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Abstract

:

Typhoid fever is an infectious disease that affects humanity worldwide; it is particularly dangerous in areas with communities of a lower socio-economic status, where many individuals are exposed to a dirty environment and unclean food. A mathematical model is formulated to analyze the impact of control measures such as vaccination of susceptible humans, treatment of infected humans and sanitation in different socio-economic communities. The model assumed that the population comprises of two socio-economic classes. The essential dynamical system analysis of our model was appropriately carried out. The impact of the control measures was analyzed, and the optimal control theory was applied on the control model to explore the impact of the different control measures. Numerical simulation of the models and the optimal controls were carried out and the obtained results indicate that the overall combination of the control measures eradicates typhoid fever in the population, but the controls are more optimal in higher socio-economic status communities.
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1. Introduction


Typhoid fever is a life-threatening infection that originated from the bacterium Salmonella Typhi triggered by lack of access to quality drinking water and sanitation and has contributed to sickness and mortality where these basic amenities are lacking all over the world [1,2]. Recent statistics show that an average of 15 million cases and 145,000 typhoid-related deaths occur annually worldwide, concentrated mainly in most developing countries. The disease has persisted and has continuously remained a public health challenge notwithstanding several sanitation programs designed to mitigate the spread of typhoid fever [1,3]. People who are infected with Salmonella Typhi, often referred to as “typhoid carriers”, shed the bacteria in their feces (stool) and, to a lesser extent, in their urine. These individuals may have symptoms of typhoid fever or be asymptomatic carriers. The transmission of the disease is primarily a result of poor sanitation and lack of clean drinking water, but can also be transmitted via person-to-person on unclean surfaces [1]. Symptoms of typhoid fever include headache, weakness, loss of appetite, prolonged fever, nausea and constipation, or sometimes diarrhea [1].



Providing adequate medical care for people infected with typhoid fever has been a challenging task in most developing countries. Also, the provision of adequate sanitation in these regions to satisfy the global health goal is not a mean fit, and it requires deliberate and consistent monetary investment. In some of these regions, even when there is availability of healthcare, the challenge of accessing the medical facilities is still prevalent which results in delays in diagnosis and treatment. Even obtaining medical equipment in these regions is difficult and this in turn triggers the cost of medical care making it even less accessible for persons in this region. The socio-economic class (SEC) of individuals has been shown to influence the dynamics of some infectious diseases [4,5,6,7]. Since typhoid fever is linked with poor sanitation and unclean water, individuals in a lower SEC are expected to be more exposed to typhoid fever compared to the individuals in a higher SEC [7]. In this work, we analyze the influence of control measures on the dynamics of typhoid fever disease for multiple socio-communities. Specifically, we look at a case when the community consists of two socio-economic classes (i.e., lower SEC and higher SEC).



Several control measures have been implemented in fighting typhoid fever. Some of the effective ones include sanitation, vaccination, and treatment [1]. Medically, each of these three control measures (sanitation, vaccination, and treatment) are independent and hence can be applied simultaneously. Others include reducing hospitalization complications by treating patients of typhoid fever disease on time and making sure that early and accurate diagnosis is available. Typhoid fever can be prevented by ensuring that food and water is safe, regularly cleaning surfaces and sewage and all reservoirs of the causative agent, providing health education to increase public awareness and inducing healthy behavioral changes [3,8,9,10].



A mathematical model provides a great tool to understanding the dynamics of any disease in both human and animal populations. Epidemics or disease prevalence come with different hypotheses and to check or answer these hypotheses we employ the use of mathematical models to help create a better understanding of the dynamics of various disease transmission and provide answers to these hypotheses surrounding the epidemic [11]. To formulate a good mathematical model, some realistic assumptions are made around the dynamics of the disease which enables for effective interpretation of the model [12]. There are basic ways of compartmentalizing mathematical models, for instance, in infectious diseases, the population are divided into some basic compartments which helps in describing the spread of such disease [13,14]. This may entail considering different disease prevention strategies and correlating them into formulating the mathematical model, but this must be realistic to the particular disease. Typhoid fever modeling is attributed to a mathematician named Branko Cvjetanovi’c, who was an assistant professor at the Zagreb School of Medicine. He implemented the medical trial of the first typhoid vaccine in the 1950s, collaboratively funded by the US Public Health Service and WHO [15]. His research centered around vaccination of diseases like diphtheria, pertussis, tetanus, cholera, and typhoid. In 1973, Cvjetanovi’c reported that controlled trials are necessary to postulate required control strategies for typhoid disease targeted to providing adequate sanitation. He reported that at that time, there had not been any such controlled trials to illustrate the extent of the control required to ameliorate the transmission of typhoid disease. Moreover, some researchers developed a non-autonomous mathematical model [16,17] to study typhoid transmission by considering the effect of seasonal conditions and some time-dependent parameters.



The epidemiology of some infectious diseases has been studied extensively using mathematical models [7,18,19,20,21,22,23,24,25,26,27,28]. In this study, we extended the model by Mutua et al. [29] and extended the socio-economic classes from the susceptible group into other classes of the model. More generally, we utilize a mathematical model to ascertain the influence of control measures in reducing typhoid fever in a diverse socio-economic community.




2. Model Formulation


A diverse socio-economic community with total human inhabitants N is considered. We assume that the community is made up of two socio-economic classes whose sub-population is   N i  . Suppose there is a typhoid fever outbreak within the two socio-economic classes of the community. Assume that each of these socio-economic communities (  N i  ) engages three control measures (vaccination, treatment, and sanitation) in fighting the disease. Based on these assumptions, the formulation of the mathematical model requires that the total population (  N i  ) for each socio-economic class is partitioned into susceptible population    S i   ( t )   , vaccinated population    V i   ( t )   , infected population    I i   ( t )   , treated population    T i   ( t )    and recovered population    R i   ( t )   . The variable    P i   ( t )    represented the pathogen in the environment for each SEC i. Epidemiologically, the transmission of typhoid fever disease is either through contact with infected humans or through exposure to the bacteria causing the illness. Recruitment of individuals into each of the susceptible class    S i   ( t )    occur at a rate    μ i   N i   ( t )   . Individuals in each    S i   ( t )    move to    V i   ( t )    as they become vaccinated at a rate   ϕ i  . Direct transmission from    I i   ( t )    to    S i   ( t )    and    V i   ( t )    occur at a rate   β i   while the indirect transmission from    P i   ( t )    to    S i   ( t )    and    V i   ( t )    occur at a rate   α i  . Note that the vaccinated individuals have a lower chance of being infected because they are vaccinated. This is captured in the model by assuming that the efficacy of the vaccine is   ε i   for SEC i. Each infected class    I i   ( t )    becomes treated at a rate   σ i  . The treated class    T i   ( t )    recovers at a rate   ρ i  . The    I i   ( t )    who did not receive treatment can recover naturally at a rate   γ i  . Note that we discourage not receiving treatment because typhoid fever can be fatal and there are available treatments for the disease. Natural death occurs at each of the SEC    N i   ( t )    at a rate   μ i  . Each of the recovered class    R i   ( t )    can lose immunity and become susceptible again at a rate   φ i  . Susceptible individuals move from    S i   ( t )    to    S j   ( t )    at a rate   k  i j    whereas infected individuals move from    I i   ( t )    to    I j   ( t )    at a rate   b  i j   . Note that in our analysis, we will not be including movement between    S i   ( t )    and    S j   ( t )    as this does not contribute to the dynamics of typhoid fever. Infected individuals    I i   ( t )    shed pathogens into the environment    P i   ( t )    at a rate   δ i   and the pathogen    P i   ( t )    decay at a rate  ξ . Sanitation enhances pathogen    P i   ( t )    decay at a rate   θ i  . Based on these explanations, we obtained the typhoid fever control model given by


        d  S 1   ( t )    d t   =  N 1   ( t )   μ 1  −  (  β 1   I 1   ( t )  +  α 1   P 1   ( t )  )   S 1   ( t )  −  (  μ 1  +  ϕ 1  )   S 1   ( t )                 +  φ 1   R 1   ( t )  −  k 12   S 1   ( t )  +  k 21   S 2   ( t )  ,         d  V 1   ( t )    d t   =  ϕ 1   S 1   ( t )  −  ( 1 −  ε 1  )   (  β 1   I 1   ( t )  +  α 1   P 1   ( t )  )   V 1   ( t )  −  μ 1   V 1   ( t )  ,         d  I 1   ( t )    d t   =  (  β 1   I 1   ( t )  +  α 1   P 1   ( t )  )   S 1   ( t )  +  ( 1 −  ε 1  )   (  β 1   I 1   ( t )  +  α 1   P 1   ( t )  )   V 1   ( t )                 −  (  μ 1  +  γ 1  +  σ 1  )   I 1   ( t )  −  b 12   I 1   ( t )  +  b 21   I 2   ( t )  ,         d  T 1   ( t )    d t   =  σ 1   I 1   ( t )  −  (  μ 1  +  ρ 1  )   T 1   ( t )  ,         d  R 1   ( t )    d t   =  γ 1   I 1   ( t )  +  ρ 1   T 1   ( t )  −  (  μ 1  +  φ 1  )   R 1   ( t )  ,         d  P 1   ( t )    d t   =  δ 1   I 1   ( t )  −  ( ξ +  θ 1  )   P 1   ( t )  ,         d  S 2   ( t )    d t   =  N 2   ( t )   μ 2  −  (  β 2   I 2   ( t )  +  α 2   P 2   ( t )  )   S 2   ( t )  −  (  μ 2  +  ϕ 2  )   S 2   ( t )                 +  φ 2   R 2   ( t )  +  k 12   S 1   ( t )  −  k 21   S 2   ( t )  ,         d  V 2   ( t )    d t   =  ϕ 2   S 2   ( t )  −  ( 1 −  ε 2  )   (  β 2   I 2   ( t )  +  α 2   P 2   ( t )  )   V 2   ( t )  −  μ 2   V 2   ( t )  ,         d  I 2   ( t )    d t   =  (  β 2   I 2   ( t )  +  α 2   P 2   ( t )  )   S 2   ( t )  +  ( 1 −  ε 2  )   (  β 2   I 2   ( t )  +  α 2   P 2   ( t )  )   V 2   ( t )                 −  (  μ 2  +  γ 2  +  σ 2  )   I 2   ( t )  +  b 12   I 1   ( t )  −  b 21   I 2   ( t )  ,         d  T 2   ( t )    d t   =  σ 2   I 2   ( t )  −  (  μ 2  +  ρ 2  )   T 2   ( t )  ,         d  R 2   ( t )    d t   =  γ 2   I 2   ( t )  +  ρ 2   T 2   ( t )  −  (  μ 2  +  φ 2  )   R 2   ( t )  ,         d  P 2   ( t )    d t   =  δ 2   I 2   ( t )  −  ( ξ +  θ 2  )   P 2   ( t )  .      



