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Abstract: A steady plane hydrodynamic problem of lubrication of a lightly loaded contact of two
parallel cylinders lubricated by a non-Newtonian fluid with Giesekus rheology is considered. The
advantage of this non-Newtonian rheology is its ability to properly describe the real behavior of
formulated lubricants at high and low shear stresses. The problem is solved by using a modification
of the regular perturbation method with respect to the small parameter &, characterizing the degree to
which the polymeric molecules of the additive to the lubricant follow the streamlines of the lubricant
flow. It is assumed that the lubricant relaxation time and the value of a are of the order of the
magnitude of the ratio of the characteristic gap between the contact surfaces and the contact length.
The obtained analytical solution of the problem is analyzed numerically for the dependencies of the
problem characteristics such as contact pressure, fluid flux, lubrication film thickness, friction force,
energy loss in the lubricated contact, etc., on the problem input parameters.

Keywords: Giesekus lubricant rheology; hydrodynamic lubrication problem; method of regular
perturbations; lubricant mobility factor; lubricant relaxation time
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1. Introduction

Most machine elements work in lubricated environments. Generally, the usage of
lubrication allows a decrease in frictional losses in contacts and, thus, an increase in their
durability. When such lubricated contacts are mathematically modeled, the rheology of the
lubricant is considered to be Newtonian or non-Newtonian. The former case is significantly
simpler and a lot of studies for the cases of homogeneous material and coated solids [1-10]
were dedicated to it. The latter case is more complex, but it better corresponds to the real
behavior of lubricants because polymeric additives make their behavior significantly non-
Newtonian, which allows for a distinctly different lubricant behavior at low and high shear
stresses. Different rheological models for lubricant behavior were used to catch various
aspects of real lubricant behavior such as lubricant relaxation time, etc. An overview
and analysis of different fluid rheological models is given in [11,12]. One of the simplest
rheological models of non-Newtonian lubricant behavior among generalized Newtonian
fluids [13] is the Ree-Eyring model [14-16]. Some studies of fluids with complex non-
Newtonian rheology were presented in [17-22].

Experimental data show that lubricant viscosity depends not only on pressure but
also on lubricant shear stress and velocity [23]. The actual behavior of polymer-formulated
lubricant flowing through narrow gaps is most accurately described by the Giesekus
rheological model [12,24,25]. The Giesekus model differs from the Maxwell, Jeffris, Oldroyd
A and B, etc., rheological models by the presence of a nonlinear term determined by the
mobility factor a and stress state of the fluid. It provides the opportunity to take into
account the degree to which the fluid viscosity is dependent on the shear stress in the
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fluid. In particular, this model allows for proper accounting of relatively high viscosity
for low and relatively low viscosity for high shear stresses in the fluid. The model takes
into account four parameters of the fluid: the relaxation time, the viscosities of base oil
and polymeric additive and the mobility factor. If the mobility factor is set to zero, then
the Giesekus model turns into the convected Maxwell model [11,12]. The Giesekus model
is nonlinear and, therefore, more complex for analysis. A relatively simple case of a fluid
with Giesekus rheology flowing between two parallel surfaces is considered in [26,27].
In [28], the analysis of a lightly loaded trust bearing lubricated by a fluid with the Giesekus
rheology was performed by the perturbation methods. However, the presence of convective
terms and the base oil were not taken into account.

The present paper is the continuation of the series of the author’s studies of hydro- and
elastohydrodynamic problems for Newtonian [29,30] and non-Newtonian [13] lubricating
fluids including the study of a lightly loaded trust bearing lubricated with a fluid with the
Giesekus rheology [31]. Also, the authors previously considered a similar but more simple
problem under the condition when the mobility factor « is significantly greater than the
ratio of the characteristic gap between the surfaces and length of the contact [32]. In this
case, in a two-term asymptotic solution, the inertia terms can be neglected. The first two
terms of asymptotic representation for contact pressure with respect to the small parameter
« are obtained in the analytical form. Numerical analysis of the obtained relationships for
contact pressure, lubrication film thickness, lubricant flux, friction, contact energy loss, etc.,
as functions of the input parameters of the Giesekus model is performed. Some applications
of perturbation methods to steady problems similar to the one used are described in [33,34].

2. Formulation of the Lubrication Problem and General Description of the
Analysis Applied

Let us consider a steady plane problem for a lubricated contact of two parallel infinite
cylinders of the radius R (see Figure 1), both of which are made of rigid materials (the case
of cylinders of different radii is considered at the end of the paper). It is assumed that the
lubricant is described by the Giesekus model [12] with a constant viscosity p and relaxation
time A4. The x-axis of the coordinate system is directed along the contact and perpendic-
ular to the cylinder axes, the y-axis is directed along the cylinder axes, and the z-axis is
perpendicular to both x- and y-axes. A continuous lubricant layer separates the cylinders
which steadily roll and slide with the surface linear speeds #; and %; in the direction of the
x-axis. The upper cylinder is subjected to the normal load P along the z-axis. The lubricant

velocity components are represented by functions u(x,y,z), v(x,y,z), and w(x,y,z). Due
to the problem geometry, v(x,y,z) = %}’/W) = 0. Therefore, the problem parameters are
independent of y and the motion equations of such a fluid are as follows [13,29].

u u _ 1/9pxx | Opaxy OPxy | OPzy _
uﬁ—i_w&_ﬁ( ox oz )’ x T e =0,

M

Jw Jw __ 1 apzx apzz
uge +wgy = 5 (55 + 755)-

In addition to that, one needs to consider the continuity equation. It is assumed that
the fluid is incompressible, i.e., p(x,z) = constant. That leads to the continuity equation

) w _
S+97=0. 2
In this case, the stress tensor components are as follows
Pxx = =P+ Tax, Pxy = Tay = 0, Pax = Tax, P2z = —P + Tzz, Pzy = Tzy = 0, 3)

where p is the pressure and Tyy, Txy, Tzx, Tzz, and Tz are the additional stress components
acting in the corresponding directions. These tensor components satisfy the Giesekus fluid
model which is a certain generalization of the Maxwell model and takes into account the
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degree to which the additive polymeric molecules follow the lubricant flow. The rheological
equations are as follows [12]

T=Ts+ Ty, U= Us+ Up, Ts = sV,

@)
Tp + ATy {Tp Ty} = Up7,
where 7 is the full stress tensor while 7; and 1), are the solvent and polymer stress tensors,
respectively, ys and p, are the constant solvent and polymer dynamic viscosities, 7 is the
deformation tensor, A is the constant relaxation time, and « is the dimensionless constant
mobility factor describing the degree of the alignment of polymeric molecules with the
lubricant flow, 0 < a < 1.

