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Abstract: The results of the application of the methods of the synergetic control theory to a high-
dimensional immunology object with uncertainty in its descriptions are reported. The control here
is the therapy treated as a problem for constructing an optimal cure program. The control object is
presented in continuous and discrete forms, i.e., mathematical models given by a system of ordinary
differential equations with a bounded disturbance and a system of stochastic difference equations,
respectively. Two algorithms for deriving robust regulators applicable to a 10-dimensional nonlinear
multi-loop system with unstable limit states, which models an immune response to the hepatitis B
infection, are obtained. Analytical control design for a continuous model relies on the method of
nonlinear adaptation on the target manifold. The second algorithm represents a stochastic extension
of the method of analytical design of aggregated discrete regulators minimizing the variance of the
target macro variable. The numerical simulation of the developed control systems indicates the
performance of the designed control algorithms. The results of this study can be used as a component
part of the mathematical tools of expert systems and decision support systems.

Keywords: object of immunology; discrete stochastic system; system invariant; macro variable;
variational problem; biomedical systems
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1. Introduction

The importance of new control problem statements for bioengineering plants, which
are characterized by poor formalizability, incompleteness of the information on biological
processes, and instability of the limit states is supported by the object capacity to resist
control) and the absence of a general approach to analyzing the free states of the nonlinear
systems. Furthermore, it is extremely important to search for new properties of such objects,
which might result from a control based on their physical features [1–14].

Among the main reasons for designing an algorithm of a purposeful intervention in
the work of a biomedical system (here, immunology) are the following [15–19]:

• The necessity of understanding the infection dynamics and verifying hypotheses that
are hard (or impossible) to reproduce under laboratory conditions;

• The chaotic nature of the object under certain initial and parametric conditions [20–23];
for instance, the presence of predator–prey conditions, describing the main processes
of infectious diseases, or adhering unstable properties to a controlled object;

• The consideration of the therapy as an optimal control problem has provided a number
of successful theoretical and practical solutions [10,24–36];

• The modeling of the medical objects (here, an immune response to the hepatitis B
virus) relies on n-dimensional ordinary differential equations (ODEs) or difference
equations [15–18].
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The main trends in the research into biomedical systems are at the moment presented,
on the one hand, by methods that allow studying the dynamic stability (equilibrium) prop-
erties [20,24,25,31–33], the invariance, and the availability of periodic regimes applicable to
such systems.

On the other hand, there is an evolving trend associated with the formation of a pur-
poseful external impact on an unstable biochemical process aimed at adding the required
properties to the system [26–35]. The diversity of the methods used in the solution of this
problem is dictated by the following:

−The difference in the mathematical description (of the system of ODEs or difference
equations) [17] and fractional reaction-diffusion modes [25];
−The level and types of the model uncertainties (deterministic [16,17] and stochastic [32]);
−The quality criteria of a target system and the restrictions on the object and control

parameters, etc.

Thus, for plants considered in the class of ODE/difference systems, use is made of
the method of differential games and the Pontryagin maximum principle [26–28], machine
learning algorithms [34], the method of guaranteeing controllers [29], etc.

The diversity of the control methods, firstly, primarily indicates the absence of a
single tool for researching such systems and, secondly, the presence of incompletely solved
problems for the objects with uncertainties in the initial descriptions. This implies that
the problem of stabilizing the state in a certain neighborhood of the target state with a
minimal dispersion of the output parameters (macro variables as certain functions of the
initial variables) is, in broad terms, open.

In this paper, we study the problem of correct intervention in an infectious model
using hepatitis B as an example.

The mathematical model of the antiviral immune response, proposed by G.I. Marchuk
and R.V. Petrov [16,17], is considered a system of ordinary differential equations with
delayed arguments. An analysis of the condition of asymptotic stability as a whole of this
model was carried out in [24].

Here, we pose the discrete and continuous problems of designing a system of control
over an object of immunology with limited unknown disturbances in the control channel.

The control in this study, as earlier [26,27,30], will be understood as a program of drug
delivery to a diseased organ, and the goal of control will be a stabilization of the target
variable (antigen concentration) in a certain small-value neighborhood.

To solve the control problem, two new algorithms for the analytical design of regulators
will be used, developed on the basis of the synergetic control theory (SCT) [8,9] for the case
of an incomplete initial description of control plants.

The first of them is implemented via the integral adaptation method [12] and allows the
design of robust control systems without obtaining any current information on variations of
the object parameters and the external environment. This approach may be applied to solve
urgent bioengineering and biomedicine problems. The second algorithm is a generalization
relative to stochastic nonlinear high-dimensional objects with a goal to compensate for the
additive random disturbances affecting the coordinates and/or the parameters [37].

The proposed algorithms to design continuous and discrete controllers have the
following advantages:

• The control synthesis technique ensures the robust properties of the regulators;
• Provision of a minimal variance of the response variable;
• Clear priority of our method over the deterministic method of analytical design

of aggregated regulators in the case of unmodelled stochastic dynamics, which is
inevitably presented in unstable control plants;

• The quality functional of the synthesized control system meets the required properties
of the target states, which meets the physical control theory [38].
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1.1. State of the Art and Motivation Using SCT

Let us list the following arguments in favor of using methods based on SCT.
1. According to SCT, it is necessary that the control object be specified by a system of

ordinary nonlinear differential (difference) equations with a bounded right-hand side.
In order to construct an immune system model of an organism, a class of nonlinear

systems of ODEs with a delayed argument and a discontinuous right-hand part of the
description is used. It is technically consistent with the concept of a “complex dynamic sys-
tem” [39], with all the ensuing problems, since the results of research into stability analysis
and designing control over nonlinear compound plants are far from being described as
fruitful and systematic (e.g., see a review in [5]).

2. Designing a robust control for undefined nonlinear plants relies on the use of their
robust linear approximations, which is not always correct due to the deterministic chaos
typical for infectious disease models.

Specifically, it is known that a nonlinear model yields more accurate results in terms
of different parameters of the regulator and control modeling errors [40–43] compared to
linearized models.

3. An analysis of the current publications (e.g., see reviews in [14,26–35]) suggests
that optimal strategies are the principal instruments for containment of the epidemics of
hepatitis C and the infection caused by the hepatitis B virus.

The implementation of an optimal control over such an object is, however, very diffi-
cult, since it is associated with a necessity to search for solutions to the Riccati equations [29]
with the state-dependent parameters. The numerical methods for solving such an equation
require intensive computing procedures or point-wise solutions to nonlinear algebraic
equations, which is not always acceptable for practical implementation in systems with
chaotic dynamics [9,29].

4. There are algorithms for the analytical design of regulators based on adaptive
control SCT and manifold invariance methods [12,37,44], which would meet the specified
requirements in the cases of uncertainty in the parameters.

5. In [23,45,46], a survey of the current situation in immunology resulted in the
following conclusion: a step towards an integration of systematic biology passes through
“the epistemology of complexity”, which relies on cybernetics and the interdisciplinary
synergetic approach or self-organization theory and other works). Synergetic control theory
achieves these conclusions.

1.2. Main Principles of SCT as the Basis for the Analytical Design of Nonlinear Control
Algorithms for a Complex Object under Conditions of Random and Systematic Disturbances

The mathematical method for designing controls is based on selecting the laws of
external control ensuring the desired target properties of the system [8,9].