(1)




The variables and parameters meanings can be found in Table 1 and Table 2, respectively.



Let the initial conditions of the multiple control model be assumed as:


   S i   ( 0 )  > 0 ,   V i   ( 0 )  > 0 ,   I i   ( 0 )  ≥ 0 ,   T i   ( 0 )  ≥ 0 ,   R i   ( 0 )  ≥ 0 ,   P i   ( 0 )  > 0 ,   i = 1 , 2 .  



(2)








3. Model Analysis


In this section, we present the dynamical system analysis of the multiple control model (1). The analysis will improve our understanding of typhoid fever disease dynamics. Mathematically, there exists a unique disease-free equilibrium (DFE) for the multiple control model (1).


   (  S 1 0  ,  V 1 0  ,  I 1 0  ,  T 1 0  ,  R 1 0  ,  P 1 0  ,  S 2 0  ,  V 2 0  ,  I 2 0  ,  T 2 0  ,  R 2 0  ,   P 2 0  )  = (  S 1 0  ,   V 1 0  ,  0 ,  0 ,  0 ,  0 ,   S 2 0  ,   V 2 0  ,  0 ,  0 ,  0 ,  0 ) ,  



(3)




where    S 1 0  =    k 21  N    φ 1   k 12  +  φ 2   k 21    ,   S 2 0  =    k 12  N    φ 1   k 12  +  φ 2   k 21    ,   V 1 0  =    ϕ 1   S 1 0    μ 1   ,   V 2 0  =    ϕ 2   S 2 0    μ 2   ,   φ 1  =    μ 1  +  ϕ 1    μ 1     and    φ 2  =    μ 2  +  ϕ 2    μ 2    .



The basic reproduction number for the multiple control model (1) can be referred to as the possible number of new infections of typhoid fever produced when an infected individual comes in contact with the population susceptible to typhoid fever in the presence of vaccination and sanitation. Mathematically, the basic reproduction number of model (1), using the next generation matrix approach [20] is


   R 0  =    R 11  +  R 44  +     (  R 11  +  R 44  )  2  + 4  (  R 14   R 41  −  R 11   R 44  )     2  ,  



(4)




where    R 11  =    (  β 1   S 1 0  +  ( 1 −  ε 1  )   β 1   V 1 0  )   ψ 2     ϱ 1   ϱ 2  +  ϱ 1   b 21  +  ϱ 2   b 12    +    (  α 1   S 1 0  +  ( 1 −  ε 1  )   α 1   V 1 0  )   δ 1   ψ 2     ( ξ +  θ 1  )   (  ϱ 1   ϱ 2  +  ϱ 1   b 21  +  ϱ 2   b 12  )     ,    R 14  =    (  β 1   S 1 0  +  ( 1 −  ε 1  )   β 1   V 1 0  )   b 21     ϱ 1   ϱ 2  +  ϱ 1   b 21  +  ϱ 2   b 12    +    (  α 1   S 1 0  +  ( 1 −  ε 1  )   α 1   V 1 0  )   δ 1   b 21     ( ξ +  θ 1  )   (  ϱ 1   ϱ 2  +  ϱ 1   b 21  +  ϱ 2   b 12  )     ,    R 41  =    (  β 2   S 2 0  +  ( 1 −  ε 2  )   β 2   V 2 0  )   b 12     ϱ 1   ϱ 2  +  ϱ 1   b 21  +  ϱ 2   b 12    +    (  α 2   S 2 0  +  ( 1 −  ε 2  )   α 2   V 2 0  )   δ 2   b 12     ( ξ +  θ 2  )   (  ϱ 1   ϱ 2  +  ϱ 1   b 21  +  ϱ 2   b 12  )     ,



   R 44  =    (  β 2   S 2 0  +  ( 1 −  ε 2  )   β 2   V 2 0  )   ψ 1     ϱ 1   ϱ 2  +  ϱ 1   b 21  +  ϱ 2   b 12    +    (  α 2   S 2 0  +  ( 1 −  ε 2  )   α 2   V 2 0  )   δ 2   ψ 2     ( ξ +  θ 2  )   (  ϱ 1   ϱ 2  +  ϱ 1   b 21  +  ϱ 2   b 12  )     ,    ϱ 1  =  μ 1  +  γ 1  +  σ 1   ,    ϱ 2  =  μ 2  +  γ 2  +  σ 2   ,    ψ 1  =  ϱ 1  +  b 12    and    ψ 2  =  ϱ 2  +  b 21   .



Epidemiologically, when    R 0  < 1  , the disease can be eradicated from the two socio-economic classes. This can be shown by proving that the disease-free equilibrium is stable when    R 0  < 1   [20,21,22]. This implies that the control measures ensure that the basic reproduction number is less than 1so that the disease will not be established in any of the socio-economic classes in the community. On the contrary, if the control measures are not effectual in decreasing   R 0   below 1, a typhoid fever outbreak is likely to occur. The outbreak may persist or remain endemic in either or both socio-economic classes of the population [18,20,21,22]. Further investigation on the influence of the control measures on typhoid fever disease dynamics is considered via numerical illustrations in the subsequent section.




4. Numerical Illustrations


Numerical illustrations are presented here to analyze the influence of the control measures on typhoid fever disease dynamics for the diverse socio-economic community. The parameter values used in the numerical illustrations are given in Table 3.



Vaccination is one of the most effective control measures for minimizing typhoid fever [1]. Figure 1 illustrates the influence of vaccination rate in the population. We observe from the figure that increasing vaccination rates leads to a decrease in infected humans in both socio-economic classes. We observe that the infected populace is greater in the lower SEC 1 group in the presence of vaccination. Hence, to achieve disease eradication, this lower SEC 1 group should be the main target of vaccination.



Vaccine efficacy is a major factor in vaccination that determines the percentage reduction of the disease in a vaccinated group. Figure 2 illustrates the impact of vaccine efficacy   ε i   on the dynamics of typhoid fever. The figure shows that an increase in vaccine efficacy decreases typhoid fever-infected humans in the entire community. Hence, considering a vaccination with a very high efficacy (say 99% as we have in Figure 2) will results in faster disease eradication in the two socio-economic classes if the vaccine is applied uniformly in the entire populace.



Typhoid fever can be treated with appropriate antibiotic medicine [1]. The treatment of infected individuals is an effective control measure for reducing typhoid fever infections. Figure 3 presents a graphical illustration of the effect of treatment rate in decreasing the spread of typhoid fever.The illustration shows that increasing the treatment rate results in a decrease in typhoid fever in both socio-economic classes. Based on this, effective treatment of infected humans is recommended in the entire population.



Contaminated food and environment are two of the major routes of contracting typhoid fever [1]. So, to reduce typhoid fever infections, sanitation should be maintained in society. Figure 4 presents a graphical representation of the impact of sanitation   θ i   on the dynamics of typhoid fever. From the figure, we observe that an increase in sanitation results in a decrease in typhoid fever-infected humans. The effects of sanitation are less in the higher SEC 2 group. A possible explanation for this could be because the higher SEC 2 group already has a certain level of sanitation in the environment, so introducing what is already in existence in their environment will not lead to major results unlike in the lower SEC 1 group that have limited access to sanitation. Based on these results, the lower SEC 1 group should be the target of sanitation for maximum results.



Multiple control measures in this study include the situation when different possible control measures are introduced simultaneously in fighting a particular disease. In this study, we have discussed three possible control measures that can be used in fighting typhoid fever outbreaks. Figure 5 describes the effects of introducing these three control measures in combating typhoid fever. The figure shows that using multiple control measures has maximum influence in decreasing the infected population (in both socio-economic classes) when compared with no control measures. Therefore, whenever a typhoid fever outbreak occurs, multiple control measures should be considered for the fastest eradication of the disease.




