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Abstract: This study delves into the implementation of Fast Finite Time Fractional-Order Adaptive
Sliding Mode Control (FFOASMC) for knee joint orthosis (KJO) in the presence of undisclosed
dynamics. To achieve this, a novel approach introduces a Fractional-Order Sliding Surface (FOSS). In
the context of limited knowledge regarding the dynamics of knee joint arthrosis, Fractional-Order
Fast Adaptive Sliding Mode Control (FOFASMC) is devised. Its purpose is to ensure both finite-time
stability and prompt convergence of the KJO’s state to the desired trajectory. This controller employs
adaptive rules to estimate the enigmatic dynamic parameters of KJO. Through the application of the
Lyapunov theorem, the attained finite-time stability of the closed loop is demonstrated. Simulation
results effectively showcase the viability of these approaches and offer a comparative analysis against
conventional integer-order sliding mode controllers.

Keywords: fractional-order control; knee joint arthrosis; adaptive sliding mode control (ASMC);
finite-time stability
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1. Introduction

Today, as a result of the increasing demand for assistive technologies, interest in
expanding portable rehabilitation systems has increased [1,2]. The knee joint arthrosis,
referred to by various terms in the literature such as lower limb exoskeleton, shank arthrosis
system, or knee rehabilitation robot, serves predominantly to facilitate the rehabilitation
of individuals afflicted by impaired limb functionality at the knee joint level. Its primary
objective is to enable these patients to regain control over their limbs [3–6]. In the past
few years, a variety of methods have been used for the stabilizing of KJOs, such as PD
controller [7], cascaded PID controller [3], active impedance control [8,9], model reference
adaptive control [10], robust adaptive neural control scheme [11], neural network slid-
ing mode control (SMC) [12], Lyapunov-based controllers [13,14], non-singular terminal
SMC (TSMC) [15], SMC based on disturbance observer [16], fast TSMC [17], adaptive-
backstepping controller [18] and fuzzy backstepping SMC [19].

In the work of Huo et al. [9], an active impedance control approach was devised
for knee joint arthrosis systems (KJOs). This approach aimed to calculate human joint
torque and mitigate the impedance of the orthosis system to achieve a satisfactory level.
Rifai et al. [20] had used a model reference adaptive control methodology for online
parameter regulation in a human-driven KJO to obtain the best tracking performance.
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Mushage et al. [21] introduced a hybrid state observer alongside a fuzzy neural network
controller for limb exoskeleton robots. This dual approach was designed to accurately
estimate system states and capture the intricate non-linear dynamics involved in trajectory-
tracking challenges. Mefoued [11] devised an adaptive neural control strategy that accounts
for situations where the dynamic model of a system is not known. This approach combines
neural network control with repetitive learning control, which was specifically tailored
to stabilize lower limb rehabilitation systems [22]. Finally, Wehbi et al. [8] used active
impedance control for stabilizing a KJO system during the swing phase, which uses two
observers based on SMC for estimating both human joint torque and non-linear disturbance.

In reality, KJO systems are subjected to external disturbances, modeling uncertainties,
and unmolded dynamics. KJO parameters vary between subjects, and measuring human
effort, an external disturbance, is challenging [23]. So, a robust method is needed to
maintain the tracking performance in the system. The robot should also meet the demand
of the individual difference of the patients’ force, height, and weight. Therefore, the
robustness of the control algorithm for a KJO system has become a research hotspot.

SMC is one of the most reliable and well-known methods of variable structure
control systems, which is robust against these perturbations and has been used a lot
for the control of robotic rehabilitation systems, including KJOs [24–29]. Ding et al. [6]
introduced an adaptive proxy-based sliding mode control (SMC) to attain resilient
trajectory tracking for shank-orthosis systems. The concept involves creating a virtual
entity referred to as a “proxy”, which is governed by a conventional PID control system.
Mohammed et al. [16] proposed a TSMC with a non-linear observer to achieve robust
path tracking of a shank-orthosis system. Lazaro et al. [24] put forth an output feedback
Adaptive Sliding Mode Control (ASMC) for lower limb rehabilitation, aiming to achieve
comprehensive trajectory tracking across all degrees of freedom within the system.
Adaptive or Robust-Adaptive SMC is a controller that uses adaptive laws for estimat-
ing some controller parameters [24,25]. These parameters are mostly upper bounds
of system perturbations including disturbances and uncertainties [25]. Additionally,
Long et al. [26] employed a combined position control strategy that incorporates robust
SMC and a cerebellar model articulation neural network for lower limb exoskeletons.

