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Abstract

:

In the real world, a nonparametric control chart is a powerful substitute for enhancing outcome quality, although the fundamental procedure characteristic often fails to match the distribution assumptions. This study aims to construct and evaluate an extended exponentially weighted moving average control chart based on signed-rank statistics (EEWMA-SR) for recognizing changes in procedures. According to the study, the proposed chart proves more potent recognition of shifts in the process mean, predominantly small shifts, than the other control charts by the average run length in Monte Carlo simulation. Applying the proposed control chart to an actual dataset yielded events that corroborated the study discoveries.
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1. Introduction


Statistical process control (SPC) assists organizations in monitoring and controlling quality. It allows manufacturers to increase efficiency, decrease waste products, and detect concerns early. The monitoring of quality and processes is critical to manufacturing efficiency. A control chart is a statistical instrument used to track and control the performance of a process over a specific time. Control charts aim to detect and prevent irregularities or deviations in operation. Shewhart was the first author to develop a control chart [1], which was more effective at detecting significant large shifts. Next, the moving average (MA) [2], exponentially weighted moving average (EWMA) [3], and cumulative sum (CUSUM) control charts were utilized to identify small to medium-sized shifts [4]. In terms of rapidly detecting shifts, Naveed et al. developed an extended exponentially weighted moving average (EEWMA) control chart that was expanded from the EWMA structure for effectively tracking the process mean with the result outperforming the Shewhart and EWMA control charts [5].



For ordinary purposes, parametric control charts assume that process observations follow a normal distribution. Nevertheless, if the observations are from a non-normal distribution, employing counterparts of these control charts to monitor process shifts is not appropriate. As a result, constructing a nonparametric control chart is a viable option. Nonparametric control charts have many positives, including accessibility, no requirement for assuming a particular parametric distribution for the foundational process, more robustness and resistance to outliers, and no requirement for estimating the variance when creating charts for the location parameter. Many researchers use the sign and signed-rank statistics in conjunction with the other control charts, such as the EWMA-Sign control chart designed by Yang et al. [6]. Lu developed the generally weighted moving average (GWMA) sign control chart to enhance the ability to detect small process shifts and suggested it as a replacement when process information is lacking [7]. Sukparungsee demonstrated the robustness of a generally weighted moving average based on a signed-rank (GWMA-SR) control chart for monitoring skew process shifts compared to GWMA-SN and EWMA-SN control charts [8]. The results show that the GWMA-SR chart is resistant to skew. Abid et al. proposed a new Cumulative Sum–Wilcoxon signed-rank chart for monitoring process location with ranked set sampling [9]. Depending on the average run length, the proposed chart outperforms some competing counterpart charts in shift detection. Pawar et al. proposed nonparametric moving average control charts that detect shifts in the median of symmetric process distributions using sign and signed-rank statistics [10]. Their comparison showed that the proposal outperforms its competitors. In 2020, Aslam et al. presented a modified exponentially weighted moving average control chart combined with the sign statistic (MEWMA-Sign) via the average run length serving as an efficiency evaluation [11]. The results revealed that the MEWMA-Sign chart proved better than the EWMA-Sign chart at recognizing changes. Rasheed et al. designed a nonparametric triple exponentially weighted moving average Wilcoxon signed-rank control chart based on ranked set sampling [12]. At the same time, their findings showed that the proposed chart was better than existing control charts in identifying small shifts in process location. The effectiveness of a distribution-free double-exponentially weighted moving average chart based on the sign test statistic was compared with the output of existing control charts employing run length tests [13]. The assessment revealed that the proposed chart outperforms its competitors in detecting small and medium shifts in process location. Taboran and Sukparungsee investigate the MEWMA-Sign control chart for monitoring procedure mean under abnormal distributions [14], and the findings show that the chart exceeds EWMA-Sign in detecting tiny shifts. Abbas et al. designed the nonparametric progressive mean control chart based on the Wilcoxon signed-rank statistic (NPPM-SR), and the results show that it is more efficient than the nonparametric EWMA sign (NPEWMA-SN) chart or the nonparametric EWMA based on Wilcoxon signed-rank statistic (NPEWMA-SR) chart using average run length criteria [15]. Petcharat and Sukparungsee present a new MEWMA-Wilcoxon sign rank chart to detect change in the mean parameter [16].



This study aims to design an EEWMA chart based on sign rank statistics (hereafter referred to as EEWMA-SR) that effectively recognizes minor changes in procedure location in normal (0,1), Laplace (1,1) and lognormal (0,1) distributions. The performance of the proposed chart was evaluated and compared with existing control charts using the average run length (ARL) in Monte Carlo simulation analysis. Finally, illustrations of the proposed chart using real data are offered.




2. Materials and Methods


This section describes the control chart design structures and performance evaluation. Section 2.1 depicts the parametric control charts, the Exponentially Weighted Moving Average control chart (EWMA) and the Extended Exponentially Weighted Moving Average control chart (EEWMA), as well as the existing nonparametric control charts, the Exponentially Weighted Moving Average-sign control chart (EWMA-SN), the Exponentially Weighted Moving Average-sign rank control chart (EWMA-SR), the Extended Exponentially Weighted Moving Average-sign control chart (EEWMA-SN), and the proposed Extended Exponentially Weighted Moving Average-sign rank control chart (EEWMA-SR). Section 2.2 defines the performance evaluation method.



2.1. Control Charts


Let    X k  =  (   x  k 1   ,  x  k 2   , … ,  x  k n    )    be a sample of size n drawn from a process having a continuous distribution with process mean  θ . Then, the difference between the observation and the target value, i.e.,    X  k m   − θ   within groups, can be denoted as follows:


    Y  k m   =  X  k m   − θ   , k = 1 , 2 , 3 , … ; m = 1 , 2 , … , n   



(1)







The Sign statistic    S k    can be defined as:


   S k  =   ∑  m = 1  n    I  k m      



(2)




where    I  k m   =  {    1 ,  Y  k m   > 0     0 , o t h e r w i s e      .



