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Abstract: This research paper focuses on investigating the solvability of a constrained problem
involving a nonlinear delay functional equation subject to a quadratic functional integral constraint,
in two significant cases: firstly, the existence of nondecreasing solutions in a bounded interval L1[0, T
and, secondly, the existence of nonincreasing solutions in unbounded interval L; (R ). Moreover, the
paper explores various qualitative properties associated with these solutions for the given problem.
To establish the validity of our claims, we employ the De Blasi measure of noncompactness (MNC)
technique as a basic tool for our proofs. In the first case, we provide sufficient conditions for the
uniqueness of the solution ¢ € L; [0, T| and rigorously demonstrate its continuous dependence on
some parameters. Additionally, we establish the equivalence between the constrained problem and
an implicit hybrid functional integral equation (IHFIE). Furthermore, we delve into the study of
Hyers—Ulam stability. In the second case, we examine both the asymptotic stability and continuous
dependence of the solution ¢ € L1(R+) on some parameters. Finally, some examples are provided to
verify our investigation.

Keywords: constrained problem; Hyers-Ulam stability; measure of noncompactness; implicit hybrid
functional integral equation; asymptotic stability and dependency

MSC: 93B05; 47H10; 26 A33; 93C27; 47H08; 34K401

1. Introduction

The study of integral equations serves as a significant mathematical tool in both pure
and applied analysis. This is particularly notable in fields such as mechanical vibrations,
engineering, and mathematical physics. Previous research efforts dedicated to address-
ing these types of problems are available in the literature (see [1-4]), especially Volterra
equations with linear functionals and a small parameter, which are considered in [5].

The principle tools applied in our study are Darbo’s fixed-point theorem [6] and the
strategy of MNC.

The MNC and Darbo’s fixed-point theorem are useful techniques to discuss the non-
linear functional integral equations that appear in many real-world problems [1-3,7,8].
The application of the MNC technique within the Banach space L1 has proven to be highly
effective in establishing the existence and stability of solutions for a wide class of functional
equations. Prominently, J. Banas$ has successfully utilized this technique in his research
(e.g., [9,10]). Moreover, some literature explores the implementation of this approach in
studying various functional equations (see [11,12]).

Constrained problems play a crucial role in the mathematical representation of life
problems. By converting these problems into mathematical models [13,14]. The importance
of dealing with problems involving constraints or control variables is due to the unexpected
factors ceaselessly disturbing biological systems within the genuine world; this may result
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in alterations to biological characteristics, such as rates of survival. Ecology has a practical
interest in the question of whether an ecosystem can withstand those unpredictable, dis-
ruptive events that proceed for a brief period of time. In the context of control variables,
the disturbance functions are what we refer to as control variables.

In [15], Chen built up a few averaging conditions for a nonautonomous Lotka—Volterra
system that is controlled through criticism by creating an appropriate Lyapunov function
(Lyapunov functional).

A family of feedback-controlled nonlinear functional integral equations exist, is asymp-
totically stable, and is globally attractive as demonstrated by Nasertayoob, utilizing the
MNC in conjunction with Darbo’s fixed-point theorem [16]. Additionally, under suitable
circumstances, it was investigated in [17] whether a nonlinear neutral delay population
system with a feedback control has a positive periodic solution. The existence of a positive
periodic solution for a nonlinear neutral delay population system with a feedback control
is considered in [17].

El-Sayed et al. [18] conducted a research study on a constraint functional equation.
Further investigations on the existence of solutions can be found in [19], where researchers
examined a nonlinear functional integral equation under the constraint of a parameter
functional equation.

The authors in [20] extensively investigated its solvability, asymptotic stability, and con-
tinuous dependence of the solution on some parameters. They utilized the technique of
(MNC) within the space BC(R).

In this study, our focus is on examining the constrained problem of the delay functional
equation,

$(e) = h (e 9(¢1(x)) + Y () (e, 9(2(v))), @

subject to the quadratic integral constraint

Y(r)=f <t, 21(t, Y (v)), >\/ f1(s,Y(s))ds, ga(r, Y / fa(s, Y (s )ds) ()

Our aim here is to investigate the existence of nondecreasing solutions, ¢ € L;[0, T|, and
nonincreasing solutions, ¥ € L1(R.), by the De Blasi (MNC) and Darbo’s fixed-point
theorem [6]. Sufficient conditions for the uniqueness of the solution and the continu-
ous dependence of the unique solution on the parameter X > 0 and functions g; and
3o of problems (1) and (2) will be studied. Next, we explore the equivalence between
problem (1) and (2) and the implicit hybrid functional integral equation (IHFIE).

P() — (v y(e(v)
ha (e, (92(v)))

s

¥() — iy (x, ﬁl(s P(¢1(s)))
(v ). [ (s e ) )
is established. The Hyers—-Ulam stability of problem (1) and (2) and of the IHFIE (3)
will be studied. The asymptotic stability and the continuous dependence of the solution
¢ € L1(R4) on the parameter X > 0 and functions g; and ¢, will be proved. Finally, some
examples are given to illustrate our results.

The importance of examining hybrid functional integral and quadratic functional
integral problems is found in the reality that this category includes distinctive energetic
frameworks in specific cases. This class of hybrid differential equations includes the
perturbations of original differential equations in several ways.

®)
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Theorem 1 ([6]). Let U be a nonempty, bounded, closed, and convex subset of a Banach space C
and let X : U — U be a continuous mapping. Assume that there exists a constant k € [0,1) such
that n(RA) < ki (A) for any nonempty subset A of U, where 1 is an MNC defined in C. Then, R
has at least one fixed point in U.

2. Solvability in Bounded Interval L1[0, T

Let L1 = Lq(I) be the class of Lebesgue integrable functionson I = [0, T], T < oo, with
the standard norm

9l = [ 1g(lar

2.1. Quadratic Functional Integral Constraint
Let us examine Equation (2) within the framework of the following assumptions:

(i) f:IxR®*—=R, g:IxR—Rand fj:IxR— R",i=1,2 are Carathéodory func-
tions [21], and there exist the integrable functions m, m;, k; : I — R and nonnegative
constants b, b;, and c¢; such that

[f(£,8,8,w)| < [m(t)] +b(IE] + [8] + [w]),
18i(t, 8)] < [mi(t)| + i8] and |fi(t,0)| < [ki(£)] + cil9].

