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Abstract: The paper establishes an analytical extension of two ratios of Lauricella—Saran hyper-
geometric functions Fx with some parameter values to the corresponding branched continued
fractions in their domain of convergence. The PC method used here is based on the correspondence
between a formal triple power series and a branched continued fraction. As additional results,
analytical extensions of the Lauricella-Saran hypergeometric functions Fx (a1, 42,1, by;a1,by,¢3;2)
and Fx(a1,1, b1, bp; a1, by, c3;2) to the corresponding branched continued fractions were obtained. To
illustrate this, we provide some numerical experiments at the end.
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1. Introduction

Hypergeometric functions of one and several variables occur naturally in a variety
of applied mathematics, statistics and other decision sciences, chemistry and biology,
mathematical physics, and engineering sciences. Their investigation has a very long history
and a large bibliography (see, for example, [1-5]).

In 1893, G. Lauricella defined and studied four hypergeometric series F4, Fg, Fc, and
Fp of three variables [6]. He also indicated the existence of ten other hypergeometric
functions of three variables Fg, Fr, ..., Fr, which were studied by Sh. Saran in 1954 [7].

Lauricella-Saran hypergeometric function Fg is defined by triple power series

2 (a1)p(a2)g1r (b1) pir (b2)g 2V 2325
F(a1,a2,b1,b2;¢1,¢2,¢3;2) = Z p(c )q(cr) (Cp)r : 1! 2!r13'
p,g.7=0 1)p\L2)q\C3)r P4

1)
where a1, ay, by, by, ¢1, ¢, and c3 are complex constants, c1,¢3,¢3 ¢ {0,—1,-2,...},
z = (21122123) S DFK/

Dr, ={z ¢ 3. |zl <1, k=1,2, |z3| < (1 —|z1])(1 — |z2]) };

(+)k is the Pochhammer symbol, defined as follows: (a)g = 1, (a) = a(a + 1)1, k > 1.
Applications and recent studies of these functions can be found, for instance, in [8-11] (see
also [12-17]).
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In this paper, we study the analytic continuation of the Lauricella—Saran hyperge-
ometric function Fx with some parameter values into a branched continued fraction of
the form

3 .
o)+ ¥ ulél)(Z)u‘ o @)
i1=1 i(2)
Ui(1) (Z) + 'gl i2) (Z) T+

where the vy(z) and the elements u;( (z) and v;()(z), i(k) € Z,
T ={ik) = (i1,i2,...,0): 1 <4, <3,1<r<k k>1},

are functions of three variables in the certain domain D, D C C3, (for more details on the
branched continued fractions, see, for example, [18]).

The problem of the analytical continuation of the ratio of the Lauricella hypergeometric
functions Fp with some real parameters to its branched continued fraction expansion were
considered in [19,20]. In particular, it was proved in [19] that the expansion of the ratio is
its analytic continuation in the domain

1
Kp, = {z €C3: |z <1, Re(z) < 5 1<k< 3}.

In [21], it was established that the branched continued fraction expansion of the ratio of
the Lauricella-Saran hypergeometric functions Fs with some real parameters is its analytic
continuation in the domain

Kr, ={z€C®: |z|+Re(z) <1, 1 <k <3}

The paper is organized as follows. In Section 2, we give two methods for analytically
extending a hypergeometric function (or ratio of hypergeometric functions) to a branched
continued fraction in its domain of convergence. In Section 3, we derive two three-term
recurrence relations for Lauricella-Saran hypergeometric functions Fx and construct the
formal branched continued fraction expansions for two ratios of Lauricella—Saran hyperge-
ometric functions Fx. Here, it is also proved that the branched continued fraction, which
is an expansion of each ratio, uniformly converges to a holomorphic function of three
variables on every compact subset of some domain of C3, and that this function is an
analytic continuation of such a ratio in this domain.

2. Methods of Analytic Continuation

In the analytical theory of branched continued fractions, two methods are used to
prove that the branched continued fraction expansion is an analytic continuation of a
hypergeometric function (or ratio of hypergeometric functions) in some domain.

2.1. PC Method

The first method—Iet us call it the “PC method”—uses the so-called “principle of
correspondence” (see, [22,23]). Its application requires that the branched continued fraction
expansion corresponds at z = 0 to a hypergeometric function (or ratio of hypergeometric
functions) and that the sequence of its approximants converges uniformly on each compact
subset of some neighborhood of the origin (z = 0) to a function that is holomorphic in this
neighborhood. Then, it remains to consistently apply the well-known Weierstrass’ theorem
([24], p. 23) and the principle of analytic continuation ([25], p. 39).

