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%
Abstract: This paper is focused on energy decay rates for the viscoelastic wave equation that in-
cludes nonlinear time-varying delay, nonlinear damping at the boundary, and acoustic boundary
conditions. We derive general decay rate results without requiring the condition a, > 0 and without
imposing any restrictive growth assumption on the damping term f;, using the multiplier method
and some properties of the convex functions. Here we investigate the relaxation function ¢, namely
Y'(t) < —u(t)G(¥(t)), where G is a convex and increasing function near the origin, and y is a
positive nonincreasing function. Moreover, the energy decay rates depend on the functions y and G,
as well as the function F defined by fj, which characterizes the growth behavior of f; at the origin.

Keywords: optimal decay; viscoelastic wave equation; nonlinear time-varying delay; nonlinear
damping; acoustic boundary conditions

MSC: 35B40; 35L05; 37L45; 74D99

1. Introduction

In this paper, we study the energy decay rates for the viscoelastic wave equation
with nonlinear time-varying delay, nonlinear damping at the boundary, and acoustic
boundary conditions

up(x,t) — Au(x,t) —i—/o P(t —s)Au(x,s)ds =0, in Q x (0,00), (1)
u(x,t) =0, onTy x (0,00), )
W et) = [ 9t =) 2 (s + (s, 0)) + ol (3, (1)
ov 0 ov

=wi(x,t), onTq x (0,00), (3)
u(x, ) + h(x)w(x,t) + m(x)w(x,t) =0, onTq x (0,00), 4)
u(x,0) = up(x), ue(x,0) =uq(x), inQ, )
ur(x,t) = jo(x,t), inTy x (—0(0),0), (6)

where Q) is a bounded domain in R"(rn > 1) with smooth boundary T of class C%;
I' = Ty UTy, where I'g and I'7 are closed and disjoint; w(x, t) is the normal displacement into
the domain of a point x € I'; at time ¢; and h,m : I'1 — R are essential bounded functions
that represent resistivity and spring constant per unit area, respectively. f1,fo : R = R
are given functions, and f; represents the nonlinear frictional damping. a1, a; are real
numbers with a; > 0,4, # 0. The integral term is the memory responsible for the viscoelas-
tic damping. The functions ¢ and o(t) represent the kernel of the memory term and the
time-varying delay, respectively. v is the outward unit normal vector to I'. The initial data
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(19,11, jo) belong to a suitable space. Boundary conditions (3) and (4) are called acoustic
boundary conditions.

In the past decades, the non-delayed wave equation with a viscoelastic term has
garnered significant attention in the field of partial differential equations. Research on
the energy decay rate of the solution to the viscoelastic wave equation is vital in various
fields, contributing to technological advancements, safety assurance, environmental pro-
tection, energy efficiency, and academic exploration. The stability of solutions for such
equations has recently been studied by many authors (see [1-3] and references therein).
When a1 = a; = 0, models (1)—(5) are pertinent to noise control and suppression in
practical applications. The noise propagates through some acoustic medium, like air, in
a room that is defined by a bounded domain ) and whose floor, walls, and ceiling are
determined by the boundary conditions [4,5]. Under the conditions that fooo P(s)ds < % and
Y'(t) < —u(t)y(t), for t > 0, Park and Park [6] considered the general decay for
problems (1)—(5). Liu [7] improved the research of [6] by achieving arbitrary rates of
decay, which may not necessarily be an exponential or a polynomial one. Recently, Yoon
et al. [8] generalized the work of [6,7] without the assumption condition fooo P(s)ds < %
The assumption on relaxation function ¢ has been weakened compared to the conditions
assumed in previous literature [6,7].

Numerous phenomena are influenced by both the current state and the previous
occurrences of the system. There has been a notable increase in the research on the equation
with delay effects, which frequently arise in various physical, biological, chemical, medical,
and economic problems [9-11]. However, the delay effects can generally be considered a
cause of instability. In order to stabilize a system containing delay terms, additional control
terms will be necessary. Kirane and Said-Houari [12] showed the global existence and
asymptotic stability for the following wave equation with memory and constant delay,

t
up(x, t) — Au(x, t) + / P(t —s)Au(x,s)ds + aju(x, t) + au(x, t — 0) =0,
0

where a1, a3, and ¢ are positive constants. They used the damping term a;u;(x, t) to control
the delay term in obtaining the decay estimate of the energy. They proved that its energy
was exponentially decaying when a; < a1. Dai and Yang [13] investigated the exponential
decay of an unsolved problem proposed by Kirane and Said-Houari [12], namely, the
problem with a; = 0. In the case of constant weight and constant delay, the delay term
typically considers the past history of strain, only up to some finite time ¢(t) = ¢. Nicaise
and Pignotti [14] investigated the following wave equation with internal time-varying
delay instead of constant delay,

up(x, £) — Au(x, t) + aque(x, ) + apue(x, £ — o(t)) =0,

where o(t) > 0, a1, and a; are real numbers with a; > 0. They proved the exponential
stability result for the wave equation under the condition |ap| < /1 — (p a1, where the
constant { satisfies ¢/(t) < o < 1,Vt > 0. Liu [15] studied the following wave equation
involving memory and time-varying delay:

up(x,t) — Au(x,t) + a(t) /Ot P(t — s)Au(x,s)ds + ayus(x, t) + apue(x, t — o(t)) = 0.