(ii) f and gj, 7 =1,2 are nondecreasing for every nondecreasing argument such that
ty <tpandforall §; < ¢, ¥ < ¥, w1 < wy implies

f(tll 61/ 191/ (U]) S f(tZ/ 62/ 192/ w2) ﬂ]’ld gi(tll 191) S gi(t2/ 192)
(iii) There exists a positive root r1 of the algebraic equation

bbycar? + (bby + bX o1 T + bby ||ko|| + bea || ma|| — 1)ry + ||m|| + bl|my || + b X ||ke[| T
+b|lkz||[|m2|| = 0.

Theorem 2. Assume that (i)—(iii) are met. If (bby + bby (||k2|| 4 car1)) < 1, then (2) has at least
one nondecreasing solution Y € Ly(I).

Proof. Let Q,, be a closed ball of all the nondecreasing functions
Qn ={veLi(D): Yl <n}

and the operator

FY(t):f(t, 21(t, Y (v)), >\/ fi(s, Y (s))ds, g(t, Y /fst ds)

Then, we deduce that / transforms the nondecreasing functions into functions of the
same type.
Let Y € Q,,, then

el = |5 (s s, > [Tl e gy, [ s v)s)]
< @+ (@)l @) 0 ([ +al v 6)Dis)

b+l 91)- [ hale) 4l ¥ ()1

< m(©)[+b(fm () + b1 Y (©)) + 0N ([l +eall Y )
+ b(Ima(v)| + b2| Y (©)])-(llk2ll +c2ll Y )
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and
/|FY )|dr
< /0 Im(c |dt—|—b/ Iy (e |dt+b1/ 1Y (©)[de) + b (k1] + c1rr) / de
+ b(||k2||+czr1).(/0 |m2(t)|dt+b2/0T|Y(t)\dt).
Hence,

IFY Il < lm| 4 bllmy|| 4 bbyry +bX ([[k || +c171) T + b([[k2 || 4 c2r1).([[ma | + bary) = 1

and F : Qr, — Q.
Now, let {Y,} C Q;, and Y, — Y, then

FYn(t) = f( 21(t, Yu(v)), >\/ f1(s, Yu(s))ds, ga(x, Yul(r / fa(s, Yu(s ))ds)

tim v = tim £ (5 @) ) [ A M 52 Ya(0). [l ()i ).

Applying the Lebesgue Theorem [12], we obtain

Lim F Y, (v)

n—0o0

= f (t, gl(t, lim Ya(t)), X /cfl (s, lim Yu(s))ds, gz(t, lim Yn(t))./;fz(s, nh_r& Yn(s))ds)
= f (t, 21(t, Y (v)), >\/ f1(s, Y (s))ds, ga(r, Y (v)). / fals, ¥ ) =F Y (v).
This means that £ Y, (t) — F Y (r). Hence, the operator f is continuous.

Now, let A be a nonempty subset of Q;,. Fix € > 0 and take a measurable set D C I
such that D < e. Then, for any Y € A, we have

1 Iy < 1Y @)l

< [ It [ Im@lde+by [ ¥ @)+ 0 (ki +er) [ de

+ bkl + car)-( [ Ima(e)lde+ b [ ¥ (0)]de),
then

OX®) = lmllF Y o)
< b B(Y(v)) + bbo([lkz ]| + c2r1) B(Y (x))
and
B(FA) < (bby + bba(|lk2|| + c2r1)).B(A).

This implies

x(FA) < (bby + bby([|ka | + c2r1) ) x (A).-

where y is the Hausdorff MNC [6,9,22,23].

Since (bby + bby(||kz|| + c2r1)) < 1, it follows from Darbo’s theorem [6] that F is a
contraction and that it has at least one fixed point in Qr,. Then, there exists at least one
nondecreasing solution Y € Lq(I) to (2). O
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Corollary 1. Let the assumptions of Theorem 2 hold; then, the solution Y € Ly(I) to (2) satisfies
| Y (v)] <M.

Proof. The results follow from the monotonicity of the solution Y on I. O

2.2. The Delay Functional Equation
Now, consider (1) under these assumptions:
(iv) ¢;: I — 1, ¢;i(t) <t,i=1,2areincreasing and absolutely continuous, and there exist

N

two constants N; > 0 and i = 1, 2 such that ¢;(t) > N; a.eon I.
(v) hp:IxR—Rand hy:IxR — R\ {0} are Carathéodory functions [21], and there
exist two integrable functions u; : [ — R and two constants 4; € R* i =1, 2 such that

[7it, €)| < [ui()| +ailC].
Moreover, 7i; is nondecreasing for every nondecreasing argument.
V) (f+52) < 1.

Theorem 3. Let the assumptions of Theorem 2 be satisfied. Assume assumptions (iv)—(vi) are met;
then, there exists at least one nondecreasing solution € Lq1(I) to (1).

Proof. Let Qy, be a closed ball of all nondecreasing functions

Qr, ={y e Li(D): gl <72}

and

AY(e) = h (v, 9(¢1(v)) + Y (v) ha (v, 9 (¢2(v))),

Then, we deduce that A transforms the nondecreasing functions into functions of the
same type.
Let ¢ € Q;,. Then,

[Ap()l = (e g(e(v) + Y (v) ﬁz(tﬂb(sz(t)))’

< (|u1<r>+a1|¢<¢1<t>>|) Y @) (!uz(t)|+ﬂ2|¢(¢2(t))|>
and
[ avonae < [Cinlaer g [ ipoldo + v ([ el 12 [ g ),

Then,

lus]l + M|Jua ]
a a N
1— (5 +MzE)

ai ar
A < R — M — = , =
[Apl <l + v M(lua] + 57 =, 72

Hence, A : Q;, — Q.
Now, let {¢,} C Qr, and ¥, — 9. Then,

Apu(t) = T (t, Pu(Pr1(v))) + Y (v) Pa(r, Pu(ga(r)))

and

n—o0 n—o0

lim Ag,(r) = lim (ﬁm,zpn(q»l(r))) () ﬁz(t,llfn(fPZ(t))))-
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Apply the Lebesgue Theorem [12]. Then,
B A = (s Jim n(91(0) + Y () Rl im g (2(6))
= (e (1) + ¥ (¢) fiale, p(92(x))) = Ag(v).
This means that Ay, (v) — Ap(r). Hence, the operator A is continuous.