Cao et al. [27] proposed multi-output SMC for the simultaneous control of angular
trajectory and knee joint adaptation in a pneumatic muscle-driven lower limb exoskeleton.
SMC is also utilized in a cable-axis rehabilitation exoskeleton for low-level torque con-
trol [28]. Sliding mode observers (SMOs) are employed for joint arthrosis to estimate model
uncertainties and human muscular torques [29]. In the above-mentioned SMC methods,
asymptotic stability is achieved, which cannot guarantee finite-time convergence. The
fast convergence in a KJO system can improve tracking accuracy and enhance transient
response. TSMC has recently been proposed to extend the traditional SMC and achieve
finite-time stability, fast response, and more robustness and accuracy. The authors of [30]
introduced a model-free adaptive non-singular fast TSMC, involving an Intelligent PI
controller, delay estimation, and adaptive sliding compensator. This guarantees finite-time
convergence of the path tracking error to zero. Moreover, [31] suggested swift TSMC
integration into the proposed controller for finite-time stability in velocity and position. Ad-
ditionally, a robust non-singular TSMC was formulated for stabilizing active rehabilitation
exoskeletons amidst singularities.

The main problem of SMC or TSMC is undesirable oscillations called chattering. This
phenomenon results in high-frequency oscillations because of the discontinuity in the
control law. In real implementations, SMC produces these oscillations in KOJ system
actuators. Chattering can cause a KOJ system to vibrate, leading to joint wear. On the other
hand, due to the lack of a chattering mathematical model, it is not possible to predict or
estimate its effects in real applications [32]. Therefore, reducing chattering is very important
in the implementation of SMC methods in real systems.

To minimize chattering, options include using smooth functions like sigmoidal, satu-
ration, or hyperbolic tangent functions rather than the abrupt sign function. Alternatively,
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a continuous auxiliary control can stabilize the main system, which is complemented by a
discontinuous controller to manage disturbances, preventing chattering in the closed-loop
system [33]. Despite the reduction in chattering, using these methods causes a loss of
accuracy and robustness and, therefore, poor performance of the system. Implementing
the SMC in a KJO system based on the aforementioned methods for approximating the
discontinuous sign function is used in [27,34]. Bkekri et al. [35] suggested an adaptive
super-twisting SMC that diminishes chattering and establishes a constant upper bound for
disturbances using adaptive laws.

A recent method for addressing chattering while maintaining system performance
involves employing fractional-order sliding mode controllers (FOSMCs) [36–38]. The
application of fractional-order SMCs not only mitigates chattering but also enhances closed-
loop system performance. Saif et al. recently used a fractional-order sliding mode controller
for achieving tracking in quadcopters and had also compared the performance with integer-
order SMC. Yu et al. proposed a model-free fractional-order SMC along with a non-
linear disturbance observer for electric drive systems in [37], and Zahraoui et al. [38]
proposed a fractional-order SMC based on machine learning techniques for speed control
in permanent magnet motors. There are few papers on the fractional-order TSMC of
KJO systems. Delavari et al. [39] introduced an amalgamation of non-linear disturbance
observers and fuzzy fractional-order terminal sliding mode control (TSMC) to enhance
tracking accuracy and diminish the impact of muscle torque uncertainties. Additionally,
a robust adaptive TSMC employing fractional-order surfaces was proposed for trajectory
tracking in lower limb exoskeleton systems under perturbations [40]. However, a recent
commentary [41] has highlighted significant errors in the stability proof of finite-time
stability when perturbations are present. One notable mistake pertains to the inability
to prove finite-time stability for the error in the sliding mode of the system (when s=0)
given the inherently non-linear KJO system model, uncertainties encompassing human and
orthosis parameters, coupled with the challenge of identifying these varying parameters
and establishing an accurate dynamic model for the system [41].