Let us recall the necessary concepts.
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An expression of the form

3 Uj(1) (2)

fulz) = 00(2) + 1 g

Uj(n)(2)
in=1 Vi(n) (Z)

is called an nth approximant of (2) ([18], pp. 15-16).

A branched continued fraction (2) is called convergent at the point z = z°, if at most
a finite number of its approximants do not make sense, and if the limit of its sequence
of approximants

lim f,(z%)

n—+oo

exists and is finite (see, [26] and ([27], p. 16)).

A branched continued fraction (2) is called uniformly convergent on subset E of D if its
sequence { f,(z) } converges uniformly on E. If, moreover, this occurs for an arbitrary subset
E such that E C D (here, E is the closure of the subset E), then (2) converges uniformly on
each compact subset in D (see, [26] and ([27], p. 16)).

The concept of correspondence at z = 0 (see, [28] and ([29], pp. 30-32)). Let L. be a set
of all formal triple power series of the form

—+o00
L(z) = ). dpgri2325, 3)
p.g,r=0

where dy,, € C,p >0, >0,r >0,z € C3. Let f(z) be a function of three variables
holomorphic in a neighborhood of the origin and let A : f(z) — A(f) be a mapping
associate with f(z) its Taylor expansion in a neighborhood of the point 0.

A sequence { f,(z)} of the functions of three variables holomorphic at the origin is
said to correspond at z = 0 to a formal triple power series (3) if

Jim (L= A(4) = +oo
where A is defined tobe: A : L — Z>q U {+00};if L(z) =0, then A(L) = +o0;if L(z) #0
then A(L) = k, where k is the smallest degree of homogeneous terms for which d, ;- # 0,
thatis,k =p+gq+r.
A branched continued fraction (2) is said to correspond at z = 0 to a formal triple
power series (3) (or a function f(z) holomorphic at the origin) if its sequence {f,(z)}
corresponds to L(z) (or a formal triple power series A(f)).

Theorem 1 (Weierstrass’” Theorem). Let a sequence {g,(z)} of holomorphic functions in a
domain D, D C C3, converge to a function g(z) uniformly on each compact subset in D, then f(z)
is holomorphic in D, and forany p > 0,9 > 0,7 > 0,

PITgu(z) I (2)

as n— +oo
P91 P A1
0z} 02,02} 0z 02,07}

on each compact subset in D.

Theorem 2 (The Principle of Analytic Continuation). Let the functions g1(z) and g»(z) be
holomorphic in the domains D1, D1 C C3, and D,, D, C C3, respectively, and let D1 N Dy be
the domain. Let, further, in a real neighborhood of the point z° from Dy N D, the functions g1(z)
and g»(z) coincide. Then these functions are an analytic continuation of one another, i.e., there is
a unique function g(z) that is holomorphic in Dy U D, and coincides with g1(z) in Dy and with

g2 (Z) in D2.
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2.2. PF Method

The second method, let us call it the “PF method”, uses the so-called “property of fork”
(see, [21,30,31]). This method is used when the hypergeometric function (or the ratio of
hypergeometric functions) and the elements of the branched continued fraction expansion
are positive-valued functions in some domain D. If it holds, then its approximant satisfies
the “property of fork”: the sequence of even (odd) approximants increases (decreases)
and is no greater (no less) than any odd (even) approximant. If, in addition, the branched
continued fraction expansion converges, then it converges to the hypergeometric function
(or the ratio of hypergeometric functions) in D. Finally, for the same restrictions on the
parameters of the hypergeometric function, it remains to prove the convergence of the
branched continued fraction expansion in a wider domain than D and to apply Theorem 2.

3. Lauricella—Saran Hypergeometric Function Fx (a1, a2, b1, ba; a1, ba, c3;2)

We set ¢c; = a1 and ¢ = by. Then, from (1), it follows

& (a2)grr(b) pr 22324
Fx(a1,a2,b1,by;a1,b2,03;2) = ) e =
PO (c3)r plg'r!

(4)

3.1. Recurrence Relations

Remark 1. In the process of constructing a branched continued fraction expansion of the ratio of
hypergeometric functions, recurrent relations (for instance, three-term and/or four-term) play an
important role. The problem is not only in the direct construction of such an expansion, but also in
obtaining a branched continued fraction of the simplest structure. This, in turn, can provide more
opportunities to investigate the convergence of the constructed expansion.

Let us prove the three-term recurrence relations for Lauricella—Saran hypergeometric
function (4).

