
questionable. The existing proposed definitions are based on complicated integrals or
infinite series that must be truncated to be used. In addition, these existing fractional
operators are nonlocal, valid for specific domains, and/or require the selection of an initial
point which, in turn, creates continuity issues.
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Any proposed (past, present, and future) fractional operator definition has clear
boundary constraints: it must provide the same expressions provided by the integer
operators (whose geometrical meanings are clear). All different fractional operators, which
are sometimes in contradiction with each other, are subject to these constraints. Based
on this mandatory requirement, this article faces the fractional operators problem from
an interpolation point of view by providing functionals representing all surfaces f(x, x)
subject to the integer operator constraints when « € Z.

The interpolation problem is here performed using the theory of functional connec-
tions [33-36], an analytical theory providing functionals f(x,a, g(x, «)) representing all
functions interpolating the mentioned integer constraints. The optimization is done by
estimating (by least-squares) the expression of the free functions g(x, «). By doing this, the
transitions between integer operators (derivatives and/or integrals) can be obtained as
smooth continuous surfaces expressed in terms of polynomials.

The flexibility of the proposed methodology has been shown by interpolating a
function with its derivative and anti-derivative. This has been done using f(x,a) = 0
and with f(x,a) = sin(2x) sin(27a) to show how the free function changes the surface
while fully respecting the integer constraints. Another example shows the capability
to derive all surfaces that are periodic in a for the function sin x. This means satisfying
f(x,a,g(x,a)) = f(x,a+4,8(x,a+4)) for any value of « and for any expression of g(x, «).

This article has also shown that functional interpolation can be used to obtain a
continuous representation of any integer sequence (e.g., the Fibonacci sequence) and any
function sequence (e.g., the Chebyshev orthogonal polynomials). For example, the I'(«)
function has been approximated at almost machine-error level with just a set of 19 Legendre
orthogonal functions in the range « € [1, 6]. The closed-form expressions of the switching
functions set for integer or function sequences have been derived. These expressions
coincide with the fractional terms of the Lagrange polynomials.

The continuity issues affecting fractional operators at the selected initial point cause
the function itself to lose the class of differentiability at that point. Because of this loss
of smoothness, the least-squares fitting of fractional operator requires the adoption of
non-smooth functions. Therefore, the numerical validation of the proposed approximation
method has been tested on the Mittag-Leffler function; this was performed for additional
reasons also [31]. The resulting approximate expression of the Mittag—Leffle function is pro-
vided at almost machine-error level and with a limited number of orthogonal polynomials.

This functional interpolation method is general and can be applied to provide any tran-
sition surfaces between integer derivative and/or integral constraints. Once the optimiza-
tion of the free function g(x, «) is estimated, then the resulting functional f(x, a, g(x, «)) can
be adopted as a smooth and accurate approximated local model of any fractional operator.

Funding: This research received no external funding.
Informed Consent Statement: Not applicable.

Data Availability Statement: Data are contained within the article.

Acknowledgments: I would like to express my heartfelt gratitude to Luigi Nicolo for the insightful
discussions on the various definitions of fractional operators.

Conflicts of Interest: The author declares no conflict of interest.

Abbreviations

The following abbreviation is used in this manuscript:

TFC  Theory of Functional Connections

1. Ross, B. The development of fractional calculus 1695-1900. Hist. Math. 1977, 4, 75-89. [CrossRef]
2. Riemann, B. Versuch einer allgemeinen Auffassung der Integration und Differentiation. Gesammelte Werke 1876, 62, 331-344.


http://doi.org/10.1016/0315-0860(77)90039-8

Mathematics 2023, 11, 4772 15 of 16

10.

11.

12.

13.

14.
15.

16.

17.

18.
19.

20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.
35.
36.

37.

Liouville, . Mémoire sur le Calcul des Différentielles a Indices Quelconques; Walter de Gruyter: Berlin, Germany; New York, NY, USA,
1832.

