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1. Introduction

The calculation and estimate of geometric quantities (e.g., volume, diameter, and
curvature tensor [1]) play essential roles in the study of Riemannian geometry. It is also
important and interesting to study the uniform properties of these geometric quantities
under a family of Riemannian metric g(¢) with ¢t € [0, T) for some T € (0, +c0]. One of the
most famous examples is Ricci flow

9gij
ot

(X, t) = —2R1-]-(x, i’), (1)

introduced by Hamilton [2]. It is a nonlinear weakly parabolic equation along which the
Riemannian metric is evolved, and is a powerful theoretic tool to research geometric prob-
lems such as the Poincaré conjecture (see Perelman [3-5]). Up to now, we understand the x
non-collapsing property proved by Perelman [3], the improved non-collapsing property
of Ricci flow proved by Jian [6], the x non-inflated property proved by Zhang [7] (see also
Chen-Wang [8]), and the uniform (logarithmic) Sobolev inequality along the Ricci flow
proved by Zhang [9] and Ye [10]. It was also proved by Perelman that the diameter is
uniformly bounded along the (normalized) Kdhler-Ricci flow, which is the Ricci flow with
the Kéhler metric as its initial metric on Fano manifolds (see Sesum-Tian [11]). Recently,
Jian-Song [12] proved that if the canonical line bundle Kj; of the Kédhler manifold M is
semi-ample, then the diameter is uniformly bounded for long-time solutions of the normal-
ized Kéhler-Ricci flow (see Jian-Song-Tian [13] for the most recent results in this direction).
In [14], the author demonstrated a lower bound for the diameter along the Ricci flow with
nonzero H'(M",R). For the Ricci flow (1) on a compact Riemannian manifold M with
dimg M = n, Topping [15] showed that there is a uniform constant C = C(go, T) such
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diam(M, (1)) < C [ |RI'Z dp(t),

where R denotes the scalar curvature of the Levi-Civita connection of ¢(t). More details
40/). about the constant C can be found in [15]. Recently, Zhang [16] proved that the upper
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bound for the diameter of (M, g(t)) on compact Riemannian manifolds depends only on

the LT norm of the scalar curvature of g, the volume and the Sobolev constants (see [16]).
Zhang [16] also deduced the lower bound for the diameter of (M, ¢(t)), which depends
only on the time f, the initial metric, and the L* norm of the scalar curvature (see more
details in Remark 1 and Theorem 1).

Motivated by [15,16], we investigate the geometric flow

agij
ot

(x,t) = =28i(x,1), ¥ (x,t) € Mx[0,T), 2)

where T € (0, +co] and g(0) = g is a Riemannian metric. Here, S;;(x,t)’s denote the
components of a symmetric 2-tensor S. We deduce the bound of the diameter of a compact
manifold (M, g(t)) with dimg M = n(n > 3) and a family of Riemannian metrics g(t)
satisfying the geometric flow (2) under certain assumptions. For later use, we need to
define a tensor quantity D; associated to the tensor S (see [17], Definition 1.3).

Definition 1. Let g(t) be a family of smooth Riemannian metrics satisfying the geometry flow (2)
on M x [0, T). Then, we define

=95
©oot
+ 4(VZSZ‘]‘)X] — ZXIVZ'S + 2Rl‘]‘X1X] — 2SinlX], VX e %(M),

Dy(S, X) — AynS —2IS 2 ®)

noo
where S = Y ¢"(t)S;;(t). Here, V and R;; denote the Levi-Civita connection and the Ricci
ij=1
curvature, respectively, of the Riemannian metric g(t).
If
Dy(S,X) >0, VXeX(M)

on [0, T), then we say that Dy (S, -) is non-negative.

Remark 1. In fact, the quantity D, is the difference between two differential Harnack-type quan-
tities for the symmetric tensor S [17]. Hence, the non-negativity of Dy is equivalent to the corre-
sponding differential Harnack-type inequality for the tensor S under the geometric flow.