• The model of an object is defined by a system of nonlinear ordinary differential (or
difference) equations.

• The target macro variable, ψ(t) = ψ(X(t)), is defined as a function of the state, and
the goal of control is prescribed as a limit, ψ(t) →

t→∞
0.

• The dimension of the macro variable coincides with that of the control, and the set of
partial criteria represents the local requirements of the control system quality.

• The quality functional, Φ(ψ), represents the physical features of the target system
via the least action principle: the initial system under the action of the found control
would be in a self-organized manner and, due to this, most effectively change its state
upon reaching the goal of control, ψ(t) →

t→∞
0.

• The variational problem, {Φ,ψ}, whose statement expresses the goal of control, is
solved on a subset of solutions to the Euler–Lagrange equation for a linear form; the
controls (external and internal) are sought on the extremals.

• The weight coefficients, emerging during the designing controls, have a convenient
physical interpretation of a transient process duration.
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• The controlling actions, determined from solutions to partial variational problems,
transfer the object into the prescribed manifold of states and maintain it in this mani-
fold, thus ensuring asymptotic stability to the control system as a whole.

The immune response is a phenomenon underlying immunity; it consists of the
reaction of the immune system of an organism to the penetration of an antigen (an organism
recognized as a foreign body). In order to define the control problem (Figure 1), let us take
an extension of the base mathematical model of an antiviral immune response [17], where
good agreement has been achieved between the laboratory data and the model solutions in
terms of their application to the mechanisms of chronification during viral hepatitis B. This
model allows the analysis of the antiviral cellular immune response, the antiviral humoral
immune response, and the antiviral immune response in conditions of immunodeficiency.
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Figure 1. Rough scheme of influencing the immune response mechanism including a classical Burnet
scheme [47].

In this study, we discuss the following:

• Section 2 gives the object’s description and the formalized problem statements for the
class of mathematical delays in the infectious disease models as the control problems
under conditions of random and systematic disturbances.

• Section 3 provides a discrete algorithm of the analytical regulator design for a model
whose difference equations system contains random disturbances in the control
channel [13,37].

• Section 4 presents a continuous algorithm of analytical regulator design relying on
the principles of nonlinear adaptation on a target manifold, whose equations system
contains systematic disturbances.

• Section 5 gives the results of a numerical simulation of the control systems discussed
here under conditions of systematic and random disturbances.

• Section 6 provides an analysis of the results of the numerical simulation of a control
system for a high-dimensional immunology object under conditions of systematic and
random disturbances.

2. Formulation of the Problem of a Discrete Stochastic Control on a Target Manifold
and the Necessity of a Separate Consideration of the Discrete and Continuous Models
2.1. Initial Model of Object

There are the phase variables of the mathematical model of an antiviral immune
response [16,17], which characterize the variation dynamics of the free virus, Vf, the
antibodies to the viral antigens, F, the fraction of infected cells of the target organ, CV, the
fraction of the killed target, m, the number of specific killer cells, E, the number of helper
cells for T-cells, HE, the number of helper cells for B-cells of the given specificity, HB, the
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number of B-cells of the given specificity, B, the number of plasmatic cells synthesizing
antibodies, P, and the number of stimulated macrophages, MV.

In terms of immune therapy, the control in the infectious disease model is based on
several processes, whose details will be omitted in what follows. Here we are going to
consider the bioengineering component only—the possibility, in principle, to design an an-
alytically validated impact (using the phase variable, F), which would provide stabilization
of the model in the neighborhood of the given value of variable V.

Note that the choice of the Marchuk–Petrov model is not accidental, since the model
under consideration was successfully calibrated according to acute forms of influenza A
and hepatitis B [17].

The object’s mathematical model is a 10th-order system of equations given by the
following (here, the delay parameters are marked with a vertical bar):

.
V f = (a1 + a2E)CV − a3Vf F− a4Vf − a5(1− CV −m)Vf ,
.
CV = a35Vf (1− CV −m)− a36CV E− a37CV ,
.

m = a36CV E + a37CV − a38m,
.

MV = a6Vf − a7MV − a8MV E,
.

HE = a9ξ(m)HE

∣∣∣t−a10 MV

∣∣∣t−a10 − a11HE MV − a12MV EHE + a13(1− HE),
.
E = a19ξ(m)MV

∣∣∣t−a20 HE

∣∣∣t−a20 E
∣∣∣t−a20 − a21MV HEE− a22CV E− a23MV E + a24(1− E),

.
HB = a14ξ(m)HB

∣∣∣t−a15 MV

∣∣∣t−a15 − a16HB MV − a17MV HBB + a18(1− HB),
.
B = a25ξ(m)MV

∣∣∣t−a26 HB

∣∣∣t−a26 B
∣∣∣t−a26 − a27MV HBB + a28(1− B),

.
P = a29ξ(m)MV

∣∣∣t−a30 HB

∣∣∣t−a30 B
∣∣∣t−a30 + a31(1− P),

.
F = a32P− a33FVf − a34F, t ≥ t0,

(1)

with the initial data for the dimensionless (rescaled) type [17]:

Vf (t0) = V0
f , CV(t0) = m(t0) = MV(t0) = 0,

HE(t0) = E(t0) = HB(t0) = B(t0) = P(t0) = F(t0) = 1,
HE(t)MV(t) = 0 ∀t ∈ [−a10, t0), MV(t)HE(t)E(t) = 0 ∀t ∈ [−a20, t0),
MV(t)HE(t)E(t) = 0 ∀t ∈ [−a20, t0), HB(t)MV(t) = 0 ∀t ∈ [−a15, t0);
MV(t)HB(t)B(t) = 0 ∀t ∈ [−s, t0), s = max(a26, a30).

Otherwise, introducing the notations

X ∈ Rn, n = 10; X = (X1, . . . , X10)
T =

(
Vf , CV , m, MV , HE, E, HB, B, P, F

)T
,

Aτ = Aτ(X) = (A1τ , . . . , A10τ)
T,

.
Xi = Aiτ(X), τ = {a10, a15, a16, a20, a26, a30}, u ∈ R,

(2)

we can define the control problem similar to the problem statements for the base 4-
dimensional model [17,26,27],

.
X = Aτ(X) + ζ(t) + U(t), U = (0, . . . , 0, u)T, ζ = (0, . . . , 0, ζ)T, (3)

ψ∗(X1) = X1 − X∗1 = Vf −V∗ → 0, X∗1 = V∗ ≈ 0 (4)

as a problem of an intentional change in the concentration of antibodies, F, by an adminis-
tration of medicinal preparations (donor antibodies, immunoglobulins, etc.).

In (1) and (2), the equations numbered 1–3 characterize the processes in the tar-
get organ, the equations numbered 4–6 are responsible for the dynamics of the T-cell
immune response, and the other equations model the humoral immune response (via
antibodies) [16,17,24], which could be influenced by the changing variable, F(t) (antibodies
to the viral antigens).
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When no confusion is generated, we do not use arguments in function formulations.
Expression (4) characterizes the goal of control; X∗1 = V∗ = const is the given value.
The subscript, (·)τ, denotes here and below delays in variables X4, X5, X6, X7, X8, in

accordance with the equations system (1); Rn is the n-dimensional Euclidean space.
Disturbances are the key components in the control problem, as, according to [48],

without disturbances and process uncertainties, there is no need for feedback. Here, ζ(t) is
the unknown bounded continuous (“worst”) disturbance.