Then, the Sign statistic is the total number of the observations that follow the binomial distribution with a parameter    (  n , p = 0.5  )    for the control case. The   p = P  (  Y > 0  )    is the process proportion, which is   p = P  (  Y ≤ θ  )  = P  (  Y > θ  )  = 0.5   in a controlled process. In contrast, when the process is out of control,   q ≠ 0.5  .



Let    W  k m     denote the rank of the absolute difference    |   X  k m   − θ  |    within the   k  th    subgroup. The sign rank statistics are defined as follows:


  S  R k  =   ∑  m = 1  n    I  k m    W  k m      



(3)




where    I  k m   =  {    1 , w h e n (  X  k m   − θ ) > 0     0 , w h e n (  X  k m   − θ ) = 0     − 1 , w h e n (  X  k m   − θ ) < 0      .



2.1.1. Exponentially Weighted Moving Average Control Chart (EWMA)


The EWMA control chart was designed by Roberts and can detect small shifts in the process mean and the EWMA statistic with a smoothing parameter γ (0 < γ ≤ 1) [3], as shown in Equation (1):


  E W M  A k  = γ  X k  + ( 1 − γ ) E W M  A  k − 1    



(4)







   X k  ( k = 1 , 2 , … )  , independent and identically distributed random variables, are drawn from a normal sample with mean    μ 0    and variance    σ 0 2   . The initial value   E W M  A 0    is usually given to equal    μ 0   . The mean and asymptotic variance   k → ∞   are:


  E ( E W M  A k  ) =  μ 0   



(5)






  V ( E W M  A k  ) =  σ    0      2     [   γ  2 - γ    ]  .  



(6)







The EWMA control limit boundaries are:


  U C L / L C L =  μ 0  ±  H 1   σ 0     γ  2 − γ      



(7)




where the average and standard deviation of the processes are    μ 0  ,     σ 0   , and    H 1    is the EWMA chart’s coefficient control limit corresponding to the wanted ARL0.




2.1.2. Extended Exponentially Weighted Moving Average (EEWMA) Control Chart


The EEWMA control chart was established by Naveed et al. as highly beneficial for recognizing an abrupt change in the mean with the following EEWMA statistic [5]:


  E E W M  A k  =  γ 1   X k  −  γ 2   X  k − 1   + ( 1 −  γ 1  +  γ 2  ) E E W M  A  k − 1    



(8)




where    γ 1    and    γ 2    are smoothing parameters that range from 0 to 1, where   0 <  γ 1  ≤ 1   and   0 ≤  γ 2  <  γ 1   . The average and the asymptotic variance of   E E W M  A k   , when   k → ∞  , are defined as follows:


  E ( E E W M  A k  ) =  μ 0   



(9)






  V ( E E W M  A k  ) =  σ 0 2   [     γ 1 2  +  γ 2 2  − 2  γ 1   γ 2   (  1 −  γ 1  +  γ 2   )    2  (   γ 1  −  γ 2   )  −    (   γ 1  −  γ 2   )   2     ]   



(10)







The control limits of the EEWMA chart are as follows:


  U C L / L C L =  μ 0  ±  H 2   σ 0       γ 1 2  +  γ 2 2  − 2  γ 1   γ 2   (  1 −  γ 1  +  γ 2   )    2  (   γ 1  −  γ 2   )  −    (   γ 1  −  γ 2   )   2       



(11)




where    μ 0    and    σ 0    represent the average and standard deviation of the processes under consideration, respectively, and    H 2    is the EEWMA chart’s coefficient control limit corresponding to the wanted ARL0.




2.1.3. Exponentially Weighted Moving Average-Sign Control Chart (EWMA-SN)


Yang et al. created the mixed EWMA chart based on the Sign statistic, known as the EWMA-SN [6]. The EWMA-SN statistic with a smoothing parameter γ (0 < γ ≤ 1) is shown in Equation (12):


  E W M  A   S k    = γ  S k  + ( 1 − γ ) E W M  A   S  k − 1      



(12)







The mean and asymptotic variance are:


  E ( E W M  A   S k    ) = n p  



(13)






  V ( E W M  A   S k    ) = n p q  [   γ  2 - γ    ]  .  



(14)







The EWMA-SN control limits boundaries are:


  U C L / L C L = n p ±  H 3     γ  2 − γ    (  n p q  )     



(15)




where    H 3    is the EWMA-SN chart’s coefficient control limit corresponding to the wanted ARL0.




2.1.4. Exponentially Weighted Moving Average-Sign Rank Control Chart (EWMA-SR)


Graham et al. presented a nonparametric EWMA combined with a signed-rank statistic control chart [17]. The EWMA-SR statistic is shown in Equation (16):


  E W M  A  S  R k    = γ S  R k  + ( 1 − γ ) E W M  A  S  R  k − 1      



(16)







The mean and asymptotic variance are:


  E ( E W M  A  S  R k    ) = 0  



(17)






  V ( E W M  A  S  R k    ) =   n  (  n + 1  )   (  2 n + 1  )   6   [   γ  2 - γ    ]  .  



(18)







The EWMA-SR control limit boundaries are:


  U C L / L C L = ±  H 4     γ  2 − γ    (    n  (  n + 1  )   (  2 n + 1  )   6   )     



(19)




where    H 4    is the EWMA-SR chart’s coefficient control limit corresponding to the wanted ARL0.




