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1. Introduction

Let F := K[x1,xp,...,xy]| be a polynomial ring over a field K with standard grading,
that is, deg(x;) = 1, for all i. Let M be a finitely generated graded F -module. Suppose that
M admits the following minimal free resolution:

0 — @F(_]')ﬂp,j(M) s @F(_j)ﬁp—l,j(M) e @F(_]')ﬁo,j(M) v M — 0.
JEZ JEZ JEZ

The projective dimension of M is defined as pdim(M) = max{i : B; (M) # 0}. The depth
of M is defined to be the common length of all maximal M-sequences in the unique graded
maximal ideal (x1,x2,...,%,). Let M be a finitely generated Z"-graded F -module. For
a homogeneous element u € M and a subset A C {x1,x,...,x,}, uK[A] denotes the
K-subspace of M generated by all homogeneous elements of the form uv, where v is a
monomial in K[A]. The K-subspace, uK[A], is called a Stanley space of dimension | A| if it
is a free K[A]-module, where |A| denotes the number of indeterminates in A. A Stanley
decomposition D of M is a presentation of the K-vector space M as a finite direct sum of
Stanley spaces:

S
D:M= @aiK[Ai].
i=1
The Stanley depth of decomposition D is defined as sdepth(D) = min{|A;| :i =1,2,...,s}.
The Stanley depth of M is defined as
sdepth(M) = max{sdepth(D) : D is a Stanley decomposition of M}.

Stanley conjectured in [1] that sdepth (M) > depth (M); this conjecture was later disproved
by Duval et al. [2] in 2016. However, it is still important to prove Stanley’s inequality for
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some special classes of ideals. Herzog et al. gave a method in [3] to compute the Stanley
depth of modules of the form I/], where | C I are monomial ideals. But in general, it is
still too hard to compute Stanley depth even using their method. For further details, we
refer the reader to [4-6].

Let G = (V(G),E(G)) be a graph, where V(G) = {x1,x2,...,x,} is the vertex set
and E(G) is the edge set of graph G. All graphs considered in this paper are simple and
undirected. The edge ideal I(G) of the graph G is the ideal generated by all monomials
of the form x;x; such that {x;, x;} € E(G). In the last decade, the study of edge ideals has
gained considerable attention. Various findings on these ideals have demonstrated how
combinatorial and algebraic aspects interact; see, for instance, [7,8]. The algebraic invariant
depth, Stanley depth, and projective dimension have significant importance in the field of
commutative algebra. Establishing the relationship of these invariants with other invariants
of commutative algebra and invariants of graph theory are current trends in research.

In general, the invariant depth, Stanley depth, and projective dimension are hard to
compute. There are very few classes of ideals for which the formulae of these invariants
are known; see, for instance, [4,9,10]. We prove that when we consider the r-fold graph of a
ladder graph, circular ladder graph, some king’s graphs, and some circular king’s graphs,
then the value of depth, Stanley depth, and projective dimension of the quotients rings of the
edge ideals of these graphs are functions of . We also prove that Stanley’s inequality also
holds for these quotient rings. Furthermore, our results give strong motivation for further
studies in this direction. For our main results, see Theorem 3, Corollary 4, Theorem 4,
Theorem 6, Corollary 4, and Theorem 7.

2. Preliminaries

In this section, we will recall some definitions and notations from graph theory. For
terminology and definitions from graph theory, we refer the reader to [11-14]. Some
known results related to depth and Stanley depth are also given in this section. If I is a
monomial ideal then G(I) denotes its unique minimal set of monomial generators. If u
is a monomial of /-, then supp(u) := {x; : x;|u}, and for a monomial ideal I, we define
supp(I) := {x; : x;|u, for some u € G(I)}. The degree of a vertex x; denoted by deg(x;)
is the number of edges that are incident to x;. Let v > 1, a path of length v — 1, denoted
by P,, be a graph with V(P,) = {x1,x2,..., %} and E(Py) = {{x;, x;41} : 1 < i < v} (if
v =1, then E(P;) = @). Let v > 3, a cycle of length v denoted by C,, be a graph with
V(Cy) = {x1,x2,...,xp} and E(Cy) = {{xj, xi31} : 1 <i < v}U{{x1,x0}}. A graphis
said to be a tree if it is acyclic. A vertex x; is called a pendant vertex if deg(x;) = 1. Forr > 2,
an r-star denoted by S, is a tree with (r — 1) leaves and a single vertex with degree r — 1. A
caterpillar is a tree in which the removal of all pendants leaves a path.

Definition 1 ([15]). Let G be a graph and v > 1 be an integer. The graph obtained by attaching r
pendant vertices to each vertex of G is called the r-fold bristled graph of G. The r-fold bristled graph
of G is denoted by Brs,(G).

Definition 2 ([16]). The Cartesian product G10G, of graphs Gy and Gy is a graph with vertex set
V(Gy) x V(Gp) and {(t1,u1), (t2, u2)} € E(G1OG,), whenever

1. {t,tr2} € E(Gy) and uy = uyp;

2.t =tyand {uy,up} € E(Gy).