In (2), according to (1) and the introduced notations, functionAiwill acquire a form
more convenient for the algorithmization of the control derivation:

A1τ = (a1 + a2X6)X2 − a3X1X10 − a4X1 − a5(1− X2 − X3)X1,
A2τ =

.
CV = a35X1(1− X2 − X3)− a36X2X6 − a37X2, F3 = a36X2X6 + a37X2 − a38X3,

A4τ = a6X1 − a7X4 − a8X4X6,
A5τ = a9ξ(X3)X5|t−a10 X4|t−a10 − a11X4X5
−a12X4X5X6 + a13(1− X5),

A6τ = a19ξ(X3)X4|t−a10 X5|t−a10 X6|t−a10
−X6(a21X4X5 + a22X2 + a23X4) + a24(1− X6)),

A7τ = a14ξ(X3)X4|t−a15 X7|t−a15 − X7(a16X4 + a17X4X8) + a18(1− X7),
A8τ = a25ξ(X3)X5|t−a26 X7|t−a26 X8|t−a26 − a27X4X7X8 + a28(1− X8),
A9τ = a29ξ(X3)X4|t−a30 X7|t−a30 X8|t−a30 + a31(1− X9),
A10τ = a32X9 − a33X1X10 − a34X10,

(5)

u ∈ R is the sought-for law regulating the supply of medicinal preparations delivered
to the diseased organ with a goal of a reasonable impact on the immune response dynamics,
ζ(t) is the uncontrollable bounded disturbance, aj, j = 1, 38, are the model parameters
whose values determine the disease stages (subclinical, acute, chronic, and lethal) and the
delay values for a more detailed study of the immune response dynamics.

2.2. On the Nature of Disturbances and Their Modeling in Controlled Bioengineering Plants

In the study of the infectious disease models [15–23], a most reasonable assumption is
that of an interval parametric uncertainty, uncertainty with respect to control, etc. (a priori
and current, random and/or systematic).

From this standpoint, it becomes possible to construct an SCT-based regulator that
would, given minimum information on the structure of the parametric and external im-
pacts, ensure stability and acceptable quality of the transient processes in the synthesized
nonlinear system. The so-called guaranteeing regulators [12] provide desirable properties
for the synthesized systems under the worst disturbing impacts.

In order to model disturbances by the below-used integral adaptation method [12],
firstly, we use the fact that continuous functions can be described as (partial) solutions of
ODEs [49], and the real disturbances can be presented as superpositions of the piece-
wise continuous functions with unknown coefficients (varying in a stepwise manner
within comparatively short time intervals). This disturbance model is termed wave
representation [50].

In what follows we discuss two disturbance models: the random functions with
bounded variance and the functions resulting from a wave representation (with either
discrete or continuous description of the control models, respectively).

It is well known [40,41] that the system’s robustness relative to the discretization
operation is nontrivial for the nonlinear case and requires a separate study and validation.
This implies that the robust properties of a control system obtained using a continuous
description would not be transferred to a generally discrete case and vice versa. It is,
therefore, reasonable to discuss both cases for a more complete analysis of a controlled
object and a more correct selection of a consistent system for the regulator parameters,
discretization, and object, respectively.
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In this connection, we discuss an independent problem of a discrete control over
a nonlinear object containing a stochastic uncertainty, based on a combined use of the
modified method of designing aggregated regulators [8,9,12] and the control strategy,
which minimizes the variance of the output macro variable [4,37,51]. The object of study is
complicated by different values of delays in five variables [17].

3. Generalization of the Method of Analytical Design of Aggregated Regulators for a
Discrete Stochastic Immunology Object

The acceptability of a description of the original model in the form of stochastic
difference equations has been dictated by a greater physical validity, since the model, where
randomness has a finite variance, is mathematically correct and plausible from the point of
view of its practical content.

3.1. Features of the Discrete Description of the Control Object with Delay

The design of a discrete regulator requires that the initial mathematical model be
presented in the form of a stochastic difference equation:

X[k + 1] = F[k] + u[k] + ξ[k + 1] + cξ[k],
X[k0] = X0, k = k0, k0 + 1, . . . ,

(6)

where X[k] = (X1[k], . . . , Xn[k])
T, F[k] := F(X[k]) ∈ Rn, and u ∈ Rm, m ≤ n are the state

vector, a nonlinear function describing it, and control, respectively, ξ[k] ∈ Rl , l ≤ m are the
noncorrelated random quantities, E{ξi[k]} = 0, D{ξi[k]} = σ2, i = 1, l, and |c| < 1 is the
attenuation factor [4,13].

To define the control, we set a probability space, {Ω,=, P}, with filtration, =k, that
satisfies the usual conditions; u[k] is a random measurable function.

Let E and D denote the operators of mathematical expectation and variance, respec-
tively, and “a.s.” is short for “almost surely”. Note that for the random variables, the normal
distribution is not assumed.

A relationship between (3), (5), and (6) is possible based on the discretization schemes
(according to the Euler method (e.g., [43])):

F[k] = (F1[k], . . . , Fn[k], F1τ [k], . . . , Fnτ [k])
T,

Fi[k] = Xi[k] + hAiτ(X1[k], . . . , Xn[k]), i = 1, n,
u[k] = hU[k], ζ[k + 1] = h(ξ[k + 1] + cξ[k]).

(7)

During discretization, the differentiation operator, d/dt, in continuous description is
approximated by a difference operator with the parameter h > 0, which is the right-hand
difference derivative.

In order to design control in the state space using the discrete method of analytical
design [9], we are going to use discrete analogs of the quality functional and the extremal
equation for it:

ΦD = ΦD(ψ) =
∞
∑

k=k0

m
∑

j=1

(
α2

j
(
ψj[k]

)2
+
(
∆ψj[k]

)2
)
→ min,

∆ψj[k] = ψj[k]− ψj[k− 1], k = k0 + 1, . . . ;

ψj[k0] = ψj(X[k0]), X[k0] = X0, ∆ψj[k0] = 0,

(8)

ψj[k + 1] + λjψj[k] = 0, λj = const,
∣∣λj
∣∣ < 1, j = 1, m, k = k0, k0 + 1, . . . (9)

Remark 1. The functional given by (8) is a generalization of the classical quadratic quality
functional of the designed control. This is easily shown by substituting the object’s equation
into it. An advantage of this prescription for the control quality criterion consists, firstly, in an
implementation of the physical control principles [3] and, secondly, in the possibility of controlling
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the duration of achieving the steady state regime via parametersα, λ ∈ R. It is also assumed that
the parameters α and λ in (8), and (9) ensure the finiteness of the functional,ΦD, according to the
conditions of SCT [9].