2.1.5. Extended Exponentially Weighted Moving Average-Sign Control Chart (EEWMA-SN)


The EEWMA-SN control chart was created by combining EEWMA and Sign statistics. The EEWMA-SN control design statistic is described this way in Equation (12):


  E E W M  A  S t   =  γ 1   S t  −  γ 2   S  t − 1   + ( 1 −  γ 1  +  γ 2  ) E E W M  A  S t − 1    



(20)




where    γ 1    and    γ 2    are smoothing parameters that range from 0 to 1, where   0 <  γ 1  ≤ 1   and   0 ≤  γ 2  <  γ 1   . The average and variance of EEWMA-SN are:


  E ( E E W M  A   S k    ) = n p  



(21)






  V ( E E W M  A   S k    ) = n p q  [     γ 1 2  +  γ 2 2  − 2  γ 1   γ 2   (  1 −  γ 1  +  γ 2   )    2  (   γ 1  −  γ 2   )  −    (   γ 1  −  γ 2   )   2     ]  .  



(22)







The control limits of the EEWMA-SN chart are as follows:


  U C L / L C L = n p ±  H 5    V a r  (  E E W M  A   S k     )     



(23)




where H5 is the initial value of the EEWMA-SN control chart’s suitable limit.




2.1.6. Extended Exponentially Weighted Moving Average-Sign Rank Control Chart (EEWMA-SR)


The proposed EEWMA-SR control chart was created by combining EEWMA and Sign rank statistics. The EEWMA-SR control design statistic, which has smoothing parameters    γ 1    and    γ 2    (  0 <  γ 1  ≤ 1   and   0 ≤  γ 2  <  γ 1   ), is described this way in Equation (24):


  E E W M  A  S  R k    =  γ 1  S  R k  −  γ 2  S  R  k − 1   + ( 1 −  γ 1  +  γ 2  ) E E W M  A  S  R  k − 1     .  



(24)







The average and variance of EEWMA-SR are:


  E ( E E W M  A  S  R k    ) = 0  



(25)






  V ( E E W M  A  S  R k    ) =   n ( n + 1 ) ( 2 n + 1 )  6   [     γ 1 2  +  γ 2 2  − 2  γ 1   γ 2   (  1 −  γ 1  +  γ 2   )    2  (   γ 1  −  γ 2   )  −    (   γ 1  −  γ 2   )   2     ]  .  



(26)







The control limits of the EEWMA-SR chart are as follows:


  U C L / L C L = ±  H 6    V a r  (  E E W M  A  S  R k     )     



(27)




where H5 is the initial value of the EEWMA-SR control chart’s suitable limit. Finally, the mean and variance formulas are shown in Appendix A.





2.2. Performance Evaluation


Various run length properties are available in statistical process control literature to evaluate a control chart. The average run length (ARL) is instrumental in determining the performance of the control chart and its capacity to shift. The in-control ARL, ARL0, is expected to be large enough to prevent false alarms. The out-of-control ARL, ARL1, should be small enough to detect shifts quickly when the process is out of control. The ARL is described in Equation (28), where   R  L k    indicates the number of samples needed prior to the approach becoming uncontrollable for the first time:


  A R L =     ∑  k = 1  N   R  L k     N   



(28)







The run-length feature of the control chart can be investigated using Monte Carlo simulation with 100,000 recurrence (N) and the control process set to 370. As a result, the control limits coefficient must be chosen so that the resultant value matches up to or equivalent to the roughly ARL0. The procedure that can be employed to identify a solution is explained in the following step:



	(i)

	
Create n random samples from any particular distribution.




	(ii)

	
Estimate the proposed tracking statistic and evaluate “H” at   A R  L 0  = 370  .




	(iii)

	
The control limit is subsequently determined and the values statistic is operated.




	(iv)

	
Continue to iterate 100,000 times (N) to calculate the ARL and assess the control chart effectiveness.







Finally, we determined the average run length value in each of the control charts. The performance of the proposed chart is compared to the EWMA chart, the EEWMA chart, the EWMA-SN chart, the EWMA-SR chart, and the EEWMA-SN chart. A chart with a low ARL1 value at a given shift is considered to be more effective.





3. Results


This section explains the simulation results by comparing the proposed chart to five existing charts in Section 3.1 and presents an application in Section 3.2.



3.1. Simulation


A simulation research investigation is carried out to validate the precision of the proposed chart (EEWMA-SR). In this experiment, we choose the smoothing parameters   γ = 0.10  ,   γ = 0.25   in the EWMA, EWMA-SN, and EWMA-SR charts, but employ    γ 1  = 0.10 ,  γ 2  = 0.03   and    γ 1  = 0.25 ,  γ 2  = 0.10   in the EEWMA, EEWMA-SN, and proposed charts with 5 and 10 subgroups in Monte Carlo simulations under ARL0 = 370. The smoothing parameter was used in the simulation because it is commonly used and encountered in manufacturing; it can be found in [5,14,16,18,19]. The distributions employed in this study are normal (0,1), lognormal (0,1), and Laplace (1,1), with specific shifts ranging from 0 to 1.5. Additionally, we compared the effectiveness of the proposed chart (EEWMA-SR) with the outcomes of the existing charts, determining that the chart with the least ARL1 is the most powerful.



From the results, the control limit constants of the nonparametric control charts (EWMA-SN, EWMA-SR, EEWMA-SN, and EEWMA-SR) are relatively high in all distributions when compared to their parametric control charts (EWMA and EEWMA). However, we discovered that as the smoothing parameter value increased, the coefficient control limit of parametric control charts increased while that of nonparametric control charts decreased.