Definition 3 ([16]). The strong product G1 X Gy of graphs Gy and Gy is a graph with vertex set
V(Gy) x V(Gp) and {(t1,u1), (t2,u2)} € E(G1 K Gp), whenever

1. {t,t2} € E(G1) and uy = up;

2. tp=tyand {uy,up} € E(Gy);

3. Aty tr2} € E(Gy) and {uy,us} € E(Gy).
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Here we introduce some notations that will be used throughout the paper. For v > 1,
let Dy := P,0P and L, := P, X P, be graphs. The graph D, is known as a ladder graph,
whereas the graph L, is called (v x 2)-king’s graph. See Figure 1 for examples of D, and L,.
Forv > 3,let H, := C,0P, and T}, := C, X P,; the graph H, is called a circular ladder graph.
We define the graph T, as circular (v x 2)-king’s graph.

n Y2 Y3 Y4 n Y2 Y3 Y4

X1 X2 X3 X3 X1 X2 X3 X4

(@) Dy (b) Ly

Figure 1. Ladder graph and king’s graph.

Now we recall some known results that are frequently used in this paper. The follow-
ing lemma, which is also known as the Depth Lemma, has a crucial role in all proofs of our
results concerning depth.

Lemma 1 ([17]). If0 — U — M — N — 0 s a short exact sequence of modules over a local ring
F, or a Noetherian graded ring with F o local, then

1. depth(M) > min{depth(N), depth(U)}.
2. depth(U) > min{depth(M), depth(N) + 1}.
3. depth(N) > min{depth(U) — 1, depth(M)}.

A similar result for Stanley depth as given in the subsequent lemma is proved by Rauf.

Lemma 2 ([18]). Let0 — U — V — W — 0 be a short exact sequence of Z°-graded | -module.
Then sdepth (V) > min{sdepth (U), sdepth (W)}.

Here is a list of some preliminary lemmas that are referred to many times in the proofs
of our results.

Lemma 3 ([3]). Let I C F be a monomial ideal. If F' = F @ K[xy41] = F [xp11], then
depth (F'/IF') = depth(F /I) + 1 and sdepth (F'/IF') = sdepth(F /I) + 1.

Lemma 4 ([19]). If I = I(Sy) C F is an edge ideal of v-star, then
depth (F /I) = sdepth (F /I) = 1.

Lemma 5 ([20]). Let I C F' = K[xy,...,x/], ] C F"”" = K[x;41, ... ,xy] be monomial ideals,
wherel <r <vand F = F' @k F". Then

depth (F'/1®k F"/]) = depth (F /(IF +]F))) = depth,, (F'/I) + depth, ,» (F"/]).

Lemma 6 ([20]). Let I C f' =K][xy,... ,x/Jand ] C I = K[x,11,. .., xy]| be monomial ideals,
wherel <r<vand F = ' Qg F". Then

sdepth (F' /1@ ' /]) = sdepth (F /(IF + JF))) > depth,, (F'/I) +depth,, (F"/]).
The following results are useful in finding upper bounds for depth and Stanley depth.

Corollary 1 ([18]). Let I C F be a monomial ideal. Then depth(F /(I : u)) > depth (F /I) for
all monomials u ¢ 1.
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Proposition 1 ([21]). Let | C F be a monomial ideal. Then for all monomials u ¢ |,
sdepth (F /]) < sdepth (F /(] : u)).

Lemma 7 ([22]). Let I C F be a squarefree monomial ideal with supp (I) = {x1,x2,... ,xv},
let y:= x; i, ... x;, € F /1, such that x,p € I, for all xj, € {x1, %2, ..., xv} \ supp (). Then
sdepth(f /I) < g.

The following result says that once the value of depth of a module is know then one
can find its projective dimension.

Theorem 1 ([17]). (Auslander-Buchsbaum formula) If I is a commutative Noetherian local ring
and M is a non-zero finitely generated | -module of finite projective dimension, then

pdim (M) + depth (M) = depth (F).

Forr > 1and v > 1,if P, := Brs,(P,), then clearly P, , is a caterpillar and we have
the following values for depth and Stanley depth.

Theorem 2 ([23]). Letr > 1and v > 1. Then

depth (KIV (Pu)1/1(Py)) = sdepth (KIV (Po,)]/1(Poy) = [>T + [3].

Throughout this paper, we set [, := K[U{_;{x;,yi} U U]r':1{x1j/ X2j -, Xoj, Y1js Y2js
-+ /Yvj}], where r and v are positive integers. Also, |V (F )| = 2v(1 +7).

3. Depth and Stanley Depth of r-Fold Bristled Graph of Ladder Graph and Some
King’s Graph

In this section, we determine depth, projective dimension, and Stanley depth of the
quotient rings associated with edge ideals of r-fold bristled graphs of graphs D, and L,,.
See Figures 2a and 3 for 2-fold bristled graph of graphs D4 and Ly, respectively. We label
the vertices of Brs,(D,) and Brs,(L,), as shown in Figure 2a and Figure 3, respectively. For
v,r >1,let I, := I(Brs,(Dy)) and Ly, := I(Brs,(Ly)). If G(I) denotes the minimal set of
monomial generators of the monomial ideal I, using our labeling, we have

G(L,) = {xay } J U{xx, yam},
=1

and

G(Ly,) = {1} Y O{xlxlj/yll/lj}-
j=1

If v > 2, then we have

G(Ivyr) U {xiXig1, YiYis1 } U U {xiyi} U U {]/1]/1]/ <o Yoluj X1 X4, - /xvxvj}/

i=1

and
v—1 r
G(Loy) = U xixipn viviea } J ULxaxa, -0 xoxop, yaivaj, - yoyoi U
i=1 j=1