Statement 1. Functionψ[k], k = k0, k0 + 1, . . . , satisfying the following equation:

ψ[k + 1] + λψ[k] = 0, λ = const, |λ| < 1

delivers a global minimum to the functional ΦD =
∞
∑

k=k0

(
α2ψ2[k] + (∆ψ[k])2

)
(m = 1). The pa-

rameters of the designed regulator, α, λ ∈ R, are related byλ = 0.5
(

2 + α2 −
(
(2 + α2)

2 − 4
)1/2

)
.

A proof of Statement 1 (see Appendix A) follows immediately from the discrete analog
of the corollary of the Euler–Lagrange equation [52] for the functional in the integral form
(see Appendix B).

3.2. Algorithm for Designing a Regulator for System (6)

Consider the application of the algorithm for designing the stochastic regulator for
a scalar control since, according to the condition for applying the Analytical Design of
Aggregated Regulators (ADAR) method [8,9], the dimensions of the control vectors and
the target macro variable must match.

Let us call an ADAR strategy a sequence, {U1, U2, . . .}, where the measurable function,
Uk : Rn → Rm , determines the control law at the moment, tk = kh, k ≥ k0, h > 0, which
implements a consistent solution to variational problems,

(
Φj, ψj

)
, j = 1, j f inal , leading to

the realization of the goal of control, ψ∗[k] →
k→∞

0.

Assume that

(1) All the conditions for the correct construction of the ADAR control are satisfied.
(2) The control strategies are selected from a set of ADAR strategies in accordance with

the discrete analog of ADAR method [9,12,37].
(3) The control, u[k], is formed according to the feedback principle:

u[k] = u
(

Xk; uk
)

, u[k0] = 0, k = k0, k0 + 1, . . . ,

Xk = (X[k], X[k− 1], . . . , X[k0]), uk = (u[k− 1], u[k− 2], . . . , u[k0]).
(10)

Let us formalize the main points in constructing a stochastic discrete system of scalar
control over a nonlinear immunology object, according to the requirements of (4) and (7) as
the following algorithm.

1. Extend the phase space in order to compensate for the delay, relying on the feedback
law R(X, Y):

X[k + 1] = F(X[k], Y[k]) + u[k] + ξ[k + 1] + cξ[k],
Y[k + 1] = R(X, Y), k = k0 + 1, . . .

(11)

The vector variable, Y ∈ RnY , is introduced to compensate for delays in five variables

(see Appendix E) Xj

∣∣∣∣k−νlj
, j = 4, 5, 6, 7, 8 , where

νlj
∈ Mj; M4 =

{
al4 , l4 = 10, 15, 20, 30

}
, M5 =

{
al5 , l5 = 10, 20, 26

}
,

M6 = {a20}, M7 =
{

al7 , l7 = 15, 30
}

, M4 =
{

al8 , l8 = 26, 30
}

,

alj
= νlj

h, j ∈ {4, 5, 6, 7, 8}, νj = max
lj

νlj
, nY =

8
∑

j=4
νj.

2. Determine the external control structure uA
ξ [k], k = k0, k0 + 1, . . ., using the determin-

istic ADAR method (at fixed functions realizing random disturbances).
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a. Introduce a macro variable:

ψ1[k] = X10[k]− φ[k],
φ[k] = φ(X1[k], . . . , X9[k], Y1[k], . . . , YnY [k]),

and define the first variational problem, Φ1
D(ψ1) =

∞
∑

k=k0

(
α2

1ψ2
1 [k] + (∆ψ1[k])

2
)
→ min ,

where the sought-for function is given the role of internal control, under whose
action the imaging point of the system will further tend towards the manifold,
ψ∗[k] →

k→∞
0.

b. Apply a corollary of the Euler–Lagrange Equation (9) for the functional Φ1
D

in order to obtain a function for uA
ξ accurately to an unknown function, φ[k],

as follows:

uA
ξ [k] = −F10[k]− (ξ[k + 1] + cξ[k]) + h−1(−(λ1 + 1)ψ1[k] + ∆φ[k]), uA

ξ [k0] = 0,
∆φ[k] = φ[k + 1]− φ[k], k = k0, k0 + 1, . . .

(12)

c. Decompose (11) on the manifold, ψ1[k] = 0, X10[k] = φ[k], φ[k] = φ(X[k]),
k = k0, k0 + 1, . . . The dimension of system (11) will decrease by one:

Xψ1 [k + 1] = Fψ1

(
Xψ1 [k], Y[k]

)
, Y[k + 1] = R

(
Xψ1 , Y

)
,

Xψ1 [k] = (X1[k], . . . , X9[k])
T, k = k0, k0 + 1, . . .

(13)

The subscript, (·)ψ1
, in (13) means that system (11) describes the behavior of

coordinates (11) on manifold ψ1 = 0.
d. Prescribe the second macro variable, ψ2[k] = ψ∗[k], k = k0, k0 + 1, . . ., in accor-

dance with the hierarchy of the SCT design, and define the second variational
problem:

Φ2
D(ψ2) =

∞

∑
k=k0

(
α2

2ψ2
2 [k] + (∆ψ2[k])

2
)
→ min.

e. Obtain a formula for the function φ[k] from the extremal equation for the
functional Φ2

D:

ψ2[k + 1] + λ2ψ2[k] = X1[k + 1]− X∗1 + λ2ψ∗[k] = 0 ⇒
F1,ψ1(X1[k], . . . , X9[k], φ[k], Y1[k], . . . , YnY [k]) = X∗1 − λ2ψ∗[k], k = k0, k0 + 1, . . .

or, in the explicit form, taking into account the representation (7):

φ[k] = (a3X1)
−1
(

h−1(λ2 + 1)ψ∗[k] +
_
F 10[k]

)
,

_
F 10[k] = (a1 + a2X6[k])X2[k]− a4X1[k]

−a5(1− X2[k]− X3[k])X1[k], k = k0, k0 + 1, . . .

(14)

3. Apply the operation of conditional mathematical expectation: uA[k] = E
{

uA
ξ [k]

∣∣∣ξk
}

,

ξk = (ξ[k0], . . . , ξ[k]), k = k0, k0 + 1, . . .:

uA[k] = −F10[k]− cξ[k] + h−1(−(λ1 + 1)ψ1[k] + ∆φ[k]), k = k0 + 1, . . . (15)

4. Reduce the system (11), taking into account the limit relations, lim
k→∞

ψj[k] = 0, j = 1, 2,

and, in particular, obtain an expression given by
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ψ1[k + 1] + λ1ψ1[k] = hξ̂[k + 1], (16)

from which follows a formula for estimating
^
ξ[k], whose calculation is provided by the

current system state.

5. Substitute
^
ξ[k] from (16) instead of ξ[k] into expression (15). The designing of a

stochastic discrete regulator is over, and the control is given by

uA[k] = −F10[k]− h−1(c + (λ1 + 1))ψ1[k]− ch−1λ1ψ1[k− 1] + h−1∆φ[k], k = k0 + 1, . . . (17)

The final control system represents a combination of the controlled object (11) and the
regulator (14) and (17).

The regulator parameters, λ1 and λ2, are responsible for a certain trade-off between
the duration of reaching the target neighborhood, the parameter h, and the transient
process quality.