5. Optimal Control Analysis


Qualitative and numerical analysis of our model showed that implementing multiple control measures as previously mentioned plays a major role in reducing the influence of typhoid fever. Here, we intend to perform optimal control analysis to determine the most effective control strategy for minimizing the number of humans affected by typhoid fever among different socio-economic classes. To minimize the cost of implementing the controls, we assume that the control parameters   ϕ i  ,   σ i   and   θ i   denoting vaccination, treatment and sanitation, respectively, are measurable functions of time and then we formulate an appropriate optimal control function that minimizes the cost of implementing the controls subject to the model (1). For simplicity, we write the control strategies as control functions given as    ϕ i  =  u i   ( t )   ,    σ i  =  v i   ( t )    and    θ i  =  w i    which are bounded, Lebesgue integral functions. Given the above, we now write the optimal control model as


        d  S 1   ( t )    d t   =  N 1   ( t )   μ 1  −  (  β 1   I 1   ( t )  +  α 1   P 1   ( t )  )   S 1   ( t )  −  (  μ 1  +  u 1  )   S 1   ( t )                 +  φ 1   R 1   ( t )  −  k 12   S 1   ( t )  +  k 21   S 2   ( t )  ,         d  V 1   ( t )    d t   =  u 1   S 1   ( t )  −  ( 1 −  ε 1  )   (  β 1   I 1   ( t )  +  α 1   P 1   ( t )  )   V 1   ( t )  −  μ 1   V 1   ( t )  ,         d  I 1   ( t )    d t   =  (  β 1   I 1   ( t )  +  α 1   P 1   ( t )  )   S 1   ( t )  +  ( 1 −  ε 1  )   (  β 1   I 1   ( t )  +  α 1   P 1   ( t )  )   V 1   ( t )                 −  (  μ 1  +  γ 1  +  v 1  )   I 1   ( t )  −  b 12   I 1   ( t )  +  b 21   I 2   ( t )  ,         d  T 1   ( t )    d t   =  v 1   I 1   ( t )  −  (  μ 1  +  ρ 1  )   T 1   ( t )  ,         d  R 1   ( t )    d t   =  γ 1   I 1   ( t )  +  ρ 1   T 1   ( t )  −  (  μ 1  +  φ 1  )   R 1   ( t )  ,         d  P 1   ( t )    d t   =  δ 1   I 1   ( t )  −  ( ξ +  w 1  )   P 1   ( t )  ,         d  S 2   ( t )    d t   =  N 2   ( t )   μ 2  −  (  β 2   I 2   ( t )  +  α 2   P 2   ( t )  )   S 2   ( t )  −  (  μ 2  +  u 2  )   S 2   ( t )                 +  φ 2   R 2   ( t )  +  k 12   S 1   ( t )  −  k 21   S 2   ( t )  ,         d  V 2   ( t )    d t   =  u 2   S 2   ( t )  −  ( 1 −  ε 2  )   (  β 2   I 2   ( t )  +  α 2   P 2   ( t )  )   V 2   ( t )  −  μ 2   V 2   ( t )  ,         d  I 2   ( t )    d t   =  (  β 2   I 2   ( t )  +  α 2   P 2   ( t )  )   S 2   ( t )  +  ( 1 −  ε 2  )   (  β 2   I 2   ( t )  +  α 2   P 2   ( t )  )   V 2   ( t )                 −  (  μ 2  +  γ 2  +  v 2  )   I 2   ( t )  +  b 12   I 1   ( t )  −  b 21   I 2   ( t )  ,         d  T 2   ( t )    d t   =  v 2   I 2   ( t )  −  (  μ 2  +  ρ 2  )   T 2   ( t )  ,         d  R 2   ( t )    d t   =  γ 2   I 2   ( t )  +  ρ 2   T 2   ( t )  −  (  μ 2  +  φ 2  )   R 2   ( t )  ,         d  P 2   ( t )    d t   =  δ 2   I 2   ( t )  −  ( ξ +  w 2  )   P 2   ( t )  ,      



(5)




subject to the initial conditions    S 1   ( 0 )  =  S 1 0   ,    V 1   ( 0 )  =  V 1 0   ,    I 1  =  I 1 0   ,    T 1   ( 0 )  =  T 1 0   ,    R 1   ( 0 )  =  R 1 0   ,    S 2   ( 0 )  =  S 2 0   ,    V 2   ( 0 )  =  V 2 0   ,    I 2   ( 0 )  =  I 2 0   ,    T 2   ( 0 )  =  T 2 0   ,    R 2   ( 0 )  =  R 2 0   . This implies that the optimal control model is said to be optimal if it minimizes the objective functional


  J  (  u i  ,  v i  ,  w i  )  =  ∫ 0 T   ∑  i = 1  2  {  A i   S 1  +  B i   I i  +  C i   P i  +  d i   u i 2  +  e i   v i 2  +  f i   w i 2  } d t ,  



(6)




subject to the model (5), where the coefficients   A i  ,   B i  ,   C i  ,   d i  ,   e i   and   f i   are cost balancing coefficients that transform the integral into money expended over time T. Here,   A i  , is the direct cost associated with reducing the amount of susceptibility to disease in each SEC,   B i   is the direct cost associated with reducing the number of infected humans in each SEC and   C i   is the direct cost associated with reducing the number of bacteria in the environment, while   d i  ,   e i   and   f i   are relative costs for enforcing the control strategies   u i  ,   v i  ,   w i  . The goal is to minimize the number of humans susceptible to typhoid fever among different SECs, minimize the number of infectious humans in all SECs and minimize the bacteria that causes typhoid. In doing this, we anticipate nonlinear costs arising from these controls and so we consider quadratic functions for measuring the control costs [19,31,32,33,34,35].



The goal is to determine an optimal control   u i  ,   v i   and   w i   such that


  J  (  u 1  ,  v i  ,  w i  )  =  min Ω  J  (  u 1  ,  v i  ,  w i  )  ,  



(7)




where   Ω =  u i   ( t )  ,  w i   ( t )  ,  w i    ( t )  | 0 ≤   u i   ( t )  ,  v i   ( t )  ,  w i   ( t )  ≤ 1   are measurable.



The Pontryagins Maximum Principle [36] introduces adjoint functions that gives us the opportunity to combine the state system with the objective functional. With the Pontryagins principle we can convert the problem of minimizing the objective functional to the state system into a problem that involves minimizing a Hamiltonian H, with respect to    u i   ( t )   ,    v i   ( t )    and    w i   ( t )   . From the idea above, we now have the Hamiltonian for the objective functional and the state system given as


    H   =     A 1   S 1   ( t )  +  B 1   I 1   ( t )  +  C 1   P 1   ( t )  +  d 1   u 1 2   ( t )  +  e 1   v 1 2   ( t )  +  f 1   w 1 2   ( t )          +     λ  S 1   (  μ 1   N 1   ( t )  −  (  β 1   I 1   ( t )  +  α 1   P 1   ( t )  )   S 1   ( t )  −  (  μ 1  +  u 1  )   S 1   ( t )  +  φ 1   R 1   ( t )          −     k 12   S 1   ( t )  +  k 21   S 2   ( t )  ) +  λ  V 1   (  u 1   S 1   ( t )  −  ( 1 −  ϵ 1  )   (  β 1   I 1   ( t )  +  α 1   P 1   ( t )  )   V 1   ( t )  −  μ 1   V 1   ( t )  )         +     λ  I 1   (  (  β 1   I 1   ( t )  +  α 1   P 1   ( t )  )   S 1   ( t )  +  ( 1 − ϵ )   (  β 1   I 1   ( t )  +  α 1   P 1   ( t )  )   V 1   ( t )          −     (  μ 1  +  γ 1  +  ν 1  )   I 1   ( t )  −  b 12  I  ( t )  +  b 21   I 2   ( t )  ) +  λ  T 1   (  ν 1   I 1   ( t )  −  (  μ 1  +  ρ 1  )   T 1   ( t )  )         +     λ  R 1   (  γ 1   I 1   ( t )  +  ρ 1   T 1   ( t )  −  (  μ 1  +  φ 1  )   R 1   ( t )  ) +  λ  P 1   (  δ 1   I 1   ( t )  −  (  ξ 1  +  w 1  )   P 1   ( t )  )         +     A 2   S 2   ( t )  +  B 2   I 2   ( t )  +  C 2   P 2   ( t )  +  d 2   u 2 2   ( t )  +  e 2   v 2 2   ( t )  +  f 2   w 2 2   ( t )          +     λ  S 2   (  μ 2   N 2   ( t )  −  (  β 2   I 2   ( t )  +  α 2   P 2   ( t )  )   S 2   ( t )  −  (  μ 2  +  u 2  )   S 2   ( t )  +  φ 2   R 2   ( t )  +  k 12   S 1   ( t )          −     k 21   S 2   ( t )  ) +  λ  V 2   (  u 2   S 2   ( t )  −  ( 1 −  ϵ 2  )   (  β 2   I 2   ( t )  +  α 2   P 2   ( t )  )   V 2   ( t )  −  μ 2   V 2   ( t )  )         +     λ  I 2   (  (  β 2   I 2   ( t )  +  α 2   P 2   ( t )  )   S 2   ( t )  +  ( 1 − ϵ )   (  β 2   I 1   ( t )  +  α 2   P 2   ( t )  )   V 2   ( t )  −  (  μ 2  +  γ 2  +  ν 2  )   I 2   ( t )          +     b 12  I  ( t )  −  b 21   I 2   ( t )  ) +  λ  T 2   (  ν 2   I 2   ( t )  −  (  μ 2  +  ρ 2  )   T 2   ( t )  )         +     λ  R 2   (  γ 2   I 2   ( t )  +  ρ 2   T 2   ( t )  −  (  μ 2  +  φ 2  )   R 2   ( t )  ) +  λ  P 2   (  δ 2   I 2   ( t )  −  (  ξ 2  +  w 2  )   P 2   ( t )  ) ,     








where   λ  S 1   ,   λ  V 1   ,   λ  I 1   ,   λ  T 1   ,   λ  R 1   ,   λ  P 1   ,   λ  S 2   ,   λ  V 2   ,   λ  I 2   ,   λ  T 2   ,   λ  R 2   , and   λ  P 2    are associated adjoint for the states   S i  ,   V i  ,   I i  ,   T i  ,   R i   and   P i  , respectively. Given an optimal control triple (   u i *   ( t )   ,    v i *   ( t )   ,    w i *   ( t )   ) together with corresponding states (  S i *  ,   V i *  ,   I i *  ,   T i *  ,   R i *  ,   P i *  ) that minimizes   J (  u i  ,  v i  ,  w i  )   over  Ω , there exist adjoint variables   λ  S i   ,   λ  V i   ,   λ  I i   ,   λ  T i   ,   λ  R i   , and   λ  P i     ( i = 1 , 2 )   that satisfy