Miller, K.S. The Weyl fractional calculus. In Fractional Calculus and Its Applications; Springer: Berlin/Heidelberg, Germany, 1975;
pp- 80-89.

Almeida, R. A Caputo fractional derivative of a function with respect to another function. Commun. Nonlinear Sci. Numer. Simul.
2017, 44, 460-481. [CrossRef]

Baleanu, D.; Jajarmi, A.; Mohammadi, H.; Rezapour, S. A new study on the mathematical modeling of human liver with
Caputo-Fabrizio fractional derivative. Chaos Solitons Fractals 2020, 134, 109705. [CrossRef]

Anastassiou, G.A. On right fractional calculus. Chaos Solitons Fractals 2009, 42, 365-376. [CrossRef]

Yang, Q.; Liu, F; Turner, I. Numerical methods for fractional partial differential equations with Riesz space fractional derivatives.
Appl. Math. Model. 2010, 34, 200-218. [CrossRef]

Sousa, J].V.d.C.; De Oliveira, E.C. On the yp-Hilfer fractional derivative. Commun. Nonlinear Sci. Numer. Simul. 2018, 60, 72-91.
[CrossRef]

Mathai, A.; Haubold, H.J. Erdélyi—Kober Fractional Calculus: From a Statistical Perspective, Inspired by Solar Neutrino Physics; Springer:
Berlin/Heidelberg, Germany, 2018; Volume 31.

Banerjee, J.; Ghosh, U.; Sarkar, S.; Das, S. A study of fractional Schrodinger equation composed of Jumarie fractional derivative.
Pramana 2017, 88, 1-15. [CrossRef]

Jarad, F.; Abdeljawad, T.; Hammouch, Z. On a class of ordinary differential equations in the frame of Atangana—Baleanu fractional
derivative. Chaos Solitons Fractals 2018, 117, 16-20. [CrossRef]

Teodoro, G.S.; Machado, J.T.; De Oliveira, E.C. A review of definitions of fractional derivatives and other operators. J. Comput.
Phys. 2019, 388, 195-208. [CrossRef]

Yang, X.J. General Fractional Derivatives: Theory, Methods, and Applications; CRC Press: Boca Raton, FL, USA, 2019.

Chikriy, A.A.; Matichin, LI. Presentation of solutions of linear systems with fractional derivatives in the sense of Riemann-Liouville,
Caputo and Miller-Ross. J. Autom. Inf. Sci. 2008, 40, 1-11.

De Oliveira, E.C.; Tenreiro Machado, ].A. A review of definitions for fractional derivatives and integral. Math. Probl. Eng. 2014,
2014, 238459. [CrossRef]

Ahmad, B.; Ntouyas, S.K. On Hadamard fractional integrodifferential boundary value problems. J. Appl. Math. Comput. 2015,
47,119-131. [CrossRef]

Osler, T.J. The fractional derivative of a composite function. SIAM |. Math. Anal. 1970, 1, 288-293. [CrossRef]

Butzer, PL.; Westphal, U. An introduction to fractional calculus. In Applications of Fractional Calculus in Physics; World Scientific:
Singapore, 2000; pp. 1-85.

Agila, A.; Baleanu, D.; Eid, R.; Irfanoglu, B. A freely damped oscillating fractional dynamic system modeled by fractional
Euler-Lagrange equations. J. Vib. Control 2018, 24, 1228-1238. [CrossRef]

Katugampola, U.N. New approach to a generalized fractional integral. Appl. Math. Comput. 2011, 218, 860-865. [CrossRef]
Oliveira, D.; De Oliveira, E.C. Hilfer-Katugampola fractional derivatives. Comput. Appl. Math. 2018, 37, 3672-3690. [CrossRef]
Scherer, R.; Kalla, S.L.; Tang, Y.; Huang, J. The Griinwald-Letnikov method for fractional differential equations. Comput. Math.
Appl. 2011, 62, 902-917. [CrossRef]

Baleanu, D.; Fernandez, A. On Fractional Operators and Their Classifications. Mathematics 2019, 7, 830. [CrossRef]

Karci, A. The physical and geometrical interpretation of fractional order derivatives. Univ. J. Eng. Sci. 2015, 3, 53-63. [CrossRef]
Tarasov, V.E. Geometric interpretation of fractional-order derivative. Fract. Calc. Appl. Anal. 2016, 19, 1200-1221. [CrossRef]
Tavassoli, M.H.; Tavassoli, A.; Rahimi, M.O. The geometric and physical interpretation of fractional order derivatives of
polynomial functions. Differ. Geom. Dyn. Syst 2013, 15, 93-104.