Statement 2. Let the equation ψ(t) = ψ(X(t)) = 0, t→ ∞ (a.s.) determine the invariant of the
system (3) having the attractivity property of the manifold (4). Then, the control (17),uA[k], k =
k0 + 1, . . ., provides the minimal variance for the output macro variable and

E
{

ψj[k + 1] + λjψj[k]
}
= 0,

∣∣λj
∣∣ < 1, j = 1, 2, k→ ∞;

D
{

ψj[k + 1] + λjψj[k]
}
→ min,

E{Φ} = E
{

Φ1
D + Φ2

D
}
= E

{
∞
∑

k=k0

2
∑

j=1

(
α2

j
(
ψj[k]

)2
+
(
∆ψj[k]

)2
)}
→ min.

The proof of Statement 2 (see Appendix C) is based on the control provided by the
main functional Equation (9) and discrete strategies [4,37] that minimize the variance of the
output variable.

Remark 2. The output variable in the simplest one-dimensional model:

Y[k + 1] = F[k] + u[k] + ξ[k + 1] + cξ[k], k = k0, k0 + 1, . . . ,

under the description given by(6) cannot have a variance smaller than that of the input noise,
whatever the control:

D{Y[k]} ≥ D{ξ[k]}, k = k0 + 1, . . .

4. Method of Nonlinear Continuous Design of a Control System for an
Immunology Object

The integral adaptation method is used below [12], which relies on an analytical
description of the target macro variables and the introduction of the integrators into the
control channels based on them.

The control design algorithm based on this method makes it possible to synthesize
adaptive systems without acquiring the current data on the changes in the plant and
environment parameters.

Let us assume that the control is implemented in the state space, and the values of the
variables in the infectious disease process can be measured. The phase trajectories of the
variables selected for the construction of the regulator have to lie inside the “tube” con-
structed in a certain neighborhood of the stationary state of the object, which is consistent
with the experimental data for the hepatitis B model [16,17].
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4.1. Algorithm for Designing a Continuous Nonlinear Regulator for Object (3)

1. Ensure closedness of the system (3) using an extension of the system state:
.
X = Aτ(X) + Z(t) + u(t), u = (0, . . . , 0, u)T, Z = (0, . . . , 0, Z)T,
.
Z(t) = ηψ(t), η = const > 0, t ≥ 0

(18)

The correctness of modeling disturbance, ζ(t), via an additional phase variable, Z,
goes back, in particular, to the paper [50] (see Appendix D). In (18), the proportionality
coefficient, η, is a parameter of the synthesized system, which, together with parameter w
(from Equation (A1)), affects the transient process quality. Therefore, the last two equations
in (18) are given by:

.
X10 = F10 + Z + u,
.
Z = ηψ∗, η = const > 0

2. Obtain the structure of the continuous regulator according to the requirements (4) by
virtue of the formulation and solution of the first variational problem (Φ1, ψ1)and
taking into account the control scalar character:

Φ1(ψ1) =

∞∫
0

(
ψ2

1 + w2
1

.
ψ

2
1

)
dt→ min, ψ1 = X10 − ϕ, (19)

where ϕ = ϕ(X1, . . . , X9, Z) is the below-determined internal control, according to SCT
terminology. In accordance with Appendix B, the extremal equation for Φ1 has the form of
(A1) with the parameters w1, η = const > 0, from which follows that

u = −w−1
1 ψ1 − F10 − Z +

.
ϕ, Z = η

∫
ψ∗dt. (20)

3. Decompose system (18) on the reached manifold, ψ1(t) = 0, t→ ∞, which means
applying the limit equality, X10(t) = ϕ(t), t→ ∞ , to this system, resulting in a
reduced system:

.
Xψ1 = Aτ

(
Xψ1

)
,

.
Z(t) = ηψ∗(t), η = const > 0,

Xψ1,1 =
(
Xψ1,1, . . . , Xψ1,9, Z

)T, ϕ = ϕ(X1, . . . , X9, Z), Xψ1,10 = ϕ.
(21)

The subscript, (·)ψ1
, in system (21) is used to indicate the difference from the behavior

of object (18), since system (21) describes the trajectory of (18) on the reached manifold,
ψ1(t) = 0, t→ ∞ , under the action of the external control (20).

4. Obtain the internal control structure, ϕ = ϕ(X1, . . . , X9, Z), according to the require-
ments (4) by virtue of the formulation and solution of the second variational problem,
(Φ2, ψ2):

Φ2(ψ2) =

∞∫
0

(
ψ2

2 + w2
2

.
ψ

2
2

)
dt→ min, ψ2 = ψ∗ + κZ, κ = const > 0, (22)

κ is a regulator parameter.
The extremal equation for Φ2 has the form (A1) with the parameter w2 = const > 0,

from which follows that

ϕ = (a3X1)
−1
(

ψ∗
(

w−1
2 + kη

)
+ κZw−1

2 + (a1 + a2X6)X2 − X1(a4 + a5(1− X2 − X3))
)

, (23)

and, therefore, the total derivative is determined from the following formulas:
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.
ϕ = ∂ϕ

∂X1
F1 +

∂ϕ
∂X2

F2 +
∂ϕ

∂X3
F3 +

∂ϕ
∂X6

F6 +
∂ϕ
∂Z κηψ∗,

∂ϕ
∂X1

=
(
a3X2

1
)−1
(

X∗1
(

w−1
2 + kη

)
− κZw−1

2 − (a1 + a2X6)X2

)
,

∂ϕ
∂X2

= (a3X1)
−1(a1 + a2X6 − a5X1),

∂ϕ
∂x3

= (a3X1)
−1a5X1,

∂ϕ
∂X6

= (a3X1)
−1a2X2, ∂ϕ

∂Z = (a3X1)
−1κw−1

2 .

(24)

5. Form the final control system (controlled object and regulator) in the form of Equations
(3), (4), (20), (23), and (24).

The constants w1, w2, κ and η are the regulator parameters determining the consistency
between both the duration and quality of the transient process.

Remark 3. Let us comment on the form of the macro variable,ψ2(t) = ψ∗(t) + κZ(t), κ > 0.
Reaching the manifold, ψ2(t) = 0, t→ ∞ ,orψ∗(t) = −κZ(t), leads to the following form of the
last equation:

.
Z(t) = −κηZ(t), κη > 0, which guarantees an asymptotically stable achievement

of the zero solution, Z(t) = 0, t→ ∞.

Statement 3. Let the limit equation, ψ∗(t) = ψ∗(X(t)) = 0, t→ ∞ , determine the invariant of
the controlled biomedical object (3) having the attractivity property of the target manifold (4). Then,
the control in the state space from (20) would transfer object (3) from its initial point, X(t0) = X0,
to a certain neighborhood, ψ∗(X(t)) = 0, and provide an asymptotically stable holding of this object
in this neighborhood.

The proof of Statement 3 is given in Appendix D and is based on the results of
theoretical mechanics [49,53,54] and the wave representation of perturbations [50].

5. Simulation Results for Acute Disease Stage

Here, we study the most interesting, from the practical viewpoint, uncertainties in the
right-hand side of the description: non-random (piecewise-constant and harmonic func-
tions) and random uncertainty (off-design conditions for the ADAR algorithm)
(Figures 2–6). The initial data correspond to the acute stage [17] (Table 1).
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Figure 2. Comparative trajectories of main discrete model characteristics in conditions of normal 
noises 1 2( ( ), 0.5, 0.90; 0.0 9 )5 7N       : (a) antigen concentrations; (b) antibody variation dy-
namics (red/black lines for behaviors with stochastic/deterministic ADAR control under off-design 
conditions, respectively). The values of the antigen variable reach the specified neighborhood. The 
duration of the treatment program does not exceed natural treatment (24.98). 