We note that, if D,(S, -) and (Ric — S) are non-negative, then there also hold a x non-
collapsing property, the so-called x non-inflated property, and the uniform (logarithmic)
Sobolev inequality along the geometric flow (2) (see [17-23] and the references therein).
Thanks to [24,25], the many properties of the heat kernel also hold along the geometric
flow (2) under the same assumptions, similar to those of the heat kernel along the Ricci
flow (1). Given these preliminaries, we can consider the diameter estimate along the
geometric flow (2).

Let g(t) be a family of smooth Riemannian metrics satisfying the geometry flow (2) on
M x [0, T). Then, we use the notations

dp(t) :=the volume element of ¢(t), and sometimes we also write dy(g(x,t))

to emphasize the space variants,

Vol ) (M) :=the volume of M with respect to g(t),
(p,q,t) :=the distance between p and g with respect to g(t),
B(p,r,t) :=the geodesic ball with center p and radius r with respect to g(t),
Volg) (B(p,7,t)) :=the volume of B(p, r, t) with respect to g(#).

Moreover, we will write the trace S as S; or S(x, t) to emphasize the time(-space)
variant(s). Now, we state our main theorem.
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Theorem 1. Let ¢(t) be a family of smooth Riemannian metrics satisfying (2) on M x [0, T) with
dimg M = n(> 3). Assume that Dy (S, -) defined in (3) and (Ric — S) are non-negative. For the
upper bound on the diameter of (M, (t)), we have

diam(M, g(t)) < C(Volg(t)(M) +1+ /M(Sf) nzldy(t)), 4)

where C denotes a constant depending only on n, A and B defined in (8). Here, S, = max{0, S;}.
For the lower bound on the diameter of (M, g(t)), we have either diam(M, g(t)) > /t or

diam(M, g(t)) >cpen (-8t =BHIST(0) ] =[5 I18(5) s )

1
2

<1+ 215, 0lle] Vol ().

==

Here, S~ (x,t) = min{0, S(x,t)} and c, are constants depending only on n. The constants
« and B are positive constants which depend only on the infimum of the F functional defined by (7)
for (M, go) and the Sobolev constant of (M, go). Furthermore, if S(-,0) > 0, then we have & = 0,
which implies

By

diam(M, g(t)) Zcpe—ne 5 Jo I15C9)lsds (vol, (M) ©6)

Remark 2. Our theorem will reduce to Zhang’s result [16] for the Ricci flow totally if the symmetric
2-tensor S is the Ricci curvature of g(t).

Remark 3. Our theorem can also be applied to the following geometric flows except for the Ricci flow.
The geometric and physical meanings of these geometric flows and more details of the calculation of
(Ric — §) and Dy(S, -) can be found in [17,21,26].

i. List-Ricci flow (see List [27]).

agl]
ot

]
) =(Bgte) (3 )

(x, t) = - 2Rl-j(x, f) +4(d¢ ® d(P)(x, t),

with ¢ € C®°(M x R, R). In this case, it follows that
Ric — S = 2dp ® dg > 0

and
Dy (S, X) = 4|Ap — Vx¢|* > 0.

ii. Harmonic-Ricci flow (see Miiller [28]).

%(9@ t) = —2R;i(x,t) + 2a(t) (Vi @ V) (x, t),

)
1) = (g9 (1.0,
where M and N are compact manifolds with the Riemannian metrics g(-,t) and h, respectively,

$( ) - (M g(+,1) — (N, h)

are a family of smooth maps, Te1p is the intrinsic Laplacian of ¢, and «(t) is a smooth, positive
and non-increasing function defined on R. In this case, there holds

Ric— S = adp @ dy >0
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and
Dy(S, X) = 20|59 — Vx| — &|Vy[* > 0.