U{lel}U{ylxzr vXp— 1}U U{%xl 1 YiXiy1}

i=1
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Note that Brs,(Dy) = Brs;(L1) = Py, and f 1,/ L1, = F1,/L1, = K[V(Py,)]/I(P;).
We also define a modified graph of Brs,(D,) denoted by A, , with the set of vertices
V(Avyr) = V(Brs;(Do)) U{yv+1} U{y(u+1)1/y(v+1)2r- ~/y(u+1)r} and E(Aw) = E(lyr)U
Hyo vor1 by UUim v vy b Ao w2 ds - - Avo, Yo s} } - See Figure 3b for an ex-
ample of graph A, and labeling of vertices of this graph. We set f 5, , := F v/ [Vo41,¥ (v+1)17
Y1)l Yos1y) and I = I(Ay,). Clearly, G(I7,) = G(Ivy) U{yolo+1, Yol o)1/
Yol (v+1)2/- - -/yvy(y+1)r}- Note that A, , = P, Fir/lf;’ = K[V(Pii,r)] /I(P3,7> and |V(F;k;,r)|
= (2v+1)(1 +r). To determine depth and Stanley depth of F ,, /I, we shall first deter-
mine the depth and Stanley depth of /. /I*.

Y11 Y12 Y21 Y22 Y31 Y32 Y41 Y42 Y11 Y12 Y21 Y22 Y31 Y32 Y41 Y42 y51 Y52

jEsaginey

X12  X21 X2 X31 X32 X41 X4 X11 X12 X21 X22 X31 X32 X41 X42

(a) Brsy(Dy) (b) Asp

Figure 2. 2-Fold bristled graph of a ladder graph and its modification by adding some vertices
and edges.

Vi Y12 Y21 Y22 Y31 Y32 Y41 Y42

X111 X12 X1 X2 X31  X32  X41 X42
Figure 3. Brsy(Ly).

Remark 1. Let I be a squarefree monomial ideal of - whose monomial generators have degrees of
at most 2. We associate a graph Gj to the ideal I with V(Gy) = supp (I) and E(Gy) = {{x;, x;} :
x;xj € G(I)}. Let x, € F be a variable of the polynomial ring F such that x, & I. Then (I : x,)
and (1, xy) are monomial ideals of F such that Gy, and Gyj ) are subgraphs of G. See Figure
4a and Figure 4b for graphs G I}, 95) and G respectively.

Lap, x3)”
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Y11 Y2 Y21 Y22 Y31 Y32 Y51 Y52 Vi1 Y12 Y21 Y22 Y31 Y32
o (]
3 Y4
]
! > 3 A
X11 X12 X21 X22 X31 X32 X41 X4 X11 X12 X211 X2
@) G(IJ,ZZHS) (b) G(La,zlx3)

Figure 4. Graphs corresponding to ideals (I}, : y5) and (L3, x3).

Remark 2. While proving our results by induction on v, the special cases, say F o,/ Lo, and
F o,/ 1y, that might appear in the proofs need to be addressed first. We define F o,/ Lo, := K and
Fo,/ 15, = K[V(S41)]/1(Sy+1)- Thus, we have depth (F o,/ Lo,) = sdepth (Fo,/Lo,) =0,
and by Lemma 4, we have depth (F S,r / ISJ) = sdepth (F S,r / ISJ) =1

Lemma 8. Let v, > 1. Then depth (F ;,,/I;,) = sdepth (f 3 ,/1;,) = (r + 1)v+ 1.

Proof. First we will prove the result for depth. We will prove this by induction on v. We
consider the following short exact sequence:

% % Yo * * * *
0— Fv,r/(lv,r : yv) — Fv,r/lv,r — Fv,r/(lv,r/yv) — 0.
By the Depth Lemma,
depth (15, /T;,) = min{depth 15,/ (I, : yo)), depth ( 5,/ (Fpyo)) b (1)

If v = 1, then by Theorem 2, depth (F1,/1I},) = depth (K[V(P5,)]/I(P3,)) = r +2,
as required. Let v > 2. After renumbering the variables, we have

Fz,r/(llt,r : yv) = FZ—Z,r/I:;—Z,r ®K[yv/ U;:l{xvj/y(vfl)]"y(wrl)]'}]‘
K

Thus, by induction and Lemma 3,

depth (F 3,/ (I, 1 yv)) =depth (F o, /15 5,) +3r+1=(r+1)(v—-2)+1+3r+1=(r+1)v+r.
Also,

Forl Ty yo) = F o, /15, QKV(S1)1/ 1(Sr1) Q KlYor, Yoz, - - Yorl-
K K

By Lemmas 3 and 5,
depth (£ 3,/ (L5, yv)) = depth (F ;1 ,/I;_1,) + depth (K[V(S,41)]/I(S41)) + 7.
Using induction and Lemma 4,

depth (F3,/(Ii, y0)) = (r+1)(v—1)+14+14r=(r+1)v+1.
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By Equation (1), we have depth (F 3,/ (I};,)) > (r + 1)v + 1. Now we prove the other

inequality. We have Fj,/(I5, : yy41) = FU 1/ o1, ®k K[Yor1,Yo1, Y2, - - - Yur], bY
Lemma 3, depth (F ,/(I;, : yu+1)) = depth (F /15 ) +7+1. By induction, we have

depth (F 3,/ (I, i Yo1)) = (r+1)(v—=1)+1+r+1=(r+1)v+1
As yp1 & I, so by Corollary 1 depth (F§,/I;,) < depth (F;,/(I;, : Yos1)) =
(r +1)v + 1. This completes the proof for depth.
Now we prove the result for Stanley depth. If v = 1, then by Theorem 2, sdepth (£ |,/ I} )

=r+ 2. For v > 2, the required result follows by applying Lemma 2 instead of the Depth
Lemma, Lemma 6 instead of Lemma 5, and Proposition 1 instead of Corollary 1. [

Corollary 2. Let v,r > 1. Then pdim (F 3, /1;,) = r(v+1) +v.