Lemma 1. The following relations hold true:

Fx(ay,a2,b1,by;a1,by,c3;2) = (1 —21)Fx (a1, a2, b1 + 1,by;a1,bp,c3 + 1, 2)

as(c3 — by)
— = LaaFx(ay,ay +1,b1 +1,by;aq1,by,c3+2;2), 5
C3(63+1)3K(1 2+ 1,b1+1,by;a1,by,03+2;2) )
FK(all az, bl/ bZ/ ai, bZ/ C3,; Z) = (1 - Zz)FK(ﬂl, ans + 1/ bl/bZ; al/bZI c3 + 1/Z)
bi(c3 —ay)
— — 2 “asFx(ay,ap +1,by +1,by;a1,b0,03 +2;2). 6
C3(63+1)3K(12 1 2;a1,b2, 03+ 2;2) (6)

Proof. We have

Fx(aq,a2,b1,bp;a1,b2,c3;2) — Fx(ay,az,b1 +1,by;a1,by,c3+ 1; 2)

(a2)qsr (br)psr 242525 (a2)g+r (b1 + 1) p1r 242025
P20 (c3)r pa'rt p,4,r>0 (c3+1)r p'q'r!

A (c3)r platrt e (c3+1), plg'r!

_ Z (a2) g+ ((bl)p+r B (by + 1)p+r) zfzgzg
- r
q>0, p+r>1 ? (63>r (c3+ l)r plglr!

. 2 <02)q+r(bl)p+r Zfzgzg <02)q+r(bl + 1)P+r Zfzgzg
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- ¥ (az)q+r(bl+1)r’1 b b+ 222
(

420, p=0, r>1 c3+1),—1\cz  cz+r) plglr!
r.4q
Z1Z Z
+ Y (a)gr(by — by —p) =L 2, |3
q>0, p>1, r=0 plq'r!
+ Z (a2)g+r(b1 +1)pyr1 (191 bhh+p+ r> zfzgz3
q>0, p>1,r>1 (c3+1),-1 c3 c3+vr plg!r!

(c3 = b1)(a2)qer(br +1)pir1 27232

450, p=0, r>1 cz(cz+1)(c3+2),1 plg!(r —1)!

_ (@2)gr(b1 +1)prr1 2202}
420, p>1, r=0 (c3)r (p—1)lg!r!
_ y (a2)q+r (b1 + 1) pyr— 1(03 —b) 2zl
420, p>1,r>1 c3(c3 +1)(c3 +2)r plg!(r—1)!
_ Y (a2)g+r(b1 +1)pyr1 zfzgzg)
g>0, p>1, r>1 (c3+1), (p—1)lgr!
_ _males—by) (2 4+ D)ger—1 (b1 + 1)parr ZHzfz5!
c3(cs +1) 7>0,p>0,r>1 (c3+2),-1 plgt(r —1)!
-1
- y (a2)g+r(b1 +1)pir1 2] 202
7>0, p>1,7>0 (c3+1)r (p—1)lg'r!

_ag(c3 — by)
C3(C3 —+ 1)
—z1Fg(ay,a2,b1 +1,b3;01,by,¢c3+ 1;2),

z3Fg(a1,a2 +1,b1 +1,bp;a1,bp,c3 + 2; 2)

from which follows the correctness of relation (5).
Similarly, we will prove the relation (6). By definition (4), we get

Fx(aq,a2,b1,bp;a1,b2,c3;2) — Fx(ay, ap +1,b1,bp;a1,by, 3+ 1, 2)

_ (a2) g7 (b1) por 25 2328 (a2 +1)gr(b1) prr 242025
a P (c3)r plgtrt P (c3+1), plglr!
- (a2)g+r(b1) psr 2) 2325 (22 + 1)g+r(b1) pir 22325
B a1 (c3); plglrt p+;21 (c3+1), plg'r!

C T (g D) 2

p>0, g+r>1 (c3)r (c3+1), ) plgir!
= Z (by)ps (a2 +1), 1 <ﬂ2 a2+r>zfzgzg
= PRASGCRL N4t
p=0,4=0,r>1 g (c3+1),-1\c3 c3+r/ plgir!
277

+ Z (bl)p+r(a2_a2_‘7)

17!
p>0, 451, r—0 plg'r!

(b1)ptr(a2 +1)ger1 <{12 _atq+ r) Zfzgz3

p>0, 650, r>1 (c3+1),—1 c3 cs+r ) plgir!

+
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(c3 —a2)(b1)pir(a2 +1)grr—1  282z024

p>0, g=0, r>1 C3(C3 + 1)(C3 + 2)}’71 PW(” - 1)'

_ y (b1)p+r(a2 +1)gyr Zfzgzg
p>0,g>1, r=0 (c3)r pl(g —1)!r!

