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Abstract: This work presents the results of a direct numerical simulation of the nonlinear free surface
evolution of a finite-depth fluid with a linear shear flow under the action of horizontal electric fields.
The method of time-dependent conformal transformation for the description of the combined effects
of the electric fields and constant vorticity is generalized for the first time. The simulation results
show that strong shear flow co-directed in the wave propagation direction leads to the formation
of large-amplitude surface waves, and, for some limiting vorticity value, a wave breaking process
with the formation of an air bubble in the liquid is possible. The oppositely directed shear flow can
cause the retrograde motion of a surface wave (wave propagation in the opposite direction to the
linear wave speed). The simulations conducted taking into account the electro-hydrodynamic effects
demonstrate that a high enough external horizontal electric field suppresses these strongly nonlinear
processes, and the surface waves tend to preserve their shape.

Keywords: shear flow; conformal transformation; nonlinear waves; free surface; electric field; direct
numerical simulation
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1. Introduction

The problem of describing the interfacial electro-hydrodynamic motion of liquids is
of great interest for many areas of modern physics and technology (see the review in [1]
and references therein). Melcher showed [2] that an external electric field directed normal
to the surface of a nonconducting liquid causes its instability, while a tangential electric
field, on the contrary, has a stabilizing effect. The practical interest in studying the electro-
hydrodynamics of the surface of liquids is determined by the possibility of controlling and
stabilizing hydrodynamic instabilities [3—-6]. Zubarev showed [7-10] that in the limits of a
strong electric field, when the effects of gravity and capillarity are infinitesimal, the nonlin-
ear dynamics of liquid boundaries can be effectively described analytically. In particular,
it was shown that strongly nonlinear waves of an arbitrary shape can propagate without
distortions at the surface of a liquid with a high dielectric constant under the action of
a horizontal field. The Zubarev solution for surface electro-hydrodynamic waves is a
complete analog of Alf¢en waves in plasmas, which play an important role in the develop-
ment of magneto-hydrodynamic (MHD) turbulence [11]. Free-surface magnetic (or electric)
wave turbulence as an analog to classic MHD turbulence was studied experimentally and
theoretically in [12-14] and [15-17], respectively.

Until recently, the nonlinear dynamics of surface waves were considered only in the
approximation of irrotational fluid flow (see, for instance, [18-20]). Great success in the
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study of nonlinear waves on the surface of a liquid in the presence of a linear shear flow
(constant vorticity) was achieved in [21-27]. These works did not consider the effects
of external electric or magnetic fields. The electro-hydrodynamic motion of liquids in
the presence of linear shear flow is still a poorly studied problem. The studies in [28,29]
investigated the dynamics of water waves with constant vorticity under the action of only
vertical electric fields. This work is focused on studying the combined influence of an
external horizontal electric field and linear shear fluid flow on the dynamics of surface
gravity—capillary waves. The analysis is based on the method of time-dependent conformal
transformation, in which the area occupied by the liquid is transformed into a strip of
canonical variables (see [30-32]). The principal advantage of the method is reducing the
original spatially two-dimensional problem to a 1D equation system directly describing the
motion of the fluid boundary. The conformal transformation method has proved to be very
convenient for describing nonlinear waves at the free boundaries of liquids see [33-38].
The method was numerically generalized for the description of the electro-hydrodynamic
motion of liquids with a free surface for horizontal and vertical fields in [39] and [40-43],
respectively. To date, the method of dynamic conformal transformation has not yet been
used for the description of free-surface waves with constant vorticity and an external
horizontal electric field.

In this work, a series of numerical simulations of free-surface waves with constant
vorticity under horizontal electric fields and a wide range of control parameters is presented
the first time. As an initial condition, the work considers the evolution of a simple periodic
wave, the deformation of which occurs only due to nonlinear effects. In the regime of
strong vorticity, complex phenomena such as the wave breaking with the formation of a
bubble in the liquid, as well as the retrograde propagation of a wave, when the shear flow
is directed against the direction of the wave motion are observed for the first time.