J,P
A

Figure 1. The general view of a lubricated contact.

In (4), the following definitions of the tensor operators T,

p(1) and {7y - Ty } [12] are used

aT T
pxx pxx
p(l)xx

+ w - Zaz Tpxz Z%Tpxx,

. OTpxz Tpxz ou Ju Jw Jw
Tp(1)xz = Uy T W = 5xTpzx — 37 Tpzz — 3¢ Tpxx — g Tpzxs

) ]
ez +w T zaprzz 283%7;723(/

Tp(1)zz = Uy 9z 5)
— 2 2
{Tp : TP}XX - Tpxx + Tpxzt
{Tp : Tp}xz = TpxxTpxz + TpxzTpzz,s
) 2
{TP ' TP}ZZ - Tpxz + TpZZ'
and [12]
Fax = Zgz, Yaz = au +9 8x’ Yoz = 2%%- (6)

It is necessary to impose some boundary conditions on the components u and w of
the lubricant velocity on the surfaces of the contacting solids. It is assumed that the no-slip
and no-penetration conditions are valid on the solid boundaries. The contact is considered
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to be concentrated, i.e., L, /Ly < 1 (where L, and L, are the characteristic contact sizes
along the x- and z-axes) or equivalently dh(x)/dx < 1, where h(x) is the gap between the
cylinder surfaces at point x. Using the above boundary conditions will take the form

u(x, ="My — 7, u(x, M) =13, @)
wix, —*5) = —F 4, wix 1) = TG ®

It will be shown later that in the simplified formulation the function of pressure p is
independent of the variable z. Therefore, under pressure, one can impose the boundary
conditions stemming from the fact that at the contact boundaries the fluid pressure p is
equal to the atmospheric one and, therefore, can be neglected. To avoid cavitation at the
exit from the contact [13], the boundary conditions on p have the form

p(x;) = p(xe) = &) — g, )

where x; and x, are the coordinates of the inlet and exit points of the contact.
In addition to that, it is required that the stress —p,, from (3) supports the normal load
P applied to the cylinder, i.e.,

Xe

JIp(x) = Tz (x, 1(x) /2)Jdx = P. (10)

Xi

Being interested in a two-term asymptotic problem solution in «, in (9) and (10), it
is assumed that the two-term asymptotic expansion of pressure p(x,z) in « (i.e., a linear
function of ) is independent of z. That assumption is confirmed later for small « up to the
order of O(a), & < 1, i.e., in the asymptotic expansion of p in « < 1, terms pg and p; are
independent of z, while terms py, p3, ... depend on both x and z.

The goal is to determine the contact pressure p(x), the gap between the two cylinders
h(x), the coordinate of the exit point from the lubricated contact x,, the components of the
tensor 7 in the fluid, etc. Typically, the point of entrance in the lubricated contact, i.e., the
coordinate of the inlet point x;, is known, and it is determined by the amount of lubricant
supplied to the contact. The region where the problem solution is searched is bounded by
x = x;and x = x, aswell asby z = —h(x) /2 and z = h(x) /2. Out of these four boundaries
of the region, three are unknown, i.e., x = x,, z = —h(x)/2, and z = h(x)/2 are unknown.
One needs to find a perturbation solution to the above-determined problem in the case
when « < 1. In this case, x, and hi(x) are just slightly perturbed values of the exit point x,o
and gap ho(x) realized in a lubricated contact with Newtonian fluid, i.e., when & = 0.

The general case of

o =onge, ag =0(1), e = f—i <1, (11)

will be considered. Here, & is a nonnegative constant. This case allows us to take into ac-
count some of the convective as well as major and minor dissipative terms of the equations.
Also, it allows us to consider the limiting cases « > € and & < € by correspondingly taking
ag > 1and oy < 1.

3. Simplification of the Rheological Equations and the Equations of Lubricant Motion

It was shown that the problem solution should be searched for not in the original (x, z)
independent variables but in slightly modified ones (x, zo). It is due to the fact that the
exit x = x, and upper z = h(x)/2 and lower z = —h(x)/2 boundaries of the lubricated
contact are perturbed ones of the corresponding boundaries x = x,9 and z = £h(xg) /2 of
the contact lubricated by a Newtonian fluid (for & = 0). Therefore, let us assume that

Xe = X0 + &Xe1 + ..., h(x) = ho(xp) + ah1(x9) + ..., (12)
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where x,1 and hy(xg) will be determined as a part of the problem solution. Then, the
problem can be projected on the region [x;, x,0] % [—ho(x0)/2, ho(x0)/2] by introducing the
following new independent variables

x = xg+ ocxﬂxoo ’;’ ,Z= h};g;)zo. (13)
When xy = x; and xg = x,o with the precision of O(a?), « < 1, one obtains x = x; and
X = X, respectively, and vice versa (see (12) and (13)). The actual definition of the new
variable xy can be taken as xg = (x; + X¢0)/2 4+ &(xe0 — x;) /2, —1 < & < 1, which varies
between x; and x.

As it was shown earlier, this projection of the original problem onto the region
[x, xe0] X [—ho(x0)/ 2,ho(x0)/2] is also dictated by the asymptotic expansion of the bound-
ary conditions on pressure p(x) at the exit point x = x, [31,32].

Let us consider the solution form which should be used in this case. One needs
to modify integration and differentiation operators while converting the problem from
variables (x, z) to variables (xg, zg) as follows (see (12) and (13))

dx = [14+a—=4—+...]dx, dz = [1+“ZéEXO) +...]dzo,

Xe0—X; X0)

(14)

9 _ X, 9 9 _ hy(xg) 9
ﬁ*[l_"‘xeoflxﬁ’“-}%'&*[l ahé(xg)+ ]%.