_ ¥ (a2 + Vgir1(b1)pir(c3 —a2)  z}z]7]

p>0, 431, r>1 C3(C3 + 1)(C3 + 2)771 p!q!(i’ — 1)!

B (@2)g4r-1(b1)p+r 252324 ‘
p>0, 650, r>1 (e3+ 1), pl(g —1)ir!
q.r—1

bi(cs —a2) (a2 + Dgira(br+1pir1 212323
= 73
c3(cz+1) >0, 650, r>1 (c3+2)r1 plg!(r —1)!

-1
(a2 + 1)gr—1(b1) ptr Zfzg z3

p>0,4=1,1>0 (e3+1)r (g — 1)t
_ _bifes—a)
c3(c3 +1)

_ ZZFK(a]r an + 1/ bl/ b2/ ay, bZ/ C3 + 1;2),

_22

z3Fg(ay1,a2 +1,b1 +1,bp; a1, by, c3 + 2; 2)

which had to be proved. O

3.2. Expansions
We set

Fx(a1,a2,b1,bp;a1,by,c3;2)
Fx(ay,a2,b1 +1,by;a1,bz, 03+ 1;2)°
FK(“l/ ap, bl/ bZ/ ai, bZ/ C3; Z)
Fx(ay, a2 +1,b1,bp;a1, 2,03 +1;2)°

1
R%)(ﬂl/ﬂz, by, by a1,by,c3;2) =

R;?) (all as, bl/ bZ/ ay, bz, C3,'Z) =

The following theorem is true.

Theorem 3. A ratio (7) has a formal branched continued fraction of the form

d
1—2— 123

drz3
d3z3

1—22—

1—2z1— d4Z3

1— .

1—22—

where, forall k > 1,

g (k=1 +k—1-b)  _ (h+k)(c+k—a)
Bl gk 2k —2)(cz+2k—1) T (o3 +2k—1)(c3 + 2k)°

Proof. Dividing (5) and (6) by

Fx(a1,a2,b1+1,bp;a1,bp,c3+1;2z) and  Fx(ay, a4+ 1,b1,bo;a1,bz,c3+ 1;2),

@)

®)

)

(10)



Mathematics 2023, 11, 4487

7 of 18

respectively, we obtain

az(c3 —by)
c3(c3+1) =
Rg)(ﬂpﬂz, by, by;a1,by,03,2) =1 — 21 — @ 3 , (11
Ry’ (ay,az,b1 +1,bp;a1,by,c3 4 1;2)
bi(c3 —a2)

z
C3(C3 =+ 1) 3
Rg)(m,az +1,b1,b3;01,b2,¢c3+ 1;2)

R;(Z) (ﬂ],ﬂz, b]/bZ; a]/bZI C3;Z) =1- Zy — (12)

In fact, in (11), we have Step 1.1 of constructing a branched continued fraction. At
Step 1.2, replacing by, c3 by by + 1 and c3 + 1, respectively, in (12), we get

Rg)(ﬂllﬂz, by, by;aq,b,c3;2)
(s +1)
(bl + 1)(63 +1— (12)
(C3 + 1)(C3 + 2)
Rg) (a1,a2+1,b1 +1,bp;a1,by, 03+ 2;2)

=1-z - (13)

Z3

1*22*

Let us continue the next construction of the branched continued fraction in the same
way as in steps 1.1-1.2. It is clear that the following relation holds, for all k > 1,

Rg(l)(alla2+k_ 1/bl +k_ 1,b2;a],b2,C3+2k—2;Z)
(ag+k—1)(c3+k—1—b)
(c3+2k—2)(cs+2k—1)

(by +k)(c3 +k—az) ,
(c3 + 2k — 1) (c3 + 2k)
Rg)(ﬂl,ﬂz +k, by +k, by;a1,by, 03+ 2k; z)

Z3
:1*21*

(14)

1—22—

At Steps 2.1-2.2, substituting (14) when k = 2 in (13), we obtain

Rg)(ﬂlfﬂzf by, by; a1, b2, c5;2)
c3(c3+1) °
(b1 +1)(c3+1—ar)
(c3+1)(c3 +2)
(a2 +1)(cz+1—1by)
(c3+2)(c3+3)
(b1 +2)(c3 +2 —ap)
(c3+3)(c3+4)
R (a1, a2 +2,by +2,by;a1, by, 03 + 45 2)

:1—21—

Z3
1*22*

Z3
1—21—

Z3
1—2zp—
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Next, by (14) after the Steps n.1-n.2, we have