Systems with time-varying delays have been extensively considered by many authors
(see [16-22] and references therein). Recently, Zennir [23] considered the stability for
solutions of plate equations with a time-varying delay and weak viscoelasticity in R".
Moreover, Benaissa et al. [24] proved the global existence and stability for solutions of the
following wave equation with a time-varying delay in the weakly nonlinear feedback,

ug(x,t) — Au(x,t) +ayo(t) fr(ue(x, 1)) + axo(t) fa(ue(x,t —o(t))) =0,
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where o(t) > 0, a1, and a; are positive real numbers, and fj, f, satisfy some conditions.
This result extended the previous work [10,14]. Park [25] investigated the decay result of
the energy for a von Karman equation with time-varying delay by dropping the restriction
ay > 0 under the same conditions as ¢, f1, and f, in [24]. For the viscoelastic problem
with time-varying delay in the nonlinear internal or boundary feedback, we also refer
to [26,27]. As far as we know, there are few results for the viscoelastic wave equation with a
nonlinear time-varying delay. Recently, Djeradi et al. [28] and Mukiawa et al. [29] showed
the stability of the thermoelastic laminated beam and thermoelastic Timoshenko beam with
nonlinear time-varying delay, respectively. The papers introduced so far have studied the
energy decay rate of the solution for the equation with nonlinear time-varying delay in the
Dirichlet boundary condition.

Motivated by these results, we study the general decay rates of the solution for
problems (1)—(6) with a nonlinear time-varying delay term, nonlinear damping at the
boundary, and acoustic boundary conditions. Research on the energy decay rate of solutions
for the viscoelastic wave equation with nonlinear time-delay terms plays a critical role in
various application areas, including stability assessment, understanding complex behaviors,
advancing neuroscience, disaster preparedness, and improving energy efficiency. We
consider the general assumption on the relaxation function 1,

Y(t) < —pu(t)G(y(1)), @)

where 1 : RT — RT is a positive nonincreasing function, and G is linear or is a strictly
increasing and strictly convex function. We derive the general decay rate results without
requiring the condition a; > 0 and without imposing any restrictive growth assumption
on the damping term f7. The energy decay rates depend on the functions y and G, as well
as the function F defined by fy, which represents the growth f; at the origin. Our result
improves upon previous work [6-8].

This paper is composed of the following. In Section 2, we prepare some notations and
materials needed for our work. In Section 3, we introduce some technical lemmas to prove
our stability result. In Section 4, we state and prove the general energy decay.

2. Preliminaries

In this section, we present some materials required for our results. Throughout this
paper, we use the notation

V={ucH(Q):u=0 onTp}.

For simplicity, we denote || - || 12y and || - [[;2(p,) by || - || and || - ||, respectively.
The Poincaré inequality holds in V; that is, there exist the positive constants Ag and A;
such that
ull> < Ao||Vul* and ||u||%1 < A1||Vu|? forallu € V. 8)

Asin [1,3,8,26,30], we consider the following assumptions for ¥, f1, f2, 0, h, and m.
(H1) ¢ : [0,00) — R is a differentiable function satisfying

1—/O°°1p(s)ds:l>o, )

and there exists a C! function G : R™ — R™ that is linear or is a strictly convex and strictly
increasing C? function on (0, rg], 7o < 1(0) such that

Y'(t) < —u()G(p(1), vt =0, (10)

where G(0) = G'(0) = 0, and y is a positive nonincreasing differentiable function. The
function G was first introduced in [31]. These are weaker conditions on G than those
introduced in [31].
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(H2) f1 : R — Ris a nondecreasing C function such that there exists a strictly increasing
function fp € cl (RT), with f5(0) = 0, and positive constants cy, c1, and € such that

follsh) < 1fa(s)] < fg ' (Is]) forall |s| <e, (11)
cols| < |f1(s)] <cils| forall|s| > e. (12)

Moreover, we assume that the function F, defined by F(s) = /sfy(1/s), is a strictly
convex C2 function on (0, rl], for some r; > 0, when fj is nonlinear.
(H3) f> : R — Risan odd nondecreasing C! function such that there exist positive constants
¢z, ¢3, and ¢y that satisfy

f2(s) < 2, c35fa(s) < Fa(s) < cusfi(s), for s €R, (13)

where Fy(s) = [§ f2(t)dt.
(H4) 0 € W2*([0, T)) is a function such that

0<o01<o(t) <o and ¢'(t) < g3 <1 forallt >0, (14)

where T, 01, and ¢, are positive constants. Moreover, the weight of dissipation and the
delay satisfy

1—
l-e) (15)
ca(1—c303)
(H5) We assume that h,m € C(I'1), h(x) > 0, and m(x) > 0 for all x € T'y. Then, there exist
positive constants /; and m;(i = 1,2) such that

0< |ﬂ2| <

h < h(x) <hy, my <m(x) <my forall x € I'7. (16)

Remark 1. 1. The assumption (H2) implies that s f1(s) > 0, for all s # 0.

2. The assumption (11) of function f1 has been weakened compared to the condition assumed
in [24,25].

3. Since f, is an odd nondecreasing function, F, is an even and convex function. Furthermore, it is
satisfied that F5(s) = [ f2(t)dt < sfa(s). From (13), we find that c3 < 1.

Remark 2 ([3]). 1. By (H1), we obtain thT P(t) = 0. Then, there exists tg > 0 large enough that
— 400

P(to) =r0 = ¢(t) <ro, Vt=to. (17)

Given v and y are positive nonincreasing continuous functions, G is a positive continuous
function, and for (10), we have, for some positive constant cs,

P'(t) < —p(H)G(p(t) < —csy(t), V€ [0, ko). (18)

2. If G is a strictly convex and strictly increasing C? function on (0, o], with G(0) = G'(0) = 0,
then it has an extension G, which is a strictly convex and strictly increasing C? function on (0, ).
The same remark can be established for F.