The authors note that prior research has not tackled the issue of finite-time stability
for the KJO system assuming unknown dynamic parameters. Given the uncertainties and
uncharted dynamics within the non-linear coupled KJO model, coupled with the necessity
of achieving finite-time convergence inherent to this category of robots, the primary impetus
behind devising a finite-time control law for KJO systems is to circumvent the challenge of
unknown dynamic parameters due to their uncertain nature. Therefore, the novelty and
the primary contributions of this paper include the following:

(1) It is assumed that KJO dynamic parameters are completely unknown. Then, a new
FFOASMC is designed in order to achieve finite-time stability in which the unknown
dynamic parameters of the KJO system are estimated via adaptive laws.

(2) Introducing a novel approach for mitigating chattering by utilizing the developed
fractional-order sliding mode control (SMC).

(3) Notably, the design methodology presented in this paper can be readily extended to
encompass the broader spectrum of high-order non-linear affine systems, encompass-
ing entities like robot manipulators and rigid bodies.

In summary, the main motivation for this paper, which has been applied to the KJO
system, is finite-time stability under the condition that all of the dynamic parameters of
the KJO system are unknown (using adaptive sliding mode laws).. Its stability is also
demonstrated, though it can be extended to apply to nonlinear affine systems in general.

The paper’s structure is outlined as follows: Preliminaries are detailed in Section 2.
System modeling and problem formulation are elaborated upon in Section 3. The design
procedure of the controller and its stability proofs are expounded in Section 4. Section 5
presents numerical simulation results to validate the methodologies. The paper concludes
in Section 6 with the final remarks.
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2. Preliminaries

Fractional-order calculus, an established mathematical field, provides a broader frame-
work encompassing derivatives and integrals spanning from integer to non-integer orders.
A general operator aDα

t is used to express the fractional-order differentiator as shown
below [42]:

aDα
t =


dα

dtα , R(α) > 0

1 , R(α) = 0
t∫

a
(dτ)−α , R(α) < 0

(1)

where α represents the fractional order and ‘a’ is a constant reflecting the initial condition.
Various definitions for fractional differentiation and integration exist in the literature, such
as Grünwald–Letnikov (G-L), Riemann Liouville (R-L), and Caputo. However, the most
common case for describing dynamic systems is the Caputo definition. This is because
the initial conditions of fractional-order differential equations using Caputo derivatives
align with those of integer-order counterparts [42]. Hence, Caputo’s definition proves more
suitable for describing fractional-order dynamic systems in practical applications. The
Caputo derivative of a function, such as f (t), is defined as follows [43]:

Dα
t f (t) =

1
Γ′′ (dαe − α)

t∫
0

f (dαe)(τ)

(t− τ)α−dαe+1
dτ, 0 < α /∈ N (2)

Here, Γ′′ (.) signifies the Gamma function, and d αe represents the smallest integer
greater than or equal to α [43]. Concluding this subsection, let us examine the following
two lemmas, which will be instrumental in establishing the stability of the controllers in
the subsequent sections.

Lemma 1 ([44]). Consider V(x) as a Lyapunov function candidate where V0 is its initial condition.
Then, if the following inequality holds:

.
V(x) + αV(x) + βVγ(x) ≤ 0 (3)

in which α, β > 0 and 0 < γ < 1. Next, the function V(x) will converge to the origin within a finite
time, with the indicated settling time:

T ≤ α−1(1− γ)−1 ln(1 + αβ−1V1−γ
0 ) (4)

Lemma 2 ([44]). Consider the following fractional-integer differential equation:

.
x + kDλ−1[sig(x)a] = 0 (5)

where x ε Rn, 0 < a, λ < 1 and k = diag(ki) is a constant positive matrix in which ki ε R+,
i = 1, 2, . . ., n and sig(x)a is defined as:

sig(x)a = [|x1|asign(x1), . . . , |xn|asign(xn)]
T (6)

Subsequently, the state x will converge to the origin within a finite time denoted as Tx.

The following section details the Problem Formulation, encompassing the description
of the KJO system and the article’s objective.

3. Description of Knee-Orthosis System

As depicted in Figure 1, the system involves an individual wearing an orthosis while
seated with the shank having free movement around the knee joint. The orthosis consists
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of upper and lower jointed sections, and the upper segment is powered by a brushless DC
(BLDC) motor. This orthosis generates torque, confining knee joint movement to a range
of 0◦ to 120◦. In this range, 0◦ denotes full knee extension, 120◦ signifies maximum knee
flexion, and 90◦ represents the neutral position (Figure 2).
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Figure 2. The KJO system in the plane.