Table 1 and Table 2 display the numerical outcomes for different subgroups, n = 5 and n = 10, while the distribution of the observations is normal (0,1). We discovered that the proposed chart outperforms other existing control charts when shift sizes    ( δ )    are small (  δ < 0.1  ), the EWMA-SR performs better when   0.15 ≤ δ ≤ 0.2  , but the EEWMA has slightly better detectability in shifts   0.3 ≤ δ ≤ 0.5  . Furthermore, the EWMA outperforms in detecting large shifts (  δ ≥ 1  ). However, when n = 5 and n = 10 with smoothing parameters in parametric control charts   γ = 0.10   and   γ = 0.25   as well as    γ 1  = 0.10 ,    γ 2  = 0.03   and    γ 1  = 0.25 ,    γ 2  = 0.10   in nonparametric control charts, an equivalent result is obtained. Figure 1 depicts the performance graphically.



We explore the proposed chart’s efficiency with the Laplace (1,1) distribution for distinct subgroups of n = 5 and n = 10, as demonstrated in Table 3 and Table 4. When considering subgroups n = 5, the proposed chart appeared to be the most successful at recognizing changes at   0.02 ≤ δ ≤ 0.2  . The EWMA-SR chart exceeded various control charts for detecting changes   0.02 ≤ δ ≤ 0.2  , except for large changes (  δ ≥ 1  ), where the EWMA chart outperformed. Moreover, the computational results from n = 10 subgroups produce the same result as n = 5 subgroups. Separate smoothing parameters created the same outcomes in both cases. Figure 2 presents the results graphically.



Table 5 and Table 6 examine the proposed chart to five fighting control charts employing ARL1 values from the lognormal (0,1) distribution. For a slight shift (  0.02 ≤ δ ≤ 0.2  ), the proposed chart performs better than the existing charts. The EWMA-SR and EWMA-SN perform better for moderate and significant shifts, respectively. Additionally, for the two smoothing parameters, the numerical outcomes gained with n = 5 subgroups lead to similar outcomes to n = 10 subgroups. Figure 3 clearly shows the performance.




3.2. Application


We will present rice productivity data below 550 kg generated for the planting year 2021 in 47 provinces of Thailand on the proposed chart [20], EWMA, EEWMA, EWMA-SN, EWMA-SR, EEWMA-SN charts via data under the lognormal distribution with mean 5.987, standard deviation = 0.154, and significance estimated as a lognormal distribution with a p-value = 0.062. Figure 4 indicates that the EEWMA-SR control chart can quickly detect changes in the second sample. The EWMA-SR chart eventually identified a change on the fifth sample, the EWMA-SN chart on the twelfth sample, the EEWMA-SR on the seventeenth sample; the parametric control charts (EWMA and EEWMA) did not detect any shifts. As a result, the proposed chart recognizes shifts more quickly than the existing charts. This implies that when the data exceed control limits, the method may improve the planning and strategy of plant rice.





4. Discussion and Conclusions


In this research, we offer a control chart that employs the ARL to develop more effective mean monitoring systems for symmetric and skewed distributions by combining the EEWMA with the nonparametric sign rank statistic. According to the findings, the proposed chart is the most suitable control chart for small shifts across all distributional settings, with the lowest ARL1 compared to EWMA, EEWMA, EWMA-SN, EWMA-SR, and EEWMA-SN. Nonetheless, the EWMA chart recognizes significant shifts with greater precision than other charts, except for the lognormal distribution, where the EWMA-SN operates most effectively. Alternatively, nonparametric control charts, such as the EWMA-SN, EWMA-SR, and EEWMA-SN control charts, outperform parametric control charts, considering they can overcome the constraints of assuming a known parameter for process observation. When applied to the proposed chart for real data, the results revealed that the chart was successful at recognizing shifts quickly.



Furthermore, we compare the proposed ARL performance to the Modified Exponentially Weighted Moving Average sign control chart (MEWMA-Sign) under the Laplace distribution and ARL0 = 370 with 5 and 10 subgroups [14]. The simulation results proved that the proposed chart is superior to the MEWMA-Sign charts in all shift dimensions. Therefore, studying more values of smoothing parameters reveals that the results are more robust. The proposed chart offers quality practitioners that are an alternative way of adopting an accurate and efficient control chart. The work described may be developed in future studies to monitor the process mean in skewed distributions, such as Weibull and Gamma, and extended to monitor the variation process. Following that, it can be applied to real-world data with a variety of distributions.
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Appendix A


Derivation of the mean and variance of the EEWMA-SN statistics.


  E E W M  A   S k    =  γ 1   S k  −  γ 2   S  k − 1   + ( 1 −  γ 1  +  γ 2  ) E E W M  A   S  k − 1      










  E E W M  A   S 1    =  γ 1   S 1  −  γ 2   S 0  + ( 1 −  γ 1  +  γ 2  ) E E W M  A   S 0     



(A1)






  E E W M  A   S 2    =  γ 1   S 2  −  γ 2   S 1  + ( 1 −  γ 1  +  γ 2  ) E E W M  A   S 1     



(A2)







Substitute the expression (A1) in (A2).


  E E W M  A   S 2    =  γ 1   S 2  −  γ 2   S 1  + ( 1 −  γ 1  +  γ 2  ) {  γ 1   S 1  −  γ 2   S 0  + ( 1 −  γ 1  +  γ 2  ) E E W M  A   S 0    }  











Let   a = ( 1 −  γ 1  +  γ 2  )  ,   b = ( a  γ 1  −  γ 2  )  ,



Continuing to EEWMA, where k= 2, 3, 4, ….


  E E W M  A   S k    =  γ 1   S k  + b  S  k − 1   + a b  S  k − 2   +  a 2  b  S  k − 3   + … +  a  k − 2   b  S 1  −  a  k − 1    γ 2   S 0  +  a k  E E W M  A   S 0     



(A3)







Taking expectation of Equation (A3):



We obtain:   E ( E E W M  A   S k    ) = n p  [   (   γ 1  −  γ 2   )   {    1 −  a k    1 − a    }  +  a k   ]   ; therefore,   E ( E E W M  A   S k    ) = n p  .