Proof. The required result follows by using Lemma 8 and Theorem 1. [

Now using the previous lemma, we are able to prove one of the main results of
this section.

Theorem 3. Let v, > 1. Then depth (F v,/ Iv,) = sdepth (F v,/ ILv,) = (r+ 1)v.
Proof. First we will prove the result for depth. Consider the following short exact sequence:

0— Fv,r/(lv,r : xv) ﬂ> Fv,r/Iv,r — Fv,r/(Iv,r/xv) — 0.

When v = 1, it is clear from Theorem 2 that depth(Flr/Ilr) depth (K[V(P2,)]/I(Pay)) =

r+1.Letv =2 Wehave F o/ (lor: x0) = (Fy_p,/15_5,) Qx K[{xo} UUjz1{yvj, X(v—1);}]-
By Lemma 3, we have

depth (F v,r/ (o : xv)) = depth (F 5, /15 5,) +2r +1.

By Lemma 8, depth (F v,/ (Ipy : xv)) = (r+1)(v—=2)+1+2r+1 = (r+ 1)v. Now
deaﬂyg(lv,r/xv) = {g(I:_l)/xv}and Fv,r/(lur/xv) = v 17/11) 1r®1< [xul/xv2/~ -/xur]/
and using Lemma 3, depth (F v,/ (Lo, xy)) = depth (£ _ lr/ I* 1,r) +r. By Lemma 8,

depth (F v/ (Inp, xv)) = (r+1)(v—1)+1+7r=(r+1)v.

Applying the Depth Lemma, depth (F v,/ Iv,) = (r + 1)v.
Now we prove the result for Stanley depth. If v = 1, then by Theorem 2, we have

sdepth (F 1,/L,) = sdepth (K[V(Py,)]/I(Py,)) =7+ 1.
Let v > 2. Applying Lemma 2 on the short exact sequence, we obtain
sdepth (f v,/ Ly,) > min{sdepth (F v,/ (L, : xv)),sdepth (F v,/ (Lo, x0))}. ()

Proceeding on the same lines as we did for the depth, we obtain sdepth(F /(L :
xyp)) > v(r+1) and sdepth(F v/ (Ipr, X)) > v(r + 1) and by Equation (2), we have
sdepth (F v,/ Ipr) > v(r 4+ 1). For the other inequality, since x,, ¢ I, , and
sdepth (F v,r/ (Ivr : xv)) = sdepth (F}_,,/I; ,,) +2r+1,by Lemma 8,

sdepth (F v,/ (Ior:xy)) = (r+1)(v—2)+1+2r+1=(r+1)v.
By Proposition 1, we have

sdepth (F v,/ Iv,) < sdepth (F v,/ (Ly : %)) = (r+1)v.
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This completes the proof for Stanley depth. [
Corollary 3. Let v,r > 1. Then pdim (f v,/ Iv,) = (r +1)v.
Proof. The required result follows by using Theorem 3 and Theorem 1. [J
Now we find the depth and Stanley depth of F /Ly,
Theorem 4. Let v, > 1. Then depth (F v,/ Ly,) = sdepth (F v,/ Lyy) = L%”Jr +15].

Proof. First we will prove the result for depth. We will prove this by induction on v.
Consider the following short exact sequence:

0— Fv,r/(Lv,r : xv) & Fv,r/Lv,r — Fv,r/(Lv,rr xv) — 0.
By the Depth Lemma,
depth (F v,/ Ly,) > min{depth (F v,/ (Lvy : xv)),depth (F v,/ (Lo, x0)) }- ©)]

When v = 1, itis clear from Theorem 2 that depth (F 1,/L1,) = depth (K[V(Po,)]/I(P2,)) =
r+1.

Letv > 2, For/(Loyt X0) = Foar/Lo—2y Qg K[{x0} UU]r‘:1{]/vj/x(uf1)]',y(vfl)j}}-
Using Lemma 3 and induction on v, clearly

-2
1+3r+1

3(v—2
depth (F v,/ (Loy 2 xv)) = depth (F y—2,/Ly—2,) +3r+1=| (v )Jr—l— (U 3

2

= 12U+ 130,

Now let | := (Lv,r/ xv) and g(]) = g(val,r) U{yvxuflz YoYv—1, xv} U{yvyulz YolYuv2,-- -,

YoYur ;- Consider the following short exact sequence:

0— Fv,r/(fzyv) % Fv,r/] — Fv,r/(]/]/v) — 0.