Center of mass positions of the orthosis and the lower limb with respect to coordinate
center O1 are given by [46]:

→
O1G = [K1l1 cos(θ),−K1l1 sin(θ)]
→

O1G1 = [K2l3 cos(θ),−K2l3 sin(θ)]
(7)

where K1 and K2 denote the mass repartition coefficients of the lower part, G and G1
indicate the lower part center of gravity, and l1 and l3, respectively, denote the length of the
shank and the lower part of the orthosis (Figure 2).

Using the Lagrange equation, the dynamic model of the KJO system is obtained as
follows [16]:

(Jk + Jeqex)
..
θ + ( fvk + fvex)

.
θ − (m1k1l1 + m3k2l3)g cos(θ)

= τex + τk − ( fsex + fsk)sign(
.
θ)

(8)

where θ,
.
θ,

..
θεR are posture variables of the KJO system, θ(0)εR is the vector of the initial

condition, m1 and Jk stand for the mass and the inertia of the shank foot, Jeqex signifies the
inertia of the lower part of the orthosis, and fvk and fvex are, respectively, the coefficients
of viscous damping for the knee joint and the actuated orthosis. fsk and fsex indicate the
respective solid friction coefficients. The term (m1k1l1 + m3k2l3)gcos(θ) is the gravitational
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torque, while g indicates the gravitational constant. τex and τk, respectively, show the
torque of the actuated orthosis and the torque of the human knee joint. An orthosis is a
knee joint robot that moves through a combination of actuators and human thigh muscles.

The orthosis joint is driven by a BLDC motor with mechanical transmission employed
to amplify the orthosis’ torque. Since the time constant of the current control system is
negligible in comparison to the mechanical time constant and given the characteristics of
the BLDC motor, the following equation can be employed [31]:

τex = kmi(t) (9)

where km is a positive constant value, i(t) is the input current of the BLDC motor, and τex is
the exerted torque in the orthosis.

Using both electrical and mechanical equations as in Equations (8) and (9) and defining
J= Jk + Jeqex, B= fvk + fvex, A = fsk + fsex and τg = (m1k1l1 + m3k2l3) g, the model of the orthosis
can be rewritten as:

M
..
θ + N(θ,

.
θ) = f (10)

where
N(θ,

.
θ) = B

km

.
θ − τg

km
cos(θ)− τk

km
+ A

km
sign(

.
θ)

M = J/km
f = i(t)

(11)

In general, the dynamic parameters of a KJO robot, including the mass and inertia
of both the shank foot and the orthosis, viscous damping coefficients, solid friction
coefficients, and so on, are always exposed to model uncertainties and unmodeled
dynamics. In addition, the KJO in Equation (10) is exposed to unmodeled dynamics,
external disturbances, and unknown human knee joint torques. Therefore, due to
external disturbances and model uncertainties, most conventional controllers are not
viable for tracking control in these orthosis systems. As a starting point, we make the
following assumption in this paper:

Assumption 1. Assuming the dynamic parameters of the KJO model in Equation (10) are elusive
due to substantial uncertainties, the dynamic model of the KJO, can then be considered as follows:

M̂
..
θ + N̂(θ,

.
θ) = f (12)

where M̂ and N̂(θ,
.
θ) are an estimation of dynamic system parts.

In this paper, two new FFOASMC approaches for finite-time tracking control of KJO
are presented, which can be easily adapted to the n-DOF general dynamic model of robot
systems (meaning famous rigid body dynamic equation) and even (considering some
conditions such as controllability, the stability of zero dynamics and so on) the input
affine high-order non-linear models such as ẋ = f (x) + g(x)u(t), x ε Rn. This approach is
summarized as follows.

In Section 4, given the absence of information regarding dynamic parameters of the
KJO, as stipulated in Assumption 1, the objective is to formulate a novel FFOASMC that
achieves finite-time tracking of the knee joint angle θ(t) to follow a predefined trajectory
θd(t). In this context, an adaptive law is utilized to estimate the dynamic parameter vector
of the system.