Rg)(ﬂbﬂz/ b1, by aq,by,c3,2z) =1 —2;
a(c3 _bl)z
3(ca+1) 7
(1 +1)(cz+1—ap)
(c3+1)(c3+2)
(ap+n—1)(cz+n—1—-bp)
(c3+2n—2)(c3+2n—1)
(by+n)(cs+n—ap)
z3
(c3+2n—1)(c3 +2n)
Rg)(lll,lh +n,b1 +n,by;aq,by,c3+ 27’1,’Z)

z3

1*22*

Z3

.—Zl—

1—22—

Finally, as n — 400, we obtain the formal expansion of (7) into branched continued
fraction (9). O

The following theorem can be proved in much the same way as Theorem 3.

Theorem 4. A ratio (8) has a formal branched continued fraction of the form

1—z— fnzs , (15)
1—2z1— hazs
! 1— 70— h3z3
22 ]’Z4Z3
1-— Z1 — 1—
where, for all k > 1,
o g = (b1 +k—1)(c3+k—1—ap) iy = (ap +k)(c3+k—bq) (16)

(C3+2k*2)(C3+2k*1) ! (C3+2k*1)(63+2k)‘

3.3. Analytic Continuation

We will apply the PC method to prove that expansion (9) is an analytic continuation
of ratio (7) in some domain.
The following corollary follows directly from Theorem 1 [26].

Corollary 1. Let g, k > 1, be real numbers such that, for all k > 1,
0 < gook <1

Then, the branched continued fraction,

80,0,120,0,1
80,02(1 — 80,0,1)20,0.2
80,03(1 — 80,02)20,0,3
1—.

1—2z100—

1—(1-g00,1)z011 —

1—(1-g002)z1,02 —

converges if, for all k > 0,

NI~

1 1
|21,0,26| < 5 |201,2641] < 5 1z0,0k+1] <

From the proof of Lemma 4.41 [32], we have following corollary.
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Corollary 2. If x > ¢ > 0and v < 4u + 4, where u,v € R, then

Re[ “F 1 _ VR tor—u
x+iy) 2x '

min
—oo<y <400

Moreover, the following theorem clearly follows from Theorem 2.17 [18] (see also ([27],
Theorem 24.2)).

Theorem 5. Let a sequence of holomorphic functions {gu(z)} on the domain D, D C C3, is
uniform bounded on every compact subset of D. If, moreover, the sequence {g,(z)} converges at
each point of the set E, E C D, which is the real neighborhood of the point z° in D, then its converges
uniformly on every compact subset of D to a holomorphic function in D.

We will prove the following theorem.
Theorem 6. Let ap, by, and c3 be constants such that, for all k > 1,
0< dk <v, (17)

where dy, k > 1, are defined by (10), r is a positive number. Then:
(A) The branched continued fraction (9) converges uniformly on every compact subset of

Hr,r* = U Hr,r*,uu (18)
—7/2<a<m/2
where 0 < r* < 1and
Hr,r*,a
+ Re(zxe %) |z3| + Re(zze72®) 1
- o, & 1, k=12, — L9
{Z < 2(1—r*)cos?a < r* cos? o <% (19)

to a holomorphic function f(z) in Hy +;
(B) The function f(z) is an analytic continuation of (7) in the domain (18).

Proof. We set, forn > 1,

G (z) =1 (20)
and, forn > 1land1 <k <n,
@n) (N 4 doiz3
Can(2) =1-2 dor1123 ’
1-— Z1 — 1
I VIS
1 1-— Zy — d2n23
d
Gy (z) =1—12 — 2173 ,
1 dor4223
o, w1z
1 1-— Zy — d2n23
dorz
G(2n+1) 2) =1 — 2, — 2k%3 ,
%1 (2) 2 1 dox1123
1- donz3

" _Zz s —
1—2z1 —dyyq123
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d z
G N 1 2k+123
% (2) ! dor4223

1*22*1

. drynz
2 2n43

1—2z1 —dyy123

which gives us, forn > land 1 <k <,

; doizs (2n) doky123
GPM(2) =1—zp— — 23 GPV(z) =1z — “2H5 (21)
Géi”) (z) Géii)l (z)
and
doiz3 (2n+1) dok+123
Gy @) =1-n- AT~ G =1 - g @)
6 (2) 6t (@)

Thus, we write the nth approximants of (9) in the form

d]Z3
6" (z)

fn(Z) =1- zZ1 — (23)