      d  λ  S 1     d t     =    −  A 1  +  λ  S 1   (  β 1   I 1   ( t )  +  α 1   P 1   ( t )  +  (  μ 1  +  u 1  )  −  k 12  ) −  λ  V 1    u 1  −  λ  I 1    (  β 1   I 1  +  α 1   P 1   ( t )  )  ,        d  λ  V 1     d t     =     λ  V 1   (  ( 1 −  ϵ 1  )   (  β 1   I 1   ( t )  +  α 1   P 1   ( t )  )  +  μ 1  ) −  λ  I 1   (  ( 1 −  ϵ 1  )   (  β 1   I 1   ( t )  +  α 1   P 1   ( t )  )  ) ,        d  λ  I 1     d t     =    −  B 1  +  λ  S 1    β 1   S 1   ( t )  +  λ  V 1    ( 1 −  ϵ 1  )   β 1   V 1   ( t )  −  λ  I 1   (  β 1   S 1   ( t )  +  ( 1 −  ϵ 1  )   β 1   V 1   ( t )          −     (  μ 1  +  γ 1  +  ν 1  )  −  b 12  ) −  λ  T 1    v 1  −  λ  R 1    γ 1  −  λ  P 1    δ 1  ,        d  λ  T 1     d t     =     λ  T 1    (  μ 1  +  ρ 1  )  −  λ  R 1    ρ 1  ,        d  λ  R 1     d t     =    −  λ  S 1    φ 1  +  λ  R 1    (  μ 1  +  φ 1  )  ,        d  λ  P 1     d t     =    −  C 1  +  λ  S 1    α 1   S 1   ( t )  +  λ  V 1    ( 1 −  ϵ 1  )   α 1   V 1   ( t )  −  λ  I 1    α 1  (  S 1   ( t )  +  ( 1 −  ϵ 1  )   V 1   ( t )  )         +     λ  P 1    (  ξ 1  +  w 1  )  ,          










      d  λ  S 2     d t     =    −  A 2  +  λ  S 2   (  β 2   I 2   ( t )  +  α 2   P 2   ( t )  +  (  μ 2  +  u 2  )  +  k 21  ) −  λ  V 2    u 2  −  λ  I 2    (  β 2   I 2  +  α 2   P 2   ( t )  )  ,        d  λ  V 2     d t     =     λ  V 2   (  ( 1 −  ϵ 2  )   (  β 2   I 2   ( t )  +  α 2   P 2   ( t )  )  +  μ 2  ) −  λ  I 2    ( 1 −  ϵ 2  )   (  β 2   I 2   ( t )  +  α 2   P 2   ( t )  )  ,        d  λ  I 2     d t     =    −  B 2  +  λ  S 2    β 2   S 2   ( t )  +  λ  V 2    ( 1 −  ϵ 2  )   β 2   V 2   ( t )  −  λ  I 2   (  β 2   S 2   ( t )  +  ( 1 −  ϵ 2  )   β 2   V 2   ( t )          −     (  μ 2  +  γ 2  +  ν 2  )  +  b 21  ) −  λ  T 2    v 2  −  λ  R 2    γ 2  −  λ  P 2    δ 2  ,        d  λ  T 2     d t     =     λ  T 2    (  μ 2  +  ρ 2  )  −  λ  R 2    ρ 2  ,        d  λ  R 2     d t     =    −  λ  S 2    φ 2  +  λ  R 2    (  μ 2  +  φ 2  )  ,        d  λ  P 2     d t     =    −  C 2  +  λ  S 2    α 2   S 2   ( t )  +  λ  V 2    ( 1 −  ϵ 2  )   α 2   V 2   ( t )  −  λ  I 2    α 2  (  S 2    ( t )  + ( 1 −   ϵ 2   V 2   ( t )  )         +     λ  P 2    (  ξ 2  +  w 2  )  ,     



(8)




together with the transversality conditions    λ k   (  t f  )  = 0  , for   k =  S i  ,  V i  ,  I i  ,  T i  ,  R i    and   P i  .



Note that we obtain the differential Equation (8) which governs the adjoint variables by differentiating the appropriate Hamiltonian function (8) with respect to the corresponding state as follows:


    d  λ k    d t   =   d H   d k   .  



(9)







Now, consider the optimality conditions


       ∂ H   ∂  u i    = 0 ,    ∂ H   ∂  v i    = 0 ,    ∂ H   ∂  w i    = 0 .     



(10)




So for the control triplet   u i *  ,   v i *   and   w i *   to satisfy the optimality condition we have;



For   u i   we have


  2  d i   u i *  −  λ  S i    S i   ( t )  +  λ  V i    S i   ( t )  = 0 .  



(11)




The solving for   u i   using the optimality condition (10), we have


   u i *  =    S i   ( t )   (  λ  S i   −  λ  V i   )    2  d i    ,  



(12)




and subsequently taking bounds into consideration, we have


   u i *  = min  1 , max  0 ,    S i   ( t )   (  λ  S i   −  λ  V i   )    2  d i      .  



(13)







Solving for   v i   using the optimality condition, we have


   v i *  =    I i   ( t )   (  λ  I i   −  λ  T i   )    2  e i    ,  



(14)




and subsequently taking bounds into consideration, we have


   v i *  = min  1 , max  0 ,    I i   ( t )   (  λ  I i   −  λ  T i   )    2  e i      .  



(15)




Similarly for   w i  , we have


   w i *  = min  1 , max  0 ,    λ  P i    P i   ( t )    2  f i      ,   ( i = 1 , 2 )  .  



(16)







The results obtained above shows that the optimal triple   (  u i *  ,  v i *  ,  w i *  )   has the ability to minimize the impact of typhoid fever in any human population, if the control measures of the disease are applied at a minimum cost. To determine the explicit effect of the optimal control parameters and how they influence the eradication of typhoid fever, further analysis will be carried since the optimal control triple is parameter-dependent. The extent of the optimal control parameters reducing the disease can also be investigated with reference to the implicated cost. To provide an illustration of how these parameters may affect the reduction of typhoid fever, we use data from related literature from peer-reviewed publications and carry out a numerical simulation to give a visual view of our results.



5.1. Existence of the Optimal Control


Let   x =  (  u i  ,  v i  ,  w i  )  ∈   [  L 2   ( 0 , T )  ]  3    and   I = (  S i  ,  I i  ,  P i  )  . Hence, a reduced function corresponding to (6) is given by


  J  ( x ,  I x  )  =  ∫ 0 T   ∑  i = 1  2    A i   S i  +  B i   I i  +  C i   P i  +  d i   u i 2  +  e i   v i 2  +  f i   w i 2   d t ,  x ∈ Ω .  



(17)







Set  Ω  is convex and closed.



Proof. 

To prove that  Ω  is a closed set, assume that    x  m ∈ N   ⟶  x *    in    L 2   ( 0 , T )    for    x m  ∈ Ω   but    x *  ∉ Ω  , i.e.,    x *  < 0   or    x *  > 1   on a set of positive measure. Then taking    x *  < 0  , from Lebesgue measure methods there exists   ϵ > 0   and a positive measure set   ( 0 , t ) ⊂ ( 0 , T )   such that    x *  ≤ 0 − ϵ   on   ( 0 , t )   [37]. This implies that


   ∫ 0 T    (  x m  −  x *  )  2  d t ≥  ∫ 0 t    (  x m  −  x *  )  2  d t ≥  ∫ 0 t    ( 0 −  x *  )  2  d t ≥  ∫ 0 t   ϵ 2  d t > 0 ,  








a contradiction. Thus, set  Ω  is closed and an analogous proof also holds for    x *  < 1  .



To prove convexity of set  Ω , it suffices to show that if  Ω  is a convex set and    u i  ,  v i  ,  w i  ∈ Ω  , then any convex combination of any of    u i  ,  v i  ,  w i    (say   u i  )    ∑  i = 1  2   ϕ i   u i    for    ∑  i = 1  2   ϕ i  = 1  ,    ϕ 1  ,  ϕ 2  ≥ 0   is also contained in  Ω .



The proof is by induction. For   i = 1  , since    u 1  ∈ Ω   then    ϕ 1   u 1  ∈ Ω  . For   i = 2  , since   (  u 1  ,  u 2  ) ∈ Ω  ,


  0 ≤  u 1  ≤ 1 ,  



(18)




and


  0 ≤  u 2  ≤ 1 .  



(19)







Multiplying (18) by   ϕ 1   and (19) by   ϕ 2   gives


  0 ≤  ϕ 1   u 1  ≤  ϕ 1  ,  



(20)




and


  0 ≤  ϕ 2   u 2  ≤  ϕ 2  .  



(21)







Adding up Equations (20) and (21), we have


  0 ≤  ϕ 1   u 1  +  ϕ 2   u 2  ≤ 1 .  











Thus,    ϕ 1   u 1  +  ϕ 2   u 2  ∈ Ω  . This also relates to    v 1  ,  v 2    and    w 1  ,  w 2   . This can also be extended to the n-th socio-economic class.



For   i = n − 1  , suppose that    ∑  i = 1   n − 1    ϕ i   u i  ∈ Ω  . By the inductive hypothesis,


  y =    ϕ 1   u 1     ∑  i = 1   n − 1    ϕ i    +    ϕ 2   u 2     ∑  i = 1   n − 1    ϕ 1    + … +    ϕ  n − 1    u  n − 1      ∑  i = 1   n − 1    ϕ i    ∈ Ω .  



(22)







For   i = n  ,


   ∑  i = 1  n   ϕ i   u i  =  ∑  i = 1   n − 1    ϕ i   u i  +  ϕ n   u n  .  



(23)







From (22),    ∑  i = 1   n − 1    ϕ i   u i  = y  ∑  i = 1   n − 1    ϕ i   . Then (23) gives


   ∑  i = 1  n   ϕ i   u i  = y  ∑  i = 1   n − 1    ϕ i  +  ϕ n   u n  .  