We recall the well-known Jensen inequality, which plays a pivotal role in proving our
main result. If ¢ is a convex function on [a,b], p : O — [a, b] and k represents integrable
functions on Q) such that k(x) > 0 and [ k(x)dx = ko > 0, then Jensen’s inequality holds:

1

o [ poks| < & [ plp@lkods )
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Let H* be the conjugate of the convex function H defined by H*(s) = sup(sr — H(r)),

r>0
then
sr < H*(s)+ H(r), Vs,r > 0. (20)
Moreover, due to the argument provided in [32], it holds that
H*(s) =s(H')"*(s) — H((H')"!(s)), Vs >0. (1)

As in [10,14], we introduce the following new function:
v(x,x,t) = up(x, t —xo(t)), for (x,x,t) € 1 x (0,1) x (0, 00).

Then, problems (1)-(6) can be expressed as follows:

up(x,t) — Au(x,t) + /Ot P(t —s)Au(x,s)ds =0, in Q x (0, c0), (22)
o(t)or(x,%,t) + (1 — ko' (t))vk(x,x,¢) =0, in Ty x (0,1) x (0,00), (23)
u(x,t) =0, in Ty x (0,00), (24)
ou t ou

5, (0 t) = /0 Yt —s)50 (xs)ds +arfi(ue(x,8)) + a2fo(0(x, 1, 1)) = wi(x, 1), on Ty x (0, 00), (25)
u(x, ) + h(x)w(x,t) + m(x)w(x,t) =0, on Ty x (0, 00), (26)
u(x,0) = ug(x), ui(x,0)=ui(x), inQ, (27)
v(x,%,0) = jo(x, —x0(0)), in Ty x (0,1). (28)

We state the global existence result that can be established by the arguments of [24,33].

Theorem 1. Let initial data (ug,u1) € (VN H?(Q)) x V and jo € L2(T; x (0,1)). Suppose
that (H1)—(H5) hold. Then, for any T > 0, there exists a unique pair of functions (u, w,v)
that are the solution to problems (22)-(28) in the class

ueL®0,T;VNH?(Q)), ur € L°(0,T; V), uy € L=(0,T;L*(Q))),
v e L®(0,T; L*(Ty x (0,1))), w,w; € L2(0,00; L3(T7)).

As in [6,25], we introduce the energy for problems (22)—(28),

B() = 5l + (1 - ttp(s)ds) [Vu(OI + (o Vu)(t)

+% . m(x)w?(t)dT + @Q / / (x,x,t))drdT, (29)
where ,
(Wovu)(t) = [ y(t=9)|Vu(t) = Vu(s)|*ds
and
2|ag|(1 — c3) 2(ay — |az|ca)
&(1—0) <g< o : (30)

Thanks to (15), this makes sense.
To show the main results of this paper, we need the following lemma.
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Lemma 1. Assume that (H3)—(H5) hold. Then, there exist positive constants yy and 7y, satisfying

(9" o Vu)(t) — %#’(f)l\vu(tﬂlz — hy[Jw (1) |F,
—% /r A (0))ur(£)dT — 71 /r F(o(x,1,8))0(x, 1, £)dT. 31)

NI~

E'(t) <

Proof. Multiplying by u;(t) in (22), using Green’s formula, (25), and (26), we have

3 3t 101+ (1= [ p(6)ds) IV + (9o Tu)(0) + [ mixya?(o)r|

1

1

—a /r1 fr(ue(£))us(t)dT — an /rl fa(v(x,1,t))us (t)dT,

= 30 0 Vu)(®) = ¥V - [ hxywd(ear
(32)

where we used the relation

/Vut / (t —s)Vu(s)dsdx
0o Tn0 = 5 [ EasITuO] - 3o Va0 + 30 Va)|P
T dt 2 Jo 2 2

From (29) and (32), we have
, 1, , 1
E'() = 50/ o Vu) (1) = 390 Vu() 2~ [ n(xyu?()ar

_{11/ f1 Mt t Mt (1) dl"—az/ fa(v x,l,t))ut(t)dr
@Q /1_1 / v(x,x,t))drdl + gQ / / fo(v(x, %, t))ve(x, x, t)dxdl, (33)

where B, (t fo f2(s)ds. In (23), we multiply by f>(v(x,x,t)) and integrate over I'; x (0,1)

to obtain

go(t) !
7/rl/0 Fo(0(x, 5, 1)) or(x, %, t)dxdT
= C {(1 — 0o ()R (v(x,1,t)) — B (v(x,0,t)) + /01 o (H)Fa(v(x,x,t))dr | dT.

Applying this to (33) and noting that v(x,0,t) = u(x, t), it follows that

E(0) = 300 Vu)(t) = g0 Vu() 2 = [ nud(Odr—an [ fulus(e))ue(er

—az/ fa(v(x,1,t))u(t)dl — C [(1 — o (1)E(v(x,1,t)) —Fz(ut(x,t))} dr.

Iy

(34)

From (13) and (14), we obtain
s [0 Bl 1,0) ~ a0 |ar

2
—@ 1-03 /f2 v(x,1,t))v xltdl"+—/f1 us(t))ue (t)dr. (35)
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Substituting (35) into (34), we obtain
1 1
E'(H) < 5 (9 o Vu)(t) = S9 ()| Vu()]® */r h(x)w; (t)dT
1

- al—@ / £t ut()dr—@ 1-0 / F(o(x,1,8))0(x, 1, £)dT

—a2/ fa(v(x,1,t))u(t)dT. (36)
Iy

Now, we estimate the last term in the right-hand side of (36). The definition of F, and
(21) give

F5(s) = sfy ' (s) — Fa(f; '(s)), fors > 0. (37)