Let us consider an arbitrary sufficiently smooth function f(«, x,z) which has to be
expanded asymptotically in « < 1. Then, based on (12) and (13), one has [31,32]

fla,x,z) = f(0,x,2) +afie(x,z)+ ...

f(() x —|— w + (hU(x[))"Fﬂthl(xO)-‘,-m)zo)

Xe0 —%i ho(xo)
( ) (o (x0) +ah (x0) +..) (3)
axXe1 (xg—x; xp)+ahy(xg)+...)z
tafr(xo+ =0T 4, PR RS
—x;) 9f(0,xp, h 9f(0,xp,
= f(0,x0,20) + a[f1(x0,20) + xglx(ezfo,xfl) f(%fg ) 4 Zgloiiz()’) f(oa;‘g 0]y,
where f1,(x,z) = W and the derivative of f with respect to xy and zj are also taken

for & = 0. Therefore, the solution of the problem one will search using the Taylor expan-
sions of the unknown functions such as p(x), u(x,z), Tex (%, 2), etc., about xy and (x, zo),
retaining just the first two terms of the expansions as well as taking into account the sample
expansion (15) and the perturbed expressions for x, and h(x) from (12) and (13).

In the form the problem is formulated above it is very complex for any analytical anal-
ysis except the perturbation method. Therefore, the first goal is to simplify Equations (1)—(8)
and to reduce them to much simpler equations which would allow for an analytical solution
and derivation of analogs of the Reynolds equation. One needs to retain only the terms of
higher orders of magnitude. As it was mentioned earlier, due to the fact that the thickness
of the lubrication layer is much smaller than the extent of the lubricated contact, one has a
small parameter € = L, /L, < 1. Also, let Uy and U, be the characteristic velocities of the
lubricating fluid in the directions of the x- and z-axes. Then, the following scaling of the
equations can be introduced

1 U o — Z —
/\ XAl’ x - Lx — L P = pH*UiLx’

uZ g

W =g, w =, s = 2822k (i ey} = - v, iy, (16)

/ / / T/ 'Z.'/ ’L'/ 'Z.'/ T/ Lz{Txx Tsxx s TpxxsTzx, Tszx, Tpzx T2z, Tszz, szz}

{TXX’TSXX’TPXX/ ZX’r “szx/ “pzXx’s “zz/ “SZz/ pZZ} - ﬂ*ur
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where j1, is the characteristic value of the lubricant viscosity. For simplicity, in the further
analysis, the primes at the dimensionless variables are dropped.
By introducing the above scaling in the continuity Equation (2), one obtains

ou , U Lydw _
—z+u—xL—Z£fo. (17)

To retain both terms in Equation (17), one needs to assume that

FE=1 (18)
Then, Equation (17) becomes

Introducing scaling (16) in Equations (1) and (3)—(6) leads to equations

eReO{u + wa;‘} =3 aT’” + ag;",
(20)
&3 20T ap 9T
Reo{u +w =e" G — L +eFE,
Tex = Toxx T Tpxas Tzx = Tozx + Tpzx, Tzz = Tozz + Tpzz, Toxx = €2}s %/
(21)
Tszx = Vs( + az) Tszz = € Vs €2Us T/
OTpxx ITpxx 2 0u 2 2y _ Ju
Tpxx + M [u 5 T W — 53 Tpex — zaprxx] - lxg’,[ (T, Tpxx + szx) = 2€pp5ys
ITpzx anzx 19u Ju ow Jw
Tpzx + MU= F WS = c 5 Tpzz — Gy Tpax — Gz Tpax — € gy T
(22)
A _ Ju 2 dw
*“%(Tpxx + szz)szx = Vp(g +e€ g):
Tpzz + A [uanzz—kwaT”“—ZawT —2edur, ]—oc)‘ (T2 + T2,) = 26
pzz T MU= 3z pzz ox tpzx eup \Tpzx T Tpzz) = VP 52
where Reg = £ LL"LZ is the local Reynolds number.
Let us assume that not only € < 1 butalso Rep = O(1), « < 1, and
AM =X A=0(1), e 1. (23)

The latter assumption makes the rheological equations solvable. Otherwise, for A1 = O(1),
€ < 1, these equations do not have a reasonable solution.

Then, Equations (20)—(22) can be simplified. Based on the example of function f(«, x, z)
expansion for & < 1, one needs to search the problem solution in the form

{Tsxx(x/ Z)/ Tsxz(x/ Z)/ Tszz (x/ Z)} = {TsxxO(xO/ ZO)/ Tssz(xO/ ZO)/ TSZZO(xOI ZO)}
'HX{Tsxxl* (X(), ZO)/ Tsxzl* (xO/ ZO)/ Tszzl* (xor ZO)} to

{Tsxxl* ('xOI ZO)/ Tsxz1* (xO/ ZO)/ Tszz1% (XO/ ZO) }
(24)
= {Tsxxl (XO, ZO)/ Tsxz1 (XO/ ZO)/ Tszz1 (Xo, ZO) }

+Xe1 ,Z% J;L TS {Tsxx0 (xOI ZO) Tssz(XO/ ZO) Tsz20 (X0, ZO)}

h
+2zp h;gg; 3870 {Tsxx0(x0,20), Tsxz0(¥0, 20), Tszz0(%0, 20) },
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{Tpxx (x/ Z)/ Tpxz (xr Z)/ Tpzz (x/ Z) } = {Tpxx() (‘XOI ZO)/ Tpxz0 (XOr ZO)/ Tpzz0 (xO/ ZO)}
+a{Tpxx1* (x0,20), Tpxzlx (x0,20), Tpzz1% (x0,z0)} + -,
{Tpxxl* (x0,20), Tpxzlx (x0,20), Tpzz1* (x0,20) }

(25)
= {Tpxxl (x0,20), Tpxzl (x0,20), Tpzz1 (x0,20)}

+ X1 X0 x axo {TpxxO (xO/ ZO) Tpxz0 (x0,20), TPZZO('xO/ ZO)}

+2p E aZO{TpxxO(xO,ZO) Tpsz(xOIZO) TpZZO(xO/ZO)}
p(x) = po(xo) + apr(xo) + ...,

—x; d
p1:(x0) = p1(x0) + X1 ,Z%,?i%;m),

u(x,z) = ug(xo,2z0) + aur.(x0,20) + - .-,

(26)
xg—2x; Oug(x0,20) T 20 iy (xg) oug(xg,20)

U1 (X0,20) = u1(X0,20) + Xel o= —ann ho(xo) 9z

w(x,z) = wo(xg,z0) + awr,(x0,20) + - - -,

xg—2x; owg(xg,z dwp (x0,2
w1 (X0, 20) = w1(X0,20) + Xe1 3 o—3- 0( . o) 4 7 Eog Oézg o),

where po(xo), uo(x0,20), wo(x0,20), Tsxxo(X0,20), Tsxzo(xof 20), Tszz0(X0,20), TpxxO(xO/ 20),
Tpxz0(%0,20), Tpzz0(X0, Z0) and uq (xo, 20), W1 (X0, 20), Tsxx1 (X0, 20), Tsxz1(X0,20), Tszz1 (X0, 20),
Tpax1 (%0, 20), Tpxz1 (X0, 20), Tpzz1(X0, z() are the unknown main and first-order approxima-
tions of the corresponding functions while the gap /(x) between two contact rigid solids
and functions ho(xo) and k4 (xg) are described by the equations (see (12))