(24)







Since    u n  ∈ Ω   it follows that the RHS of (24) is a convex combination of two points of  Ω . Thus,   y  ∑  i = 1   n − 1    ϕ i  +  ϕ n   u n  ∈ Ω  , so, is   y  ∑  i = 1   n − 1    ϕ i  +  ϕ n   v n  ∈ Ω   and   y  ∑  i = 1   n − 1    ϕ i  +  ϕ n   w n  ∈ Ω   hence,  Ω  is convex. □





There exists an optimal control pair   (  x *  ,  I  x *   )   to the optimization problem (7).



Proof. 

Set


  b =  sup  x ∈ Ω   J  ( x ,  I x  )  .  











This implies, for any   m ∈ N  , there exists    x m  ∈ Ω   so that


  b −  1 m  < J  (  x m  ,  I  x m   )  ≤ b .  



(25)







As set  Ω  is a bounded subset of    L 2   ( 0 , T )   , it follows from Bolzano-Weierstrass theorem, that there exists a subsequence    {  x  m r   }   r ∈ N    such that


   x  m r   ⟶  x *  ,  



(26)




weakly in    L 2   ( 0 , T )   . From (2) we have that all non-negative initial conditions are bounded. Thus, there exists a subsequence    {  I  x  m r    }   r ∈ N    such that


   I  x  m r    ⟶  I  x *    in  C  (  [ 0 , T ]  )  .  



(27)







From (25),


  b −  1 m  <  ∫ 0 T   ∑  i = 1  2    A i   S i  u  i m r     ( t )  +  B i   I i  v  i m r     ( t )  +  C i   P i  w  i m r     ( t )  +  d i   u   i  m r    2  +  e i   v   i  m r    2  +  f i   w   i  m r    2   d t ≤ b .  



(28)







By (25) and (27), passing to the limit in (30),


  b =  ∫ 0 T   ∑  i = 1  2    A i   S i  u i *    ( t )  +  B i   I i  v i *    ( t )  +  C i   P i  w i *    ( t )  +  d i    (  u i *  )  2  +  e i    (  v i *  )  2  +  f i    (  w i *  )  2   d t ,  



(29)




that is,   (  (  u i *  ,  v i *  ,  w i *  )  ,  (  S i  u *   ,  I i  v *   ,  P i  w *   )  )  ,   i = 1 , 2   is an optimal pair where   u i *  ,   v i *   and   w i *   are optimal controls for (7). □






5.2. Uniqueness of the Optimal Control System


The optimality system of our optimal control problem is the combination of model (5) and the adjoint variables (8). So we have


      d  S i   ( t )    d t     =     N i   ( t )   μ i  −  (  β i   I i   ( t )  +  α i   P i   ( t )  )   S i   ( t )  −  (  μ i  +  u i  )   S i   ( t )  +  φ i   R i   ( t )  −  k  i , j    S i   ( t )  +  k  j , i    S j   ( t )  ,        d  V i   ( t )    d t     =     u i   S i   ( t )  −  ( 1 −  ε i  )   (  β i   I i   ( t )  +  α i   P i   ( t )  )   V i   ( t )  −  μ i   V i   ( t )  ,        d  I i   ( t )    d t     =     (  β i   I i   ( t )  +  α i   P i   ( t )  )   S i   ( t )  +  ( 1 −  ε i  )   (  β i   I i   ( t )  +  α i   P i   ( t )  )   V i   ( t )  −  (  μ i  +  γ i  +  v i  )   I i   ( t )          −     b  i , j    I i   ( t )  +  b  j , i    I j   ( t )  ,        d  T i   ( t )    d t     =     v i   I i   ( t )  −  (  μ i  +  ρ i  )   T i   ( t )  ,        d  R i   ( t )    d t     =     γ i   I i   ( t )  +  ρ i   T i   ( t )  −  (  μ i  +  φ i  )   R i   ( t )  ,        d  P i   ( t )    d t     =     δ i   I i   ( t )  −  (  ξ i  +  w i  )   P i   ( t )  ,        d  λ  S i     d t     =    −  A i  +  λ  S i   (  α i   P i   ( t )  +  (  μ i  +  u i  )  −  k  i j   ) −  λ  V i    u i  +  λ  I i    α i   P i   ( t )  ,        d  λ  V i     d t     =     λ  V i   (  ( 1 −  ϵ i  )   (  β i   I i   ( t )  +  α i   P i   ( t )  )  +  μ i  ) −  λ  I i    ( 1 −  ϵ i  )   (  β i   I i   ( t )  +  α i   P i   ( t )  )  ,        d  λ  I i     d t     =    −  B i  −  λ  I i   (  β i   S i   ( t )  +  ( 1 −  ϵ i  )   β i   V i   ( t )  −  (  μ i  +  γ i  +  ν i  )  −  b  i j   ) −  λ  I i    V i   ( t )          −     λ  R i    γ i  −  λ  P i    δ i  ,        d  λ  T i     d t     =     λ  T i    (  μ i  +  ρ i  )  −  λ  R i    ρ i  ,        d  λ  R i     d t     =    −  φ i  +  λ  R i    (  μ i  +  φ i  )  ,        d  λ  P i     d t     =    −  C i  +  λ  S i    α i   S i   ( t )  +  ( 1 −  ϵ i  )   α i   V i   ( t )  +  λ  I i    α i   S i   ( t )  −  ( 1 −  ϵ i  )   α i   V i   ( t )  +  λ  P i    (  ξ i  +  w i  )  ,     



(30)




where    S i   (  t 0  )   ,    I i   (  t 0  )   ,    P i   (  t 0  )  ≥ 0  , and    λ  S i   = 0  ,    λ  V i   = 0  ,    λ  I i   = 0  ,    λ  T i   = 0  ,    λ  R i   = 0  ,    λ  P i   = 0  .



For sufficiently small   t f  , the solution to the optimality system (30) of the optimal control problem is unique.



Proof. 

Suppose   (  S i  ,  V i  ,  I i  ,  T i  ,  R i  ,  P i  ,  λ  S i   ,  λ  V i   ,  λ  I i   ,  λ  T i   ,  λ  R i   ,  λ  R i   )  , and   (   S ˜  i  ,   V ˜  i  ,   I ˜  i  ,   T ˜  i  ,   R ˜  i  ,   P ˜  i  ,   λ ˜   S i   ,   λ ˜   V i   ,   λ ˜   I i   ,   λ ˜   T i   ,   λ ˜   R i   ,   λ ˜   R i   )   are two solutions of the optimality system (30). Let    S i  =  e  λ i t    x 1   ,    V i  =  e  λ i t    x 2   ,    I i  =  e  λ i t    x 3   ,    T i  =  e  λ i t    x 4   ,    R i  =  e  λ i t    x 5   ,    P i  =  e  λ i t    x 6   ,    λ  S i   =  e  − λ i t    y 1   ,    λ  V i   =  e  − λ i t    y 2   ,    λ  I i   =  e  − λ i t    y 3   ,    λ  T i   =  e  − λ i t    y 4   ,    λ  R i   =  e  − λ i t    y 5   ,    λ  P i   =  e  − λ i t    y 6   ,     S ˜  i  =  e  λ i t     x ˜  1   ,     V ˜  i  =  e  λ i t     x ˜  2   ,     I ˜  i  =  e  λ i t     x ˜  3   ,     T ˜  i  =  e  λ i t     x ˜  4   ,     R ˜  i  =  e  λ i t     x ˜  5   ,     P ˜  i  =  e  λ i t     x ˜  6   ,     λ ˜   S i   =  e  − λ i t     y ˜  1   ,     λ ˜   V i   =  e  − λ i t     y ˜  2   ,     λ ˜   I i   =  e  − λ i t     y ˜  3   ,     λ ˜   T i   =  e  − λ i t     y ˜  4   ,     λ ˜   R i   =  e  − λ i t     y ˜  5   ,     λ ˜   P i   =  e  − λ i t     y ˜  6   , where  λ  is chosen arbitrarily. We now let


     u i *    =    min  1 , max  0 ,    x 1   (  y 1  −  y 2  )    2  d i      ,       v i *    =    min  1 , max  0 ,    x 3   (  y 3  −  y 4  )    2  e i      ,       w i *    =    min  1 , max  0 ,    y 6   x 6    2  f i      ,        u ˜  i *    =    min  1 , max  0 ,     x ˜  1   (   y ˜  1  −   y ˜  2  )    2  d i      ,        v ˜  i *    =    min  1 , max  0 ,     x ˜  3   (   y ˜  3  −   y ˜  4  )    2  e i      ,        w ˜  i *    =    min  1 , max  0 ,     y ˜  6    x ˜  6    2  f i      ,   ( i = 1 , 2 )      








Now let us consider the first Equation of (30), we have


       x ˙  1  +  λ i   x 1     =     μ i   N i   e  − λ t   −  β i   x 3   x 1  −  α i   x 6   x 1  −  μ i   x 1  +  φ i   x 5  −  k  i j    x 1  +  k  j i    x 2  ,          x ˙  ˜  1  +  λ i    x ˜  1     =     μ i   N i   e  − λ t   −  β i    x ˜  3    x ˜  1  −  α i    x ˜  6    x ˜  1  −  μ i    x ˜  1  +  φ i    x ˜  5  −  k  i j     x ˜  1  +  k  j i     x ˜  2  .     








For simplicity, we assume that there is no movement between   S 1   and   S 2   in this proof.



By subtracting and integrating from   t 0   to   t f   for the above two equations, we have


      1 2    (  x 1   (  t f  )  −   x ˜  1   (  t f  )  )  2  +  (  λ i  +  μ i  )   ∫   t 0    t f     (  x 1  −   x ˜  1  )  2  d t    =    −  β i   ∫   t 0    t f    (  x 1   x 3  −   x ˜  1    x ˜  3  )   (  x 1  −   x ˜  1  )  d t         −     α i   ∫   t 0    t f    (  x 1   x 6  −   x ˜  1    x ˜  6  )   (  x 1  −   x ˜  1  )  d t       +    φ  ∫   t 0    t f    (  x 5  −   x ˜  5  )   (  x 1  −   x ˜  1  )  d t .     