Now, let U be nonempty subset of Qr,. Fix € > 0 and take a measurable set D C I
such that D < e. Then, for any ¢ € U, we obtain

1Al < [ lApee

e+ 2 [ pptoreigrierde s ma( [ fuscea
o2/ |¢<¢z<r>>¢{<r>dt)

/|u1 O)lde + 2 / |dt—|—M/\u2 o)|de

Ma, /
e v)|dr.
N> o) [(v)]

IN

IN

Then,
BAPE) = lim | Ap]L, )
< AR + 2BW(E)
and
BAD) < (1 + T 2)B(O)
This implies
X(AD) < (3 + T2(0)

where yx is the Hausdorff MNC [6,9,22,23].
Since (g al + M“Z ) < 1, it follows Darbo’s theorem; A is a contraction and has at least

one fixed pomt in Qyz. Then, there exists at least one nondecreasing solution i € L1(I) to
1. O

Corollary 2. From Theorems 2 and 3, problems (1) and (2) have at least one nondecreasing solution
¥ € Li(I).
2.3. Uniqueness of the Solution

Now, consider the following assumptions:

(i f:IxR> = R, ¢ :IxR = R and f; : I x R®> — RT are measurable in
tel V¢, 0,weR
and satisfy the Lipschitz condition such that

If(t, 61,01, w1) = f(t,G2, 02, w2)| < b(|G1 — &af + (01 — O2| + w1 —w2|), (4)
tel, ¢, 0%,w; €R, i=1,2,

18i(t,01) —&i(t, )| < bi|dy — 02|, t €L, §;€R, i=12 ©)



Mathematics 2023, 1, 14475

7 of 24

and
T .
/O it 01) — fit, )|t < cil|01 — Ball, t €1, & €R, i=1,2. ©)

(V) hy : IxR— R and hy: I x R — R\ {0} are measurableint € I V¢ € R and satisfy
the Lipschitz condition such that

hi(t &) — (L&) <mlei— &l tel, GER i=12 @)

Moreover, h;, i =1,2 are nondecreasing for every nondecreasing argument.
From Equation (4), we have

|f(t, &1, 01, w1)| = |f(£,0,0,0)| < [f(t C1, 01, w1) — f(,0,0,0)] < b(|&1| + |1] + |wi]),

|f(t, 81,01, w1) < |f(£,0,0,0)| + (|51 + [61] + [w1])

and
[f (81,01, w1)] < [lm]l +b(|G1] + [81] + | ]).
Additionally, from Equations (5)—(7), we obtain

Si(t,0)| +bi|01], [fi(t,01)] < |fi(t,0)| + ci[01]| and
hi(t,0)| + a;|¢1]-

So, we have proved the following Lemma.
Lemma 1. Assumptions (i)* and (v)* imply assumptions (i) and (v), respectively.
Theorem 4. Let assumptions (i)*, (ii), (v)*, and (vi) be satisfied. If
bby +bey N T + bby(||ka|| + car1) + bea(||ma]| + barp) < 1

then the solution to problems (1) and (2) is unique.
Proof. Firstly, let Y1, Y5 be two solutions in Q;, to (2). Then,

| Y2 (v) = Y1 (v)| =

‘f(t, g1(5,72(v)), x/ Fils, Ya())ds, g2t V2(x)) / fols, Ya(s))d )

. f<t, 21(5,Y1(0)), >\/fle1( ))ds, g2(t, Y1(c /fstl )‘

< blie V2(®) — gile, T1()| b N / [fi(s, 2(5)) = fils, Y1(5)) s

+ b|g2(r, Y2(r) — &2(r, Vi (r 2(s, Y2(s))|ds

+ b\gz(t,Yl(t))l-/O f2(s,Y2(s)) = fas, Y1(s))|ds

< bby| Yo () = Y1(v)| + b Nerll Yo — Y || +bba| Y2 (v) = Yi(v)|.([[k2]| + c2r1)
+ bea| Y2 = Y [[(Jma ()| + b2 Y (¥)]).
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Then,
T
v - el < bbl/ Y2 (5) = Y1i(e)lde+ b Nt Y2 - v H/ de
+ bb2(||k2||+czr1)/0 1V (v) — Y1 (0)|de
T T
s sl va— vl @l [ @)
HY27Y1 || < bb]” Yo —Y1q ||+bC1 >\|| Yo —Y1q HT
+  bha(llkall +carn)|| Y2 = Y1 || +beall Y2 = Yy [|.([[ma]| + barq).
Hence,

|| Yo — Y1 || <1 — (bb1 +bcg NT+ bbz(”kz” + C21’1) + bCz(HmzH + bzﬁ))) <0,

then Y = Y; and the solution of (2) is unique.
Next, let ¢, ¢ be two solutions in Q,, of (1), then

[$2(v) = 1 (v)| =
fn (e, 92(¢1(v))) + Y (¥)ha (v, 2(¢2(v))) = Fu (v, 1 (¢1(x))) = Y (¥)Fa(x, 1P1(4>2(t)))’

<y g2(e1(v) — Ay (e ()| + 1Y ()] (e, pa(ea(r)) — ﬁz(tﬂl’l(fl’z(t)))’
< mlpa(P1(r)) — Pa(P1(v))] + Maz|iha(p2(v)) — P1(¢2(v))],
Then,

T
/O\le(f)—lPl(t)\dt < al/ [1h2(61) ¢1(91)\d91+Ma2/ [h2(02) — 11(02)]d6>.

Hence
M{lz
- 1-(=—+—7")) <0
2= wall (1- (o + 522
Then, {1 = 1, and the solution to (1) is unique. O

2.4. Hyers—Ulam Stability
Now, replace the assumption (v) by (v)** as follows:

(v)**hy : I x R — R is measurable in t € [ for any ¢ € R and continuous in ¢ € R for all
tel,and hy : I x R — R\ {0} is measurable in t € I for any ¢ € R and continuous
in ¢ € Rforall t € 1. Moreover, there exist a bounded and measurable v(t) such that
|v(t)] < v, and they satisfy the Lipschitz condition such that

hi(t, 1) = hit, 82)| < ailG1 — G|, t €1, G €R, i=1,2.
Moreover, h; is nondecreasing for every nondecreasing argument.