2

h(x) = he + 2%,

Y0 ( 27)
h(x) = ho(x) + ahy(xg) + ..., he = hep + ahey +.
hO(XO) - he ) = hgl + 2xe] [73603((;07_;1.) — xeo], (28)
where ¢y = ZLLZZRE he is the a priori unknown lubrication film thickness at the exit point

X = Xg, Re is the effective curvature radius of the contacting solids, R, = R/2 and h,, .1,
Xe0, and x,1 are unknown components of the perturbed solution.

Substituting (12) and (15) and using (14) in Equations (19)-(22), taking into account (11),
and expanding all equations in @ < 1 for the first two terms of each of the above expansions,
one obtains equations

_90 4 9T g 0 _

axg 820 4 aZO -
REO 8u0 E)uo apl* Xe1 apo 1 9Tyx0 0Tyy14 hq 0Ty
{u azo} - + xfoe X; 0xq + 4 ap a;’?é + azzx(] T ho BZ; ’ (29)

_ 9p1x , My 9po 19T _
aZO + %320 + (Xo a;(z) - 0’

as well as the solutions for the tensor components as follows
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Txx = Tsxx 1 Tpxxs Tax = Tszx + Tpzxs Tz = Tszz + Tpzzs
2ps ou
Toxx0 = 0, Tozz0 = 0, Toxx1s = aiosﬁ/
(30)
u Oy hy ou,
Tszx0 = Ms ﬁgr Tozxlsx = Vs[ azlo - h(l) ﬁg]r
2us dw
Tszzlx = alosﬁg/
dup \2 _,, ou _
Tpxx0 = 2)\,”;7(58) s Tpzx0 = ,upaTg/ Tpzz0 = 0. (31)
3, (94 dug [9ug. _ Iy dug
Tpaxlx = 6A P‘P(a ) 4y o — e o]
9U \214 12 ( Jtg ZP‘P dug 2dug 0%ug 9%ug
FAHp (G0 )7 [4A (azo) 4+ e =30 52 [Mog5,95 T Wo P %
(32)

ouy,  hpdugy )\Hp auo dig Qug 92 uo
TPZXI* - 3/\ ]/l ( ) + yp[ aZO ho az(]] { aZO aXO + Up aXQaZO + O }

)2 zﬂp Jdug

xp 9ddxg”

Ju,
Tpzzlx = Aﬂp ( ﬁg

Here, the approximation of the continuity Equation (19) for the main terms of # and w is
used in the form

%y 4 (33)

aXO aZO

Equations (29)—(31) show that functions py and p1, are independent of zy, i.e., po = po(xo)
and p1. = p1+(xp). That supports the form (26) in which p(x) will be searched as well as
the choice of the boundary and additional conditions imposed on pressure p in the form (9)
and (10).

4. Derivation of the Lubricant Velocity Components # and w
Before solving the continuity Equation (19) and equations of motion (29), one needs to
determine the boundary conditions imposed on ug, u;, wp, and wy. To do that, let us take
conditions (7) and (8) and substitute into them the expansions from (26). Expanding the
obtained boundary conditions in « < 1, one obtains the boundary conditions for the main
and first-order approximations of # and w in the form
h — h _
uo(xo, —70(;0)) = 1y, up(xo, 70(;0)) =1up

7

ho(xo)) xo—x; g (xo,—ho(x0)/2) + Iy (xo) dug(x0,—ho(x0)/2)
2

u1(xo, — —Xelx,o—x; %o 5 920 ’ (34)
ho(xo) xo—X; Aup(xoo(x0)/2) _ M(x0) dug(xo.h0(x0)/2)
ul (x()l 2 ) xfl Xe0— x’l axo 2 aZO 4
ho(Xo) _ Tdho(XO)
wO(XO/— 2 ) - _71 de 12
ho(x0)\ _ i dhy(xg)
wO(xOI 2 ) - 72 de 4
ho(xo)\ _ xg—2; 9wp(xo,—ho(x0)/2)
w1(x0, 7T> - 7xe Xeofxll' axg
(35)
+h 1(x0) 9wp (xo,~ho(x0)/2) 141{ xe1  dho(xo) dh1(xo)}
2 820 Xeo0) —Xi dXO de 4
ho(x0)\ _ xo—x; 9wo(xo,ho(x0)/2)
wi (%0, 30) = —Xe xe(z)_xli 9xg

_ 1 (xq) dwo(xo,0(x0)/2) uz{ xe1  dho(xo) dhl(xo)}
2 aZO Xe0—Xi de dXO
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Now, one can turn to solving Equations (19) and (29). Solving the first equation in (29) with
boundary conditions from (34) and taking into account that py is independent of z(, one
finds that
_ — d
ug (%0, 20) =M1+(%+%)(“2—u1)+(25—zo)zydﬁg (36)

An asymptotic expansion of the continuity equation in o produces Equation (33) and

Uy, Xp  Olg owy,  hyowy _
a similar equation 3* Yoow oxe T 9ze g 920 = 0 for uy, and wy,. Let us integrate

Equation (33) with res?pect to zp from ho /2 to zg Wthh leads to

Zp

1y dh du
wo(x0,20) = —F e — | Hdzo (37)
“hy/2
A similar analysis for wy, produces the expression
Uy ¢ dh X, dh oy, X, au
w1 (x0,20) = —F (7 — 2% dwe) — f 2{ g T [ — 4150 Hzo. (38)
- 0

However, the solution to the latter equation does not represent a significant interest as w1
is not involved in any relationships for the first-order approximations of functions p, u,
etc., and it will not be considered in detail.