(31)




Note that


      ∫   t 0    t f     (  u i  −   u ˜  i  )  2  d t    ≤       1  2  d i     2   ∫   t 0    t f     [  x 1   (  y 1  −  y 2  )  −   x ˜  1   (   y ˜  1  −   y ˜  2  )  ]  2  d t ,         ≤      1  2  d i      L 1   ∫   t 0    t f    [   (  x 1  −   x ˜  1  )  2  +   (  y 1  −   y ˜  1  )  2  +   (  y 2  −   y ˜  2  )  2  ]  d t ,        ∫   t 0    t f     (  v i  −   v ˜  i  )  2  d t    ≤       1  2  e i     2   ∫   t 0    t f     [  x 3   (  y 3  −  y 4  )  −   x ˜  3   (   y ˜  3  −   y ˜  4  )  ]  2  d t ,         ≤      1  2  e i      L 2   ∫   t 0    t f    [   (  x 3  −   x ˜  3  )  2  +   (  y 3  −   y ˜  3  )  2  +   (  y 4  −   y ˜  4  )  2  ]  d t ,        ∫   t 0    t f     (  w i  −   w ˜  i  )  2  d t    ≤       1  2  f i     2   ∫   t 0    t f     [  x 6   y 6  −   x ˜  6    y ˜  6  ]  2  d t ,         ≤      1  2  f i      L 3   ∫   t 0    t f    [   (  x 6  −   x ˜  6  )  2  +   (  y 6  −   y ˜  6  )  2  ]  d t ,        ∫   t 0    t f    (  x 1   x 3  −   x ˜  1    x ˜  3  )   (  x 1  −   x ˜  1  )  d t    ≤     ∫   t 0    t f    [   (  x 1  −   x ˜  1  )  2   x 3  +   x ˜  1   (  x 3  −   x ˜  3  )   (  x 1  −   x ˜  1  )  ]  d t ,         ≤     C 1   ∫   t 0    t f    [   (  x 1  −   x ˜  1  )  2  +   (  x 3  −   x ˜  3  )  2  ]  d t ,        ∫   t 0    t f    (  x 1   x 6  −   x ˜  1    x ˜  6  )   (  x 1  −   x ˜  1  )  d t    =     ∫   t 0    t f    [   (  x 1  −   x ˜  1  )  2   x 6  +   x ˜  1   (  x 6  −   x ˜  6  )   (  x 1  −   x ˜  1  )  ]  d t ,         ≤     C 2   ∫   t 0    t f    [   (  x 1  −   x ˜  1  )  2  +   (  x 6  −   x ˜  6  )  2  ]  d t ,        ∫   t 0    t f    (  x 5  −   x ˜  5  )   (  x 1  −   x ˜  1  )  d t    ≤     C 3   ∫   t 0    t f    (  x 5  −   x ˜  5  )  d t ,     








where   C 1   depends on the bounds of     x ˜  1  ,  x 3   ,   C 2   depends on the bounds of     x ˜  1  ,  x 6   ,   C 3   depends on the bounds of    x 5  ,   x ˜  5   . So, by (31), we have


      1 2    (  x 1   (  t f  )  −   x ˜  1   (  t f  )  )  2  +  (  λ i  +  μ i  )   ∫   t 0    t f     (  x 1  −   x ˜  1  )  2  d t    ≤     M 1   ∫   t 0    t f    [   (  x 1  −   x ˜  1  )  2    (  x 3  −   x ˜  3  )  2  +   (  x 5  −   x ˜  5  )  2  +   (  x 6  −   x ˜  6  )  2  ]  d t         +     N 1   ∫   t 0    t f    [    (  x 1  −   x ˜  1  )  2  +   (  y 1  −   y ˜  1  )  2        +      (  y 2  −   y ˜  2  )  2   ] d t ,      



(32)




where   M 1   is an appropriate upper-bound. Similarly, we can obtain the following inequalities for   (  x k   (  t f  )  ,   x ˜  k   (  t f  )  )   and   (  y l   (  t f  )  ,   y ˜  l   (  t 0  )  )    ( k = 1 , 2 , 3 , 5 , 6  ,   l = 1 , 2 , 3 , 5 , 6 )  :


      1 2    (  x 2   (  t f  )  −   x ˜  2   (  t f  )  )  2  +  (  λ i  +  μ i  )   ∫   t 0    t f     (  x 2  −   x ˜  2  )  2  d t    ≤     M 2   ∫   t 0    t f    [    (  x 1  −   x ˜  1  )  2  +   (  x 2  −   x ˜  2  )  2  +   (  x 3  −   x ˜  3  )  2          +      (  x 5  −   x ˜  5  )  2  +   (  x 6  −   x ˜  6  )  2   ] d t          +     N 2   ∫   t 0    t f    [    (  x 1  −   x ˜  1  )  2        +      (  y 1  −   y ˜  1  )  2  +   (  y 2  −   y ˜  2  )  2   ] d t ,      



(33)






      1 2    (  x 3   (  t f  )  −   x ˜  3   (  t f  )  )  2  +  (  λ i  +  μ i  )   ∫   t 0    t f     (  x 3  −   x ˜  3  )  2  d t    ≤     M 3   ∫   t 0    t f    [   (  x 1  −   x ˜  1  )  2  +   (  x 3  −   x ˜  3  )  2  ]  d t         +     N 3   ∫   t 0    t f    [    (  x 1  −   x ˜  1  )  2  +   (  y 1  −   y ˜  1  )  2          +      (  y 2  −   y ˜  2  )  2   ] d t        +     K 1   ∫   t 0    t f    [   (  x 2  −   x ˜  2  )  2  +   (  x 3  −   x ˜  3  )  2  ]  d t ,     



(34)






      1 2    (  x 5   (  t f  )  −   x ˜  5   (  t f  )  )  2  +  (  λ i  +  μ i  )   ∫   t 0    t f     (  x 5  −   x ˜  5  )  2  d t    ≤     M 4   ∫   t 0    t f    [    (  x 1  −   x ˜  1  )  2  +   (  x 3  −   x ˜  3  )  2  +   (  x 5  −   x ˜  5  )  2          +      (  x 6  −   x ˜  6  )  2   ] d t +  N 4   ∫   t 0    t f   [    (  x 1  −   x ˜  1  )  2          +      (  y 1  −   y ˜  1  )  2  +   (  y 2  −   y ˜  2  )  2  + +   (  y 3  −   y ˜  3  )  2   ] d t        +     K 2   ∫   t 0    t f    [   (  x 2  −   x ˜  2  )  2  +   (  x 5  −   x ˜  5  )  2  ]  d t ,     



(35)






      1 2    (  x 6   (  t f  )  −   x ˜  6   (  t f  )  )  2  +  (  λ i  +  μ i  )   ∫   t 0    t f     (  x 6  −   x ˜  6  )  2  d t    ≤     M 5   ∫   t 0    t f    [   (  x 1  −   x ˜  1  )  2  +   (  x 6  −   x ˜  6  )  2  ]  d t         +     N 5   ∫   t 0    t f    [    (  x 1  −   x ˜  1  )  2  +   (  y 1  −   y ˜  1  )  2          +      (  y 2  −   y ˜  2  )  2  +   (  y 5  −   y ˜  5  )  2   ] d t        +     K 3   ∫   t 0    t f    [   (  x 5  −   x ˜  5  )  2  +   (  x 6  −   x ˜  6  )  2  ]  d t ,     



(36)






      1 2    (  y 1   (  t f  )  −   y ˜  1   (  t f  )  )  2  +  (  λ i  +  μ i  )   ∫   t 0    t f     (  y 1  −   y ˜  1  )  2  d t    ≤     M 6   ∫   t 0    t f    [    (  x 1  −   x ˜  1  )  2  +   (  x 2  −   x ˜  2  )  2  +   (  x 3  −   x ˜  3  )  2  +   (  x 5  −   x ˜  5  )  2          +      (  x 6  −   x ˜  6  )  2  +   (  y 1  −   y ˜  1  )  2  +   (  y 2  −   y ˜  2  )  2          +      (  y 3  −   y ˜  3  )  2  +   (  y 5  −   y ˜  5  )  2  +   (  y 6  −   y ˜  6  )  2   ] d t          +     D 1   ∫   t 0    t f    [    (  x 1  −   x ˜  1  )  2  +   (  x 5  −   x ˜  5  )  2  +   (  y 1  −   y ˜  1  )  2          +      (  y 5  −   y ˜  5  )  2   ] d t +  N 6   ∫   t 0    t f   [    (  x 1  −   x ˜  1  )  2        +      (  y 1  −   y ˜  1  )  2  +   (  y 2  −   y ˜  2  )  2   ] d t ,      



(37)






      1 2    (  y 2   (  t f  )  −   y ˜  2   (  t f  )  )  2  +  (  λ i  +  μ i  )   ∫   t 0    t f     (  y 2  −   y ˜  2  )  2  d t    ≤     M 7   ∫   t 0    t f    [    (  x 1  −   x ˜  1  )  2  +   (  y 1  −   y ˜  1  )  2          +      (  y 2  −   y ˜  2  )  2   ] d t        +     K 4   ∫   t 0    t f    [   (  y 2  −   y ˜  2  )  2  +   (  y 5  −   y ˜  5  )  2  ]  d t ,     



(38)