Let 1 be an arbitrary natural number, let « be an arbitrary real from (-7 /2, 7t/2), and
let z be an arbitrary fixed point from (19). Then, the following inequalities are held, for all

1<k<n,
. k
Re(G\2", (z)e %) > @ >0 (24)
and
(2n+1) i r* cosa
Re(Gy," |/ (z)e ™) > > >0 (25)

Let us prove that (24) is true. In view of (20), it is obvious that (24) holds for k = n.
Assuming, by the induction, that (24) holds for k = p+1, p+1 < n, from (21) one obtains,

fork =p,
i —2i
(2n) Lin o —ix zo€ 2 dypzae
G2p_1(z)e - el G —in
2p (z)e
and
_o —2i
@)y i ia 212 dopigzze” "
Gy, (z)e ™ =e ™ — — — .
2p e—in G(2n) (z)e*i‘"
2p+1

Then, using (17), (19), Corollary 2 , and the induction hypothesis, we have

|Zl€72il)é| —i—Re(Zle*Zi”‘) B d2p+1(\23e_2i"‘| +Re(23e_2i”‘))

2Re(e~ ) 2Re(GY, (z)e i)

Re(Gan)(z)e*i“) > cosa —

r* cos a
2

> cosa — (1 —r")cosa —

_ r*cosa

0
5 >
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and
- —2in —2iny —2in| 4 R, —2in
Re(Gg@l(z)e_m) > cosa — 226 |+Rfi(523 ) dap(|zse (|2+) e(Z3'e ))
2Re(e~™) 2Re(GL) (z)e )
*
> cos & — (1 _r*)COStX . r C;)SD{
r* cosa
= 0.
5 >

In the same way, we obtain the inequalities (25).
Thus, foralln > 1and z € H, ;+ 4,

" (z) #0.

This means that the sequence { f,(z)} is a sequence of holomorphic functions in (19),
and, therefore, in domain H, ,+ due to the arbitrariness «.
Let K be an arbitrary compact subset of H, ,«. Then, there exists an open triple-disk

H ={zcC: |z| <, k=1,23}, >0,
such that K C H;. Now, cover K by domains of the form
H, 10 = Hppon ﬂ H,
and choose from this cover a finite subcover,
Hy v tar Hypopar oo Hype 1 -

Using (23)—(25), foranyn > 1,p € {1, 2, ..., k}and z € Hr,r*,l,%, we have

di|z
(@) <14 Jza |+ —— L
Re(G, "/ (z)e ")
2
<141+ 1l
COSDCP
= C(Hr,r*,l,lxp)'

Setting
C(K) = max C(Hrr1ay).

forany n > 1and z € K, we obtain

|fn(2)] < C(K).

This means that the sequence { f,(z)} is uniformly bounded on every compact subset
of the domain H, ,+.
It is clear that, for each real I* such that

0<I*< min{i, 81;'}'

the domain

He={zeR®: 1" <z <0,1<k<3)

is contained in H, ;+, in particular, Hj« /, C H; ;+.
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Taking into account (17), it is easy to show that, for any z € Hj«, H)» C H,,+, the
following inequalities hold, for all k > 1,

12| < i k=12 |dz| < %

This means that the elements of branched continued fraction (9) satisfy the conditions

of Corollary 1, with ggox = 1/2 for all kK > 1. By this corollary the branched continued

fraction (9) converges in H;», Hj» C H, ,+. It follows from Theorem 5 that the convergence is

uniform on compact subsets of H, ,« to a holomorphic function f(z) in H, ,«. This proves (A).
Now, we prove (B). Setting, forn > 1,

Fz(in)(z) = Rg)(ﬂl,az +n,by +n,by;aq,by,c3+ 2n;2),
Fz(ii_'l_l)(z) = R}?) (111,612 +n,by +n+1,bya1,by,c3+2n+1;2),

and,forn >1land1 <k <un,

@n) , \ doxz3
E z)=1—2,— ,
2%-1(2) 2 P doj+123
1= S don-123
1z 7
(2n)
Fi(Zn) (Z)
2 dok 4123
Pz(kn)(z)zl_zl_ +d Z ,
1—zy— 2k4223
1= R don—123
! 1 — Zh — %
27
i(2n) (2)
Aoz
e 2kZ3 )
21 (2) 2 12— doj+123
1- drnz3
1— 2 — 2n+1%3
1 F@ntD)
i(2n+l)(z)
2n+1 d z
Fz(knJr )(Z) —1-—2— 2k+3i 3 _ )
1—zy— 2k4223
1- dpnz3
1z — 2n+123
1 p@ntD)
i(2n+l)( )
we have, forn > land 1 <k <mn,
@2n) N dokz3 @n), dok 123
Ey (z)=1—2— , B(z)=1—2z1 - ———, (26)
2k 2k+1
and
@n+1),_\ doxz3 @n+1),_\ dok1123
szfl (Z) _1—22—Fv(27’1+71)1 sz (Z) —1—Z]—F‘(2n+71) (27)
2k (z) 2k+1 (2)
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Hence, and from the proof of Theorem 3, it follows that for each n > 1,