When f>(v(x,1,t)) < 0and u¢(t) > 0, using (20) and (37) with s = — f>(v(x,1,t)) and
r = u(t), we obtain (see details in [25])

az/ (= fo(0(x,1,)))us (£)dT
< |a2|/ (6,1,)(=0(x,1,1) = B(=0(x, 1) + Fa(ur(£)) )dT
- |a2|/1_ Fo(x,1,1)0(x, 1, 1) —Fz(v(x,l,t))+F2(ut(t)))dF, (38)

where we used the fact that f, is odd and F; is even. When f,(v(x,1,t)) > 0 and u(t) < 0,
withs = fo(v(x,1,t)) and r = —u;(t), we obtain

@ [ ol 1,)) (—a(t))dr
<ol [ (A6 1LDEELY) - B L)+ B(-u(®) )dr
= \a2|/1_ (A1) = B(o(x,1,8) + E(u(t)) )dT. (39)

From (38) and (39), for the case f>(v(x,1,t))u¢(t) < 0, we have

—a, /rl Fo(0(x,1, 1))y (£)dT < |ay] /rl (fz(v(x, 1,1)o(x,1,t) — B(v(x,1,1) + Fz(ut(t)))df. (40)

Similarly, (40) holds when f,(v(x,1,))us(t) > 0. Hence, using (13) and (40), we
see that

—ay /Fl Fa(o(x,1, £))uy (£)dT
< laal ((1=e3) || falo(x1,0)0(e 1,047 + e [ fiu()u(ar). @D

By using (16), (36), and (41) and by selecting  satisfying (30), we obtain the desired
inequality (31) where yg = a1 — %5* — |az|c4 > Oand 71 = 563 (1—03)—|a2|(1=c3)>0. O

3. Technical Lemmas

In this section, we prove the following lemmas to obtain the general decay rates of the
solution to problems (22)—(28).

Lemma 2. Under the assumption (H1), the functional ®; defined by

CI>1(t):/ Fus(t dx+/ dr+2/
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satisfies

@) < ()2~ S1va) 2+ 258 o wuy ) + o),

“1”3/ Pt dr+|”2|“3/ F(o(x,1,£))dl — /m(x)wz(t)dl", 42)

I

forany 0 < ¢ < 1, where

i(t) = Ep(t) — ¢'(t) and C(& /1,;2 43)

Proof. Using Equations (22) and (24)—(26), and utilizing (9) and Young’s inequality,
we obtain

@4(6) = ()P = (1= [ 9(©)as) ITuIP + [ 9t =) (Vals) - Tu(t), Vu(r))ds

—al/r f1(ue(t)) dF—az/ fa(v(x,1,t)) dF+2/ / m(x)w?(t)dT
2
<l = G IV + 7 [ ([ we=9I9u(s) - u<t>|ds) t
_al/r f1(ue(£))u(t) dF—az/r fo(v(x,1,t))u(f)dl 4 2 s u(t)wt()f)dl‘—/r m(x)w?(t)dr.

Using the Cauchy-Schwarz inequality and (43), we have (see [3,34])

/Q (/Otlp(t—s)Wu(s) - Vu(t)|ds>2dx < ( O* l€2(<§)

Applying Young's inequality and (8), we obtain, for 7 > 0,

ds) (ioVu)(t) < C(&)(ioVu)(t). (44)

’—al/ f1 ut dl“’ < qal)\lHVu ||2+7/ fl th (45)
’—az/r fz(v(x,l,t))u(t)dF‘ < ylag| A || Vu(t)|? + \uz\/ 2 (v(x,1,t))dT, (46)

and
l 8A
2 /. u(t)w(t)dl < g\qu(f)||2+ 71|| w(£)1E,- (47)
1

Combining estimates (44)—(47), we see that

@4 (1) < (012~ (& — paras — laaA) Va2 + 2 (o way () + 2 (1,

o 2 @/ 2 B / )
Ty /r1 filw(®))dr+ 25 J fo(e(x L H)dl = | m(x)w(t)dT.
Setting a3 = (a1 + |a2|)A1 and choosing 7 = ﬁ leads to (42). O

Lemma 3. Under the assumption (H1), the functional ®, defined by

Dy (t) = —/Qut(t) /Ottp(t—s)(u(t)—u(s))dsdx

satisfies
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@4(6) < — ([ wle)ds = &) (o) + 8 vu() P+ LEEEED (10 9y
on (IR, +0mds [ Alu()dr +slasls [ (o 1,0)dr, 4s)

forany 0 < < 1.

Proof. Using Equations (22), (24), and (25), we obtain

@) = (1= [')s) [ Vu- [ ple=)(Tult) ~ Tu(s)dsd
[ (o= <>—w<s>>ds)2dx— ) [ 9= 5)(u0) = u(s)dsr
tan [ il /wt—s ) —u(s))dsdl +az [ folo(x1,) /wt—s u(t) -
— [ () /O‘P (= s)(u(t) — u(s))dsdx — /O¢sds ()]
T (/Otl/J(s)ds)Hut(t)Hz.

By Young’s inequality, (8), and (44), we obtain, for & > 0,

o1 < ol Vu®)2+ S o vuy e,

9y < C(E)(io Vu)(t

1931 < M llr®)1}, + S (10 v o),

o < smda [ Rlnar + 12 o vu,

c(¢
45
),

45

\aS\gszl/r'fzz(v(x,l,t))dr+| 20€) ;o wuy (1),

44
Using Young’s inequality, (8), (9), (43), and (44), we see that

g = /Qut(t) /ti(t—s)(u(t) —u(s))dsdx—(_f/ u(t /tzp(t—s)(u(t) —u(s))dsdx

0
< sl ()7 + 55 [ ([ it =9)luts) — (o) as) ar e (/ <ts>|u<t>u<s>|ds)2dx

< a1 2+ 2 EOED .71+ HECE 1 g ),

Combining all above estimates and taking C; = max{ 2. ( )5y 1+g°§2 + ﬂl—tl'uz‘ 1%