Figure 2. Comparative trajectories of main discrete model characteristics in conditions of normal
noises (N(0; 0.05), λ1 = −0.5, λ2 = −0.997): (a) antigen concentrations; (b) antibody variation
dynamics (red/black lines for behaviors with stochastic/deterministic ADAR control under off-
design conditions, respectively). The values of the antigen variable reach the specified neighborhood.
The duration of the treatment program does not exceed natural treatment (24.98).
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Figure 3. Trajectories of the main continuous model (1) characteristics: (a) dynamics of relative char-
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dynamics (red/black lines for behaviors with control in conditions of harmonic ( sin( 2))t  
/constant noises ( 0.1)  , respectively). The trajectories for m(t) coincide for both types of disturb-
ances. The controls take values within acceptable limits. 
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Figure 4. Comparative trajectories of main continuous base model [17] characteristics in conditions 
of constant noises, 0.5  : (a) dynamics of relative characteristic (m(t)) as the proportion of target 
organ cells destroyed by the antigen (dashed/solid lines for behaviors with/without control, respec-
tively); and (b) trajectory of target macro variable, ψ(t) = V(t)–V*, with control, V* = 10−14. The dura-
tion of the treatment program is less than natural treatment (20–25). 
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Figure 5. Comparative trajectories of main continuous base model [17] characteristics in conditions 
of normal noises, 0;0( ).07N  : (a) antigen concentrations; and (b) antibody variation dynamics 

Figure 3. Trajectories of the main continuous model (1) characteristics: (a) dynamics of relative
characteristic (m(t)) as the proportion of target organ cells destroyed by antigen; and (b) con-
trol variation dynamics (red/black lines for behaviors with control in conditions of harmonic
(ζ = sin(πt/2))/constant noises (ζ = 0.1), respectively). The trajectories for m(t) coincide for
both types of disturbances. The controls take values within acceptable limits.
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Figure 4. Comparative trajectories of main continuous base model [17] characteristics in conditions of
constant noises, ζ = 0.5: (a) dynamics of relative characteristic (m(t)) as the proportion of target organ
cells destroyed by the antigen (dashed/solid lines for behaviors with/without control, respectively);
and (b) trajectory of target macro variable, ψ(t) = V(t)–V*, with control, V* = 10−14. The duration of
the treatment program is less than natural treatment (~20–25).
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Figure 5. Comparative trajectories of main continuous base model [17] characteristics in condi-
tions of normal noises, N(0; 0.07): (a) antigen concentrations; and (b) antibody variation dynamics
(red/black lines for behaviors with stochastic/deterministic ADAR control under off-design condi-
tions, respectively). The graphs illustrate a significantly better control result in accordance with the
stochastic algorithm.



Mathematics 2023, 11, 4484 14 of 20

Mathematics 2023, 11, x FOR PEER REVIEW 15 of 21 
 

 

(red/black lines for behaviors with stochastic/deterministic ADAR control under off-design condi-
tions, respectively). The graphs illustrate a significantly beĴer control result in accordance with the 
stochastic algorithm. 

  
(a) (b) 

Figure 6. Comparative trajectories of the main continuous base model [17] characteristics in condi-
tions of normal noises, 0;0( ).07N : (a) dynamics of relative organ-damage characteristics; and (b) 
control variation dynamics (red/black lines for behaviors with stochastic/deterministic ADAR con-
trol under off-design conditions, respectively). The value of the generalized relative characteristic of 
the damage that the antigen inflicts on the target organ is significantly less for the stochastic algo-
rithm, with comparable control values for both algorithms (stochastic and deterministic). 

Remark 4. The base mathematical model of an infectious disease [17] based on Burnet’s clonal 
selection theory [47] is a subsystem of (1). The model describes the interaction of the four most 
significant characteristics of the disease: the concentration of antigens, V(t), plasma cells, C(t), 
antibodies, F(t), and the relative characteristic, m(t), as the proportion of target organ cells de-
stroyed by antigen. 

Remark 5. The parameters of the mathematical model of the antiviral response and the ranges of 
their acceptable values for viral hepatitis B can be clarified in the papers [16,17,26]. 

Table 2 presents comparative data for the model (1) according to four algorithms and 
parameters from Table 1. The algorithm comparison indicators used are as follows 
[26,56,57]: 
 The average rate of body damage (ARV/ARVd) (subscript “d” indicates discrete case); 
 The ratio of the volume of donor antibodies administered to the normal level of anti-

bodies in a healthy body (Ru/Rud); 
 Recovery time for the body (Tδ), where 

     

     

  

δ δ

δ δ

Т [Т ]
1 1

δ δ
10

Т [Т ]
1 1* *

10

V Vd

u u

δ

d

Т ( )    Т ;

( )    ;

Т argmin ( ) , 0.01,

AR AR

R R

f f
i

i

t

V t dt V i

F u t dt F u i

m u t

 



 



 
  

 

 
  

 
    



  

where [x] is the integer part of a number, x, and F* is the normal level of antibodies in a 
healthy body. 

Table 2. Average comparative characteristics of control algorithms in conditions of normal noises, 
0;0( ).05N . 

Algorithm ARV Ru Tδ 

Figure 6. Comparative trajectories of the main continuous base model [17] characteristics in con-
ditions of normal noises, N(0; 0.07): (a) dynamics of relative organ-damage characteristics; and
(b) control variation dynamics (red/black lines for behaviors with stochastic/deterministic ADAR
control under off-design conditions, respectively). The value of the generalized relative characteristic
of the damage that the antigen inflicts on the target organ is significantly less for the stochastic
algorithm, with comparable control values for both algorithms (stochastic and deterministic).

Table 1. Model (1) parameters in dimensionless form.

Parameters

a1 = 0.1 a10 = 0.8 a19 = 0.8 a28 = 0.1 a37 = 0.005
a2 = 0.0001 a11 = 0.001 a20 = 2 a29 = 0.5 a38 = 0.12
a3 = 0.1 a12 = 0.0001 a21 = 0.08 a30 = 3 m* = 0.5
a4 = 0.0001 a13 = 0.05 a22 = 0.00015 a31 = 0.16 C* = 1
a5 = 0.0001 a14 = 0.01 a23 = 0.0001 a32 = 0.17 x∗1 ∈ (10−15, 10−8)
a6 = 0.05 a15 = 0.7 a24 = 0.1 a33 = 0.2
a7 = 0.02 a16 = 0.001 a25 = 0.8 a34 = 0.17
a8 = 0.0001 a17 = 0.0001 a26 = 2 a35 = 0.4
a9 = 0.01 a18 = 0.05 a27 = 0.08 a36 = 0.002

The delayed arguments that determine the required time for the variables to interact
with each other are defined by parameters a10, a15, a16, a20, a26, a30 associated with variables
MV , HE, HB, E, B, respectively. A study of the behavior of model solutions depending
on the delay coefficient was carried out in the article [55]. The simulation of the control
algorithms (Sections 3.2 and 4.1) was carried out with fixed values of the delay arguments.