Using (36) in (37), one obtains

o 2 Uy —1uq dh 3
wo(¥0,20) = —F gy + (20 — 7)oz e T (20t ) 3y g axo
(39)

To show that this expression for wy satisfies the second boundary condition from (35) at
zo = hg /2, itis sufficient to use the Reynolds equation of order zero (see below Equation (44)).
Now, let us determine ;. Keeping in mind that pg and p.. are independent of zy and
using the third equation in (29) and the third and fourth boundary conditions in (34) as
well as the representation of u1, from (26), one obtains
Xo—X; dho( iy @@) hohy dpo (22 — i )Ldp

(X(),Zo) = Xel Xeg—X; dxg 4y dx 4y dxg 2u dxg
3Ny dpo (3.2 _ My -2 3, M \m-1 1 dpo ho \ T3 1§ dpo
a2 D)) (B ) w0+ ) Pt gy

i d _ Afip W dn,
+(z5 — %)ﬁ(ﬂ)z} — 20 (13 — 117) 1 5+ k(25— ) {(m — ul)zéﬁ

de
+71+721d2p0 _ ﬁdﬂdzpo o dhy dpo) }+ Reo{ Uy — ul[ _ @)72—71
AT T Tl o T R v v (dxg xop U "4l T6) "2

(40)

I\ T+ hg \ 3+ ho \p, T+ 1 dh ho \ I~y
+(@3 + ) i+ (25— ) = Go+ P BRI EE + [+ 8) Gy

4 o= = e 2
+(zh— )T — (&~ DI — (o + ) B4
0

32ho | oM} | 3 wp1dhodpy | (% | A

214 5 6 2
3 h zghy zohy  23hgy 1 dpo d*po
Jr[*ZO* > Tt * ]ﬁﬁ%%+[ﬁ+ﬁ+?fﬁfﬁ]

8u? dxo dx3

i hoy hg dhg d
Fl(zo+ 1) — (o + )]stz S0 ()21,
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5. Reynolds Equations and Their Analysis

Based on the above analysis, let us derive the zero- and first-order Reynolds equations.
Integrating the continuity Equation (2) with respect to z from —h(x)/2 to h(x)/2, using
the boundary conditions (7) and (8) as well as changing the order of integration and
differentiation leads to the equation

h/2
4 u(x,z)dz =0, (41)
—h/2

which will lead to the necessary Reynolds equations. Using (14) and the asymptotic
representations of u from (26) and / from (27) and (28) and expanding (41) in « < 1, one
derives the zero-order Reynolds equation

ho/2
d [ uo(xo,20)dzo =0, (42)
 hos2

1

and the first-order Reynolds equation

ho/2 ho/2

dxo{ [ u1e(x0,20)dzo + Z [ uo(x0,20)dzo} = 0. (43)
—hg/2 —ho/2

Substituting the expression for ug from (36) into (42) leads to the zero-order Reynolds
equation which is just the traditional Reynolds equation for a Newtonian fluid

B odpo i\ _
%{mﬁ—ulzuzho}—o. (44)

Similarly, substituting up, u1, and u1, from (36), (40), and (26) into (42), one derives the
first-order Reynolds equation

hy dpy _ utin xo—x; M Ppo | MG dpy _ 3Aup, dpo 2

do Aoy — M xa st T Ty — g ok (2 — )
hg Apphg 1 (—17)% dhy | w+ip 1 d2py MG dpo dZPo ho dhg (dpoy2
ooz (7] + o (2 + PR L — g R TR — e T ()]

Reg [(uz )

(31 +717) B2 4o + u2+11141 g d%po
16agu

15 0dxy " dx

hg dhg dpo 3nj dﬂdzlﬂo hg dhg (dlﬂ 2} =0

uy g dho dpo _ 0 4“1
T3 W dxdvy T T2 dx dd 202 dxo \ dx

which takes into account the presence of polymeric additive in the lubricant.

Now, let us determine the boundary and additional conditions for py and p;. Substi-
tuting the representation for p(x) from (26) in (9) and expanding them in # < 1 leads to
the boundary conditions on pg and p; in the form

po(x;) = po(x,0) = 0, “Pol) o (46)

de

X0

2
p1(xi) = pi(xe) = 0, P00) = —xeldpé)i%m' (47)

Let us introduce dimensionless variables (16) in (10) which will result in the equation

f{p<x> e, ) = )
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Taking into account that « < 1 and that 7,9 = 0 (see (30) and (31)), and taking into
account (14), (24) and (25), and expanding this integral condition in « < 1 and integrating

by parts produces equations
Xe0

f po(Xo)dXo = P, (49)
feopl(xo)dxo =0. (50)

Xi

Now, one can finally formulate the specific boundary value problems for the zero-
order Reynolds equation, i.e., for the given values of R,, 1y, U3, P, and x;, one needs to
solve Equations (44), (46) and (49), and the first equation in (28) for po(xo), ho(x0), heo,
and x,o while for the first-order Reynolds equation for the given values of R,, u7, Uy, P, x;
and main solution pg(xg), ho(xo), heo, and x., one needs to solve Equations (45), (47)
and (50), and the second equation in (28) for py(xo), h1(xp), he1, and x,1. Let us use the
dimensionless variables (16) more convenient for the analysis of hydrodynamic lubrication
problems [29] by assuming that

{alc()/cl} = {xi/ XeQs xel}/ Lx - %/ LZ = hOC/

o o (51)
Uy = B = T -3, -1+
and ! I 1 li 1
{F rf’FfrJr} = ?{Ffrflpfr+}' E' = Pl +i) E,
(52)
Q/ _ 2 Q N/ = 2h0, Ny g2 — P — 92 oo
= Garmhee < T o) VYT Smna ) 10T V2R

Here, 0 is a dimensionless constant dependent on some of the problem input data, a
and c are the dimensionless coordinates of the contact inlet and exit points, respectively,
¢ = cg+acy+ ..., sg is the slide-to-roll ratio, g is the main term of the dimensionless
lubrication film thickness at the exit from the contact, Q is the lubricant volume flux through
the gap between the contact solids, Nj is the additional pressure which in the dimensional
form is given by Ni = Tyyx — T2z, Ffr, and Ffr+ which are the friction forces acting on
the surfaces of the two cylinders, respectively, which in the dimensional form are equal

Xe
to Fr, = [ Tuz(x, £h(x)/2)dx, while E is the loss of energy in the contact, which in the
Xj

Xe h/2
dimensional form is E = f dx f Tyz (%, 2) aug’;'z) dz. In the dimensionless form, these

X —h/2
formulas have the following form (primes are omitted)

co
h
Ffri = W{{ szO(xO/ i@)dxo
(53)
€ ihg(Xo) C1 iho(xo) d
+D€ I[sz]* (XO/ 2 ) + CO_aTxZO('xO/ 2 )] xO} + cec
a
E— 1 Cod ho(x0)/2 auo(xofzo)d
= et %0 [ Teo(xo,20) TR dzg
a —hg(xg)/2
co ho(xo)/Z 54
+a [dxg [ [szo(xorzo)am’“a(z%m o
a —ho(x0)/2