Again, using the Depth Lemma, we have
depth (£ v,/]) = min{depth (F v, /(] : yv)),depth (F v,/ (], yv))}- (4)

Here FU,Y/(] : yv) = Fu—Z,r/Lv—Z,r ®KK[{yU} ngzl{y(v—l)j/x(v—l)jl xvj}]' USing
Lemma 3 and induction on v, we have
(v—2)
2

3 -2
depth (F v, /(] : yv)) = depth (Fy—2,/Ly-—2,) +3r+1=| Jr+ [U 5 1+3r+1

= 12+ 150

As g((]r]/u)) = g(val,r) U{xvr]/v} and Fv,r/(]/]/v) = val,r/val,r Rk K[U]r':1

{Yvj, xvj}]- By Lemma 3 and induction on v, we obtain

depth (F o,/ (], 0)) = depth (F o1, /Lo +2r = | 20D g 101 oy

_ L302+1J”+[vg11-
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By Equation (4), we have

1} =130+ 130

depth (1 or/]) = minf| 22 Jr 4+ 127, 125 jr 4 1201

Now by using Equation (3), we obtain
depth (F o, /Lo,) = min{ |5 )r+ [31, 15 Jr+ T30} = |5 Jr+ T3]
ep or/Loy) 2min{| = Jr+ [S], [ r+ [51} = |5 ]r+ 5]

For upper bound as x, & [y, and depth (F y+/(Lvy : X)) = |32]r + [4]. By Corol-
lary 1, depth (F vs/Lyy) < depth (Fys/(Luy: x0)) = |32]r + [4]. This completes the
proof for depth. Now we prove the result for Stanley depth. When v = 1, it is clear from
Theorem 2 that sdepth (F 1,/L1,) = r+ 1. For v > 2, the required result follows by apply-
ing Lemma 2 instead of the Depth Lemma and Proposition 1 instead of Corollary 1. [

Corollary 4. Let v,r > 1. Then pdim (F v,/ Lo,) = [§]r + [ 3 ].
Proof. The result follows by using Theorem 4 and Theorem 1. [

Example 1. Ifv = 9and r = 4, then by Theorem 4, we have depth(F 9 4/ Lo 4) = sdepth(F 94/Lg4)
- L@J(‘L) +[3] = 52+5 = 57. Also, by Corollary 4, we have pdim(F 94/Los) =
151(4) + 22 =20+13 =33,

4. Depth and Stanley Depth of r-Fold Bristled Graph of Circular Ladder Graph and
Some Circular King’s Graph

In this section, we determine the depth and Stanley depth of the quotient rings
associated with the edge ideal of r-fold bristled graph of circular ladder graph and T,
graph. Figure 5a,b are examples of 2-fold bristled graphs of a circular ladder graph
and T graph, respectively. For positive integers r,v such that r > 1 and v > 3, the
minimal set of monomial generators of the edge ideal ¢,, = I(Brs,(H,)) is given as
G(€ur) = G(Ivr) U{x1%0, y1y0 }. For v > 1, we also define anew graph A}, , with V(A},,) =

im1 % yit Uyos o2 UUZ {%10, -+ X0t Yir - -+ Y (042)i ) and

v+1 v

v—1
E(Ay,) = J{{xo v U U v U U Hxvin U

v+2

U Hyivat Aviyia}, - Aviyir } U O{{xi/ xi b {xi xi}, o {xi i b}
i=1 i=1

See Figure 6 for an example of Aj, , graph. Weset F 3 := F v [{¥v+1, Yo+2} UUi1 {y (w11)j0
y(wz)]«}} and |[V(F %) = 2(v +1)(1+ 7). Let Ey, := I(A;,r) and C,; := I(Brs,(Ty)).
Clearly, g(cv,r) =G (Lu,r) U{xl Xv, Y1Yv, X1Yv, XvY1 }

To determine the depth and Stanley depth of the quotient rings associated with the
edge ideal of the r-fold bristled graph of the circular ladder graph, we shall first determine
the depth and Stanley depth of the quotient ring associated with the edge ideal of Aj,,
graph. In Figure 7 we give examples of graphs associated to squarefree monomial ideals
(E12 :y3), (E12,¥3), (€e2 & x6) and (€42, x¢), as discussed in Remark 1. These examples
will be helpful in understanding the proofs of our next results.
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Y21 Ye1

Y22 Y62

Y31 Y51

Y32 Y52

Ya1  Ya

(a) Brsy(Hs) (b) Brs»(Ts)

Figure 5. 2-fold bristled graphs of circular ladder and circular king’s graphs.

Vi1 Y12 Y21 Y22 Y31 Y32 Y41 Y42 Ys1 Ys2

v ) X s \{5/
X1 £%) X3
X11  X12

X1 X2 X31 X32

Figure 6. A3 ,.

Remark 3. While proving our results by induction on v, we have special case I ./ Eo,, so we define
Foy/Eor = K[V(Py,)]/1(P,). By using Theorem 2, depth (F ./ Eo,r) = sdepth (F §3/Eo,) =
r+1.

Theorem 5. Let r,v > 1. Then

(v+1)(r+1), ifviseven;

depth (F }5/Ey,) = sdepth (F }5/Ey,) =
P ( v,;// v,r) P ( v,r/ U,r) {U(T+1)+2/ if v is odd.

Proof. First we will prove the result for depth by using induction on v. Consider the
following short exact sequence:

0— F?;;/(Ev,r : yv+2> M) F?;,*r/Ev,r — F?;jkr/(Ev,r/]/v+2) — 0.