the desired inequality (48) is established. [

Lemma 4. Under the assumptions (H3) and (H4), the functional ®3 defined by

£) = o(t) /r 1 /0 LR By (o(x, x, 1) )didl

satisfies
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1
DY (t) < —e~®o(t) /r /0 (0, &, £))drdT — c3(1— 03)e™® /r F(o(x,1,6)0(x,1, £)dT
veq [ fulu(e))ui (). (49)
Proof. Using Equation (23), integration by parts, (13), and (14), we obtain (see [26])
SORFICY e D, (o(x, K, £))drdr — g() / /01 ko' (H)e ™V Ey (o(x, x, £))dxdT
1 / d
- /r 1 /0 e (1~ xq' (1)) 2 Fo(0(x, K, ))drdT
— —dy(1) —e*@@/r (1—Q’(t))Fz(v(x,l,t))dF—i—/r Fo(us(x, £))dT
1
< —e %9(t) /Fl /0 F(v(x,x,t))drdl — c3(1 — 03)e™ /Fl fa(v(x,1,t))v(x,1,t)dT

vy /F lu()u(nr.
O

Lemma 5 ([3]). Under the assumption (H1), the functional ®4 defined by

Dy(t) :/Q/Ot Ga(t — 5)|Vu(s) [2dsdx
satisfies
P(t) S3(1*l)IIVM(f)HZ*%(lPOVu)(f)r (50)
where Gy(t ft
Next, let us define the perturbed modified energy by
L(t) = NE(t) + N1 @1 (t) + No®y(t) + P3(t) + b1 E(t), (51)

where N, N, Ny, and by are some positive constants.
As in [6,26], for a large enough N > 0, there exist positive constants 1 and 8, such
that

B1E(t) < L(t) < B2E().

Lemma 6. Assume that (H1) and (H3)—(H5) hold. Then, there exist positive constants B3, B4, and
Bs such that

L'(t) < —B3E(t) +ﬁ4/ / [Vu(t) — Vu( t—s)|2dxds+ﬁ5/ 2 (us(£))dT, Yt > to, (52)
where ty was introduced in (17).

Proof. Let ¢y = fo s)ds. Using the fact that i(t) = ¢y(t) — ¢/(t) and combining (31),
(42), (48), (49), and (51) we obtain, for all t > fg,
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() < 5—% o vu)(t) — (5~ o8 [ Vu(h]2 — (oNe — N2 — Ny ) ()]
(N 2N GUECEINe Y (o gy ) - Ni [ m()u()dr + b E' ()

(th 8A1N1—5/\1N2>|wt( I, —e g //5 (x, %, t))dxdl (53)
—(

YoN —c4) / f1 (e (£))ug ()dl — (’le+C3(1—Q3 e 92 / fo(v(x,1,t))v(x,1,t)dl

|az|az Ny

(A8 5N /fl (£par + (25

+ 8zl A1 N ) /F F(o(x,1,1))dT.
1

From (13), we find that
/ A(o(x,1,1)dT < ¢ / F(0(x,1,8))0(x,1, £)dT. (54)
Iy I
Applying (54) to (53) and taking 6 = 75—, we obtain, for all ¢ > f,

L) < Npo vyt - (5 - §)Ivut <>\|2—(woNz—Nl—;)nut(t)nz

2
(5298 @B 29N o v - Ny [ mweRr

8A1N IA
(v = B8 I e 01, — e ezetr) | [ Ea(ot )t

{Illag,Nl all)tl

— (70N —¢4) /Fl fr(ug(t))u (£)dT + <l + )/ 1 (ue(#))dT + by E'(¢)

—(’y1N+C3(1 —03)e %2 — |a2|a§c2N1 |a2|czl)\1 / fa(v(x,1,t))v(x, 1, t)dT.

We choose Nj large enough so that

INy ]

then N; large enough so that
l
lPONZ_Nl_Z > 1.

Using the fact that glf(zs()s) < §(s) and the Lebesgue dominated convergence theorem,
we deduce that

~ C¥?(s)
= A ds —0as¢ — 0.
o= o ¢
Hence, there is 0 < {p < 1 such thatif { < o, then

4CIN3
§C(g)[zlﬂ+ ; 2]<%.

Finally, selecting ¢ = ﬁ and choosing N large enough so that

16C1 N?
N> max{ 1Ny 1 (8)\1N1 lil) g 1 ( laz|azcoNy | |azlcaly
hy T

_ )02
l l 1) oy 7 +— c3(1—g3)e )}

we obtain
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1
L'() < —[u(®)]? = 41 = DI Vu()[* + 7 (¥ o Vu)(H) — Ny /r m(x)w? (t)dT
1
-1
—eero(t) [ [ Ea(olx ke t))dkdl + s [ FE(u()dT + E (1), Vi >, (55)
r; Jo r
where 5 = M + M. Using (18) and (31), we find that, for any ¢ > ty,
K
/01/)(5)/ IVu(t) — Vu(t — s)2dxds < ff/ / Vu(t) — Vu(t —s)Pdxds < — fE’(t). (56)
0 Q 5

Combining (29), (55), and (56) and making a suitable choice for b;, we obtain the
estimate (52). O

To evaluate the two terms on the right side of (52), we establish the following lemmas.

Lemma 7 ([1]). Assume that (H2) holds and max{ry, fo(r1)} < €, where € was introduced in
(11). Then, there exist positive constants Cp, C3, and Cq such that

/F1 flz(ut(t))dl" < Cy /Fl f1(ue(£))ue(t)dT, if fois linear, (57)
/r FE(ue(£))dT < C3E~Y(x(t)) — C3E/(t), if fo is nonlinear, (58)
where .
x(t) = Tl fi(us(8))up(£)dl < —C4E'(t), (59)
1] Jry

Ty ={xeTy:|u(t)] <er}and 0 < e = min{ry, fo(r1)}.