See Tadano [29] for a lower bound of the diameter for shrinking the Ricci-harmonic soliton.

iii. Lorentzian mean curvature flow (see Holder [30] and Miiller [17]). Let M be a compact space-
like hyper-surface with dimg M = n in an ambient Lorentzian manifold L with dimg L =
n-+1, and let

F:M—L

denote a smooth immersion from M into L. We denote by
F(-, t): M" — L1
a family of smooth immersions with F(-,0) = Fy(-) and

S p ) =Hp, Ovlp, 1), ¥ (p 1) Mx[0,T),

where v(p, t) and H(p, t) are the future-oriented, time-like normal vector and the mean curva-
ture of the hyper-surface My = F(M", t) at the point F(p, t), respectively. It follows that

agij
5 = 2HA;;,

where A = (Aj;) denotes the second fundamental form on M. In this setup, one has

Sij=—HA;, S=-H

ijs

Mark the curvature tensor of L with a bar. If L has non-negative sectional curvature, then one
can deduce that

Dy(S, X) =2Ric(Hv — X, Hv — X) + 2(Rm(X,v)v, X) +2|VH — A(X,-)|> > 0
and that
Ric(X, X) — S(X, X) =Ric(X, X) + (Rm(X,v)v,X) + X' Ay A, X >0, VX e X(M).

2. Proof of Main Theorem

We need some preliminaries in order to prove Theorem 1. Let (M, g) be a compact
Riemannian manifold with dimg M = n and the Riemannian metric g. Then, fixing a
smooth function S € C*(M, R), we can define the F entropy by

Flgh) = /M(s +|VH2)ehdp, ¥heCT(MR) with /Me’hdy 1, @

where dy is the volume element of the Riemannian metric g. When we take S to be the
scalar curvature R of the Levi-Civita connection of the Riemannian metric g,, the F entropy
defined in (7) is exactly the one defined by Perelman [3].

Letv = e’%. Then, we have
_ T _ 2 2 29
F(g h)=F(gv) = /M(4|Vv|g+Sv )dy, /Mv du=1.
We define
4M0(g) :—inf{]:*(g,v) : v € CY(M,R), / vzd‘u = 1}
M

:jnf{f(g,h) : he C®(M,R), /M ey = 1}.
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It follows from the standard theory partial differential equations that 4A4(g) is the first
eigenvalue of the operator —4A, + S. Let ug € C*(M, R) be a first positive eigenfunction
of the operator —4A, + S with

74Agu0 + Sug = 4/\0(g)u0.
Then, hy = —21log u satisfies

4Mo(g) = F (g ho)

with
—ZAgho + |Vho|§ —-5= —4/\0(g).

Lemma 1 (Part of Lemma 3.1 in [21]). Let g(x,t) be a family of Riemannian metrics along the
geometric flow (2) on M x [0, T) and let h(x, t) be a positive solution to the backward heat equation

9
ah(x, t) = —Ag(nh + |Vh|§(xlt) —S(x, t).

Then, we have

dF 2 —h
WZ/M (2|hij+sij| +Dz(8,vh>>e dp(t)

where Dy (S, Vh) is defined by (3).
In particular, the F entropy is non-decreasing in t if Dp(S, -) is non-negative for all t € [0, T),
from which we can obtain that Ay(g(t)) is non-decreasing of t.

Now, we can state the uniform Sobolev inequality along the geometric flow (2).

Lemma 2 (Theorem 1.5 in [21]). Let g(t) be a family of smooth Riemannian metrics satisfying (2)
on M x [0,T) and assume that Dy(S,-) defined in (3) is non-negative. Then, for each u €
W12(M, g(t)), there holds

n-2

(/M |u|nzn2d‘u(t)>n < A/M (41Vul )+ S ) dp(t) +B/M 2du(t), 8

where A and B are positive constants which depend only on M, g(0),n,t,S(-,0) and the Sobolev
constant of (M, g(0)). In particular, if Ag(g(0)) > 0, then B = 0 and A are independent of t.

The second ingredient of the proof can be considered as a quantified version of the
non-collapsing theorem along the geometric flow (2) (see also Theorem 1.6 in [21]).