Letv =1. We have F;%/(Ey, : y3) = Qi1 K[V (S,1)]/1(Sr41) ®x K[yz, y21,y22, - - -,
y2r], and by Lemmas 3-5, we have

depth (F 1,/ (E1, :y3)) = 2-depth (K[V(S,41)]/1(Sr41)) +r+1=24+r+1=7r+3.

Also, we can see that F 1,/ (E1,,y3) = K[V(P5,)]/1(Ps,) @k K[ys1,y32, - - -, y3r].- By
Lemma 3 and Theorem 2, we have

depth(F 1%/ (Ex,,y3)) = depth (K[V/(Py,)]/1(Ps,)) 47 = r+2 47 = 2r +2.
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Since depth (F 1}/ (E1, : y3)) < depth (F1}/(E1,,y3)), then by then Depth Lemma,
depth (F {;/Evy) = depth (F13/ (Evy i ys)) =1 +3.

This prove the result for v = 1.
Letv > 2,and J* := (Ey; : Yy+2). Now consider the following short exact sequence:

0 — Fon/ (T x0) =5 F o/ T — F i/ (], %0) — 0.

We have

Fz;/(I* X ) u zr/Ev 27®K {Xu,yv+2}U U{y(u+1 )jr X (v— 1)]}]

and

F::’;’/(]*’xv) - v 1r/1: 17®K{yv+2}UU{xU]/ U+1 }]

j=1

Thus, by using Lemma 3, we obtain depth (Fos/(J" :xv)) = depth (F "5, /Ev—2,) +
2r +2and depth (F 35/ (J*, xv)) = depth (F /15 4,) +2r+ 1. We consider two cases:

Case 1. If v is even, then by induction on v,

depth (F %/ (J* : xv)) = depth (F 3" 5, /Ey—2,) 4+ 2r +2
=n-24+1)(r+1)+2r+2
=v(r+1)—r—14+2r+2
=(+1)(r+1).

Similarly, by induction on v, we have

depth(Fz,*r/(]*rxv)) depth( v— lr/lv 1r)"f_27’+1
=w-1)(r+1)+1+2r+1
=v(r+1)—r—1+1+2r+1
=(w+1)(r+1).

Since depth (F 5/ (J* : xy)) = depth (F 3% /(J*, xv)) Applying the Depth Lemma,
we obtain

depth(f y;/(Evr : Yot2)) = depth (£, /]7) = (v +1)(r +1).

Now F 35/ (Evryor2) = Fop/ 15, @k KlY(v12)1: Y (v42)2: - - Y(v+2)]- By Lemmas 3
and 8, we have depth (F 3%/ (Ev, Yo42)) = depth (F3,/I;,) +r = (r+1)v+1+7r =
(v+1)(r +1). Again, since depth (£ %/ (Ev,r : Yo12)) = depth (£ %/ (Ev,r, Yvi2)), then by
the Depth Lemma,

depth (F ;3 /Evy) = (v+1)(r+1).

Case 2. If v is odd, then by induction on v,

depth (F 35/ (J" : xv)) = depth (F ;¥ 5 ,/Ey—2,) +2r +2
=@w-2)(r+1)+2+2r+2
=v(r+1)—2r—242+2r+2
=v(r+1)+2
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Also, by induction on v, we have

depth (F %/ (J*,xp)) = depth (F;_1,/I;_1,) +2r+1
=(@w-1r+1)+1+2r+1
=v(r+1)—r—14+1+2r+1
=v(r+1)+r+1

By the Depth Lemma, depth (F (% /J*) > v(r +1) +2.Ttiseasy tosee that F /%, / (Ev,r, Yu+2)
= F o,/ @Ky (o42)1,Y(wr2)2 - -+ Y(v12)]- By Lemma 3, we have depth (£ 3/ (Eu,r,
Yoy2)) = depth (£}, /1;,) +r = v(r+1) 4+ 1 +r. Using the Depth Lemma, depth (£ 3,/ Ey,r)
> v(r+ 1) + 2. For upper bound as x, ¢ E,;, and

Fiy/ (Bop s x0) 2 F 33/ Eo 2y QKIV(S41)]/1(Sr11) @ KXo, Y(ws1)1s -+ Yor)rr Xo—1)17 - - X(o-1)r)-
K K

Thus, by Lemmas 3 and 4 and induction on v,

depth (£ 3/ (Evr : xv)) = depth (F ;. /Ey—2,) + depth (K[V(Sy41)]/ 1(Sr41)) +2r +1
=(w=-2)r+1)+2+1+2r+1
=v(r+1)—2r—24+2+2r+2
=vu(r+1)+2.

Using Corollary 1, depth (F % /Ey,) < depth (F 3%/ (Eys : xv)) = v(r +1) 4+ 2. This
completes the proof for depth.