Taking variance of Equation (A3):



Thus,   V ( E E W M  A   S k    ) = n p q  [     γ 1 2  +  γ 2 2  − 2  γ 1   γ 2   (  1 −  γ 1  +  γ 2   )    2  (   γ 1  −  γ 2   )  −    (   γ 1  −  γ 2   )   2     ]   .



Derivation of the mean and variance of the proposed EEWMA-SR statistics.


  E E W M  A  S  R k    =  γ 1  S  R k  −  γ 2  S  R  k − 1   + ( 1 −  γ 1  +  γ 2  ) E E W M  A  S  R  k − 1      










  E E W M  A  S  R k    =  γ 1   S k  + b S  R  k − 1   + a b S  R  k − 2   +  a 2  b S  R  k − 3   + … +  a  k − 2   b S  R 1  −  a  k − 1    γ 2  S  R 0  +  a k  E E W M  A  S  R 0     



(A4)







Taking expectation of Equation (A4):


  E ( E E W M  A  S  R k    ) =  γ 1  E ( S  R k  ) + b E ( S  R  k − 1   ) + a b E ( S  R  k − 2   ) +  a 2  b E (  S  k − 3   ) + … +  a  k − 2   b E ( S  R 1  ) −  a  k − 1    γ 2  E ( S  R 0  ) +  a k  E ( E E W M  A  S  R 0    )  










  E ( E E W M  A  S  R k    ) =   n  (  n + 1  )   (  2 p − 1  )   2  [ (  γ 1  −  γ 2  ) { 1 + a +  a 2  + … +  a  k − 2   +  a  k − 1   } +  a k  ]  











We obtain:   E ( E E W M  A  S  R k    ) =   n  (  n + 1  )   (  2 p − 1  )   2   [   (   γ 1  −  γ 2   )   {    1 −  a k    1 − a    }  +  a k   ]   , let p = 0.5. Therefore,   E ( E E W M  A  S  R k    ) = 0  .



Taking variance of Equation (A4):


  V ( E E W M  A  S  R k    ) =  γ 1  V ( S  R k  ) + b V ( S  R  k − 1   ) + a b V ( S  R  k − 2   ) +  a 2  b V ( S  R  k − 3   ) + … +  a  k − 2   b V ( S  R 1  ) −  a  k − 1    γ 2  V ( S  R 0  ) +  a k  V ( E E W M  A  S  R 0    )  










  =   2 n  (  n + 1  )   (  2 n + 1  )  p q  3   [   (   γ    1   2  +  γ 2 2   )   {  1 +  a 2  +  a 4  + … +  a  2 ( k − 1 )    }  − 2 a  γ 1   γ 2   {  1 +  a 2  +  a 4  + … +  a  2 ( k − 2 )    }   ]   













   =   2 n  (  n + 1  )   (  2 n + 1  )  p q  3   [   (   γ 1 2  +  γ 2 2   )   {    1 −  a  2 k     1 −  a 2     }  − 2 a  γ 1   γ 2   {    1 −   (  a 2  )   k − 1     1 −  a 2     }   ]    











Let p = 0.5, q = 0.5. Thus,   V ( E E W M  A  S  R k    ) =   n  (  n + 1  )   (  2 n + 1  )   6   [     γ 1 2  +  γ 2 2  − 2  γ 1   γ 2   (  1 −  γ 1  +  γ 2   )    2  (   γ 1  −  γ 2   )  −    (   γ 1  −  γ 2   )   2     ]   .
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Figure 1. The shape of the ARL control charts in the normal distribution with (a) n = 5 and (b) n = 10. 
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Figure 2. The shape of the ARL control charts in the Laplace distribution with (a) n = 5 and (b) n = 10. 
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Figure 3. The shape of the ARL control charts in the lognormal distribution with (a) n = 5 and (b) n = 10. 
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Figure 4. The capacity of the following charts to identify a change in rice data: (a) the EWMA chart, (b) the EEWMA chart, (c) the EWMA-SN chart, (d) the EWMA-SR chart, (e) the EEWMA-SN chart, and (f) the EEWMA-SR chart. 
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Table 1. ARL1 performance of the proposed chart and existing control chart in the normal distribution when   n = 5  .
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    γ = 0.10    

	
     γ 1  = 0.10 ,  γ 2  = 0.03    




	
Shift

	
EWMA

	
EWMA-SN

	
EWMA-SR

	
EEWMA

	
EEWMA-SN

	
EEWMA-SR




	

	
     H 1  = 2.702    

	
     H 3  = 9.551    

	
     H 4  = 8.7401    

	
     H 2  = 1.940    

	
     H 5  = 7.783    

	
     H 6  = 74.564    






	
0

	
370.01

	
370.41

	
370.14

	
370.13

	
370.19

	
370.53




	
0.02

	
363.28

	
314.22

	
313.14

	
359.36

	
358.40

	
300.31




	
0.05

	
328.94

	
248.09

	
243.76

	
322.04

	
311.82

	
239.52




	
0.1

	
252.96

	
178.04

	
175.99

	
235.56

	
215.72

	
175.64




	
0.15

	
174.65

	
135.78

	
132.63

	
160.98

	
143.61

	
142.40




	
0.2

	
124.87

	
106.95

	
104.05

	
111.64

	
104.65

	
119.41




	
0.3

	
65.94

	
77.01

	
82.58

	
60.97

	
70.07

	
95.19




	
0.5

	
27.37

	
53.36

	
60.74

	
26.76

	
50.63

	
74.42




	
1

	
8.75

	
39.84

	
62.91

	
9.18

	
45.12

	
48.54




	
1.5

	
4.85

	
37.50

	
60.61

	
5.16

	
44.45

	
46.49




	