R}(l) (ﬂ1,ﬂ2, bl, bz;ﬂ1, bz, C3;Z) =1—2z;— d123
11—z — drz3
22
1= don-123
' ! 1—2, — drnz3
27 L)
2n (Z)
dq1z3
=1
Z1 @) @
1
and
Rg) (611,612, by1,bo;a1, by, C3,‘Z) =1—-z— dyz3
1—2, — doz3
Z2
1 - . 7y — d2nz3
. ’ 1—2z1— m
(2n+1)
an+1 (z)
d123
fry 1 — Zl I —
2n+1
F Y (2)

Since Pk(”)(o) = Tand G,En) (0) =1forany1 < k < n,n > 1, then there existA(l/Fk("))
and A(1/ GIE") ), i.e., thel/ FIS") and 1/ GIE”) have Taylor expansions in a neighborhood of

the origin. It is clear that FIS") (z) #0and GIS”) (z) # 0 for all indices. Applying the method
suggested in ([18], p. 28) and (20)—(22), (26), and (27), for each n > 1 one obtains

Rg(l) (alr az, blr b2/ ai, b2/ C3, Z) - f21’l71 (Z)

_ d1z3 dan-123 (—zz— danz3 )
F(2)67" V(z)  EX (2)Go ) (2) F2" (2)

and

Rg)(ﬂbﬂz, by, by;a1,by,¢3;2) — fou(z)

_ d1z3 . danz3 N dont123

Hence, in a neighborhood of origin for any n > 1, we have

1
AR = A(f)= X dyy,2lzed,
p+q+r>n
p=>0,4>0,7>0

where d;’fg,,, p>0,9>0,r>0,p+g+r > n,are some coefficients. It follows that

AMARY) — A(fa)) = n+1

tends monotonically to +co as n — +oo.
Thus, the branched continued fraction (9) corresponds at z = 0 to a formal triple

power series A(Rg)).
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Let A be the neighborhood of the origin which contained (18), and in which

—+00
ARy) =Y dpgrzhzd2h. (28)
p.q,r=0

From part (A), it follows that the sequence { f,(z)} converges uniformly on each com-
pact subset of the domain A to function f(z), which is holomorphic in A. Then, according
to Theorem 1 for arbitrary k + 1, k > 0, [ > 0, we have

ap+q+rfn(z) ap+q+rf(z)
8zfazgazg 8zfazgazg

as n — +oo

on each compact subset of the domain A. And now, according to the above proven, the ex-
pansion of each approximant f,(z), n > 1, into formal triple power series and series (28)
agree for all homogeneous terms up to and including degree (n — 1). Then, for arbitrary
p+qg+r,p>0,9>0,r>0,weobtain

pq+r p+q-+r
lim %(O) = %(0) = plg!ridyq -
n—+eo\ 0z702,02; 0z 02,02}

- 1 [ortarrf P Pdr
flz)= ) (0) |zizoz5 = ) apqrzizyZh

17071 ]
par=0 P37 \ 02102502} p,q,7=0

forallz € A.
Finally, Theorem 2 follows part (B). O

Setting by = 0 and replacing c3 by c¢3 — 1 in Theorem 6, we have the following result.
Corollary 3. Let ap and c3 be constants such that, for all k > 1,

(a2+k—1)(63+k—2) k(cz+k—1—ap)

< <
Otk mrk—2 =" "~ Gra—(mark—1 ="
where v is a positive number. Then:
(A) The branched continued fraction
1
= , (29)
1-— Z1 —
d223
1-— Zy —
1— 7 — _ dizm
& d4Z3
1— gy — 229
271
where, forallk > 1,
({l2+k*1)(C3+k*2) . k(C3+k*1*Ll2)

dop—1 = (c3 +2k —3)(c3 +2k —2)’ Aok = (c3+2k—2)(c3+2k—1)’

converges uniformly on every compact subset of the domain (18) to a function f(z) holomorphic
in Hy p+;
(B) The function f(z) is an analytic continuation of Fx(ay,az,1,by;a1,b,c3;2) in Hy .