Lemma 3. Let g(t) be a family of smooth Riemannian metrics satisfying (2) on M x [0, T), and
assume that Dy (S, -) defined in (3) is non-negative. Then, it yields that

n2 -z
Vol (B(x,7,1)) >4~ (64A +4AMy(x,t, S, 1) + 4Br2) e, )
where A and B are the constants in (8) and Ma(x,t,S;7,r) is defined by (12).
Proof. Motivated by [31], define

[ r=(xyt), yeBxrt),
uly) = { 0, otherwise.

Substituting this u into (8), we obtain
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/M4|Vu|§(t)dy(t) —4Voly(y) (B(x, 1,1)),
2du(t) <r? Stdu(t
@&uum_p@mwtym

72

S du(t
Volg 4 (B(x,1,t)) /B(x,r,t) ¢ du(t)
<Ma(x,t,8;,7)Volg() (B(x,1,t)),

:Volg(t) (B(X, 7, f))

where My (x, ¢, S;r ,1) is a maximal type function defined by (see [15,16])

2
Mo (x,t,55,7) = su P / Srdu(t).
2( t ) 0<p2r VOlg(t)(B(X, 0, t)) B(xp,t) t ]/l( )

Note that
/B(x,p/t) M2d]’l(t) < rZVOIg(t) (B(x, 0, t))

Since u > 1L 5 on B(x, 2, t), from (8) and the Holder inequality, we can deduce
r2 1 r
7 Vol [B(x 3.1)
< 2du(t
- /B(x,r,t) " #< )
% 2n %
< (Voly(r (B(x,7,1))) (/B(xrt) unZ>
2
n 2 2 2
S(Volg(t)(B(x,r,t))) (A ./M(4\w|g(t) + Su?)du(t) +B/Mu dy(t)).

Substituting (10), (11) and (13) into (14) yields

n+2

(4A + AMy(x,t, S, 7) + Brz) (Volg(t) (B(x,7, t))) > §Volg(t) [B (x, % t)}

ie.,

n

Volg(t) (B(x,1,1)) ZrnzTnz (Volg(t) [B (x, %, tﬂ ) e

(16A +4AM,(x, 1, S, 7) + 4Br2)

—__n_
n+2

(10)

(11)

(12)

(13)

(14)

(15)

Note that, for any s € (0, r|, Equation (15) still holds by replacing r with s. Since

Mz(x, t, S:F,S) < Mz(x, t, S;r,r)/ s2 < 1,2,

we arrive at

Vol (B(x,5,1) = (Yol [B(x, 5,1)] ) s

[16A+4AM2 xS, )+4Bsz]

> (Volg(t) [B (x, -, t) } ) msn%

164+ 4AMj(x,1, SF,7) + 4B

__n_
n+2

__n_
n+2

Iterating (16) withs =, 5,- -, 57 for positive integers k gives

(16)
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Vol (B(x,7,1)) >4 ASIED) (Voly(r [ B(x, {rk ]) = (17)

-17.
{r2{16A +4AM(x, 1, S, 1) + 4Br2} ] l
Letting k — oo in (17) implies (9). O
We set

d(t) := the diameter of M with respect to the Riemannian metric g ()

V(t) := the volume of M with respect to the Riemannian metric g(t)

for t € (0, T]. For any x € M, we write

Also set

7’2 n
Ko i= min{44 (24A +4Br?)~%, % }

where w;, denotes the volume of the unit ball in R”. Now, we give the lower bound of
Mz(x, t, S;r, 7’).

Lemma 4. Let g(t) be a family of smooth Riemannian metrics satisfying (2) on M x [0, T) and

assume that Dy (S, -) defined in (3) is non-negative. If r < @ and x < g, then we have

My(x,t,S5,r) > 2. (18)
In particular, if d(t) > 2 and r < 1, then kg can be taken as
n2
T

‘o i mm{4— (244 + 4B)~ %, “;} (19)

Proof. From (9), we have
16A +4AMy(x,t,S;,7) + 4Br2 > 4 Fx i (20)

This means, for r < @,

437 —4Br2 — 16A
4A :

My(x,t,Sf,r) > (21)

Finally, Equation (18) follows from the definition of g and ¥ < xg. O
Based on the preliminaries as above, we can prove Theorem 1.