	
   γ = 0.25   

	
     γ 1  = 0.25 ,  γ 2  = 0.10    




	
Shift

	
EWMA

	
EWMA-SN

	
EWMA-SR

	
EEWMA

	
EEWMA-SN

	
EEWMA-SR




	

	
     H 1  = 2.899    

	
     H 3  = 5.9082    

	
     H 4  = 5.3483    

	
     H 2  = 2.147    

	
     H 5  = 4.882    

	
     H 6  = 45.471    




	
0

	
370.45

	
370.43

	
370.25

	
370.34

	
370.23

	
370.31




	
0.02

	
368.00

	
314.21

	
313.80

	
366.91

	
355.33

	
311.88




	
0.05

	
348.39

	
263.15

	
259.40

	
342.85

	
324.12

	
245.14




	
0.1

	
298.49

	
184.13

	
184.07

	
277.38

	
239.93

	
173.10




	
0.15

	
235.74

	
137.56

	
130.61

	
210.21

	
171.39

	
133.74




	
0.2

	
177.78

	
106.38

	
103.98

	
160.08

	
118.93

	
105.13




	
0.3

	
102.51

	
73.34

	
72.08

	
69.85

	
87.12

	
74.86




	
0.5

	
40.49

	
42.68

	
44.62

	
35.26

	
37.28

	
51.12




	
1

	
9.24

	
26.20

	
29.02

	
9.25

	
24.52

	
37.77




	
1.5

	
4.17

	
23.61

	
26

	
4.51

	
23.45

	
35.49








The minimum value is indicated in bold.













 





Table 2. ARL1 performance of the proposed chart and existing control chart in the normal distribution when n = 10.
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    γ = 0.10    

	
     γ 1  = 0.10 ,  γ 2  = 0.03    




	
Shift

	
EWMA

	
EWMA-SN

	
EWMA-SR

	
EEWMA

	
EEWMA-SN

	
EEWMA-SR




	

	
     H 1  = 2.703    

	
     H 3  = 13.2824    

	
     H 4  = 12.0861    

	
     H 2  = 2.706    

	
     H 5  = 11.017    

	
     H 6  = 273.2145    






	
0

	
370.14

	
370.56

	
370.41

	
370.54

	
370.69

	
370.28




	
0.02

	
360.16

	
295.92

	
289.51

	
359.13

	
353.21

	
280.08




	
0.05

	
324.87

	
211.79

	
209.30

	
318.99

	
308.29

	
205.06




	
0.1

	
247.24

	
147.51

	
147.20

	
230.74

	
213.18

	
136.42




	
0.15

	
174.03

	
104.05

	
102.39

	
158.17

	
142.84

	
115.30




	
0.2

	
122.65

	
84.69

	
84.03

	
109.63

	
103.66

	
97.70




	
0.3

	
64.75

	
59.86

	
64.72

	
59.61

	
69.44

	
80.96




	
0.5

	
27.21

	
42.24

	
51.8

	
26.23

	
50.19

	
67.89




	
1

	
8.73

	
33.08

	
44.6

	
9.14

	
45.17

	
60.38




	
1.5

	
4.79

	
31.38

	
43.34

	
5.22

	
44.47

	
59.21




	

	
    γ = 0.25    

	
     γ 1  = 0.25 ,  γ 2  = 0.10    




	
Shift

	
EWMA

	
EWMA-SN

	
EWMA-SR

	
EEWMA

	
EEWMA-SN

	
EEWMA-SR




	

	
     H 1  = 2.898    

	
     H 3  = 8.298    

	
     H 4  = 7.2989    

	
     H 2  = 2.912    

	
     H 5  = 9.378    

	
     H 6  = 166.3101    




	
0

	
370.34

	
370.55

	
370.62

	
370.21

	
370.31

	
370.25




	
0.02

	
367.21

	
293.45

	
292.46

	
344.77

	
343.38

	
285.31




	
0.05

	
341.43

	
229.69

	
215.33

	
342.34

	
322.35

	
210.93




	
0.1

	
293.82

	
142.27

	
140.35

	
269.37

	
237.34

	
137.21




	
0.15

	
232.24

	
106.89

	
97.35

	
210.11

	
163.06

	
99.67




	
0.2

	
176.03

	
79.09

	
74.12

	
155.76

	
117.17

	
76.24




	
0.3

	
101.42

	
69.30

	
69.59

	
69.16

	
87.09

	
54.23




	
0.5

	
40.24

	
39.28

	
35.3

	
34.39

	
35.88

	
39.70




	
1

	
9.04

	
28.01

	
22.41

	
9.15

	
23.70

	
32.50




	
1.5

	
4.14

	
16.37

	
21.28

	
4.40

	
22.62

	
31.24








The minimum value is indicated in bold.













 





Table 3. ARL1 performance of the proposed chart and existing control chart in the Laplace distribution when   n = 5  .
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    γ = 0.10    

	
     γ 1  = 0.10 ,  γ 2  = 0.03    




	
Shift

	
EWMA

	
EWMA-SN

	
EWMA-SR

	
EEWMA

	
EEWMA-SN

	
EEWMA-SR




	

	
     H 1  = 4.010    

	
     H 3  = 5.234    

	
     H 4  = 8.8134    

	
     H 2  = 2.960    

	
     H 5  = 7.838    

	
     H 6  = 75.51    






	
0

	
370.84

	
370.44

	
370.46

	
370.08

	
370.53

	
370.56




	
0.02

	
366.98

	
354.32

	
353.14

	
366.11

	
352.29

	
346.99




	
0.05

	
355.17

	
327.87

	
326.54

	
352.87

	
313.99

	
313.46




	
0.1

	
315.77

	
284.31

	
283.17

	
308.61

	
239.78

	
238.95




	
0.15

	
267.38

	
265.06

	
264.97

	
252.44

	
170.96

	
168.63




	
0.2

	
214.72

	
238.59

	
238.09

	
203.02

	
127.89

	
120.61




	
0.3

	
155.85

	
82.89

	
80.16

	
127.58

	
80.38

	
114.35




	
0.5

	
57.75

	
54.31

	
52.37

	
71.67

	
52.64

	
105.71




	
1

	
18.07

	
41.76

	
49.83

	
23.79

	
45.16

	
97.70




	
1.5

	
9.62

	
40.12

	
44.94

	
13.66

	
45.00

	
92.06




	