2. Mathematical Formulation
2.1. Dynamic Equations

The dynamics of an inviscid and incompressible dielectric liquid (i.e., there are no
electric charges inside the fluid) with a density p, mean depth i, and relative electric
permittivity € in a two-dimensional space {x, y} are examined in the current work. The fluid
is under the influence of an external horizontal electric field with a value of Eg = V/L,
where L is the horizontal size of the system, and V) is the potential difference along the
horizontal axis. In the electrostatic limit of Maxwell’s equations, the induced magnetic fields
are negligible, thus resulting in an irrotational electric field due to Faraday’s law. A potential
function V (x, y) of the electric fields E is introduced in such a way that E = —VV, and hence
V satisfies the Laplace equation in the dielectric fluid layer. A schematic of the problem is
presented in Figure 1. The surface tension coefficient is denoted by T. Let us introduce a
Cartesian coordinate system {x, y} with gravity pointing in the negative y-direction and
y = 0 being the undisturbed free surface. In the unperturbed state, the potential of the
electric field has the form of a linear function V(x,y) = —(Vp/L)x. The bottom boundary
of the fluid is at y = —h, and the upper boundary is free to move and is denoted by 7(x, t).

left electrode right electrode
V=0 V==V

y=n(x.0)

dielectric
liquid | * Upy=Qy

Figure 1. The geometry of the problem.
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The present study assumes that flow in the dielectric fluid is rotational with constant
vorticity (). In the unperturbed state, the velocity field in the fluid body is given by

Uy = (Qy,0).

The background flow Uy is a linear shear flow with a horizontal velocity equal to zero
at the free surface. For a positive (), the shear flow is directed opposite to the x-axis, and in
the case of () < 0, the direction of the shear flow is aligned with the horizontal axis. We
consider the velocity field as

U=1Uy+ Ve, 1)

where ¢ is a velocity potential. Thus, the velocity constitutes an irrotational perturbation of
the shear flow.
The dynamic equation system reads as:

Vi =0 in—h<y<n(xt), )

ViV =0 in—h<y<n(xt), @)

e+ (Px + Qn)ipx = ¢y for y=n(x1), )
¢y =0 for y=—h, (5)

oV/on =0 for y=rn(xt), (6)

Vy=0 for y=—h, (7)

where d/09n stands for the normal derivative to a free surface. The expressions (6) and (7)
come from the standard Maxwell’s boundary conditions at the interface between dielectric
media under the assumption € > 1. Zubarev [7,8] showed that, for the case of a liquid
with a high dielectric constant, the electric field lines are directed tangentially to the free
surface of the liquid, i.e., the field is tangential. In this case, the electrostatic problem can be
completely solved using the method of conformal transformation, which will be discussed
later in this work. The equation system (2)—(7) is supplemented by the dynamic boundary
condition (Bernoulli equation):

1 T
¢t + §(¢§+¢§) Oy — Qyp = —gy + ———12 QO vV + B, (8)

o (L n2P " 2
where g is the gravity acceleration, € is the vacuum permittivity, and B is the Bernoulli
constant. It should be mentioned that the Bernoulli dynamic boundary condition (8) can be
used because the flow is laminar.

The above equation system describes the fully nonlinear evolution of a finite-depth
dielectric liquid subjected to a tangential electric field taking into account the effects of
gravity, surface tension, and constant vorticity. It is convenient now to introduce dimen-
sionless notation by choosing the following quantities as characteristic values of the length,
time, velocity potential, and electric field potential:

T 11/2 T 11/4 T8 11/4 Vol T1Y2
IR T R T R
In dimensionless form, the Bernoulli Equation (8) is rewritten as

1 E
(Pt+§(¢§+¢;)+ﬂ17¢x*01[1=*17+(1+’7;7%+7b|VV|2+B, ©)

where Ej, is the nondimensional parameter characterizing the electric field

eoe‘VO2

b 12,/pgT’
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It should be noted the quantity Q) in (9) is nondimensional, i.e., the vorticity is mea-
sured in units [T/pg’] - [s71].