Proof of Theorem 1. For the upper bound of the diameter, let

N:—max{neN:ngdS)}.

We choose two points a,b € M with (a, b, t) = d(t). Denote by y a minimal geodesic
connecting 2 and b. Choose p € 7 such that

(0 p.1)=(p by =22,
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We claim that, if

d(t) = me, (22)
Ko

then, for at least N many positive integers ijin {1,2,---,2N}, we have
’VOlg(t)(B(p, 1], i’)) — VOlg(t)(B(p, 1] — 1, t))’ S K04in, ] = 1,- N ,N.

Indeed, if the claim is not right, then there exist at least (N + 1) integers k; in
{1, 2,---,2N} such that

‘Volg(t)(B(p, k], ) — VOlg(t)(B(p,k]' -1, t))‘ < xod™", j=1,---,N+1,
which implies
2N
d(t)KO4—n—2 < (N+ 1)1(04_” < Z‘VO]‘g(t)(B(p’ i, t)) — VOlg(t)(B(p,i -1, i’)) < V(t).
i=1

We can conclude that

which contradicts (22).
From now on, without loss of generality, assume that d(t) > 2 and (22) hold. We pick
N integers iy, iy, - - - , iy with

{11/ 12/ /ZN} C {]-/ 2/ IZN}

and satisfying
’Volg(t)(B(p, it 1)) — Voly( (B(p, ik — 1,t))‘ <4, k=1,---,N. (23)

Fori € {i1, ip,--- ,in}, we set 9; := v N [B(p,i,t) \ B(p,i —1,t)], and the middle
point of y; is denoted by p;. Then, there holds

1 . .
B(pi3t) < B0\ Blpi=1,0),
which implies that, for any x € B ( Pi, }I' t) , we have

B(x, i,t) c B(pi, ;t) C [B(p,i,) \ B(p,i—1,8)]. (24)

Combining (23) and (24), we derive

Vol (B(x,1/4,1))
8(t) <
(1/4)71 < Kp. (25)
Note that
Vol,» (B(x,p0,t
h{% Olg(t) (pn(x 1) _ o > 20, 26)
4

where we use the definition of x( in (19). From (25) and (26), there exists a positive number
s =s(x) € (0, 1/4] such that
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Volg(n (B(x,5(x), 1) _ (27)
ST '
and for 0 < p <s(x),
Volg () (B(x, 0, 1)) 0 (28)
0" -

From (18) and (27), we arrive at
My(x,t, 5, s(x)) > 2,
which implies that there exists s1(x) € (0, s(x)] such that

[s1(x)]?
VOlg(t) (B(x,s1(x),t))

From (28), we also have

SHdu(t) > 1. 29
/B<x,s1<x>,t> ru(t) = @)

VOlg(t) (B(x, 51 (x)r t))
[51(x)]"

> Ko. (30)

Denote by ¢ the disjoint curves
1
U Yi ﬂ B Pi, Er t .
i=iy,,iN
. d(t)
Since N > —*, we know that

d(t
lengthg(t)((f) > 1<76)

A family of balls {B(x,s1(x),t) : x € 0} covers 0. By Lemma 5.2 in [15], there exist
a sequence of points {x; : £ =1,2,---} C o such that each of the balls B(x,,s(x;),t) is
disjoint from each other and these balls cover at least % of 0. Therefore, we can deduce

d(t) < l6length, ;) (0) <96)_ Is1(x¢)]. (31)
l

By (29) and the Holder inequality, we obtain

VOlg(t) (B(XZ, 51 (xé)l t))
[51(x¢)]?