4. FFOASMC Design Considering Unknown Dynamics
4.1. Rewriting the Dynamic Model of KJO System

The dynamic equation presented in Equation (12) can be reformulated as follows:

M
..
θ + L(θ,

.
θ) = f (13)
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where M is an arbitrary constant positive value, f is the input signal and L(θ,
.
θ) is as follows:

L(θ,
.
θ) = [M̂−M]

..
θ + N̂(θ,

.
θ) = Y(θ,

.
θ)ψ̂ (14)

where Y(θ,
.
θ)ψ̂ indicates the regressor form of the dynamic part [M̂−M]

..
θ + N̂(θ,

.
θ), which

is a pseudo-linear description with respect to unknown dynamic parameters ψ̂ ε Rm and a
known regressor matrix Y(θ,

.
θ) ε R1×m.

4.2. Fractional-Order Sliding Surface and Reaching Law Formulation

Taking into account the knee joint angle tracking error as
∼
θ = θd − θ, to attain finite-

time convergence in tracking error, while employing Lemma 2, the fractional-order sliding
mode surface is formulated as follows:

s =
.
θ̃ + kDβ−1[sig(θ̃)

α
] (15)

where sig(
∼
θ )α = |

∼
θ |

α

sign(
∼
θ ) with 0 < α, β < 1 and k ε R+ is a desired constant

positive number.
When the system is on the sliding surface (s = 0, ṡ = 0), its behavior is described by

.
∼
θ + kDβ−1[sig(

∼
θ )α] = 0. Based on the findings of Lemma 2, the tracking error

∼
θ converges

to zero within a finite time. Consequently, the knee joint angle adheres to its desired
trajectory within a finite duration.

Now, the primary control objective is to induce the dynamic of the system described
in Equation (13) to converge to the sliding surface within a finite time. In order to achieve
rapid finite-time convergence of s to zero, a terminal reaching law is introduced in the
following manner [44]:

.
s = −ρs− µsig(s)λ (16)

where ρ and µ are positive constant values and 0 < λ < 1. Leveraging the reaching law
outlined in Equation (16) and accounting for Assumption 1, the subsequent subsection
introduces a novel FFOASMC strategy. This approach is devised to drive the sliding surface
s to the origin within a predetermined finite time.

4.3. Fractional-Order Adaptive SMC

Given the estimation of dynamic parameter ψ, which is denoted as ψ̂ from
Equation (14), the FFOASMC designed for achieving finite-time tracking of the KJO, based
on the dynamic equation in Equation (12), is as follows. This control strategy incorpo-
rates the sliding manifold from Equation (15) and the fractional-order reaching law in
Equation (16):

f = Mu + Y(θ,
.
θ)ψ̂ (17)

where u is as follows:

u =
..
θd + kDβ[sig(θ̃)

α
] + ρs + µsig(s)λ + ηsign(s) (18)

The value of ψ̂ in Equation (17) is derived through the subsequent adaptive law:

.
ψ̂ =

1
M

(ΓYTs) (19)

where Γ ε Rm×m is an arbitrary positive definite matrix.
The main result of this section, which is the finite-time stabilizing of the system, is

provided in Theorem 1 as follows.
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Theorem 1. Consider the KJO model in Equation (10) when its dynamic parameters are unknown
according to Assumption 1. By applying the FFOASMC in Equations (17)–(19), where s is defined
in Equation (15) and k, µ, ρ ε R+, 0 < α, β < 1 and M are arbitrary constant values, the knee joint
angle θ(t) converges to the desired trajectory θd(t) in finite time.

Proof. Applying the control signal in Equation (17) into the rewritten KJO dynamic equation
in Equation (13), we have:

M
..
θ + L(θ,

.
θ) = Mu + Y(θ,

.
θ)ψ̂ (20)

Now, inserting L(θ,
.
θ) and u, respectively, from (14) and (18) into (20) results in:

M
..
θ = M(

..
θd + kDβ[sig(θ̃)

α
] + ρs

+µsig(s)λ + ηsign(s)) + Y(θ,
.
θ)ψ̃

(21)

where
∼
ψ = ψ̂− ψ are dynamic parameter errors. Multiplying both sides of the equation in