Moshrefi-Torbati, M.; Hammond, J. Physical and geometrical interpretation of fractional operators. J. Frankl. Inst. 1998,
335, 1077-1086. [CrossRef]

Gorenflo, R.; Kilbas, A.A.; Mainardi, F; Rogosin, S.V. Mittag-Leffler Functions, Related Topics and Applications; Springer:
Berlin/Heidelberg, Germany, 2020.

Haubold, H.J.; Mathai, A.M.; Saxena, R K. Mittag-Leffler functions and their applications. J. Appl. Math. 2011, 2011, 298628.
[CrossRef]

Garrappa, R.; Kaslik, E.; Popolizio, M. Evaluation of Fractional Integrals and Derivatives of Elementary Functions: Overview and
Tutorial. Mathematics 2019, 7, 407. [CrossRef]

Patnaik, S.; Hollkamp, J.P.; Semperlotti, F. Applications of variable-order fractional operators: A review. Proc. R. Soc. A 2020,
476,20190498. [CrossRef] [PubMed]

Mortari, D. The Theory of Connections: Connecting Points. Mathematics 2017, 5, 57. [CrossRef]

Mortari, D.; Leake, C.D. The Multivariate Theory of Connections. Mathematics 2019, 7, 296. [CrossRef]

Mortari, D. Least-Squares Solution of Linear Differential Equations. Mathematics 2017, 5, 48. [CrossRef]

Mortari, D.; Johnston, H.R.; Smith, L. High accuracy least-squares solutions of nonlinear differential equations. J. Comput. Appl.
Math. 2019, 352, 293-307. [CrossRef]

Leake, C.D.; Johnston, H.R.; Smith, L.; Mortari, D. Analytically Embedding Differential Equation Constraints into Least Squares
Support Vector Machines Using the Theory of Functional Connections. Mach. Learn. Knowl. Extr. 2019, 1, 60. [CrossRef] [PubMed]


http://dx.doi.org/10.1016/j.cnsns.2016.09.006
http://dx.doi.org/10.1016/j.chaos.2020.109705
http://dx.doi.org/10.1016/j.chaos.2008.12.013
http://dx.doi.org/10.1016/j.apm.2009.04.006
http://dx.doi.org/10.1016/j.cnsns.2018.01.005
http://dx.doi.org/10.1007/s12043-017-1368-1
http://dx.doi.org/10.1016/j.chaos.2018.10.006
http://dx.doi.org/10.1016/j.jcp.2019.03.008
http://dx.doi.org/10.1155/2014/238459
http://dx.doi.org/10.1007/s12190-014-0765-6
http://dx.doi.org/10.1137/0501026
http://dx.doi.org/10.1177/1077546316685228
http://dx.doi.org/10.1016/j.amc.2011.03.062
http://dx.doi.org/10.1007/s40314-017-0536-8
http://dx.doi.org/10.1016/j.camwa.2011.03.054
http://dx.doi.org/10.3390/math7090830
http://dx.doi.org/10.13189/ujes.2015.030401
http://dx.doi.org/10.1515/fca-2016-0062
http://dx.doi.org/10.1016/S0016-0032(97)00048-3
http://dx.doi.org/10.1155/2011/298628
http://dx.doi.org/10.3390/math7050407
http://dx.doi.org/10.1098/rspa.2019.0498
http://www.ncbi.nlm.nih.gov/pubmed/32201475
http://dx.doi.org/10.3390/math5040057
http://dx.doi.org/10.3390/math7030296
http://dx.doi.org/10.3390/math5040048
http://dx.doi.org/10.1016/j.cam.2018.12.007
http://dx.doi.org/10.3390/make1040060
http://www.ncbi.nlm.nih.gov/pubmed/32478282

Mathematics 2023, 11, 4772 16 of 16

38.