9 , 9 ,
+sz1*(x0/ ZO)%EZO) + COC%HTXZO('XOI ZO)%(;ZO)MZO} +...,



Mathematics 2023, 11, 4679 12 of 25
1/2 1/2
Q(x0) = ho(x0) [ uo(x0,z)dz+af{hi(xo0) [ uo(xo,2)dz
-1/2 -1/2
(55)
1/2
+ho(xo) [ wi(xo,z)dz}+...,
~1/2

Nj = Tex (X, 2) — T22(%, 2) = Texo(X0, 20) + &[Tyx14 (X0, 20) — Toz14(X0,20)] +...,  (56)

he =1+ ahy + ... (57)

Obviously, Q(xg) = const, i.e., it is independent of xj.

In these dimensionless variables, the small parameter € involved in (23) is determined
as follows € = 2 (see (51) and (52)).

By introducing the dimensionless variables from (52), one obtains the following
dimensionless problems for the Reynolds equation of the zero-order

Mg _ g - —0
T dy, = Mo —1, po(a) = po(co) =0,
. (58)
— a2 _ 2 — 2
Yo(ho — 1) = x5 — ¢, [ po(xo)dxo = 677§,
a
and the following dimensionless problem for the Reynolds equation of the first-order
d g1 dpy xo—a B Ppo | mi§dpo _ 3Nwyy dpora Mg cdpoy2
to\Didn ~ MOt g T o dn g2 M0ax 150 T e (3)°]

A Sy dhy 1y B dpodpo g dh (dpoya) | Reg r2s0(5—so) podiy
Ruoplpddxo T podx — 42 dxo dx  4p? dxo \dxg Téaopu 5 0 dxg
1255 g Ppo | 2-sgModhodpo 3G dpo Ppo NG dhy (dp0)21} — (59)

90 u dx% 6 u dxgdxg 140u2 dxg dx% 20u2 dxg \ dxg ’

Iy (x0) = hey + 2L [hg — 1+ 2],

co—a Y0

2
pi(a) = pi(co) =0, —d”;,ﬁgf” = —¢; L2k Zi%c0)~

Equation (58) describe the lubrication process by a Newtonian fluid [13,29] and their
solution has the form

po(x0) = 12u73{K2(x0) — v0K3(x0)}, (60)

where the unknown constants 7y and ¢ satisfy the following system of algebraic equa-
tions [13,29]

Ka(co) — v0K3(co) = 0, u{Ka(co) — v0K3(co)} = 5. (61)

Double integration of the Reynolds equation from (59) with its boundary and addi-
tional condition leads to the solution
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p1(x0) = 12p{373[v0K4(x0) — K3(x0)]her — 2017 (370K4(x0) — 2K3(x0))

9N\
+= P2 [(58% + 36)vaKa(x0) — 75 (553 + 108)Ks(xg) + 10875Ks(x0) — 3675 K7(x0)]

(62)

A
+ 1205 (26073 (55 + 12)Ka (x0) — (55 + 12)15La (x0) + 7273 (La(x0) — Y0Ls(%0))]

Rep 14 +12 2(s3+2 7273
- 16;20 [4%( 1) 73K (x0) + 7(5015 z )Ll(XO) + %'}’OLZ(XO) - T;“’L3(xo)]},

where the unknowns c¢; and h,; are determined from the system of two linear algebraic
equations

912
12 {393 [70Ka(co) — Ks(co)Jher — 2c00173(370Ka (co) — 2K3(co)) + =52 (555

+36)v§Ka(co) — 75 (5s3 + 108)Ks(co) + 10875Ks (co) — 367{K7(co)]

(63)
+12W, 2075 (5§ + 12)Ks3(co) — (55 + 12)15L3(co) + 7275 (La(co) — voLs(co))]
4 12 2(s3+ % 2
_15520 [7':0( SR )fy%K (co) + 7(501}: 2 L (co) + Er0La(co) — B2 La(co)]} =0,
121 {375 [v0Ka(co) — Ka(co)]her — 2coc175(370Ka(co) — 2K3(co))
+2 [(550 +36)7§Ka(co) — 75 (553 + 108)K5(co) + 108v5Ke(co) — 3675 K7 (co)]
(64)
"’12040;4 2073 (53 + 12)K3(co) — (s3 + 12)93Ls(co) + 7273 (La(co) — v0Ls(co))]

4 +12 253+ B) 77—~ 72
— R Rl 2 2 (o) + 2 T (o) + Ev0La(eo) — SR Ls(c)]} =0,

In (60)-(64), the following integrals—Kj (xp), Lx(xp), and Ky (co), Ln(co), n > 1—
are used

X
_ dxg 1 x o a
K@) = | it = Do) g oy

2n—3

mKn—l(x)/ n>1,

CO) fKn X() de = COKn(CO) %Ln(CO), (65)
T 2xgdx 1 1 1
— [ | —
Ln(x) = uf Yohi(xo) — ﬂ{(’yo—c+02-&-x2)”*1 o (7070%4’%2)"71], n>1,
o
Ln(Co) = an(xO)de = ﬁ[anl (Co) — Lﬁ], n> 1.

o (v0—cg+a?)n=1

The solution of the nonlinear system (61) for ¢y and g can be found iteratively using
Newton’s method. To start the iteration process, an initial approximation of the solution
should be chosen according to [13,29].

Therefore, the approach to solution of the problem is first to solve the system (61)
for g and cp and then to solve the linear system (63) and (64) for h,; and c¢;. Having the
values of ¢, he1, co, and ¢; allows to analytically calculate the functions of pressure p(xo)
and gap h(xg) as well as the exit lubrication film thickness h, = 1+ ah,1 + ... and the
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exit coordinate ¢ = ¢y + ac1 + . ... In addition, from Formulas (53)—(56), one can find the
friction forces F Fres the energy loss E in the contact, the lubricant volume flux Q, and the
additional pressure Nj.

Using integrals Kj;, K,, L., and L,,, the problem solution can be calculated analytically.
However, due to the fact that the formulas are sufficiently complex for manual calculations,
it is advisable to use some quadrature formulas (for example, the trapezoid rule) for
calculation of some of the integrals, for example, the integrals for Frrt, E, ete.