Definition 1. The functional Equation (1) is Hyers—Ulam stable if Ye > 0, 3 é(e) such that, for
any d-approximate solution s to (1), it satisfies

%(r)—(m(nlps@l(c))) Y ()t Pa(a(e) )H«s Then, | — ps]l < e
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where Y s is an approximate solution to (2) such that

Then, || Y — Y| < €1.

Ys(t)f(t, 21(t, Ys(v)), >\/fles( ))ds, ga(r, Ys(t /fst )

%k

Theorem 5. Let the assumptions of Theorem 4 be satisfied. Assume that (v)** is met; then,

problems (1) and (2) are Hyers—Ulam stable.

Proof. Firstly,

| Y (v) = Ys(v)| =
(5 @) [l s, sals (6. [l )] =il
< ’f(t, 21(r, Y (x)), >\/ f1(s, Y (s))ds, ga(v /fst ds>
- f(f, 81(%, Ys(v)), >\/ fi(s, Ys(s))ds, gz(t/‘(s(f))~/ fz(S,Ys(S))ds)
_ Ys(t)+f< 1(t, Ys(v)), >\/ f1(s, Ys(s))ds, go(r, Ys(x /f2 )
< blgi(r, Y (v) —g1(r, Ys(v))| + b >\/ If1(s, Y (s)) = fi(s, Ys(s))|ds
o bga(s, Y () — gt Ys(t /\fst(s)|ds
£ bgae V()] [ 12l V() — fals, Ya(s) ds
+ Ys (v) — f(t g1(r, Ys(r >\/ fi(s, Ys(s))ds, ga(r, Ys(r /fsts )ds)
< bby| Y (v) = Ys (o) +b Neal| Y = Ys ||+ bba| Y (v) = Ys(v)[-([lk2]] + car1)
+  b(|Ima(v)] + ba| Ys (v) el ¥ — Vs ||
v v - f(t 21(t, Ys(t ,x/ Fi(s,Ys(s))ds, ga(t, Ys(t /fsts )ds)
Then,
/()T\v(t)fvs(t)ut < bbl/ 1Y (6) = Yo(e)|de+ b }er|| Y — YS||/ de
+ bba(llkall + o) /0 | (1) = s (t)|de
T T
n bcz||v—vs||(/0 |m2(t)|dt—|—b2/0 1Y (¢)|de) + 6
IYy—=vs| < bb|] Y =Ys||4+b XNecr]| Y =Y ||T
+  bba([[kall +car) || Y = Ys || +bea|| Y — Y5 ||([[ma]| + bar1) + 6.
Hence,
[Y=vsll < 0 =e. (8)

— <bb1 +bcy NT+ bbz(”kz“ + Czrl) + bCz(HWlQH + b2r1))
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Next,
() — ga(0)] =
B (5,91 ()) + Y (D)o, p(a(6))) — (x)
< B 9@ ) + Y@l 9(@2(0))) — e 9a(92(0))) — Va6V ale, Ps(92 ()
L pu®) + (s P91 (D)) + V(O ¢s<¢z<r>>>|
< ﬁ1<r,¢<4>1<r>>>—ﬁ1<t,¢s<¢1<r>>>]+v(r)—Ys<r>||ﬁz<r,¢<¢z<r>>>|
v O] 9(02(0) — ot ll’s((Pz(t)))‘
T 19 — (e g1 () + V(D)o s (2(6)))
< @lPp@1() — Pa(@r(®)] v ¥ (©) — V()] + Maalp(@2(e) — pe(ale))]
T 9e(e) — (i 9 (@1(0)) + Yo (e, gs(@2(0))],
Then,
[ v -l < 2 [Tigte) —yutonlae +v [ 1Y 0) - vl
b B ) — e+
Hence,

VH Y — Yy || +(5
1Y =l < =3
1— (g +572)
From (8), we have
| Y =Ys| < €.
Then,

ver + 96
1Y —sll < — 5 =€
1- (& +72)

O

2.5. Continuous Dependence on Constraint

Theorem 6. Let the assumptions of Theorem 4 be satisfied for X, \*, g; and g}, i=1, 2. Then the
unique solution Y € Ly (I) depends continuously on X, g1, and g in the sense that

Ve >0, 36(e) such that

max{| N =X, [g1(e,Y) = &1 (v, V)l |82(e, Y) = &2 (v, Y)[} < &, then || Y = Y™ || <€

where Y * is a solution to

Y*(x) = f(t, (e, Y / fi(s, Y*(s))ds, g5(t, Y / fa(s, Y* )
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Proof.
Y- (0=
(5 sl v, > A O gl Y0 [ s () )
= (o st N Al s gl @) [l v E)as)
< Blae () g1 V() +bgi‘(w(t))—gi‘(tﬂf*(t))’

+ b|x7x*|./0t fi(s, Y (5))|ds + b X" /O fi(s, Y (5))ds — fu(s, Y*(5))|ds

£ bfgale Y() ~ g3 ()| [ s, ()

T
gl () - 36 Y0 / s, ()
£ g O [ 1l V() ~ s () ds
< b+ Dbby| Y (v) — Y (r)] +b5(||k1|| +oerry) Fbey N Y = Y[+ bo(|lkz2|| 4 car1)
+  bba| Y (v) = Y (o) [-([[kal| + car1) + bea([ma(e)| 4+ ba| Y* (¥)]).|| ¥ — Y™,
Then,
T
1Y (6) = Y*(e)de = b5/ dt+bb1/ 1Y (0) = Y* (e)|de + bo([[ky | + crrr) / de
0
Fobo Nt Y= ||/0 dt+b5(||k2||+czr1)/0 de
T
+ bba(kel| +ear) [ () = (5)
T T
4 bl Y — v H(/O |m2(t)|dt+b2/0 1" (v)|dv)
and

Y =Y*| < BbSTH+bbi|| Y —Y*||+b6(||k1]| + c1r1)T +ber X*|| Y = Y*|IT + b6(||ka|| + car1) T

+ by ([[k2l + cor)|| Y = Y ||+ beal| Y — Y |[([|mal + bare).
Hence,
(o7 + 0T (ka1 + cvm) + 6Tl + car) o
Y-Y*| < =e".
” H - 1—(bb1+bC1 >\*T+bb2(||k2|| +C21’1)+bC2(Hm2H +b21’1))
O