	
    γ = 0.25    

	
     γ 1  = 0.25 ,  γ 2  = 0.10    




	
Shift

	
EWMA

	
EWMA-SN

	
EWMA-SR

	
EEWMA

	
EEWMA-SN

	
EEWMA-SR




	

	
     H 1  = 4.715    

	
     H 3  = 5.067    

	
     H 4  = 8.465    

	
     H 2  = 3.674    

	
     H 5  = 4.911    

	
     H 6  = 45.6192    




	
0

	
370.92

	
370.42

	
370.50

	
370.35

	
370.32

	
370.31




	
0.02

	
370.21

	
356.67

	
353.85

	
368.59

	
356.12

	
348.27




	
0.05

	
365.65

	
333.58

	
327.72

	
364.25

	
331.43

	
318.61




	
0.1

	
350.87

	
283.99

	
283.46

	
347.98

	
267.65

	
256.66




	
0.15

	
328.27

	
266.08

	
265.12

	
326.91

	
196.59

	
189.11




	
0.2

	
304.36

	
238.74

	
238.64

	
301.52

	
150.06

	
143.32




	
0.3

	
239.78

	
93.93

	
90.42

	
233.40

	
91.81

	
119.41




	
0.5

	
142.23

	
47.76

	
45.15

	
136.80

	
46.37

	
107.65




	
1

	
34.96

	
43.34

	
44.52

	
38.10

	
39.38

	
101.82




	
1.5

	
14.19

	
41.09

	
40.76

	
14.84

	
31.24

	
92.51








The minimum value is indicated in bold.













 





Table 4. ARL1 performance of the proposed chart and existing control chart in the Laplace distribution when   n = 10  .
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    γ = 0.10    

	
     γ 1  = 0.10 ,  γ 2  = 0.03    




	
Shift

	
EWMA

	
EWMA-SN

	
EWMA-SR

	
EEWMA

	
EEWMA-SN

	
EEWMA-SR




	

	
     H 1  = 4.291    

	
     H 3  = 13.74    

	
     H 4  = 12.2081    

	
     H 2  = 4.691    

	
     H 5  = 11.086    

	
     H 6  = 276.704    






	
0

	
370.58

	
370.61

	
370.54

	
370.23

	
370.83

	
370.33




	
0.02

	
366.45

	
363.10

	
347.56

	
366.05

	
349.10

	
343.49




	
0.05

	
344.40

	
334.62

	
318.83

	
314.10

	
310.41

	
307.83




	
0.1

	
313.62

	
285.91

	
273.19

	
259.18

	
234.88

	
217.34




	
0.15

	
265.87

	
240.50

	
244.24

	
176.71

	
168.10

	
142.43




	
0.2

	
210.24

	
216.19

	
215.08

	
129.79

	
124.15

	
123.54




	
0.3

	
138.29

	
127.79

	
73.38

	
91.32

	
79.82

	
85.28




	
0.5

	
52.80

	
68.38

	
51.66

	
55.55

	
52.64

	
59.17




	
1

	
17.29

	
52.57

	
48.51

	
17.47

	
45.08

	
41.18




	
1.5

	
8.70

	
47.53

	
46.95

	
9.36

	
45.00

	
39.36




	

	
    γ = 0.25    

	
     γ 1  = 0.25 ,  γ 2  = 0.10    




	
Shift

	
EWMA

	
EWMA-SN

	
EWMA-SR

	
EEWMA

	
EEWMA-SN

	
EEWMA-SR




	

	
     H 1  = 4.720    

	
     H 3  = 12.754    

	
     H 4  = 7.4161    

	
     H 2  = 5.025    

	
     H 5  = 5.035    

	
     H 6  = 167.2418    




	
0

	
370.13

	
370.64

	
370.55

	
370.68

	
370.32

	
370.29




	
0.02

	
358.59

	
356.78

	
345.46

	
358.06

	
356.12

	
341.33




	
0.05

	
357.26

	
332.97

	
314.31

	
354.89

	
331.43

	
312.15




	
0.1

	
336.54

	
270.52

	
269.50

	
327.96

	
267.65

	
242.02




	
0.15

	
321.88

	
240.31

	
234.79

	
320.62

	
196.59

	
140.21




	
0.2

	
301.13

	
209.88

	
206.42

	
293.17

	
150.06

	
105.98




	
0.3

	
237.38

	
126.76

	
89.50

	
230.41

	
91.81

	
93.89




	
0.5

	
139.29

	
70.54

	
45.15

	
130.14

	
46.37

	
63.72




	
1

	
26.55

	
52.21

	
40.68

	
39.35

	
39.38

	
50.25




	
1.5

	
13.29

	
47.32

	
39.29

	
17.02

	
31.24

	
44.72








The minimum value is indicated in bold.