6. Examples of Some Specific Lubrication Problem Solutions and Discussion

Now, let us consider some results which can be extracted from the obtained approxi-
mate solutions. It will always be assumed that # = 1. The basic set the following values:
a=-10,R, =0.01m, P =2 x 10* N/m, p = 6 x 1073 N-s/m?, p = 800 kg/ m3, u; =0,
up =10m/s, € = 79/ ~ 0.0008, up =02, A =1, ap = 1, and sy = 2 will be taken. Below,
all figures are presented in the dimensionless variables.

Figure 2 represents the plots of contact pressure in the lubricated contact obtained
for different values of #p and A. For #yp = 1 and A = 2, the pressure distribution is very
close to the one for the corresponding Newtonian fluid (see [13,29]). It is clear from these
graphs that the maximum of the contact pressure tends to increase with the growth in
«g and A, while the size of the contact region tends to decrease due to decrease in ¢ (see
Figure 3). The variations in the contact pressure distribution compared to the corresponding
Newtonian one remain insignificant for small values of the mobility factor & even for a
relatively large lubricant relaxation time A. However, for relatively large values of the
mobility factor ag, the former variations in pressure p(x) and exit coordinate ¢ become
significant. Figure 4 shows the dependence of the exit coordinate c on the lubricant additive
viscosity 1p, which qualitatively (being linear) resembles the dependence of c on A from
Figure 3 which is nonlinear.

For ag = 0, the Giesekus model becomes the convected Maxwell model and the value
of the exit coordinate c tends slightly to increase with increase in both A and y,,.

The dependence of the exit film thickness /. on the lubrication relaxation time A and
lubricant additive viscosity i, is represented in Figures 5 and 6, which show beneficial
(increasing) behavior of k. with increase in &g, A, and pp,. The only difference is in whether
it happens linearly or nonlinearly. A similar behavior of the minimum lubrication film
thickness h,y,j,, is shown in Figures 7 and 8.

—a0=1,k=2,c=0.171 { Y|P
---------------- o, = I,A=5,c=0.168
............. o, =12,A=2,c=0.164
______ o, = 12,A=5,c=0.125

|
\
\
\
\
\
\
\
\

=
—

\
\

T T T T T T T 1
-14 -12 -10 -08 -06 -04 -02 0.0 X 0.2

Figure 2. Plots of contact pressure distributions p(x) for the basic set of input parameters and
different values of ag and A.
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Figure 3. Plots of the dependence of the relative lubricated contact exit coordinate c/cg versus A for

different values of .
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Figure 4. Plots of the dependence of the relative lubricated contact exit coordinate c/cq versus y,, for
different values of .
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Figure 5. Plots of the dependence of the exit lubrication film thickness k. versus A for different values

of wg.
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Figure 6. Plots of the dependence of the exit lubrication film thickness k. versus p,, for different

values of ag.
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Figure 7. Plots of the dependence of the minimum lubrication film thickness h,,;, versus A for
different values of .
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Figure 8. Plots of the dependence of the minimum lubrication film thickness h,,;, versus yu, for
different values of .

As it is clear from Figures 9 and 10, depending on the value of the mobility factor
g, the friction force F; may display an increasing or decreasing behavior with A and
Hp- Specifically, for smaller values of «g, the friction force F, decreases with A and y,,
while for larger values of «, the friction force F; monotonically increases with A and .
A similar behavior exhibits the energy loss in the contact E presented in Figure 11. The fact
that the exit lubrication film thickness /. always is greater than in the corresponding case
of a Newtonian fluid and that one can pick the mobility factor ay value for which the
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friction force Fy and energy loss E are just a bit higher than in the case of a Newtonian
liquid provides an opportunity to optimize the lubricant design to increase lubrication
film thickness and, at the same time, to practically not increase the frictional and energy
losses. For example, for ap = 1 and A = 3, it is possible to achieve an increase in the
minimum lubrication film thickness h,,;, by about 2% while the friction F and energy E
losses would increase by about only 1% compared to the lubricant with the corresponding
Newtonian rheology.

5.657
F10°
5.601
5.551

5.501

5.45-

540_ T T 1
0 1 2 A 3

—— 0ty = 0.0001 werree a,=1===-0,=3

——ay=6 ——a =12

Figure 9. Plots of the friction force F versus A for different values of ag.

5.507

//

E10° ~

5.48-

5.461

5.44 ' 1 1 ' .
0 0.1 02 03 04405
— 0, =0.0001 -eeereeen o, = ] =———- o, = 3

—-—--oc0=6—— oco=12

Figure 10. Plots of the friction force F versus y, for different values of .
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Figure 11. Plots of the contact energy loss E versus A for different values of «g.

The behavior of the lubricant flux Q as a function of the lubricant relaxation time A
and lubricant additive viscosity i, are depicted in Figures 12 and 13, and its behavior
resembles the behavior of the exit film thickness &, from Figures 5 and 6.

Some graphs of the additional pressure distribution N versus x for z = 0 are presented
in Figures 14 and 15. In a sense, the behavior of Nj(x,0) resembles the behavior of p(x)
from Figure 2.

1.020-
Q
1.015-

1.010

1.005+

1- T T 1
0 1 2 A 3

— o, = 0.0001 =eeeeren 0,=0.5 ===-0,=1

Figure 12. Plots of the lubricant volume flux Q versus A for different values of «g.
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Figure 13. Plots of the lubricant volume flux Q versus i, for different values of ag.
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Figure 14. The plots Nj is constructed at z = 0 and A = 1 for different values of «g.
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Figure 15. The plots Nj is constructed at z = 0 and A = 3 for different values of ag.