      1 2    (  y 3   (  t f  )  −   y ˜  3   (  t f  )  )  2  +  (  λ i  +  μ i  )   ∫   t 0    t f     (  y 3  −   y ˜  3  )  2  d t    ≤     M 8   ∫   t 0    t f    [    (  x 1  −   x ˜  1  )  2  +   (  x 3  −   x ˜  3  )  2  +   (  y 1  −   y ˜  1  )  2          +      (  y 2  −   y ˜  2  )  2  +   (  y 3  −   y ˜  3  )  2   ] d t          +     N 7   ∫   t 0    t f    [    (  x 1  −   x ˜  1  )  2  +   (  x 3  −   x ˜  3  )  2        +      (  y 1  −   y ˜  1  )  2  +   (  y 2  −   y ˜  2  )  2   ] d t ,      



(39)






      1 2    (  y 5   (  t f  )  −   y ˜  5   (  t f  )  )  2  +  (  λ i  +  μ i  )   ∫   t 0    t f     (  y 5  −   y ˜  5  )  2  d t    ≤     M 9   ∫   t 0    t f    [    (  x 1  −   x ˜  1  )  2  +   (  x 5  −   x ˜  5  )  2  +   (  y 1  −   y ˜  1  )  2          +      (  y 5  −   y ˜  5  )  2  +  D 2   ∫   t 0    t f    [    (  x 1  −   x ˜  1  )  2  +   (  x 5  −   x ˜  5  )  2          +      (  y 1  −   y ˜  1  )  2  +   (  y 5  −   y ˜  5  )  2   ] d t          +     K 5   ∫   t 0    t f    [    (  x 5  −   x ˜  5  )  2        +      (  y 5  −   y ˜  5  )  2  +   (  y 6  −   y ˜  6  )  2   ] d t ,      



(40)






      1 2    (  y 6   (  t f  )  −   y ˜  6   (  t f  )  )  2  +  (  λ i  +  μ i  )   ∫   t 0    t f     (  y 6  −   y ˜  6  )  2  d t    ≤     M 10   ∫   t 0    t f    [    (  x 1  −   x ˜  1  )  2  +   (  x 6  −   x ˜  6  )  2          +      (  y 1  −   y ˜  1  )  2  +   (  y 2  −   y ˜  2  )  2  +   (  y 5  −   y ˜  5  )  2          +      (  y 6  −   y ˜  6  )  2   ] d t +  N 8   ∫   t 0    t f   [    (  x 1  −   x ˜  1  )  2          +      (  x 6  −   x ˜  6  )  2  +   (  y 1  −   y ˜  1  )  2  +   (  y 2  −   y ˜  2  )  2        +      (  y 5  −   y ˜  5  )  2   ] d t ,      



(41)




where    M k   ( k = 1 , 2 , … , 10 )   ,    N l   ( l = 1 , 2 , … , 8 )   ,    D k   ( k = 1 , 2 )    and    K l   ( l = 1 , 2 , … , 5 )    depend on the coefficients and the bounds of the state variables and co-state variables. Adding up Equations (32)–(41), we have


           (  λ i  +  μ i  )  −   ∑  k = 1  10   M k   −  D 2  −   ∑  l = 1  8   N l     ∫   t 0    t f     (  x 1  −   x ˜  1  )  2  d t           +  [  (  λ i  +  K 1  +  K 2  +  μ i  )  −  (  M 1  +  M 2  +  M 5  )  ]   ∫   t 0    t f     (  x 2  −   x ˜  2  )  2  d t           +  [  (  λ i  +  μ i  −  K 1  −  K 3  −  K 5  )  −  (  M 1  +  M 4  +  M 6  )  −  (  D 1  +  D 2  )  ]   ∫   t 0    t f     (  x 5  −   x ˜  5  )  2  d t          










         +   (  λ i  +  μ i  +  K 1  +  K 3  )  −   ∑  k = 1  6   M k  +  M 10   −   ∑  l = 1  6   N l     ∫   t 0    t f    [   (  x 3  −   x ˜  3  )  2  +   (  x 6  −   x ˜  6  )  2  ]  d t           +  [  (  λ i  +  μ i  )  −   ∑  k = 1  10   M k   −  D 1  −   ∑  l = 1  8   N l   ]   ∫   t 0    t f     (  y 1  −   y ˜  1  )  2  d t           +   (  λ i  +  K 1  +  K 3  −  K 4  +  μ i  )  −  (  M 6  +  M 7  +  M 8  +  M 10  )    ∑  l = 1  8   N l     ∫   t 0    t f     (  y 2  −   y ˜  2  )  2  d t           +   (  λ i  +  μ i  +  K 4  −  K 5  )  −   M 6  +  ∑  k = 1  10   M k   −  D 2  −   ∑  l = 1  8   N l     ∫   t 0    t f     (  y 5  −   y ˜  5  )  2  d t           +  [  (  λ i  +  μ i  −  K 5  )  −  (  M 6  +  M 8  +  M 10  )  +  (  N 3  −  N 5  )  ]   ∫   t 0    t f     (  y 3  −   y ˜  3  )  2  +   (  y 6  −   y ˜  6  )  2  d t         ≤ 0 .     



(42)







From Equation (42), we can see clearly that the coefficients of the integrals are non-negative any time we choose a large   λ i   and in turn choose a small value of   t f  . For instance, if we take    λ i  > −  μ i  +  ∑  k = 1  10   M k  +  D 2  +  ∑  l = 1  8   N k    and also    t f  <  1  3  λ i    ln    λ i  +  μ i    A i   ,  A i  : =  ∑  k = 1  10   M k  +  D 2  +  ∑  l = 1  8   N l   , then we see that the coefficient (   λ i  +  μ i   ) −   (  ∑  k = 1  10   M k  )  −  D 2  −  (  ∑  l = 1  8   N l  )  ≥ 0   in relation to the integral    ∫   t 0    t f     (  x 1  −   y 2  ˜  )  2  d t  . This is also applicable to the various    λ i  s   relative to different x and y’s, which shows that each integral of (42) is non-negative.



To this effect, we can see that    x 1  =   x 1  ˜   ,    x 2  =   x 2  ˜   ,    x 3  =   x 3  ˜   ,    x 5  =   x 5  ˜   ,    x 6  =   x 6  ˜   ,    y 1  =   y 1  ˜   ,    y 2  =   y 2  ˜   ,    y 3  =   y 3  ˜   ,    y 5  =   y 5  ˜   ,    y 6  =   y 6  ˜   , and    S i  =   S i  ˜   ,   V =   V ˜  i   ,    I i  =   I i  ˜   ,    T i  =   T i  ˜   ,    R i  =   R i  ˜   ,    P i  =   P ˜  i   . We can conclude that the solution of (42) is unique for small time t. □





The unique optimal control triple (   u i *  ,  v i *  ,  w i *   )    is characterized in terms of the unique solution of the optimal system. This implies that the optimal triple provides us the optimal control strategy that is efficient in preventing the incidence of typhoid fever in any human population.





6. Numerical Illustration of Optimal Control


Here, we present the numerical solution of the optimal control problem. We start by considering the effect of the controls on different socio-economic status groups independently as seen in Figure 6 and then systematically show the effects of the optimal controls over the controls on the different classes as illustrated in Figure 7, Figure 8, Figure 9, Figure 10 and Figure 11. To illustrate this, we use the parameter values as given in Table 3 with the following assigned cost factors:    A 1  = 0.8  ,    A 2  = 0.8  ,    B 1  = 0.7  ,    B 2  = 0.7  ,    C 1  = 0.9  ,    C 2  = 0.9  ,    d 1  = 0.4  ,    d 2  = 0.4  ,    e 1  = 0.2  ,    e 2  = 0.2  ,    f 1  = 0.3  ,    f 2  = 0.3  . We carried out iterative technique by employing the forward-backward algorithm postulated by Lenhart and Workman [38] to obtain the optimal control functions (   u 1  ,  v 1  ,  w 1   ) and (   u 2  ,  v 2  ,  w 2   )    as shown in Figure 6. The figure shows that it is most appropriate or optimal to commence treatment early and to make it readily available to affected victims of typhoid fever and also to ensure that vaccination is adequately provided across all socio-economic communities and lastly adherence to good sanitation. This result is realistic, since it agrees with disease epidemiology in humans, and it supports good treatment and introduction of vaccination at an early stage before the onset of an epidemic while ensuring adequate treatment of individuals throughout the endemic period.



Figure 6 illustrates the optimal control profiles of the two socio-economic profiles. Here, vaccination is denoted by a thick red line on SEC 1 and a red dashed line on SEC 2. From Figure 6a, it is seen that the vaccination is very effective at the onset but diminishes with time on SEC 1. Also, we observe that for SEC 2, vaccination also thrives at the onset but diminishes over a period of time but when compared with vaccination on SEC 1; we show that vaccination in SEC 1 diminishes faster than that of SEC 2 and this could be attributed to the healthy or unhealthy activities carried out in either of the classes. Treatment on the other hand is denoted by the thick blue line on SEC 1 and the dashed blue line on SEC 2; it decreases almost at the same time in both socio-economics classes and this agrees with real-life intuition, as treatment may be helpful, but if the epidemic is not controlled, individuals requiring treatment may outnumber the available medical equipment and practitioners. This also shows that treatment when properly administered has same effect on both socio-economic classes. Finally, we have sanitation denoted by a thick black line in SEC 1 and a dashed black line in SEC 2. It is seen that sanitation plays a major role in reducing the impact of typhoid fever but it is more active on SEC 2 than SEC 1 and this readily agrees with the real-life scenario as high socio-economics class individuals tends to reside more in environments that are hygienic and they obey sanitation regulations.



Figure 7 illustrates the impact of control and optimal control on susceptible humans in both socio-economic classes. The optimal control of vaccination completely reduces susceptibility to typhoid fever in both socio-economic class populations. Alternatively, just combining the controls has more impact on SEC 1 than on SEC 2 and this may be consequent of the fact that vaccination maybe more targeted to the SEC 1 population than the SEC 2 population.