Lemma 8. Assume that (H1) and (H3)-(H5) hold and that fy is linear. Then, the energy func-
tional satisfies

/Ooo E(s)ds < oo. (60)
Proof. We introduce the functional
L(t) = L(£) + D4(t),
which is nonnegative. From (50) and (55), we see that, for all t > £,
L'(8) < = [lur()? = (1 =D Vu(t)|* - i(l/) o Vu)(t) — Ny /rl m(x)w? (t)dT
—e %2q(t) /r] /O1 F>(v(x,x,t))dxdl + Bs /r] f2(up(£))dT + by E'(t).
Applying (29), (31), and (57), we have

() < ~dyE(t) + (b — %)Ew

where d; is some positive constant. Selecting a suitable choice for b;, we obtain

L'(t) < —d1E(t).
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This implies that

d /tE(s)ds < L(ty) — L(t) < L(tg) < co.

to
O
Next, we define Y(t) by

Y(t) = — tt¢'(s) /Q IVu(t) — Vu(t —s)[2dxds < —2E(t). (61)

Lemma 9. Assume that (H1) and (H2) hold and that G is nonlinear. Then, the solution to (22)—(28)
satisfies the estimates

/ﬁ(s) [ [Vult) - Vu(t—s)Paxds < G (":((t?) V> to, if o is linear, )
/t: ¥(s) A IVu(t) — Vu(t —s)|2dxds < t_eto Gl((t f\t{o(;;(t)>’ Vt > to, if fo is nonlinear, (63)

where 6 € (0,1), and G is an extension of G such that G is a strictly convex and strictly increasing
C? function on (0, ).

Proof. First, we prove the estimate (62) when f; is linear. For 0 < 6 < 1, we define I(t) by
t
I(t) := 9/ / IVu(t) — Vu(t — s)[dxds.
to /O
By (60), 8 is taken so small that, for all t > ¢,
I(t) < 1. (64)

Since G is strictly convex on (0, 7], then

G(q2) < 4G(7), (65)

where 0 < g < 1land { € (0,r]. Using the fact that y is a positive nonincreasing function
and applying (10), (64), (65), and Jensen's inequality (19), we find that (see details in [1,3])

(1) > M/tl(t)c(lp(s))/ 0|Vuu(t) — Vu(t — s)2dxds

GI(t) to Q
= gll((tt)) /t: GI(t)¢(s)) /Q 0|Vu(t) — Vu(t —s)|[*dxds (66)
p(t)

v

GG(G/t:lp(s)/O|Vu(t) —Vu(t—s)|2dxds).

Since G is strictly increasing, we obtain

6 u(t)

Now, we show the estimate (63) when fj is nonlinear. Since we cannot guarantee (60),
we define the following function:

tt’#(s) /Q IVu(t) — Vu(t —s)|2dxds < 1(;1(93{(1‘)).

0
t—tp

t
L(t) = //|Vu(t)—Vu(t—s)|2dxds, Vit > to.
to JQ
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Using the fact that E'(t) < 0 and (29), we have
26 t 80E(0
n() < 22 [Vl + 1vut -] Pas < PO
0 Jip
Choose 0 small enough so that, for all £ > ¢,
L(t) <1 (67)

Similar to (67), using (10), (65), (67), and Jensen’s inequality (19), we obtain

X() = g [ O3 ) [ ITu(e) = Tule =) s

t—

(t = to)u(t) [t
> S ). ) | L 190 Vs —5)Paxds

> (t_tg)y(t) G(tgto t:lp(S)/ﬂ IVul) _vu(t_s)|2dxds>'

This implies that

t CVult — ) Pdxds t_tofflL(t)
J,pe fy 190 = Fute=oanas < S0 & (G5 ).

O

4. General Decay of the Energy

In this section, we state and prove the main result of our work.

Theorem 2. Assume that (H1)-(H5) hold and that fy is linear. Then, there exist positive constants
k1,ky, ks, and k4 such that the energy functional satisfies, for all t > t,

ot
E(t) < kzefkl Ji H(SMS, if G is linear, (68)
t
E(t) < kyGy? <k3/ y(s)ds), if G is nonlinear, (69)
to

where Gy (t) = [/° }(S) ds is strictly decreasing and convex on (0, rg).
Proof. Now, we consider the following two cases.

Case 1: G(t) is linear. Multiplying (52) by the positive nonincreasing function y(t) and
using (10), (31), and (57), we obtain

WOL'(0) < ~Bap(DE®) + s | p(6)p(s) [ 1Va(t) = Vult —s) Pdxds + sut) | Flu(t)ar

IN

—B3u(t)
< —Bau(t)E(t) —

= a [ 9(6) [ IV = V(e =) Peds + sCa0) | fulus()m (1T
CsE'(t),

where C5 = 24 + %g(o) is a positive constant. Since y(t) is nonincreasing, we have

(WL + CsE)'(t) < —Bap(t)E(t), Vt > to.