Equation (21) with M−1 yields:
..
θ̃ + kDβ[sig(θ̃)

α
] + ρs + µsig(s)λ

+ηsign(s) + M−1Y(θ,
.
θ)ψ̃ = 0

(22)

Now, consider the following candidate for the Lyapunov function:

V =
1
2

s2 +
1
2

ψ̃TΓ−1ψ̃ (23)

Taking the time derivative of V results in the following:

.
V = s

.
s + ψ̃TΓ−1

.
ψ̃ (24)

Using (15) and given that
.
∼
ψ =

.
ψ̂ (due to the fact that the dynamic parameters are

constant over time), we have:

.
V = s(

..
θ̃ + kDβ[sig(θ̃)

α
]) + ψ̃TΓ−1

.
ψ̂ (25)

By substituting the dynamic error from (22) into (25), we obtain:

.
V = s(−ρs− µsig(s)λ − ηsign(s)−M−1Y(θ,

.
θ)ψ̃)

+ψ̃TΓ−1
.
ψ̂

(26)

Now, applying the adaptive rule from (19) to (26), we obtain:

.
V = −ρ|s|2 − sµsig(s)λ − η|s| (27)

Utilizing the definition of sig(s)λ as |s| λ sign(s), we can determine the upper bound
of

.
V in Equation (27) as follows:

.
V = −ρ|s|2 − µ|s|λ+1 − η|s| ≤ 0 (28)

Consequently, due to the positivity of µ, ρ, and η, the Lyapunov function derivative
presented in Equation (28) exhibits negative semi-definiteness. Now, define
∼
w(t) = ρ|s|2 + µ|s|λ+1 + η|s| and integrate both sides of (28); this leads to the conclusion
that V(0) ≥ V(t) +

∫ t
0
∼
w(υ)dυ. This inequality shows that ∞ > V(0) ≥ lim

t→∞

∫ t
0
∼
w(υ)dυ.
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Hence, using Barbalat lemma ([47]),
∼
w(t) and therefore s(t) will converge to the origin

where t → ∞ . So far, we have only shown the asymptotic stability of s(t), not finite-time
stability. So, we have to continue the proof.

By defining the sliding surface as outlined in Equation (15) and in accordance with

Lemma 2, when s(t) reaches zero, the tracking error
∼
θ converges to zero within a finite time

(denoted as T∼
θ
). Next, we need to establish that by implementing the FFOASMC from

Equation (17), the system attains the sliding surface (s(t) = 0) within a finite time (referred
to as Ts). Ts denotes the finite duration in which s(t) converges to zero from its initial state.
As a result, it follows that the knee joint angle-tracking error will also reach zero within a
defined finite time Tfinal = T∼

θ
+ Ts.

To determine Ts, we introduce another Lyapunov function as follows:

Vs =
1
2

s2 (29)

Differentiating vs. and applying (15) results in the following:

.
Vs = s(

..
θ̃ + kDβ[sig(θ̃)

α
]) (30)

Substituting (22) into (30) yields:

.
Vs = −s(ρs + µsig(s)λ + ηsign(s)− ε) (31)

Here, ε = −M−1Y(θ,
.
θ)
∼
ψ stands for the residual error vector subsequent to imple-

menting the controller. Leveraging the outcomes of Theorem 1 and considering (19), both
∼
ψ and Y(θ,

.
θ) are confined, thereby bounding ε as |ε| ≤ ζ, where ζ > 0. Consequently, the

equation in Equation (31) can be expressed as follows:

.
Vs ≤ −ρ|s|2 − µ|s|λ+1 − η|s|+ |s||ε| (32)

And thus: .
Vs ≤ −ρ|s|2 − µ|s|λ+1 − η|s|+ ζ|s| (33)

Assuming η > ζ and defining ρ = η − ζ > 0, then:

.
Vs ≤ −ρ|s|2 − µ|s|λ+1 − ρ|s| (34)

Given that −ρ|s| < 0, we have:

.
Vs ≤ −ρ|s|2 − µ|s|1+λ (35)

Now, utilizing (29) and substituting |s| =
√

2Vs into (35) leads to:

.
Vs ≤ −2ρVs − 2

1+λ
2 µVs

1+λ
2 (36)

Hence, with the application of Lemma 1 and through a straightforward comparison
between Equations (3) and (36), which are, respectively,