2.6. Dependence of i on Y

Theorem 7. Let the assumptions of Theorem 5 be satisfied. Then, the unique solution € Lq(I)
depends continuously on Y in the sense that

Ve >0, 3 6(e) suchthatif |Y (v)—Y"(v)|<d, then |p—¢*|<e
where * is the solution to

¥ (v) = (e, 9" (¢1(v))) + Y7 (0)ha(x, " (92(v))) ©
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and Y* is the solution to
v*(t):f(t, gl(t,v*(t)),x/o Fils, Y*5(s))ds, galt, Y /fz e )

Proof. Let 5 > 0 be given, and let * be the solution to (9). Then,

[9(e) =97 (v)] =

(5 9(@1(x)) + Y ()i (v, p(¢2(v))) — Ba (v, ™ (¢1(x))) — Y™ () ha (v, 9° ((Pz(t)))’
< |l p(ei(v)) - ﬁ1(t,¢*(¢1(t)))‘ H1Y () = Y ()R (v, ¥ (92(x)))|
+ YT @l (¢2(v))) — T (e, " (92(x)))

< amfP(pr(r) =9 (¢1 ()| +v] Y (v) = Y (v)| + Maz|p(2(x)) — ¢ (¢2(v))],
Then,

/ () — p*()de < ”1/ 9(6;) — 91)|d91+v/ 1Y (¥) = Y*(c)|de
Ma

b B o) - g @)l

and
vi|Y Y

wrwm<%+M%

Then,
ve*
12 — 1] < W =€
O

Corollary 3. The solution ¢ € L1 (I) to problems (1) and (2) depends continuously on the functions
giand i =1, 2 and on the parameter .

Proof. From Theorem 6, the results follow. [

3. Hybrid Functional Integral Equation

Here, we examine the equivalence between problem (1) and (2) and the IHFIE (3).
(i) Let ¢ € L1(I) be the solution to (3).
Putting

$(x) = (v, P(¢1(x))
ha(r,(¢2(x))) (10)

then the solution ¢ € Lq(I) to (3) is given by (1) where Y € L (I) is the solution to (2).
(ii) Let € L1(I) be the solution to (1); then, we obtain

) (90 (6)
Y = T 0 (a0)

By substituting this into (2), we obtain the IHFIE (3).
Then, we have proved the following.

Y(v) =
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Corollary 4. Problems (1) and (2) and the IHFIE (3) are equivalences.

Corollary 5. Let the assumptions of Theorems 2—6 be satisfied. Then,

(i) The IHFIE (3) has a unique nondecreasing solution i € Ly (I).

(i)  The solution € Lq(I) to (3) depends continuously on the parameter X\ and on the two
functions g1 and go.

Hyers—Ulam Stability

Definition 2. The IHFIE (3) is Hyers—Ulam stable if Ve > 0,3 d(€) such that, for any o-
approximate solution s to (3), it satisfies

s (x) — (v, s (¢1(v)))
ha (v, s (92(x)))

5(t) (v, s (1 s(s) — By (s, Ps(1(s)))
/ <t’ gl<t’¢ ﬁz(f;s@:i(t / fl( = Fia s, ws(;;(%) )ds’

1)

<9,

Po(0) — B (e (@10 [ [ 0s(s) — s, ps(1(5))
gz(' (e, 9o(92(0))) )'./o fz(s' (5, 9s(92(5))) )d)

then || — ¢s|| < e.

Theorem 8. Let the assumptions of Theorem 5 be satisfied; then, the IHFIE (3) is Hyers—
Ulam stable.

Proof. From (10) and (11), we can deduce that

HYs(t)—f< g1(r, Ys(v)), >\/f15Y ))ds, go(t, Ys( /fsts )ds)’ <9,
Then, from the proof of Theorem 5, we can obtain (8)
)

[Yy=vsl < = e1.

— <bb1 +bcy NT+ bbz( |k2” + Czl’]) + bCz(Hﬂ’lz” + b271)>

Now,
$(e) = pe(6)| =
PO S i, plga(s)) + 9l (6)
- (P BB PO b g ) o n (1)
< | O pa(0)) Vs Ol 2(0)) |+ 91 0)) = 2 9)
< | Ot plea(e) — Ol (20|
| Ol (2(9) = V(6o ga(e))
£ alper() - g (o)
< (e plga(e) ~ Fals gD+ | (6) = V(o) ale e (2(6))
+alp(0u0) — )
< Malp(ga(s) = 920 11 Y () = Vulo)| + mlpl9n (0) — y-(1(6)|
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Then,
T Ma, [T T
[ o —w@ide < 2 [T ipen) - p)lde +v [ (1) = vo(o)lde
0 N> Jo 0
B o) — pen) a0
Ny o 1 s(01)]d0y.
Hence,
vl Y =Yg ||
[ —os|| < ———~
TR
From (8), we have
Y =Ys| < e,
Then,
veq
[ —¢s]| < —————— =¢
(R )
O

4. Solvability in Unbounded Interval Lj(R)

Here, we examine the existence of solutions, Y € L1(R4), to (2). Take into account the
following assumptions:

(vii) f:Ry xR®— Randg;: Ry x R — R, i=1,2 are Carathéodory functions [21], and
there exist bounded and integrable functions m, m;,q € L1(Ry) where |m(t)| < m,
|m;(t)| < mj,|q(t)| <g,and b, b; € R; such that

[f(£,8,8,w)| < [m(t)] +bIE] +q(t)[8] + blw]| and [g;(t,8)| < |m;(t)| + bi[ ]

and

t
lim g(t) =0, sup [ |q(s)|ds=q".

t—o0 tER Y - 0

Moreover, f is nonincreasing for every nondecreasing argument such that
ty < tp,and, forall §; < &, ¥1 < ¥, w1 < wy implies

f<tl/ él/ 191/ (Ul) Z f(tZ/ C:z/ 192/ CUZ)

and g; is nondecreasing for every nondecreasing argument.
(viii) f; : R+ x R = R4, i=1,2 are Carathéodory functions [21], and there exist bounded
and integrable functions k; € L1(R4 ) and ¢; > 0 such that

fi(t,8)] < [ki(£)] + ci[8)].
(ix) There exists a positive root p; of the algebraic equation
bbycop? 4 (bby + q* X ¢y + beam + bbyky — 1)1 + m* + bm} + q* Nk + bkyms = 0.