</ SHdu(t
= Jagrsin Tt Q

2
n—1 n—1
< +) 2 e
(L D an(0) ™ Vol By s ), 0)]

w

)

which, combining (30), leads to

Vol (1) (B(x¢,51(x¢), 1)) 1
8(t) %3
Kos1 (x7) < RO < /B R o Ok (32)

Thanks to (31) and (32), we obtain

d(t) < 96x; ! /M(St*)%dy(t).
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This inequality implies the desired upper bound (4) together with the assumptions
d(t) > 2 and (22).

For the lower bound for the diameter of (M, g()), denote by G(p,s; x,t) (0 <s < t)
the fundamental solution to the conjugate heat equation

0sf(p,s) + Dg(ps)f(p.5) —S(p,s)f(p,s) =0,

where G(p, s; x, t) is seen as a function of (p, s).
From Lemma 6.5 in [21], we know that

pxt

G(p,s;x, t) > (tll(st))ﬁ s e_Ff FS(ZU)dU @)

where c¢; depends only on n. Here,
J(t) = exp[—at — B+t inf S™(y,0)], (34)
yeM

where & and B are positive constants which depend only on the infimum of the F functional
for (M, go) and the Sobolev constant of (M, go). Furthermore, if S(-,0) > 0, then we have
« = 0. From (33), we can deduce

(eJ(®) R S 0) fedo (35)

G(p,s;x,t) > (t—s) = e~

N\E

Fix a time ty > 0 and a point xp € M. Denote by r the diameter of (M, g(tp)). Without
loss of generality, we assume r < +/fg. Choosing p = xq, t = ty, s = tg — 1 in (35), for any
x € M, we have (xg, x,t9) < r and arrive at

G(X(), to *rz’- X, tO) > Cl]rit ) —1-— f IIS(- U)dey‘ (36)

From (3.20) in [21], we know that

1

1S () leo < i ——
ERCUI

(37)

It follows from the adjoint property of the fundamental solution (see [32]) that, for
fixed p and s, G(p, s; x, t) is a function of (x,t), and is the fundamental solution of the
heat equation

o:G(p,s;x,t) — Ag(x,t)G(p/S; x,t) =0.

This yields that

%/ G(p,s;x, t)du(g(x,t))

7/ A xt)G(p,s x, t)du(g(x, t)) MS x, )G(p,s;x, t)du(g(x,t))

<[ (Dl [ Glpisix Hdn(g( ),

which, combining (37), yields

n

2 _ 2
[, G5 ndntsx,0) < [14 215 C,0llet )] @)

It follows from (36) and (38) that
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References

ﬂ

<||s |oo+1) (39)
/ (xo,to — 1%y, to)du(8(y, to))
J

> G(xo,to — %y, to)dp(g(y, to))
(xo.y,t0) <
zcl]r&e‘l‘foto ”5("”)”""0‘”/ du(8(y, to))-
(o ko) <r

Noting that r = diam (M, g(tp)), we know

/<xoxto> dp(8(x o)) = Volg(zy) (M). (40)

In addition, we have

d
37 Vole(n (M) = — /MS(xrf)dﬂ(g(x, t)) = —[IS(, t)[leo VOlg(y (M),
which implies

Vol (1) (M) > e~ o Ist Dlledtyrolg, (M). (41)

Combining (39)—(41) leads to

n

2
1+ i|5_(-,0)|wr2} "> cl](to)e—l—zf(fo HS(VS)HWdSVolgO(M). (42)
Since r = diam(M, g(tp)) and r < /o, by assumption, we can obtain

diam (M, g(to)) >coen [o—F—tolIS™C.0)lls] 2 [10|15(-,5) |oodls

[1+2t°||s (,0)lle| Vol (M)]

1
n

If S(-,0) > 0, then we have « = 0 and S~ (+,0) = 0, which implies that

dlam(M,g(to)) >cpe” ne nfOtO IIS(-, des[VOl ( )]11

Since fy is arbitrary, we can deduce (5) and (6). O
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