 





Table 5. ARL1 performance of the proposed chart and existing control chart in the lognormal distribution when   n = 5  .
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    γ = 0.10    

	
     γ 1  = 0.10 ,  γ 2  = 0.03    




	
Shift

	
EWMA

	
EWMA-SN

	
EWMA-SR

	
EEWMA

	
EEWMA-SN

	
EEWMA-SR




	

	
     H 1  = 14.181    

	
     H 3  = 5.810    

	
     H 4  = 5.175    

	
     H 2  = 11.410    

	
     H 5  = 7.914    

	
     H 6  = 41.311    






	
0

	
370.83

	
370.48

	
370.32

	
370.13

	
370.35

	
370.51




	
0.02

	
340.78

	
269.29

	
266.98

	
340.21

	
329.21

	
260.76




	
0.05

	
296.56

	
178.96

	
175.36

	
287.07

	
263.58

	
169.78




	
0.1

	
220.96

	
103.91

	
101.76

	
219.84

	
183.50

	
96.71




	
0.15

	
177.34

	
70.58

	
68.51

	
171.83

	
130.76

	
63.64




	
0.2

	
134.57

	
49.02

	
50.04

	
134.00

	
100.97

	
46.34




	
0.3

	
89.02

	
31.01

	
29.47

	
86.67

	
71.89

	
34.11




	
0.5

	
42.88

	
18.34

	
18.19

	
47.42

	
54.25

	
22.33




	
1

	
13.38

	
10.65

	
11.32

	
15.78

	
49.21

	
14.36




	
1.5

	
6.32

	
6.19

	
9.76

	
7.54

	
49.02

	
12.61




	

	
    γ = 0.25    

	
     γ 1  = 0.25 ,  γ 2  = 0.10    




	
Shift

	
EWMA

	
EWMA-SN

	
EWMA-SR

	
EEWMA

	
EEWMA-SN

	
EEWMA-SR




	

	
     H 1  = 14.300    

	
     H 3  = 4.478    

	
     H 4  = 4.091    

	
     H 2  = 11.860    

	
     H 5  = 4.990    

	
     H 6  = 31.68    




	
0

	
370.86

	
370.80

	
370.54

	
370.26

	
370.38

	
370.32




	
0.02

	
341.83

	
303.99

	
302.66

	
340.53

	
332.56

	
281.57




	
0.05

	
302.37

	
213.45

	
203.04

	
301.26

	
289.25

	
186.14




	
0.1

	
250.19

	
127.71

	
120.75

	
245.23

	
226.65

	
105.04




	
0.15

	
209.52

	
82.99

	
77.87

	
203.44

	
167.11

	
68.87




	
0.2

	
169.58

	
57.66

	
54.33

	
163.59

	
113.96

	
47.39




	
0.3

	
117.79

	
31.16

	
28.27

	
111.09

	
80.72

	
28.28




	
0.5

	
58.83

	
14.61

	
13.75

	
61.79

	
62.33

	
15.30




	
1

	
14.67

	
6.38

	
6.59

	
16.35

	
17.85

	
8.85




	
1.5

	
5.55

	
4.71

	
5.34

	
6.53

	
11.42

	
7.43








The minimum value is indicated in bold.













 





Table 6. ARL1 performance of the proposed chart and existing control chart in the lognormal distribution when   n = 10  .
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    γ = 0.10    

	
     γ 1  = 0.10 ,  γ 2  = 0.03    




	
Shift

	
EWMA

	
EWMA-SN

	
EWMA-SR

	
EEWMA

	
EEWMA-SN

	
EEWMA-SR




	

	
     H 1  = 14.23    

	
     H 3  = 7.413    

	
     H 4  = 6.26    

	
     H 2  = 15.910    

	
     H 5  = 11.470    

	
     H 6  = 133.606    






	
0

	
370.44

	
370.35

	
370.29

	
370.04

	
370.24

	
370.02




	
0.02

	
334.74

	
242.06

	
240.29

	
334.47

	
326.52

	
226.49




	
0.05

	
284.19

	
148.84

	
139.16

	
282.18

	
260.16

	
133.51




	
0.1

	
220.19

	
76.15

	
71.18

	
217.02

	
181.98

	
70.34




	
0.15

	
172.38

	
47.13

	
46.56

	
170.73

	
127.23

	
44.05




	
0.2

	
135.31

	
35.23

	
35.56

	
132.52

	
96.30

	
32.10




	
0.3

	
88.19

	
22.37

	
20.54

	
86.32

	
70.85

	
24.72




	
0.5

	
42.75

	
14.16

	
13.03

	
46.86

	
51.44

	
16.53




	
1

	
13.37

	
8.41

	
8.76

	
15.67

	
49.07

	
10.98




	
1.5

	
6.36

	
6.34

	
7.35

	
7.59

	
48.81

	
9.67




	

	
    γ = 0.25    

	
     γ 1  = 0.25 ,  γ 2  = 0.10    




	
Shift

	
EWMA

	
EWMA-SN

	
EWMA-SR

	
EEWMA

	
EEWMA-SN

	
EEWMA-SR




	

	
     H 1  = 14.304    

	
     H 3  = 5.493    

	
     H 4  = 4.863    

	
     H 2  = 16.206    

	
     H 5  = 5.937    

	
     H 6  = 101.532    




	
0

	
370.61

	
370.46

	
370.28

	
370.35

	
370.44

	
370.11




	
0.02

	
339.71

	
279.98

	
271.11

	
338.06

	
322.20

	
251.30




	
0.05

	
299.55

	
170.92

	
168.95

	
298.78

	
281.66

	
148.21




	
0.1

	
248.61

	
93.11

	
81.23

	
245.13

	
220.73

	
72.55




	
0.15

	
205.89

	
54.25

	
47.91

	
202.48

	
166.59

	
45.30




	
0.2

	
167.10

	
34.70

	
30.28

	
163.28

	
110.12

	
30.09




	
0.3

	
116.40

	
18.52

	
16.88

	
110.40

	
78.34

	
17.97




	
0.5

	
58.02

	
9.08

	
8.37

	
63.25

	
63.09

	
10.56




	
1

	
14.55

	
4.47

	
4.50

	
15.88

	
17.41

	
6.19




	
1.5

	
5.56

	
3.56

	
4.05

	
6.76

	
11.37

	
5.23








The minimum value is indicated in bold.
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