Theorem 9. Let assumptions (vii)-(ix) hold if 2(bby + bby (k3 4+ c2p1)) < 1. Then, the functional
integral Equation (2) has at least one nonincreasing solution Y € L1(R4) to (2).
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Proof. Let By, be a closed ball of all nonincreasing functions
By ={Y € Li(Ry): || Y || <p1}.
Associate the operator
KY(t)zf(t, 21(r, Y (x)), >\/ f1(s, Y (s))ds, g(r, Y /fst ds)
Then, we deduce that K transforms nonincreasing functions into other nonincreasing

functions, and K is nonincreasing on R .
Let Y € By,. Then,

|[KY (v ‘f(t, 1(t, Y (x)), >\/fle( s))ds, g(t, Y /fzs, )’
)]+ 0 (e)]+ er] v @) + e ([ +al v @)

IN

b1+ 0l Y OF). [als) +cal v ()i

IN

[m(e)| + b([my ()| +b1| Y (¢)]) + lg(0)[ N (k7 +crp01) (12)
+ b(lma(e)| + b2| Y (v)])- (k2 + c201),

Then,
[T @ias < [Tl b [ im@lder o [ ©ld) 3 (6 +eapn) [ lao)lds

£ b e[ Ima@lds by [T (1))
(1KY | < m*+bm] +bbipr +q° N (k] +c1p1) + b(k3 + cap1).(m3 + bp1) = p1-

Thus, the operator K maps the ball By, into itself. Moreover, our assumptions imply that

the operator K is continuous on By, .
Now, let () be nonempty subset of By, . Fix € > 0 and take a measurable set D C R
such that D < e. Then, for any Y € (), we obtain

1KY Iy < 1KY @)

< [ im@) e[ im(olde+b [ | (0)lde)

+ (K erpr) [ 19(6)lde+ b0 +capy).( [ Ima(e)lde+b [ (0)ld)
Then,

BKY (1) = lim [[KY [1,(p)

BIKY (€) < bbi(¥ (1)) + bba(K; +co01)B(Y (1))
and

B(KQ) < (bby + bba (K3 + ca1))B(O). (13)
Next, fixing T > 0, we obtain
JoRv @i < [T m@lder o[ et by [ @ld) 4 ) K+ capn) [ (o)l

£ bk + eapr)([ Ima(e)lde+ba [ (©)1do).



Mathematics 2023, 1, 14475 16 of 24
However,
d(Q) = li /oo Y (v)|de : Q)
(@ = tim (sup( [ 1 @l v e 0))
Then,
A(K Y (v)) < (bby 4 bby (k3 + c201))d(Y (¥)). (14)

According to (13) and (14), we obtain
Y(KQ) < (bby + bby (k3 + c201))7(Q).
Finally, we obtain

< Y(KQ) < (bby + by (k3 + c201))7(Q)
X(KQ) < 2(bby + bby(k3 + c201)) x ().
where yx is the Hausdorff MNC [6,9,22,23].
Since (bby + bby (k3 + cp01)) < 1, it follows from Darbo’s theorem that K is a con-

traction and that it has at least one fixed point in Bpl. Then, there exists at least one
nonincreasing solution Y € L1(R4) to (2). O

Corollary 6. Let the assumptions of Theorem 9 hold. Then, from (12), we can deduce that

m —+ bml +q N (kT + Clpl) + me(k; + C2p1) <
1-— (bb1 + bbz(ki + CZPl)) -

Y ()] <

Now, consider the functional Equation (1) under these assumptions:

(x)  ¢i: Ry — Ry, ¢i(t) <t,i=1,2are increasing and absolutely continuous, and there

N

exist two constants N; > 0,7 = 1, 2 such that ¢;(t) > N;a.eon R,.

(xi) by : Rt xR — Rand hy : R4 x R — R\ {0} are Carathéodory functions [21],
and there exists a bounded and integrable function u € L1 (R4 ) and a bounded and
measurable v(t), |v(t)| < v,and a € R4, such that

(£, 0)] < [u(t) +alg] and [ha(t, )] < v.

Moreover, h;, i = 1, 2 are nonincreasing for every nondecreasing argument.
(xii) Nil <1

Theorem 10. Let the assumptions of Theorem 9 be satisfied. Assume that (x)—(xii) are met. Then,
there exists at least one nonincreasing solution 1 € L1(R4.) to (1).

Proof. Let By, be a closed ball of all of the nonincreasing functions

Bp, = { € Li(R+) = [[9]| < p2}-

Associate the operator

Hyp(v) = T (v, p(91(x))) + ¥ (v) fa (v, p(2(x))),

then we deduce that H transforms nonincreasing functions into other nonincreasing func-
tions, and H is nonincreasing on R..
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IHW 1,

Let ¢ € Bp,. Then,

[Hp(v)| =

(e, (1 (0)) + Y(t)ﬁz(t/ll]@z(t)))‘
< (u<t>|+a|¢<¢1<r>>|)+v<r)|v,

Then,
| g < /Iu(t>ldt+z\%/O p@)ldey+v [ (0l
and
[Hy|| < u+Np2+Vp1 02, 02 = u+:{11

Hence, the operator H maps the ball By, into itself. Moreoover, our assumptions imply that
the operator H is continuous on By, .

Now, let Y be a nonempty subset of Bp,. Fix € > 0 and take a measurable set D C R
such that D < e. Then, for any ¢ € Y, we obtain

by < [IHy@lde < [ ju(ode+ / 9@ () lgr (e +v [ ] (0)]de
/D|u(t)|dt / |dt+1// 1Y (0|,

Then,

B(HY() = lim [HYl1, o)

a

BUHP() < L-Bp(E)

and
a
BUHY) < §-(Y) (15)

Next, fixing T > 0, we obtain
[ee] (e} a [ee] [ee]
Hy(v)|lde < / utdt+—/ tdt—i—v/ Y (v)l|d.
J, 1@l < [ uldes g [ R@lery [ )
However,

atx) = tim (sup( [~ (olar -y ex)),

and, since limy_,o ¢(T) = oo, then
d(HY) < —d(Y). (16)
According to (15) and (16), we obtain

Y(HY) < Nl'r(Y)-
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Finally, we obtain

X(HY) < v(HY)sNilﬂy(Y)
X(HY) < ZNilx(Y)

where yx is the Hausdorff MNC [6,9,22,23].