.
V(x) + αV(x) + βVγ(x) ≤ 0 and

.
Vs + 2ρVs + 2

1+λ
2 µVs

1+λ
2 ≤ 0, it can be easily concluded that the Lyapunov function Vs and

as a result the sliding surface s(t) (see Equation (29)) will converge to zero with the following
settling time:

Ts ≤
1

ρ(1− λ)
ln

1 +
2ρV0

(1−λ)
2

2
(1+λ)

2 µ

 (37)

This assures finite-time convergence of the system to the sliding surface s(t) = 0.
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In conclusion, the knee joint angle tracking error
∼
θ converges to the origin within the

finite time Tfinal = T∼
θ

+ Ts, where Ts is determined from (37), and T∼
θ

signifies a finite time

during the sliding mode condition (s(t) = 0), leading to the tracking error
∼
θ reaching zero as

Lemma 2. �

In Equation (14), the dynamics of the system are regressed as L(θ,
.
θ) = [M̂−M]

..
θ +

N̂(θ,
.
θ) = Y(θ,

.
θ)ψ̂, where ψ̂ ε Rm is the vector of the unknown dynamic parameters of

the knee joint orthosis such as mass, inertia, and motor constant. In Equation (19), the
estimation of this vector is obtained in the form of an adaptive law and is used in the
control law in (17). It should be noted that if we did not design the adaptive law in (19),
then instead of ψ̂, we should have used the real values of the vector of dynamic parameters
of the system in (17) meaning ψ. This is while we had already claimed that we had solved
the problem with unknown dynamic of orthosis.

It should also be noted that M is supposed to be an arbitrary constant positive value.
However, if we select a very large value for M, it will make the amplitude of the control
input in (17) a very large value. Then, firstly, it goes to saturation in real applications and
does not accept any value, and secondly, this action greatly increases the control effort and
the energy spent for achieving trajectory tracking in finite time.

Remark 1. The presence of the discontinuous sign function in the control inputs (18) leads to
chattering. To address this, a pseudo-sliding function is proposed, approximating the sign function
as sign(s) ≈ s

(|s|+χ(t)) . Here, χ(t) > 0 is a bounded positive function satisfying
∫ ∞

0 χ(t)dt < ∞,

with a suitable choice being χ(t) = 1
(1+tn)

, where n ≥ 2.

Remark 2. In addition to mitigating chattering, using fractional-order sliding surfaces offers the
advantage of more controller parameters (e.g., parameter β in Equation (15)) compared to integer-
order approaches. These extra parameters empower designers to tailor system output specifications
more effectively.

Remark 3. Referring to (15), the error equation within the sliding mode of FFOASMC (s(t) = 0) is
.
∼
θ + kDβ−1[sign(

∼
θ )α] = 0, which is similar to the integer-order counterpart,

.
∼
θ + k sign(

∼
θ )α = 0.

Considering k = 0.7, α = 0.01 and β = 0.99, Figure 3 illustrates the error equation on the sliding
surface for integer and fractional-order cases. Notably, the chattering layer in the fractional-order
switching manifold is narrower compared to the integer-order counterpart. This underscores a key
advantage of fractional-order SMC over integer-order systems.
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Remark 4. The references [46–48] demonstrate that this distinction arises due to the fact
that in a stable fractional-order system, system states converge to zero as t−α , whereas in a
classical integer-order counterpart, this convergence is asymptotic and follows e-kt. The rate
of convergence of these functions to zero favors the reduction in chattering when employing
fractional-order sliding surfaces. To explain further, the general form of the error equation in
Fractional-Order Sliding Mode Control (FOSMC) is denoted as Dα

τ x(t) = f (x(t)), while for
Integer-Order Sliding Mode Control (SMC), it is represented as

.
x(t) = f (x(t)). As per the

solutions derived from linear fractional-order systems, as expounded in [48], the error of the
fractional-order system demonstrates a decay to zero characterized by t−α , whereas the error
in the integer-order scenario converges toward zero with a decay pattern akin to e−kt . This
discrepancy implies that when initiated from an initial state error, the chattering layer of the
fractional-order non-linear system encircling the switching manifold s(t) = 0 is perceptibly
smaller in comparison to its integer-order counterpart. This serves as one of the discernible
advantages of fractional-order sliding mode control over classical integer-order systems.