Assume t0 = 0, since the system of equations of the antiviral immune response model
is autonomous. The initial conditions are:

x1(0) = 10−8, x2(0) = 0, x3(0) = 0, x4(0) = 0, x5(0) = 1;
x6(0) = 1, x7(0) = 1, x8(0) = 1, x9(0) = 1, x10(0) = 1

Remark 4. The base mathematical model of an infectious disease [17] based on Burnet’s clonal
selection theory [47] is a subsystem of (1). The model describes the interaction of the four most
significant characteristics of the disease: the concentration of antigens, V(t), plasma cells, C(t),
antibodies, F(t), and the relative characteristic, m(t), as the proportion of target organ cells destroyed
by antigen.

Remark 5. The parameters of the mathematical model of the antiviral response and the ranges of
their acceptable values for viral hepatitis B can be clarified in the papers [16,17,26].
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Table 2 presents comparative data for the model (1) according to four algorithms and
parameters from Table 1. The algorithm comparison indicators used are as follows [26,56,57]:

• The average rate of body damage (ARV/ARVd) (subscript “d” indicates discrete case);
• The ratio of the volume of donor antibodies administered to the normal level of

antibodies in a healthy body (Ru/Rud);
• Recovery time for the body (Tδ), where

ARV = (Tδ)
−1

Tδ∫
0

Vf (t)dt

(
ARVd = (Tδ)

−1
[Tδ]

∑
i=1

Vf [i]

)
;

Ru = (F∗)−1
Tδ∫
0

u(t)dt

(
Rud = (F∗)−1

[Tδ]

∑
i=1

u[i]

)
;

Tδ = argmin
t
(m(u(t)) < δ), δ = 0.01,

where [x] is the integer part of a number, x, and F* is the normal level of antibodies in a
healthy body.

Table 2. Average comparative characteristics of control algorithms in conditions of normal noises,
N(0; 0.05).

Algorithm ARV Ru Tδ

Discrete adaptation algorithm [26] 3.6 × 10−4 3.7 20–23

Integral adaptation SCT algorithm
(Section 4.1) 3.5 × 10−3 3.1 10

Stochastic SCT algorithm (Section 3.2) 3.8 × 10−4 3.9 12

ADAR algorithm [30] 3.1 × 10−4 3.5 10

The data presented in Table 2 suggests an acceptable quality of all the compared object
control algorithms. There is a certain advantage of the synergetic algorithms in terms of the
time to achieve conditional recovery of the organism model. However, the greatest interest
is in the dynamics of the quality of the algorithms for the base [17] and extended (1) models
under conditions of physically acceptable values of the signal-to-noise ratio. The design
and comparison of controls for object (1) with these additional requirements is the subject
of further investigations.

6. Discussion

A statistical analysis of the results of simulation control systems allows us to draw the
following conclusions.

The plots presented above (Figures 2–6) suggest an acceptable quality of both controls
over the biomedical object, which ensures that the goal is achieved in terms of the global
minimum (on average) of the quality functional with a synergistic effect. The control object
is sustained in the fairly small neighborhood of the value of antigens.

Table 3 shows the dependence of the root mean square (RMS) on the target value of
the main indicator, V, depending on the RMS of the noise level, ξ.

Table 3. Dependence of the standard deviation of the controlled object coordinates on the noise level.

σ(ξ) σA(V) × 10−6 (N/U) 1 σS(V) × 10−6 (N/U) 1

0.01 3.80/3.89 3.75/3.95
0.1 3.85/3.99 3.70/3.95
0.5 4.05/4.08 3.75/3.90
0.9 7.85/7.90 3.74/4.00

1N and U denote normal and uniform distribution, respectively.
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Here, we use the notations σA(V) and σS(V) for the RMS of the controlled variable
on the basis of the classical ADAR algorithm (off-design conditions), and the stochastic
algorithm, respectively.

From Table 3, it follows that the stochastic control (in relation to the model under
consideration) demonstrates less variance than the deterministic ADAR control, starting
from a certain threshold value of the RMS noise.

Let us note the following advantages and disadvantages of control design algorithms
based on SCT:

• Ensuring the robust properties of both controllers if the target manifold has attractive
properties;

• The algorithm based on nonlinear stochastic adaptation has a certain superiority over
the deterministic control algorithm under conditions of physically acceptable values
of the signal-to-noise ratio;

• A signal-to-noise ratio, when the control still provides the expected behavior of the
object, should be estimated on the training set;

• There is a high sensitivity to the parameters of the discreteness of time and the regulator
under conditions of an unstable target state;

• Setting different target values of the macro variable may lead to the discovery of new
properties of the controlled object.

The last statement represents a motivation towards the formulation of the inference
rules of the IF. . .THEN type as the basis for databases and knowledge; the creation of such
databases is the primary task for the digital healthcare service.

7. Conclusions

The two algorithms for designing control over a nonlinear high-dimensional object
presented in this work have a number of properties making them attractive candidates for
applications in the current expert and decision support systems as mathematical tools for
modeling a delicate intervention into the immune system functioning, as follows:

• A control can be of the vector type in terms of the number of channels of possible
impacts.

• A “prescription” of different target invariants allows the identification and study of
new regularities of the object in focus.

• The inclusion of systematic and random disturbances in the control model improves
the reliability of the prognostic analysis of the modeled object’s behavior in cases of
parametric inaccuracies and estimation errors.

The control in this study and earlier ones has been understood as a program of drug
delivery to the diseased organ, and the goal of control was a stabilization of the target
variable (antigen concentration) in a certain small-value neighborhood. Notably, for an
unstable mode, the goal was not to completely suppress the chaoticity but to somewhat
reduce it.

An advantage of the design technique used in this study is the simplicity of the mathe-
matical technique, whose validation entirely relies on the results of theoretical mechanics
and principles of physical control theory [3,38]. The proposed algorithms for designing
control have been derived analytically.

It is also important that the designed control is not terminal, where the strict require-
ments are set to the final state only while admitting the other parts of the target trajectory
to be comparatively arbitrary. The available regulator parameters are transparently inter-
pretable and consistent with the quality and duration requirements of a transient process.

It seems reasonable to associate further studies with the construction of a control sys-
tem in the observation space, provided with a synergistic observer of states for estimating
variables that are not directly measurable.
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Appendix A

Proof of Statement 1. The validity of the statement follows from a direct substitution of
the increment ∆ΦD(ψ) = ΦD(ψ + δ) − ΦD(ψ) into the respective expression, and the
relationship between parameters α, λ ∈ R follows from the basic principles of a dis-
crete analog of the ADAR method [9,12]. Indeed, denoting individual terms in (8) as
T[k] = T(ψ[k], ∆ψ[k]) = λ2ψ2[k] + (∆ψ[k])2, k = k0 + 1, . . ., considering the discrete
derivatives T∆ψ[k], Tψ[k] of the function T(ψ[k], ∆ψ[k]) relative to the arguments∆ψ[k], ψ[k],
respectively, obtain the following:

T∆ψ[k] = 2∆ψ[k], Tψ[k + 1] = 2λ2ψ[k + 1],

and substitute the resulting expressions into the discrete analogs of corollaries of the
Lagrange equation:

∆T∆ψ[k]− Tψ[k + 1] = 0, ∆T∆ψ[k] = T∆ψ[k + 1]− T∆ψ[k].