Since ZNLI < 1, it follows from Darbo’s theorem that H is a contraction and that it
has at least one fixed point in By,. Then, there exists at least one nonincreasing solution
peLli(Ry)to(l). O

Corollary 7. From Theorems 9 and 10, problems (1) and (2) have at least one nonincreasing
solution 1 € L1 (R4.).

4.1. Asymptotic Stability
Now, replace assumptions (vii), (xi), and (xii) with (vii)*, (xi)*, and (xii)*, as follows:
(vii)* f: Ry xR> - R and g;: Ry x R — R, i = 1,2 are measurableint € Ry V& ¢,w €
R and satisfy the Lipschitz condition,

[f(£,6,8,w) = f(t, 81,81, w01)| <BIE— 1]+ q(t)[8 — O1] + blw — wi| and
18i(t, 8) = &i(t, 01)| < bild — (17)
V(t,é,ﬂ,a)), (t,Cl,l%,(Ul) € Ry X R xR, (t,l9), (t,l91) € Ry xR.

Moreover, f is nonincreasing for every nondecreasing argument.

(xi)*hy : Rt x R — Rand hp: Ry x R — R\ {0} are measurableint € R} V¢ € R and
satisfies Lipschitz condition,

i (t, &) — hi(t,C1)| < @il —G1| V(t8),(t,81) € Ry xR (18)

Moreover, 71; is nonincreasing for every nondecreasing arguments.
(xii)* a1 +way < 1.
From Equation (17) and (18), we have

(8,80, w)| < [m(E)| +bISI+q(8)[8] + blwl, [8i(t, 9)] < [my(t)] + bj|8] and
[ (£, 8)] < [u(t)] +alg].

So, we have proved the following Lemma.
Lemma 2. Assumptions (vii) and (xi) imply assumptions (vii)* and (xi)*, respectively.

Theorem 11. Suppose that (vii)*, (viii), (xi)*, and (xii)* hold. Then, the solution to problems (1)
and (2) is asymptotically stable in the sense that for any € > 0, there exist T(e) > 0 and p, > 0.
Moreover, for 1, € By, any two solutions, then |((t) — (v)| < € for v > T(e).

Proof. Let ¢ and ¢ be two solutions to problems (1) and (2) and ¢; = ¢» = 1. Then,

(v 9(x) + Y (©)ha (v, ¥(x)) — (v, (x)) = V()2 (v, (v))
(e, 9 (x) = Ta (v, () [ + | Y (v) = Y () [z (v, ()|

[V (©)1h2(x, 9(x) = ha(x, (v))]

ay[p(v) = (o) +v[ Y (v) = V(O + [V (©)]a2|p(c) — p(x)],

[9(v) = P(v)]

IA T IA
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Then,

v Y (v) = Y (v)]

|llf(t)—ll3(t)\ < 1*(611‘%0(&12) :

where

Y- 70l =
(5 s, [l V6 gale Y0 [l (9 )

= Ao mE T [ A6 TEMS g2l T0). [l TS

< b

+ 7@ [ 1A () = fils, T(5)lds
£ bga(e Y ()~ g2l T [ (s, Y (5)1ds
£ g V@)L [ 16 ¥ ($) ~ fals, T (6)lds

T
< bby| Y (x) = V() [+ 27 [g(x I/ [k1(s)lds + bbz| ¥ (x) — Y (v) (k2 + c201)

81(t, Y (x)) = &1(v, V(¥))

+  b(Ima(v)| + ba| Y (v) / lka(5)1ds)
< bby| Y (v) = V(v)[ + 21 ]q(x) ez + bby| Y () — Y (v)].(k3 + c201) + 2bes(|ma ()| + ba| V (x)]),
Then,
. 2xgex +2bez(my +aby)
Y@ -YE < 15 (bby + bby(K} + c2p1)) -
Hence,
[p(x) — 9(v)] 1— (;:i aay)
O

4.2. Continuous Dependence on Some Results
Now, replace assumption (viii) with (viii)*, as follows:

(viii)*f; : R4 X R — R*,i =1, 2 are Carathéodory functions [21] and satisfy the Lipschitz
condition

/0 |fi(t,0) — fi(t,0)|dt < |0 -], i=1,2, V(¢0),(t )€ Ry xR.

Theorem 12. Let (vii)*—(viii)* and (xi)*—(xii)* occur. Then, the solution to problems (1) and (2)
exhibits asymptotic dependency on the parameter X and on the functions g and go such that

Ve >0, 3(¢), that is,

max{| N =X, [1g1(e ) = g1 (e V), lIg2(e, ¥) = g2(e, V)I} <= [l — 97|l <&, v>T(e)
where y* is the solution to

P (v) = h (v 97 (¢1(v)) + Y () (v, " (92(v))), © >0

and Y* is the solution to

Y*(t):f( (e, Y*( /fle ))ds, g5 (v, Y*( /f2(sY ))d ) > 0.
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Proof. Firstly,
[Y ()= Y*"(x)] = ‘f( 21(x, Y (x)), >\/ f1(s, Y (s))ds, ga(x, Y (x) /fst )
f( g1 (e, Y ( /fl(sY ))ds, g5(t,Y* t)/fst(s))ds)
< bigi(ry Y (v) — g1y Y (x) |+ b|g1 (v, ¥ (r) — &1 (r, Y™ (r))

£ I =N | [ 1AG YDl @I N [ 1A () = fils, v (5)ds
£ blgae v () ~ g Y0 [ 16 v (s)lds
£ blga(e () = (e Y W) [ 1l () lds

£ blga(e )[R0 7)) — Al v ©)lds

IA

b1g1 (%, Y () = &1 (v, Y (v)) | +bba| Y (v) = Y7 (x)| + [q(v) 6 (k7 + c11)

T g@IN el Y =Y [+ b]82(r, Y (v) — g2 (x, Y (¥))].(kz + c201)
+ bba| Y () = Y (v)[-(ky 4 cap1) + b(|ma(v)| + b2 | Y () ])-call ¥ = Y" |,

L@@l < b [T el v () =i v ()

dt+bb1/0 1Y (¥) — Y* () |de
8k +apn) [ la@lde )l Y= [ laolds
b+ eapn). [ lgale v () ~ g3 (s v (0)]de