39.

40.

41.

42.
43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.
63.

64.

65.

66.
67.

Leake, C.D.; Mortari, D. Deep Theory of Functional Connections: A New Method for Estimating the Solutions of Partial
Differential Equations. Mach. Learn. Knowl. Extr. 2020, 2, 37-55. [CrossRef]

Tomovski, Z.; Hilfer, R.; Srivastava, H.M. Fractional and operational calculus with generalized fractional derivative operators
and Mittag-Leffler type functions. Integral Transform. Spec. Funct. 2010, 21, 797-814. [CrossRef]

Baleanu, D.; Fernandez, A. On some new properties of fractional derivatives with Mittag-Leffler kernel. Commun. Nonlinear Sci.
Numer. Simul. 2018, 59, 444-462. [CrossRef]

Wikipedia. Lagrange Polynomials. 2023. Available online: https://en.wikipedia.org/wiki/Lagrange_polynomial (accessed on 3
November 2023).

Mathai, A.M.; Haubold, H.J. An Introduction to Fractional Calculus; NOVA Science Publisher: Hauppauge, NY, USA, 2017.
Johnston, H.R. The Theory of Functional Connections: A Journey from Theory to Application. Ph.D. Thesis, Texas A&M
University, College Station, TX, USA, 2021.

Wang, Y.; Topputo, F. A TFC-based homotopy continuation algorithm with application to dynamics and control problems. .
Comput. Appl. Math. 2022, 401, 113777. [CrossRef]

Mai, T.; Mortari, D. Theory of Functional Connections Applied to Quadratic and Nonlinear Programming under Equality
Constraints. J. Comput. Appl. Math. 2022, 406, 113912. [CrossRef]

Mortari, D. Using the Theory of Functional Connections to Solve Boundary Value Geodesic Problems. Math. Comput. Appl. 2022,
27,64. [CrossRef]

Leake, C. The Theory of Functional Connections on Vector Spaces. arXiv 2023, arXiv:2302.10223.

Junior, A K.d.A; Aljbaae, S.; Vaillant, T.; Pifieros, ].M.; Coelho, B.; Barbosa, D.; Bergano, M.; Pandeirada, J.; Carvalho, F.C.; Santos,
L.B.; et al. Theory of Functional Connections and Nelder-Mead optimization methods applied in satellite characterization. arXiv
2023, arXiv:2307.11592.

Zhang, H.; Zhou, S.; Zhang, G. Shaping low-thrust multi-target visit trajectories via theory of functional connections. Adv. Space
Res. 2023, 72, 257-269. [CrossRef]

Li, S; Yan, Y.; Zhang, K.; Li, X. Fuel-optimal ascent trajectory problem for launch vehicle via theory of functional connections. Int.
J. Aerosp. Eng. 2021, 2021, 2734230. [CrossRef]

Mortari, D.; Garrappa, R.; Nicolo, L. Theory of Functional Connections Extended to Fractional Operators. Mathematics 2023, 11,
1721. [CrossRef]

SM, S.; Kumar, P; Govindaraj, V. A novel method to approximate fractional differential equations based on the theory of
functional connections. Numer. Algorithms 2023, 1-23. [CrossRef]

Sivalingam, S.; Govindaraj, V. A novel numerical approach for time-varying impulsive fractional differential equations using
theory of functional connections and neural network. Expert Syst. Appl. 2024, 238, 121750.

Leake, C.D. The Multivariate Theory of Functional Connections: An n-Dimensional Constraint Embedding Technique Applied to
Partial Differential Equations. Ph.D. Thesis, Texas A&M University, College Station, TX, USA, 2021.