For Stanley depth, when v = 1, by applying Lemma 2 instead of the Depth Lemma and
Lemma 6 instead of Lemma 5 on the short exact sequence, we obtain sdepth (F §%/E; ,) >
r + 3. For upper bound, consider i = ya1 ... y2ry1ysx1 € F71,/Eq,; clearly xu € él,r/ for all
x € supp(Ey,) \ supp(p). Therefore, by Lemma 7, sdepth (F7,/E1,) < r+3. Forv > 2,
the required result follows by applying Lemma 2 instead of the Depth Lemma, Lemma 6
instead of Lemma 5, and Proposition 1 instead of Corollary 1. If v is even, then we obtain
sdepth (f }/Ey;) > (v+1)(r +1). For upper bound, consider

=Y Yir---Yo-D1- - Yo-D)rYw+1)1 - - Y(wo+1)rX11 - X1r - -

X(U_3)1 ce X(U_3)rX(v_1)1 ce x(v—1)7y2y4 < YolYu42X2Xg .o Xp—2Xp € F?;?;/Ev,r-

Clearly xy € Ey, forall x € supp(Ey,) \ supp(u); therefore, by Lemma 7, sdepth (f 3%,/ Ey,r)
< (v+1)r+v+1= (v+1)(r+1). Hence, sdepth (f }/Ep,) = (v+1)(r+1). If vis
odd, then we obtain sdepth (f ;% /Ey,) > v(r + 1) 4- 2. For upper bound, consider

H=Ya1--Yor - Yo-1)1- - Y(w-1)Y (v+1)1 - - Y(or1)r¥21 -+ - X2r - o
X(U_3)1 Ce x(v_3),x(v_1)1 ce x(v—l)ry1y3 e YoYur2X1X3 ... Xp2Xp € F?;:;/Ev/r.

Clearly xyt € Ey, forall x € supp(E,,) \ supp(u); therefore, by Lemma 7, sdepth (F ;% /Ey,r)
<vr+v+2=uv(r+1)+2. This completes the proof for Stanley depth. [
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Figure 7. Graphs corresponding to ideals (E12 : ¥3), (E12,Y3), (€62 : X6) and (&2, X6).

Corollary 5. Letr > 1and v > 1. Then

(v+1)(r+1), ifviseven;

d. F** E —
pdim (£ 3/ Ev,r) {v(i’+1)+27’r if v is odd.

Proof. The required result can be obtained by using Theorem 5 and Theorem 1. [

Now we find depth, Stanley depth, and projective dimension of the edge ideals of the
r-fold bristled graph of the circular ladder graph.

Theorem 6. Let v > 3andr > 1. Then

v(r+1), if v is even;

depth (F v,/ €o,r) = sdepth (F v,/ o) =
epth (F v,/ Cyy) = sdepth (F v,/ Cyyr) {U(7+1)+r_1, if v is odd.

Proof. First we will prove the result for depth. Consider the following short exact sequence:

0— Fv,r/(e:v,r : xv) & Fv,r/ﬁu,r — Fu,r/((’:v,r/ xv) — 0. ®)



Mathematics 2023, 11, 4646 14 of 17

After a suitable renumbering of variables, we have

;
For/(€or:x0) = F "5, /Ev s, ®K[{xv} U U{x(v—z)jrx(vq)jryvj}]-
K j=1

By Lemma 3,
depth (Fy,y/(ev,r . XU)) depth( v— 3P’/EU 37‘) +37’ + 1

Let A* := (€, xy) and G(A*) = G(Ip—1,-) U{v1vv, Yovu—1, X0 } U{YoYo1, Yolu, - - -,

YoYur ;- Consider the following short exact sequence:

O—>er/(A yv)—>er/A*—>er/( /]/v)—>0-

After renumbering of variables, we have

For/ (A" 1yo) 2 Fyls,/Ep 3V®K{yU}UU{xU]1y(U 2)irY(w-1)j}]

and

FU,V/(A*/]/U) = Fv—l,r/lv—l,r ® K[xlill Xv2s s Xvr, Yo1, Yv2, - - - /]/vr]~
K

Case 1. When v is even, using Lemma 3, depth (F /(A" : yy)) = depth (F ;* 3,/ Ep-3,) +
3r+1. As vis even, so v — 3 will be an odd number. So by Theorem 5, we have

depth (F v, /(A" 1 yp)) = (v=3)(r+1) +2+3r+1
=u(r+1)—-3r—3+3r+3
=v(r+1).

Similarly, by Lemma 3 and Theorem 3,

depth (F v,/ (A%, yv)) = depth (Fy—1,,/Iy-1,) +2r
=@w-1)(r+1)+2r
=v(r+1)—r—1+2r
=v(r+1)+r—1

By the Depth Lemma, depth (£ v,/ A*) > v(r + 1). Now by Theorem 5,

depth (F v,/ (€yr : xy)) = depth (F ¥ 5, /Ey—3,) +3r+1
=(w-=3)(r+1)+2+3r+1
=v(r+1)—3r—3+3r+3
=vu(r+1).

Applying the Depth Lemma on short exact sequence 5, we obtain depth (f v,/Cy;) =
v(r 4+ 1). This completes the proof when v is even.

Case 2. If v is odd, using Lemma 3, depth (F /(A" : yv)) = depth (F ;*5,/Ep—3,) +
3r+1. As vis odd, so v — 3 will be an even number. So by Theorem 5, we have

depth (F v,/ (A" 1 yy)) = (n—=3+1)(r+1)+3r+1
v(r+1)—2r—2+3r+1
=v(r+1)+r—1
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Now by Lemma 3 and Theorem 3,

depth (F v,/ (A%, yv)) = depth (Fy—1,/Io—1,) +2r
=@w-1)(r+1)+2r
=v(r+1)—r—1+2r
=uv(r+1)+r—1

By the Depth Lemma, depth (F ,,/A*) = v(r + 1) +r — 1. By Theorem 5,

depth (f v,/ (€yr 2 xy)) = depth (F 35, /Ey3,) +3r+1
=(v—-34+1)(r+1)+3r+1
=v(r+1)—2r—2+43r+1
=v(r+1)+r—1

Applying the Depth Lemma on short exact sequence 5, we obtain depth (F /€y ,) =
v(r +1) +r — 1. This completes the proof for depth.