Since p(t)L(t) + C5E(t) ~ E(t), for some positive constants kj and k,, we obtain

E(t) < kze_kl ftto u(s)ds
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Case 2: G(t) is nonlinear. This case is obtained through the ideas presented in [3] as follows.
Using (31), (52), (57), and (62), we obtain

L'(t) < —B3E(t) + %C’l <9:(Sf>)> - ﬁi?}s’(t), Vt > t. (70)

Let Li(t) = L(t) + %E(t) ~ E(t), and then (70) becomes

Ly(t) < —BsE(t) + %é‘l (%) Yt > f. 71)

For 0 < & < rg, using (71) and the fact that E' < 0,G > 0and G > 0, we find that
the functional Ly, defined by

Ly(t) =G <£0§((8))>L1(t) ~ E(b),

satisfies

Ly(t) < —BsE(HT (m%) +big <so§((3) ¢! ((’:((t’;)) Vst ()

Withs = G’ (Eo%> andr=GC | (9;(7(:)))' using (20), (21), and (72), we obtain

L4(6) < ~RaE0)G (o ) + 0 EG (eopy ) + B
E(t)

where we have used that 9 z; < 7o and G = G’ on (0, 7). Multiplying this by 4 (t) and

E(0)

using (61), we obtain

oS 50

By defining L3(t) = u(t)La(t) +2B4E(t), we see that, for some positive constants 7,
and 73,
72L3(t) < E(t) < y3Ls(t). (73)

With a suitable choice of ¢(, we obtain, for some positive constant dy,

Li(t) < —dzy(t)g(((t)))G’ <so ;-:E(((t)))> = —dzy(t)G2<§(<é))>, Vt > to, (74)

where Gy (t) = tG'(got). Applying the strict convexity of G on (0,79] and G(t) = G’ (ept) +
e0tG" (got), we see that G (t), G5(t) > 0 on (0,1]. Finally, defining

_ 72Ls(t)
Q(t) = TE(0)
and using (73), we have
Q) < 1’;5((5))) <1 and Q(t) ~ E(1). 75)

From (74), (75), and the fact that G}(t) > 0 on (0, 1], we arrive at

Q'(t) < —kau()G2(Q(1)), Vt > to,
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where k3 = % is a positive constant. Integrating this over (fo,t) and using variable

transformation, we find that (see details in [3])

o EOQ,(S) e0Q(to) ¢
/f 000G () k3/ s = / sG’ otk /0 (s)ds.

Since gy < rgand Q(#) < 1, for all t > £y, we have

o 1 t 1 t
Gi(e0Q(H)) = /eon RTOREL /to u(s)ds = Q(f) < %Gfl(k3 /to y(s)ds), (76)

where G1(t) = ftro ﬁds. Here, we have used the fact that G; is a strictly decreasing
function on (0, r]. Therefore, using (75) and (76), the estimate (69) is established. [

Theorem 3. Assume that (H1)-(H5) hold and that fj is nonlinear. Then, there exist positive
constants a1, a2, a3, and a4 such that the energy functional satisfies

t
E(t) < zszfl (ocl/t y(s)ds), Vt > tg, if G is linear, (77)
0

where Fy(t) = ftrl sF’l(S)

E(t) < ay(t— to)Kll( ), Vt > t;, if G is nonlinear, (78)

a3

;
o) J1 1(s)ds
where Kq () = tK'(ezt), 0 < &3 < r, = min{rp,r1} and K = (E_l +f71)71.

Proof. Case 1: G(t) is linear. Multiplying (52) by the positive nonincreasing function p(f)
and using (10), (31), and (58), we obtain

(L' (t) < —Bap(t)E(H) + BsCap(t)F (x () — GoE' (1), (79)
where Cs = 24 + B5C34(0) is a positive constant. Since () is nonincreasing, (79) becomes

F5(t) < —Bap(t)E(t) + BsCau()F 1 (x(t)), Vt > to, (80)

where F3(t) = u(t)L(t) + C¢E(t) ~ E(t). For 0 < &1 < r1, using (80) and the fact that
E'<0,F' > 0and F’ > 0 on (0,7], the functional Fy, defined by

Ey(t) = F' (81]155((3)))133(15) ~ E(b),

satisfies

(1) < ~panEWF (a1 5 ) + BsCanOF (e £(gr ) F (),

Given (20) and (21) with s = F/(¢; g(—t))) and r = F~1(x(t)), using (59), we obtain that

E(t

P (erggg) ) + BCanO(0)

B0 < ~panEWF (a1 fig) ) +erpsCle

(
0 )
< —(B3E(0) — £1p5Cs) & é)(ﬁ)(t) F' (81(0)> — B5C3Capt(0)E/ (1), Vit > to.
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Let F5(t) = F4(t) 4+ B5C3Cyqpt(0)E(t); then it satisfies, for positive constants 74 and s,
vaFs(t) < E(t) < vsF5(t). (81)

Consequently, with a suitable choice of &1, we have, for some positive constant d3,

FL(t) < dgy(t)]g(((t)))F’ (815((8)0 - dgy(t)F()(E((é))), V>t (82)
where Fy(t) = tF’(e1t). From the strict convexity of F on (0, 71], we obtain Fy(t), Fj(t) > 0
on (0,1]. Let
=220,

and from (81) and (82), we obtain

t)
(0)

E

—~

J(t) <

<1 and J'(1) < —ap(OR((E), V= 1,

™

where a7 = % is a positive constant. Then, similar to (76), the integration over (o, t) and
variable transformation yield

1 t
< —Ft /
10 F (a f pe)ds), (83)
where F(t) = :1 ﬁds, which is a strictly decreasing function on (0, 7]. Combining (81)

and (83), the estimate (77) is proved.
Case 2: G(t) is nonlinear. This case is obtained by the arguments presented in [1] as follows.
Using (52), (58), and (63), we obtain

(0 < —pae(r) + BTG (B0 ) 4 pacar ) — BsCaE (), V>t

6 t—to)u
(84)
Since lim = 0, there exists t; > tg such that
t—oo t — tg
1
<1, Vt> 1. (85)
t—tp
Using the strictly convex and strictly increasing function of F and (65) with g = ﬁ,
we see that
Fl) < - (20), vz )
—to
Combining (84) and (86), we arrive at
F—ty)=-1 0Y(t) =1 x()
Ry(t) < —psE(t) + Pl ) <)+ Cs(t — to)F < , Vi, 87
1(t) < —B3E(t) 5 = to) (D) BsCs(t — to) — >t (87)
where Ry (t) = L(t) + B5C3E(t) ~ E(t). Let
, 0Y(t) x(t) =1 | =1y-1
= = = > 1.
ro = min{ro, 71}, @(t) max{(t—to)y(t)’ o andK= (G +F ) , Vt>H (88)