Figure 8 illustrates the effect of optimal control and controls on the vaccinated class. The vaccinated class in SEC 1 increases when vaccination is applied optimally but the impact of vaccination quickly reduces rather than in SEC 2 where there is more impact of optimal vaccination as shown in Figure 8b. Also, even without optimal control we can observe that the control by vaccination decreases more in SEC 1 when compared to SEC 2 even though we have more reduction in susceptibility in SEC 1 (Figure 8a). This agrees with our earlier prediction that vaccination diminishes faster in SEC 1 populations due to unhealthy practices and due to poor living standards with less immunity to diseases than those in SEC 2.



Figure 9 also illustrates the impact of optimal control and controls on the infected class of the two socio-economic classes. Optimal control has same effect on the two classes but the controls are more effective on SEC 2 than SEC 1. There is more reduction in the population of the infected class in SEC 2 (see Figure 9b) than in SEC 1 (Figure 9a) when the controls are not optimal. This agrees with real-life intuition as those in a higher socio-economic status tend to benefit more from disease-control strategies than those in a lower socio-economic status. But when either or all the controls are optimally used in both communities, it yields the same result.



From Figure 10 it is shown that with either controls or optimal control there is higher number of recovered humans in SEC 2 (Figure 10b) than in SEC 1 (Figure 10a) and this is attributed to good medical practices, good sanitation and early exposure to vaccination and generally good standards of living which boosts their immune system to enable them to recover faster even when infected.



Finally, Figure 11 illustrates the impact of optimal control of sanitation on the pathogens in the two socio-economic classes. Analogous to other cases discussed, optimal sanitation reduces pathogens in both classes but just applying sanitation in relation to what is obtainable in the different socio-economic classes. It is seen that it is more effective in SEC 2 than in SEC 1.




7. Discussion


Typhoid fever is a fatal illness affecting humans, especially those in the lower socio-economic community with limited access to clean food and a neat environment. The disease can be prevented or controlled by adopting effective control intervention measures. Some of the effective control measures for decreasing typhoid fever infections in some affected communities include vaccination, treatment, and sanitation. Many countries/communities are comprised of individuals in different socio-economic classes. For more accurate results on the dynamics of typhoid fever, the socio-economic classes of individuals in the community must be taken into consideration. This study used a mathematical epidemiological model to analyze the influence of control interventions (vaccination, treatment, and sanitation) in decreasing typhoid fever in two socio-economic populations. By developing and analyzing a mathematical epidemiological model for typhoid fever for multiple socio-economic communities, the dynamics of the disease were explored. The results of our analysis showed that the disease can be eradicated from the two socio-economic classes using the control measures, provided that the basic reproduction number remained below 1. In contrast, when no control measure is introduced, the disease remains endemic in the community, especially in the lower socio-economic community. Further analysis revealed that under uniform movement rates, the lower SEC have a greater infected population, so control measures should be the focus on this class for faster disease eradication.



Next, the influence of each of the control measures was investigated numerically. Each of the control measures was found to have some influence in reducing typhoid fever. The combined effects of the multiple control measures yield better results when compared with the no-control measure and single control measure. Based on these findings, multiple control measures are highly recommended for controlling typhoid fever. However, if they are not available, any of the single control measures can be used because each of them is shown to have some positive influence in reducing infections in the two socio-economic communities.



Finally, we carried out optimal control analysis on our control model and it was observed that optimal control had an effect on both socio-economic classes, but optimizing treatment has more effect on SEC 2 than SEC 1 followed by vaccination and then sanitation. We also compared optimal control and controls on each of the classes in the two socio-economic classes. Our analysis showed that optimal control has a good effect on both classes even though it may diminish with time rather than using the controls collectively or independently. Overall, our analysis showed that more attention should be paid to communities of low socio-economic status in the event of typhoid fever epidemic. The result of this study agrees with the result formerly obtained by Mutua et. al. [29] but gives more insight on the required control measures and how these control measures helps in eradicating typhoid fever and most importantly shows which control is optimal when cost and availability might be an issue.
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Figure 1. Plot illustrating the effects of vaccination rate   ϕ i   on the dynamics of typhoid fever infections in SEC 1 and SEC 2. 
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Figure 2. Plot illustrating the impact of vaccine efficacy   ε i   on the dynamics of typhoid fever infections in SEC 1 and SEC 2. 
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Figure 3. Plot illustrating the influence of treatment   σ i   on the dynamics of typhoid fever infections in SEC 1 and SEC 2. 
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Figure 4. Plot illustrating the influence of sanitation   θ i   on the dynamics of typhoid fever infections in SEC 1 and SEC 2. 
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Figure 5. Plot illustrating the impact of multiple control measures on the dynamics of typhoid fever infections in SEC 1 and SEC 2. 
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Figure 6. Plot illustrating the control profiles of the two socio-economic classes. (a) illustrates the control profiles for SEC 1 while (b) illustrates control profiles for SEC 2. 
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Figure 7. Plot illustrating effect of optimal control and controls on the two socio-economic classes. (a) illustrates the effect of optimal control and controls on susceptible class of SEC 1 while (b) illustrates the effect of optimal control and controls on susceptible class of SEC 2. 
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Figure 8. Plot illustrating effect of optimal control and controls on the two socio-economic classes. (a) illustrates the effect of optimal control and controls on vaccinated class of SEC 1 while (b) illustrates the effect of optimal control and controls on vaccinated class of SEC 2. 






Figure 8. Plot illustrating effect of optimal control and controls on the two socio-economic classes. (a) illustrates the effect of optimal control and controls on vaccinated class of SEC 1 while (b) illustrates the effect of optimal control and controls on vaccinated class of SEC 2.



[image: Mathematics 11 04722 g008]







[image: Mathematics 11 04722 g009] 





Figure 9. Plot illustrating effect of optimal control and controls on the two socio-economic classes. (a) illustrates the effect of optimal control and controls on infected class of SEC 1 while (b) illustrates the effect of optimal control and controls on infected class of SEC 2. 
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Figure 10. Plot illustrating effect of optimal control and controls on the two socio-economic classes. (a) illustrates the effect of optimal control and controls on recovered class of SEC 1 while (b) illustrates the effect of optimal control and controls on recovered class of SEC 2. 






Figure 10. Plot illustrating effect of optimal control and controls on the two socio-economic classes. (a) illustrates the effect of optimal control and controls on recovered class of SEC 1 while (b) illustrates the effect of optimal control and controls on recovered class of SEC 2.



[image: Mathematics 11 04722 g010]







[image: Mathematics 11 04722 g011] 





Figure 11. Plot illustrating effect of optimal control and controls on the two socio-economic classes. (a) illustrates the effect of optimal control and controls on pathogens in the environment of SEC 1 while (b) illustrates the effect of optimal control and controls on pathogens in the environment of SEC 2. 
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Table 1. Meaning of variables in model (1).
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	Variable
	Meaning





	    N i   ( t )    
	Total population of individuals in SEC i



	    S i   ( t )    
	Susceptible population in SEC i



	    V i   ( t )    
	Vaccinated population in SEC i



	    I i   ( t )    
	Infected population in SEC i



	    T i   ( t )    
	Treated population in SEC i



	    R i   ( t )    
	Recovered population in SEC i



	    P i   ( t )    
	Pathogens in the environment in SEC i










 





Table 2. Meaning of parameters used in model (1).
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	Parameter
	Meaning





	   β i   
	Contact rate of susceptible with infected population in SEC i



	   α i   
	Contact rate of susceptible population with pathogens in SEC i



	   μ i   
	Natural mortality rate of humans in the SEC i



	   ϕ i   
	Vaccination rate of individuals in the SEC i



	   ε i   
	Efficacy of vaccination in the SEC i



	   γ i   
	Natural recovery rate of infected population in SEC i



	   γ i   
	Recovery rate of infected population due to treatment in SEC i



	   σ i   
	Treatment rate of infected population in SEC i



	   φ i   
	Rate at which recovered population becomes susceptible in SEC i



	   δ i   
	Shedding rate of    P i   ( t )    by the infected population in SEC i



	  ξ  
	Natural death rate of pathogens in the environment



	   θ i   
	Decay rate of    P i   ( t )    due to sanitation



	   k  i j    
	Movement rate of susceptible population from    S i   ( t )    to    S j   ( t )   



	   b  i j    
	Movement rate of infected population from    I i   ( t )    to    I j   ( t )   










 





Table 3. Parameter values used for the numerical illustrations.
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	Symbol of the Parameters
	Parameter Values
	Source





	   μ i   
	0.0200
	[18,23]



	  β  
	0.00002
	Estimated



	   β 1   
	1.6  β 
	Estimated



	   β 2   
	0.4  β 
	Estimated



	  α  
	0.00001
	Estimated



	   α 1   
	1.6  α 
	Estimated



	   α 2   
	0.4  α 
	Estimated



	  φ  
	0.001
	Estimated



	   φ 1   
	0.4  φ 
	Estimated



	   φ 2   
	1.6  φ 
	Estimated



	  γ  
	0.0445
	[21]



	   γ 1   
	0.4  γ 
	Estimated



	   γ 2   
	1.6  γ 
	Estimated



	  ξ  
	0.0333
	[18,21]



	   k 12   
	0.20
	[7]



	   k 21   
	0.20
	[7]



	   b 12   
	0.20
	[7]



	   b 21   
	0.20
	[7]



	  ε  
	0.78
	[30]



	   ε 1   
	0.4  ε 
	Estimated



	   ε 2   
	1.6  ε 
	Estimated



	   ϕ 1   
	0.20
	Estimated



	   ϕ 2   
	0.80
	Estimated



	   θ 1   
	0.04
	Estimated



	   θ 2   
	0.16
	Estimated



	   σ 1   
	0.18
	Estimated



	   σ 2   
	0.72
	Estimated



	  δ  
	  ξ  
	[21]



	   δ 1   
	1.6  ξ 
	Estimated



	   δ 2   
	0.4  ξ 
	Estimated
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