The following theorem can be proved in much the same way as Theorem 6 using
Theorems 1, 2, and 5 and Corollaries 1 and 2.
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Theorem 7. Let ay, by, and c3 be constants such that, for all k > 1,
0< hk <v,

where hy, k > 1, are defined by (16), r is a positive number. Then:

(A) The branched continued fraction (15) converges uniformly on every compact subset of the
domain (18) to a function f(z) holomorphic in Hy y+;
(B) The function f(z) is an analytic continuation of (8) in the domain (18).

Corollary 4. Let by, and c3 be constants such that, for all k > 1,

(b1 +k—1)(c3+k—2) k(cs+k—1—5y)

<
(31 2k—3) (1 2k—2) =" "~ Grok—D)(mr2k—1) ="
where r is a positive number. Then:
(A) The branched continued fraction
1
e , (30)
1-— Zy —
dng
1-— Z1 —
d3Z3
1—2 — diz
1, _ 4%
1—

where, forall k > 1,

(b1+k—1)(63—|—k—2) k(C3+k—1—b1)

1 = (T 2k B) (o 1 2k—2) T (o 2k—2)(es F 2k~ 1)/

converges uniformly on every compact subset of the domain (18) to a holomorphic function
f(z) in Hy +;
(B) The function f(z) is an analytic continuation of Fx(ay,1,by,ba;a1,ba, c3;2) in Hy s

Remark 2. Theorems 6 and 7, as and Corollaries 3 and 4, establish the convergence criteria for
the constructed branched continued fraction expansions for real parameter values of the Lauricella—
Saran hypergeometric function (4). The method used for this also allows us to obtain the convergence
criteria for complex parameter values, sacrificing the domain for variable z3.

Remark 3. Estimates of the rate of convergence for the branched continued fractions (9), (15), (29),
and (30) can be established in the same way as in [33].

4. Numerical Experiments

By Corollary 3, we have
23
In{l+ ——+——— ) =2z3Fx(ay,1,1,by;a1,b0,2;, —21, — 27, —2
n( (1+Z1)(1+Zz)> 3 Fx(m 2,41, 02 1, —22, —23)
= = ;6
d1z3
1421+ 123
142z, + 1323
1421+ du73
4z 4+ ——

1+
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where, fork > 1,
k k

A1 = 202k— 1)’ ok = 22k +1)°

The branched continued fraction in (31) converges and represents a single-valued
branch of the function,

Z3

<1+ (1+21)(1+Zz)>/ 62

in the domain

H = {ZE(C31 larg(zx +1—1")| < m k=1,2,

*
arg<23+ g)’ < n}, 0<r <1
The numerical illustration of triple power series

Z3

In(1+ ——+F—— ) =23 Fx(ay,1,1,by;a1,br,2;, —21, —20, —2
( (1+Zl)(1+zz)> 3 Fx (a1 ;41,02 1, —22, —23)

223—2123—2223—z§+..., (33)
and the branched continued fraction (31) is given in Table 1.

Table 1. Relative error of 5th partial sum and 5th approximant for (32).

z (32) (33) (31)
(0.1,0.1, —0.4) —0.40134 296 x 107! 1.00 x 1071
(0.4,0.4,—0.4) —0.22826 492 x 1071 4.00 x 1071

(0.5,0.5,0.5) 0.20067 8.22 x 107! 5.00 x 1071
(0.9,0.9,0.9) 0.22259 2.22 x 10! 9.00 x 1071
(0.1,0.1,10) 222619 9.10 x 10° 1.89 x 1071
(—0.01,-0.01,10) 241619 7.54 x 103 9.03 x 1072
(0.1,0.1,50) 3.74531 1.66 x 107 9.32 x 107!
(—0.9,-0.9,9) 6.80351 3.32 x 10? 7.14 x 1071

Calculations were performed using Wolfram Mathematica software 13.1.0.0 for Linux.

5. Conclusions

In this paper, we constructed two formal branched continued fraction expansions for
Lauricella—Saran hypergeometric function ratios defined by (7) and (8). Our method is
based on the classical method of constructing a Gaussian continued fraction [34], which can
be applied to other Lauricella-Saran functions. To prove the convergence of expansions to
ratios, we used the PC method, which is described in Section 2.1. These branched continued
fractions are fascinating in their forms and have good approximate properties (in particular,
compared with triple power series under certain conditions, they have wider convergence
domains and are endowed with the property of numerical stability). They can bring new
insights into the study of the hypergeometric functions of several variables. Their potential
wide domain convergence and estimates of the rate of convergence are an interesting
direction worth exploring in the future. Along this path, ideas implemented in [35-39] can
be used.
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