Therefore, (87) reduces to

Ri(t) < —B3E(t) + C7(t —to))K M (g(t)), Vt>H, (89)
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where C; = max{ B B5Cs}. The strictly increasing and strictly convex properties of G and

F imply that
—I=/ =/ =/ —/\n==/
F F)? ’F
K, = Hcii, > 0 and K// = G ( l/ +£f; ) > O, (90)
G +F (G +F)?
on (0,77].
Now, for 0 < &, < 7, using (85), we see that ; 82 E(( )) < 1. Defining

Ralt) =K' (2 R, ez

and using (89) and (90), we find that
Iy € E(t) e2 E'()\ n( ¢ (t) o e E()) .
R0 = (= S o v0)< (2 v)® “+K(t—2t0E<m>R1“’

< —/33E(t)1<’<:2t0 E(?)) + Cr(t— to)K (t_ E > L V> . (91)

Using (20) and (21) with s = K’(t?t0 %) and r = K~1(¢(t)) and applying (91), we

obtain

Ro(1) < ~poK' (2 1) +eaCr ki (2 28+ crte—togte). - 02

From (59), (61), and (88), we obtain

(t—to)u(t)g(t) < —CsE'(t), (93)

where Cg = min{26, C4(0) }. Multiplying (92) by the positive nonincreasing function ()
and using (93), we have

0 < (30 i) MOEO (L5 EOY

where R3(t) = u(t)Ry(t) + C;CsE(t) ~ E(t). For a suitable choice of ¢, we find that

Ry () < —dﬂ(t)E(t)K’(t ‘C'zt S((é))> V>, (94)
— 1o

where d, is a positive constant. An integration of (94) yields

E%) /t: E(S)K/<s izto g%)ﬂ(s}ds < /ttl Rj3(s)ds < Rs(t).

Using (90) and the non-increasing property of E, we see that the map t — E(£)K’( tfzto %)

is non-increasing and, consequently, we obtain

d4£((é)) 1<'<t izto S(((t)))) /tlty(s)ds < Rs(ty), Vt>H. (95)

Multiplying (95) by ﬁ, we obtain

1 E(t) f R3(t1)
K P < >
4y 1<tt0E(0)>/t1y(s)dS_ t—ty’ vtz ty
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where K (s) = sK’(e2s), which is strictly increasing. Therefore, we deduce that

E(t) < ay(t— to)Kl_1< ) Vi > h,

a3
(t—to) [, p(s)ds

where a3 and a4 are positive constants. This completes the proof. [

Examples. We provide examples to explain the decay of energy (see [1]).
1. Case: fp and G are linear.

Let ¢(t) = ae~ "+, 4 (t) = b, and G(t) = t, where b > 0, and a > 0 is small enough.
Assume that fo(t) = ct and F(t) = v/tfo(\/t) = ct. Then, we can obtain

E(t) < kye K1t forall t > t,.

2. Case: fy is linear and G is nonlinear.
Let p(t) = ae ", u(t) =1,and G(t) = pitll, where 0 < p < 1,and a > 0 is small
(In(§)7
enough. Assume that fo(t) = ct and F(t) = v/tfo(\/t) = ct. Then, G satisfies the condition
(H1) on (0, 9] for any 0 < o < a.

==

1
o 1 0 [In ¢] ngup a1
- [ [ ey
W=l e@® T h o pmg® m%l—r)wu”—(“t)
Then, we can have
E(t) < kge ™", forall t > t,.

3. Case: fyis nonlinear and G is linear.
Let ¢(t) = ae~ "0+, u(t) = b, and G(t) = t, where b > 0, and a > 0 is small enough.

Assume that fo(t) = ct?, where p > 1and F(t) = Vtfo(\/t) = ot Then,

noo1 41 2 1 _p1 -1
Fl(t):/t dS:/t S_%ds:—(xo(rl 2 —t_pT)

sF/(s) c(p+1)
and
E) = (r 7 4 Ly
1 = 0 ’
where oy = 4 . Therefore, we find that

c(p+1)(p-1)

2

E(t) < (lxlt + oc2)_ﬁ, forall t > tj.
4. Case: fyis nonlinear and G is nonlinear.
Let ¢(t) = ~—%—,u(t) =b,and G(t) = t2, where b > 0, and a > 0 is taken so that 9)

(14t)27
remains valid. Assume that fy(t) = t°> and F(t) = t3. Then,
_ 1 —1+v/1+4s5\3
K(s) = (G 1+ F 1) L(s) = (f) .

Therefore, we see that
3

E(t) < 1,
= (t—tg)3

forallt > ty,

where t; > tj.
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5. Conclusions

Numerous phenomena are influenced by both the current state and the previous
occurrences of the system. There has been a notable increase in the research on the equa-
tion with delay effects, which frequently arise in various physical, biological, chemical,
medical, and economic problems. In this paper, we study the energy decay rates for the
viscoelastic wave equation with nonlinear time-varying delay, nonlinear damping at the
boundary, and acoustic boundary conditions. We consider the relaxation function 1, namely
Y/ (t) < —u(t)G(yp(t)), where G is an increasing and convex function near the origin, and
u is a positive nonincreasing function. We establish general decay rate results without
the need for the condition a, > 0 and without imposing any limiting growth assumption
on the damping term f;, using the multiplier method and some properties of the convex
functions. Moreover, the energy decay rates depend on the functions y and G, as well as
the function F defined by fy, which characterizes the growth behavior of f; at the origin.
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