For Stanley depth, the required result follows by applying Lemma 2 instead of the Depth
Lemma and Lemma 6 instead of Lemma 5. When v is even, we have sdepth (F ,/€, )
> wu(r+1). For upper bound as x, ¢ €., and sdepth (f v,/ (Cpy:xy)) =
sdepth (F %5,/ E,_3,) + 3r+1, by Theorem 5 and Proposition 1 sdepth (F ,,/Cy,) <
sdepth (F v/ (€ @ xp)) = v(r + 1). Similarly, when v is odd, we obtain sdepth (F /€, )
> v(r+1) +r — 1. For upper bound as x, ¢ €,, and sdepth (f v,/ (€yr : xp)) = sdepth
( Vs Ey,_3,) + 3r + 1, by Theorem 5 and Proposition 1, sdepth (F ,,/€y,) < sdepth

(For/(Coyr:xy)) =v(r+1)+r—1. Hence,
sdepth (F v, /Cv,) =v(r+1)+r—1.

O
Corollary 6. Let v > 3andr > 1. Then

v(r+1), if v is even;

dim (F o/ Cyy) =
pdim (F v,/ €oyr) {v(r+1)—7’+1r if v is odd.

Proof. The required result can be obtain by using Theorem 6 and Theorem 1. [J

We also have formulae for values of depth, Stanley depth, and projective dimension
of the quotient rings of the edge ideals of the T, graph, as given in the next theorem
and corollary.

Theorem 7. Let v > 3andr > 1. Then

3v+1 v—1
depth (F v,/Cyy) = sdepth (F vy /Coy) = | 3 |r+7 3 1.

Proof. First we will prove the result for depth. We will prove this for v > 3. Consider the
following short exact sequence:

0 — FU,V/(CU,}' : XU) ﬁ) FU,V/CU,V — FU,V/(CU,VIXU) — 0 (6)

After renumbering the variables, we have

Fv,r/(cv,r : xv) = Fv73,r/Lv73,r ®K[{xv} U U {x(v72)]’1x(v71)]” }/(1;72)]‘:]/1)]"]/(071)]'}]’
K j=1
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Using Lemma 3 and Theorem 4,

depth (F v,/ (Coy = xy)) = depth (F y—3,/Ly—3,) +5r+1

= [3(v;3)Jr+ [U_Bl +5r+1

2
3v+1 v—1

= [P 15,

Let J' := (Cup xv), where G(J') = G(Iv—1) U{xo-1Yv, Yo-1Yv, Yoy1,yvx1, X0} Uj_4
{yvyvj}- Consider the following short exact sequence:

0— Fv,r/(]/ : ]/v) & Fv,r/]/ — Fv,r/(]//]/v) — 0.

After renumbering the variables, we have

r
(For/(J 2 y0)) Z Fosr/Loar @ K[{yo} U UL w-2)j X(0-2)js Xojs X(0—-1)js Y(0-1);})-
K =1

By Lemma 3 and Theorem 4,

depth (f v,/ (] 1 yv)) = depth (F y3,/Ly—3,) +5r +1

(U2_3)Jr+ [0231 +5r+1

_ L3U2+1J7’+[U;11'

Now G(J',yv) = G(Lv—1,) U{yv, xo} and For /(] y0) = Foo1,/Lo-1, @k K[Uj—
{xvj, yvj}]. Using Lemma 3 and Theorem 4, we have depth (£, / (], y»)) = depth (F y—1,/
Ly_1,)+2r= L@Jr + %51 4+ 2r. = [ 3% |r + [¥51]. By the Depth Lemma,

=L3

depth (F 1/ 1') = depth (F o,/ (Corr0)) = |2 2521,

Applying the Depth Lemma on short exact sequence 6, depth (F ,/Cy,r) = [ 252 |r +
[251]. This completes the proof for depth.

For Stanley depth, the required result follows by applying Lemma 2 instead of the
Depth Lemma. We obtain sdepth (F v,/Cyy) > |25 |7 + [¥51]. For upper bound as
Xy ¢ Cyr we have

sdepth (F v,/ (Cor : xy)) = sdepth (F y—3,/Ly—3,) +5r+1,

by Theorem 4 and Proposition 1,

sdepth (F v,/ Cyy) < sdepth (F v,/ (Coyr: xp)) = L3U2+ 1Jr + (U ; 1].
This completes the proof. [
Corollary 7. Let v > 3andr > 1. Then
v—1 3v+1

pdim (F v/ Coy) = [ 5 Ir+| > 1.

Proof. The required result can be obtain by using Theorem 7 and Theorem 1. [
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Example 2. If v = 9 and r = 4, then by Theorem 7, we have depth(F 94/Cy4) = sdepth
(Foa/Co4) = Lg’(%ﬁj (4) + [%1 = 56 +4 = 60. Also, by Corollary 4 we have pdim
(Fou/Co) = [%521(4) + |30 | = 16+ 14 = 30.
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