£ bl ) [V () = (o) de

el Y = ey [ (9)ldo)

and
[Y=Y"[ < bo+bbr|| Y =Y || +6(kf +c1p1)q" + N erl| Y — Y™ [lg*
+  b(ky 4+ c201)0 + bba(ky + c201)|| Y = Y* || 4+ bea|| Y — Y ||(m5 + bypq).
Hence,
(b + (ki +c101)q" + bk + czpl))é
[Yy=y*| <

= €4. (19)
— <bb1 + XN*c19* + bbz(k; +cp1) + bCz(Tn’Zk + b2p1)>

Now, let ¢ and ¢* be two solutions to problems (1) and (2) and ¢ = ¢» = 1. Then,

P =" = |hw () + Y (©)ha(r, p(x) — (e, " () = Y () ha(x, 97 (v))

< h(w9(e) = (e 97 ()| + [V (v) = Y7 (e) | [Tz (e, (v)) |
+ YT @llh2(n p(x) = (v, 9" (x))
< am|p(e) =9 ()| +v[ Y () = Y[+ [ YT (©)]az]p(x) — 9™ (v)],
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Then,
| @ -y @ < a [ ¢<t>;¢*<t>|dt+v/0 [ (€)= ()
£ @l [ 90) = () e
and
[p ="l < mllp =g+ vl =Y+ @laalp - |
From (19), we have
1Y =1l < e,

Then,

V€Ey

||¢_¢*|| < mze-

O

Now, from Theorems 9-12, we have the following corollaries.
Corollary 8. The IHFIE (3) has at least one nonincreasing solution ¢ € L1(R).
Corollary 9. The IHFIE (3) is asymptotically stable.

Corollary 10. The IHFIE (3) is asymptotically dependent on the parameter X and on the functions
g1and .

Proof. From the equivalence of problems (1)-(3), the results follow. [

5. Examples
Example 1. Consider the delay functional equation

subject to the quadratic functional integral constraint
1 1t
Y(t) _ efln(t+l)+§(et+ |Y2(t)|)+ﬁ/0 (es+ |Y S)|)ds
1 Y N
+ 3(et+| 4()|>/0(e +‘76(S)|)ds. te0,1] 1)

Set

ﬁl(t,ll)) —  pIn(t+1) + |¢:(;)‘, (t l[)) — o+ |lpg)|

t 1 t
gi(t,Y) = o+ O Yz( A, g2(t,Y) = 5+ |Y4( I,
f1(t,Y) = ef+|Y(t)|, f(t,Y)—e+|Y(t)‘.
8 6

Putting

—1
[l = In(2), |lmi]| =e—1, |Imof = —+1, [lka]l = |lkof| = e — 1,
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>\:[11, b:% blzé, bzzi, 012%, CZZ%r T=1,
|ur]| = n(2), ||uzl| =e—1, a1 = %, ap = %, pr=¢o=1, and M = 2.8685734 ~ —
We can find that
a1 Map
N + N, 0.691908 < 1 ,bby + bby(||k2|| + cor1) = 0.34379020 < 1 and

bby +b N 1T + bb2(||k2|| + C21’1) + bCz(HH”IzH + bzrl) = 0.42325805 < 1.

Then, problems (20) and (21) have at least one solution.

Now, we find an implicit hybrid functional integral equation that is equivalent to
problems (20) and (21).

Example 2. Consider the following an implicit hybrid functional integral equation

VA0 el GO e TSRS QPR U8 1 o e e
of 1 [0(0] —° 3\° "2 ot 1 900

8 8
(s) — (efln(erl) + |¢(5)|)

3
FRTIO]

8

_ (p—In(t lp(®)] _ (p—In(s ()|
5 (e (R )>>/ot<e5+1("’(s) e S

3\ T2 6 es + )]

[P

lp(t)]
€t+ IPS

Set

P(#) — (e~nltD) 4 LoDl

o + [

Y(t) =

Then, (22) has at least one solution ¢ € Lq(I).

Example 3. Taking into account the next constrained problem of the delay functional equation

¢(t):§+“"f+”+ Y6(t)|, t>0. (23)

subject to the quadratic functional integral constraint

Y(t) — eft_._%(teft_._‘Y(t)|)+£/ot(€fs+

t
) e My

Set

I
\
“
S
—
N
<
~—
\
=
~

1
i} (t, 1P) of 4

Flen(,w(e),8(0)) = e+ 2(7(0) + S (@) + 3 (8(0),
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Putting
1 1 1 1 1 1
mo=my =m; =Kk =K =4 ;N 4,b312,b2 v T g 2%
1 1 1 o P
u= o a= T V= % ¢1=¢2 =1, and a = 3.517491075.
We can find that
Nil =025<1 ,bby + bby(K; + copr) = 0.2988540427 < 1.
Then, problems (23) and (24) have at least one solution.
Example 4. Consider the following an implicit hybrid functional integral equation
PO+
-G+ T
£ =e '+ (te" + 6 )
1 3 2
9(5)— (& + 1)
eit 't -8 % d
+T b (5 + 8 ) S
p() -5+ 140 gl)— (L + 1))
1/1 T b T
+§<67+ : >/O(e n : )ds. t > 0.
(25)
Set
£) — (1 4 L)

Then, (25) has at least one solution € L1(Ry).

6. Conclusions

In this study, we have conducted a thorough examination of the constrained problem
involving the nonlinear delay functional Equation (1) subject to the quadratic functional
integral constraint (2). To address this problem, we employed the technique associated
with MNC.

In this investigation, we discussed two cases: In the first case, we studied the existence
of nondecreasing solutions, Y, on a bounded domain for constraint (2). Then, we studied
the existence of nondecreasing solutions, ¢ € Li(I), for ( 1). Moreover, we established
some sufficient conditions to guarantee the uniqueness of the solution and its dependence
on the parameter X as well as the functions g; and g,. We also studied the equivalence
between problems (1) and (2) and the IHFIE (3). Furthermore, we thoroughly investigated
the Hyers—Ulam stability of problems (1) and (2) and IHFIE (8). In the second case, we
established the solvability and asymptotic stability and dependency of the nonincreasing
solution ¢ € Li(R4) to problems (1) and (2) on the parameter X > 0 and the functions
g1 and g». Finally, we provided some illustrative examples to demonstrate the practical
application and validity of our obtained results.
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