In Figure 4, this contrast is vividly depicted for both an integer-order system (i.e.,
.
e(t) = −ke(t)) and a fractional-order system (i.e., 0Dα

t e(t) = −ke(t)) when
e(t) ∈ R2. As the system approaches the sliding surface from the initial states (e10, e20),
the states in the fractional-order system attenuate toward t−α (1→ 2→ 3 . . .) , while
the states in the integer-order case regress toward the origin following a pattern akin
to e−kt (1′ → 2′ → 3′ . . .) . Figure 4 provides a quantitative illustration signifying that
within the framework of FOSMC for Non-linear Fractional-Order (NFO) systems, chat-
tering is notably diminished in comparison to conventional integer-order SMC.
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5. Simulation Results

This section presents numerical examples to demonstrate the efficacy of the proposed
controllers. The dynamic parameters of the KJO model are set according to [16]. The simu-
lations are conducted using MATLAB/Simulink software. As the example, the FFOASMC
in Equations (17) and (18) is simulated. To do this, the desired trajectory is considered
as [46]:

θd =
π

6
sin(2π f ) +

π

4
(38)
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where f = 0.16. The initial conditions for the simulation are set as follows:

θ(0) = 0,
.
θ(0) = 0 (39)

The parameters of the controller and adaptive law in Equation (17)–(19) are selected
as follows according to Theorem 1:

ρ = 3, k = 1.5, a = 0.8, M = 5
λ = 0.9, β = 0.99, η = 0.1

(40)

In order to use adaptive law in Equation (19), the regressor vector is obtained as
Y(θ,

.
θ) = [

.
θ,−cos(θ), sign(

.
θ), 1] and also Γ = 3I4 where I4 denotes identity matrix.

The numerical simulation results presented in Figures 5–7 clearly show that using
Theorem 1, finite-time convergence is achieved on the KOJ angle by applying the control
law shown in Equations (17) and (18), and the estimated adaptive parameters will remain
bounded and converge to some limited values.
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Figure 7. Convergence in KJO system applying FFOASMC in Equations (17)–(19) without using the
chattering avoidance idea. First figure: sliding mode surface. Second figure: position tracking error.

After reaching the sliding surface, the system enters the sliding phase, where error
values converge to zero within a limited time, as shown in Figures 5 and 6. Without
applying the chattering avoidance approach from Remark 1, simulation results, like
those in Figure 7, would lack chattering reduction. A direct comparison between
Figures 6 and 7 demonstrates the substantial chattering reduction achieved through the
proposed technique in this paper.

Figure 5 depicts the position and velocity of the KJO angle, validating finite-time
convergence to the desired trajectory. In Figure 6a, the sliding surface converges to zero
within finite time, and Figure 6b demonstrates error convergence, affirming Theorem
1’s outcomes. As anticipated from the stability proof in Theorem 1, Figure 8 showcases
the dynamic parameters—outputs of the adaptive law in Equation (19)—converging to
bounded values.
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In Figure 9, the bounded input signal (current of the BLDC joint motor) is depicted
during convergence.
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A scrutiny of the simulation outcomes in this section validates the theoretical results
presented in this paper. The FFOASMC controllers from Theorems 1 exhibit effective
performance in achieving finite-time stabilization of the KJO system, even when dynamic
parameters are entirely unknown.

6. Conclusions

This paper introduces fast finite-time adaptive sliding mode controllers based on
fractional-order surfaces for enhancing the stability of KJO rehabilitation systems. The
proposed approach involves designing an FFOASMC that ensures finite-time stability even
when system dynamic parameters are unknown. Stability verification of the controller’s
performance in the presence of uncertainties and disturbances is demonstrated through
numerical examples. Analytically, it is established that incorporating fractional-order
sliding surfaces reduces chattering, thereby enhancing sliding mode controller performance.
Further improvement is attained by substituting the sign function with a new continuous
function. The generalization of this method for models with more degrees of freedom such
as mechanical arms, solving the problem by considering the input saturation constraint
and also providing a method for optimal calculation of the obtained fractional-order SMC
parameters, can be used as a continuation of the research conducted in this paper.
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