Halberstam, H.; Roth, K.E. Sequences; Springer Science & Business Media: Berlin/Heidelberg, Germany, 2012.

Ingham, A.E.; Ingham, A.E. The Distribution of Prime Numbers; Number 30; Cambridge University Press: Cambridge, UK, 1990.
Stanley, R.P. Catalan Numbers; Cambridge University Press: Cambridge, UK, 2015.

Mezo, I. The r-Bell numbers. ]. Integer Seq. 2011, 14, A11.

Pollack, P; Shevelev, V. On Perfect and Near-Perfect Numbers. J. Number Theory 2012, 132, 3037-3046. [CrossRef]

Dickson, L.E. Finiteness of the odd perfect and primitive abundant numbers with n distinct prime factors. Am. J. Math. 1913,
35,413-422. [CrossRef]

Sloane, N.J. The On-line Encyclopedia of Integer Sequences. 2003. Available online: https://oeis.org/ (accessed on 3 November
2023).

Journal of Integer Sequences. Available online: https://cs.uwaterloo.ca/journals/JIS/ (accessed on 12 February 2023).

Davis, PJ. Leonhard Euler’s Integral: A Historical Profile of the Gamma Function: In Memoriam: Milton Abramowitz. Am. Math.
Mon. 1959, 66, 849-869. [CrossRef]

Wikipedia. Hadamard’s Gamma Function. 2023. Available online: https://en.wikipedia.org/wiki/Hadamard%27s_gamma_
function (accessed on 28 October 2023).

Is the Gamma Function Mis-Defined? Or: Hadamard versus Euler-Who Found the Better Gamma Function? Available online:
https:/ /www.luschny.de/math/factorial/hadamard /HadamardsGammaFunction.html (accessed on 3 November 2023).
Artin, E. The Gamma Function; Courier Dover Publications: Mineola, NY, USA, 2015.

Garrappa, R. The Mittag-Leffler Function. 2023. Available online: https://www.mathworks.com/matlabcentral/fileexchange/
48154-the-mittag-leffler-function (accessed on 21 October 2023).

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.3390/make2010004
http://dx.doi.org/10.1080/10652461003675737
http://dx.doi.org/10.1016/j.cnsns.2017.12.003
https://en.wikipedia.org/wiki/Lagrange_polynomial
http://dx.doi.org/10.1016/j.cam.2021.113777
http://dx.doi.org/10.1016/j.cam.2021.113912
http://dx.doi.org/10.3390/mca27040064
http://dx.doi.org/10.1016/j.asr.2023.03.030
http://dx.doi.org/10.1155/2021/2734230
http://dx.doi.org/10.3390/math11071721
http://dx.doi.org/10.1007/s11075-023-01580-3
http://dx.doi.org/10.1016/j.jnt.2012.06.008
http://dx.doi.org/10.2307/2370405
https://oeis.org/
https://cs.uwaterloo.ca/journals/JIS/
http://dx.doi.org/10.1080/00029890.1959.11989422
https://en.wikipedia.org/wiki/Hadamard%27s_gamma_function
https://en.wikipedia.org/wiki/Hadamard%27s_gamma_function
https://www.luschny.de/math/factorial/hadamard/HadamardsGammaFunction.html
https://www.mathworks.com/matlabcentral/fileexchange/48154-the-mittag-leffler-function
https://www.mathworks.com/matlabcentral/fileexchange/48154-the-mittag-leffler-function

	Introduction and Motivations
	Notations
	Brief Background on the Theory of Functional Connections

	Examples of Applications
	Function, First Derivative, and Anti-Derivative Example
	Quadratic Polynomial Example
	Trigonometric Function Example

	Continuous Representations of Any Integer or Function Sequence
	Switching Functions for Sequences
	Functional Interpolation of Any Sequence of Numbers and Functions
	Least-Squares Approximation of the TEXT Function

	Least-Squares Approximation with Functional Interpolation
	Discussion
	References