7. One Problem Generalization

In the above analysis, a lubrication problem for two parallel cylinders of the same
radius has been considered. Now, let us briefly consider the generalization of this problem
on the case of two parallel cylinders with different radii R; and Ry. Then, in the same
coordinate system as before, all equations of the problem formulation remain the same as
before except for the boundary conditions for the lubricant velocity components, which
now look as follows

u(x,—Hl(x)) =uy, ”(xr HZ(X)) = Uy, (66)

w(x, —Hy (x)) = ) op(x, Hy(x)) = w522 (67)
and the equilibrium condition
Xe

JIp(x) — Tz (x, Ho(x))]dx = P, (68)
Xi

where z = —Hj(x) and z = H(x) are the cylinder surfaces which are represented by

equations

2_ .2
e

H(x) =% + 55%,i = 1,2, h(x) = Hi(x) + Ha(x),

(69)
Hi(x) = hiQ(XO) +Dchi1(X0) +...,i=1,2, he =hopg+ahnq+...,

2_,2
ho(x0) = hio(x0) + oo (x0) = hep + 2L,
(70)
hi(xo) = h1(x0) + ha1(x0) = her + %[w — Xe0),

Xe0 —Xi
where R, is the effective radius of the cylinders, 1/R, =1/R; +1/R;,.
The analysis of the system of these equations is conducted for « < 1 in the manner
similar to the one used above, but in (13), the variable z remained intact. The assumptions
(11) and (23) regarding « and A remain the same. Then, using the same dimensionless
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variables as in (16) and asymptotic representations of solution components in which terms
proportional to i are omitted, one obtains Equations (29)—(32), in which terms proportional
to 1y are omitted. To derive the expressions for ug, wp, and 11, one needs to use asymptotic
boundary conditions (34) and (35) following from (66) and (67), in which I (XO) on the lower
and upper surfaces should be replaced by h11(xo) and hy1(xg), respectfully

After that, the expressions for 1y, wp, and u1 have the form

ug(xo,z) = (Whlofl;ﬂhzo) + (7 Uul)z + (z—hy)(z+ hlo)%zig, (71)
h 1) (z—h1g—2h
wo(¥0,2) = —un G (77 — 73) S G (77 — i7y) EH) =Bl
dh d
+((z 4 h10) (2 = h1g — 2120) o2 — (2 + o) 222 ) 5 722 (72)

+(z + h19)*(z — h1o — 2’120)(%7%0,

d
11(%0,2) = X1 (2 2k (o — 2) P8 + (g +2) 2] o 42

+[(z = hao)h11 — ha1(z + hlo)]ziy% + (2 — 1) xe1 é;:f]_xi) [(z — o)

7)(,') dxo

d — —_
+(hyo + Z)m],%% + (z = hy0)(z + h1p) % Jor — (i1 — 1) (2l + haghag — hllhzo),%%

dXO

A2y dpo pa/e o
—TMTZE{?’WZ—M1)2(Z—h21)(2+h11)2173+(M2—M1)(Z—hz1)(z+h11)(z

Iy —h d 12, +h3 d
L) o e+ (2 = o) (2 ) (2 = hag + o+ ) 1 (387

1dpo _ g dpo d*po
Bodx  4p*dxo dx3

A
+ 7 (2 — o) (2 + o) { (312 — ul)zhl3 o+ min
d o o
— s 0 () + e (2 = hao) (2 + o) { — (712 — 101) gy | (12 = 71) [Bhg
+3(z + hao) i + 2% + haoz + W3o] + durho(z + 2hng + hao)| 7 (73)

+[—(z+2h10+ hzo)TLT + %(ul )[3}1%0 +3(z + hyg)h1g + z2 4 zhpo + h%o]

— (11 — 1) (2h3 + 2(z + hoo ) o + 2% + 3y ) (z + 2h10 + hzo)%] %7;%

—1uq (Z -+ 2]’110 + hzo) §vr] dﬁ di [42 —+ 4(5h10 —+ h20 — 3h0)Z + (40}1%0

+4(5hy — 12h9) hyg + 4h3, — 12haghg + 15h3)z>
+(40K3, + 8(5hog — Oho)h3,) + (45h3 — 48haghg + 20h3)h1g + 4h3, — 1213 hg

+15h3ha0)z + 20k, + 8(—6hq + Shag )13, + (45h3 — 72haghg + 40h3,)h3,

dpg d?
+ (453 hp0 — 48h3ho + 203 ) h1g + 4h3, — 1213 ho + 15k3,h3] £ 440#2 dﬁg 5 ;’0

d
+[313, + 3(z + g ) 1o + 2% + haoz + 13 9222 ()2}

de
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The Reynolds equations of the first and second order are derived from the equation (for
comparison, see (41))
Hy
4 [ u(x,z)dz =0. (74)
7H1
Using the obtained asymptotic solution representations, one derives the zero-order Reynolds
equation

hyo
& hf ug(xo,z)dz =0, (75)
—"10

and the first-order Reynolds equation

hag
o [ w(xo,2)dz + ity + hoyiig} = 0. (76)

—hip

Substitution of the expressions for 1y and 11 from (71) and (73) into (75) and (76) leads
to precisely the same Reynolds Equations (44) and (45) with boundaries (46) and (47) and
additional conditions (49) and (50) derived for the case of cylinders of the same radius R;
however, in this case, 1/R, = 1/R; + 1/R,. The rest of the analysis is identical with the
one conducted above for the case of cylinders of the same radius R.

Formulas for the friction forces Ff,. and energy loss E obviously become transformed
to the following ones

Xe
Fpy_ :!sz(x,—Hl(x))dx,

Firy = [ Tez(x, Ha(x))dx, (77)
X

_ e H ou(x,z)
E=[dx [ Tu(xz)=5dz.

Z
X;i —Hl

8. Conclusions

This study is concerned with the new asymptotic solution of the steady hydrodynamic
problem of lubrication of two rigid cylinders rolling and sliding over each other and then
being separated from each other by a non-Newtonian fluid described by the Geisekus
rheology. The problem is considered in the case when the lubricant mobility factor «,
lubricant relaxation time A1, and characteristic dimensionless gap € are of the same order of
magnitude. Using the modification of the regular perturbation method, it was possible to
simplify the original rheological equation of the Giesekus model and to obtain the first two
Reynolds equations for determining the main and first terms of the asymptotic expansion
of contact pressure with respect to small mobility factor a. The solutions of these equations
are obtained analytically. Using these solutions, the coordinate of the exit point from
the contact and the exit lubrication film thickness were determined. After that, it was
numerically investigated the influence of the problem input parameters on contact pressure,
lubrication film thickness, lubricant flux, friction force, contact energy loss, etc. For & = 0,
the Giesekus rheology turns into the convected Maxwell one. Graphs show that as the
mobility factor & increases, the problem characteristics significantly deviate from the ones
for the convected Maxwell case. Also, the solution demonstrates a significant dependence
on the lubricant relaxation time. Therefore, the conclusion can be drawn that neglecting to
take into account the lubricant mobility factor and lubricant relaxation time can lead to a
significantly distorted picture of what is going on in a lubricated contact. The relatively
simple solution obtained in the study would allow us to take into account the details of a
complex rheology of lubricating oils.
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