After elementary manipulations, obtain an equation α2ψ[k] + (2+ α2)λψ[k] +ψ[k] = 0,
that implies a formula relating the regulator parameters α and λ. �

Appendix B

Consider the Euler–Lagrange equation for the functional in the integral form. Let a
continuous variational problem

(
ΦC, ψ

)
is given by

ΦC =
∞∫
0

(
ϑ2(ψ) + w2

.
ψ

2
)

dt→ min, ψ(t) = 0, t→ ∞,

ϑ(ψ)ψ > 0 ∀ψ 6= 0, ϑ(0) = 0,

where ϑ(ψ) is a single-valued, continuous, differentiable function.
Solutions to the equation

w
.
ψ + ϑ(ψ) = 0 (A1)

would determine the stable extremals providing a minimum to the functional ΦC.
The validity of this statement follows directly from the Euler–Lagrange equation

for ΦC:

F
(

t, ψ,
.
ψ
)
= ϑ2(ψ) + w2

.
ψ

2
,

∂F
∂ψ −

d
dt

∂F
∂

.
ψ
= 2ϑ(ψ) dϑ

dψ − 2w2
..
ψ = 0

Multiply the latter equation by
.
ψ and then integrate it with respect to t:

ϑ(ψ)
dϑ

dψ

.
ψ− w2 ..

ψ
.
ψ = 0 ⇒

∫
ϑdϑ− w2

∫ .
ψd

.
ψ = 0 ⇒ ϑ2(ψ)− w2 .

ψ
2
= C,

wherefrom, considering the conditions ψ = 0,
.
ψ = 0, ϑ(0) = 0, t→ ∞ , constant C = 0.

Since ϑ2(ψ) − w2
.
ψ

2
=
(

ϑ(ψ)− w
.
ψ
)(

ϑ(ψ) + w
.
ψ
)

= 0, we note that solutions to the
Equation (A1) have the necessary properties.

https://github.com/slavaavr/synergetic-control/blob/master/marchuk/synergetic_stochastic_control.py
https://github.com/slavaavr/synergetic-control/blob/master/marchuk/synergetic_stochastic_control.py
https://github.com/astronik00/control-algorithms-on-hepatitis-B-model
https://github.com/astronik00/control-algorithms-on-hepatitis-B-model
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Appendix C

Proof of Statement 2. Proof of Statement 2 follows from the resulting estimate of the
perturbation as a function of the current state (16). It follows from the last equation of
system (6) that, under a best control, we have the inequality D{ψ1[k] + λ1ψ1[k− 1]} ≥
h2D{ξ[k]}, k = k0 + 1, . . ..

We substitute the found control (17) into the initial system (6), (7) as a result, after
simplification, we obtain the expression:

ψ1[k + 1] + λ1ψ1[k] = −c(ψ1[k] + λ1ψ1[k− 1]) + hξ[k + 1] + hcξ[k].

Let us represent the last equation as a difference equation q[k + 1] = −cq[k], where
q[k] = (ψ1[i] + λ1ψ1[k− 1])− hξ[k].

Taking into account the initial condition q[k0] = q0, we obtain q[k] = (−c)k−k0 q0.
Since the condition |c| < 1 holds, then q[k] = (ψ1[k] + λ1ψ1[k− 1])− hξ[k] →

k→∞
0, or

ψ1[k] + λ1ψ1[k− 1]→ hξ[k] .
The last expression implies the minimum variance of the macro variable ψ1[k] for the

steady state. �

Appendix D

Proof of Statement 3. The results of the theory of invariant dynamical systems [53]
imply the validity of the following statement: for the relation ψ = ψ(X1, . . . , Xn) = 0
(here for simplicity the control is scalar) to be an invariant manifold of the system
.

Xi = Fi(X1, . . . , Xn), i = 1, n, it is necessary and sufficient that the following condition
be fulfilled:

dψ
dt =

n
∑

i=1

∂ψ(X1,...,Xn)
∂Xi

Ri(X1, . . . , Xn) = ϑ(ψ) = ϑ(ψ(X1, . . . , Xn)),

Ri(X1, . . . , Xn) = Fi(X1, . . . , Xn) + u,

where ϑ(ψ, X1, . . . , Xn) is a certain single-valued with respect to ψ continuous differen-
tiable function, ψ = 0 : ϑ(0) = 0, ϑ(ψ)ψ > 0 ∀ψ 6= 0, in particular, here we have
ϑ(ψ, X1, . . . , Xn) = ωψ(X1, . . . , Xn),ω = const, ω > 0.

The invariant equality ψ(x1) = 0 (see Section 4.1) is provided by the algorithm in two
steps. First, from the solution to the functional equation w1

.
ψ1(t) + ψ1(t) = 0, t→ ∞ , for

the problem (Φ1, ψ1), ψ1 = X10 − ϕ we obtain external control (20) taking into account the
equations of the extended system (18). At step 2, after the decomposition of system (18)
on the manifold X10(t) = ϕ(t), t→ ∞ , we obtain the expression for internal control (23)
from the solution to the functional equation w2

.
ψ2(t) + ψ2(t) = 0, t→ ∞ , for the problem

(Φ2, ψ2), ψ2 = ψ + κZ.
The regulator for the object (3) for the purpose (4) of control ψ∗(x1) = 0 is determined

by a set of Equations (20) and (23). Substituting the resulting control into system (3),
we obtain

w1
.
ψ1 + ψ1 = w1(ζ − Z), Z = η

∫
ψ∗dt.

The control (20) obtained from the requirement w1
.
ψ1(t) + ψ1(t) = 0, t→ ∞ , in the

state space of the object (3) provides an estimate |ζ − Z| < ε, ε > 0, starting from some
tε = tε(w1, w2, κ, η).

It is also easy to verify that the control designed in accordance with the specified
requirement, ensures that the derivative of the Lyapunov function, taken in the form
V = 0.5ψ2

1 , is negative. Statement 3 has been proved. �
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Appendix E

Commentary to Section 3.2 and Formula (11). It is assumed that the delay τ0 > 0 is
a multiple of the value of discretization: τ0 = ν0h, ν0 = 1, 2, . . . , ν∗ (a value ν∗ is known).
Then, for ν0 = 1 a transformation of the initial system into a system extended for the
immunology model (6), (9) would result in the appearance of five phase variables to
compensate for delays in respect of the variables Xj

[
k− νj

]
, followed by a replacement of

the variables Xj
[
k− νj

]
by Yj−3[k], j = 4, 5, 6, 7, 8, respectively in the right-hand part of the

Formula (11), and Y[k] = (Y1, Y2, Y3, Y4, Y5)
T , Yj−3[k + 1] = Xj[k], k = k0, k0 + 1, . . ..

It should be noted that the high dimension of control plants is not an obstacle to the
synergistic design of aggregated controllers due to a specific technique that does not require
the solution to systems of difference (differential) equations [9,12].
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