2.2. Equations in Conformal Variables

The current study is based on the method of conformal transformation, in which the
area occupied by the liquid is transformed into a canonical area in the form of a horizontal
strip of uniform thickness denoted as D. The new independent conformal coordinates are
{¢, ¢}. With such a transformation, the problem of velocity potential distribution is solved
analytically, but the coordinate transformation remains unknown: x = X(¢,¢), v = Y(¢, ).
The functions X (&, {) and Y(¢, {) are assumed to be harmonic; as a consequence, they can
be represented as

inh(k; D
Y(E,) = F! [Wn M|+ 5, (10)
and
h(k; D
X(&0) =¢-F" [iWij ¥l|, j#0 )
where k]- =2njLforj € Z,and
1 L/2 ‘
Fole@] =g) =7 [ g(@e ™z,
—L/2

+o00 .
F [{g(kj)}jez] = Z g(kj)e'kjé_

j=eo

The free-surface profile corresponds to the { = 0 line. Based on this fact and the
expressions (10) and (11), we obtain the relation between X(¢,0) and Y(¢,0):

X(8) =¢-TY(@]

with T[] :=F1 {i coth(ij)Fk]. []} . In the context of this study, the computational domain

is represented by [—L/2,L/2), and L is selected to ensure that the wavelength in both the
physical and canonical domains is identical. Hence, the following relation is satisfied:

D=(Y)+h,

where

—L/2

The procedure for deriving the equations of motion in conformal variables is well
known (see [22,30-32]). For this reason, we will simply present them, paying particular at-
tention to the electric field term. To clarify the term responsible for the effect of electrostatic
pressure, we introduce the perturbation of the electric field potential as v = V + X. Let the
quantity 6 be canonically conjugated to v (the electric analog to the fluid stream function ).
From the Cauchy-Riemann conditions, one can obtain the relation between the potentials
and the stream functions:

$e=—-Tlgel, vz =-TI0] (12)
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The physical interpretation of the condition (6) is that the electric field lines are directed
tangentially to the free surface. This means that the function 6 is completely determined by
the geometry of the surface profile, namely,

0(2,0) = Y(Z, Q). (13)

The expression (13) gives a complete solution of the electrostatic problem. From (13) and (12),
it follows that the electric field potential is

V(& C) = —& + const, (14)

where the constant is found from the boundary conditions at X = —L/2and X = L/2
to be —L/2. Thus, in conformal variables, the electric field potential V coincides up to a
sign with the variable ¢. Using Green’s theorem, we can write the electric field potential
energy as

E ) E L/2 E L/2
2 [ (v yay = / 00zl = — / YT[Yzdz.
y<n —L/2 —L/2

The total energy of the system (Hamiltonian) has the form

L/2

H=5 [

Ba%ﬂxg +QY2pr — gz + Y2 Xz +2(JV% — Xz) — EbYT[YC]] dg, (15)
—-L/2

where | = X% + Yé2 is the Jacobian of the transformation. The equations of fluid motion are
reduced to the pair of equations directly describing the dynamics of the boundary

¥, ¥,
, ¥, 1 XeYer — YeXgz  E
0= =Y = @R =B+ 9T ||~ SOV X+ O TEEIENE L B g, (17

where ¥z = ¢z + QYYz. The system of Equations (16) and (17) describes the fully non-
linear evolution of the fluid surface taking into account gravity, surface tension, constant
vorticity, and a tangential electric field. It should be noted that the system is very close
to one describing the effect of a normal (vertical) field. In such a case, the electric field
parameter is replaced by E;, = —epeVi2/h?/pgT, and instead of the relation (14), we have
V(¢,{) = —{/D (see [41]). The factor 1/D arises to fulfil the boundary condition for
the electric potential at the bottom. In the case of a tangential field, the factor 1/ D? is
absent in the electric term in (17) as the wave period is the same in both the physical and
conformal variables.

In the linear approximation, the equation system describes the propagation of surface
waves with the speed
1/2

_ Qtanh(kh) ’ (18)

2k

1
cop = + tanh(kh) (k + k) + Eb + ( ok

Q tanh(kh) > Z]

where signs + correspond to the direction along which the wave travels (along or against
the direction of the x-axis). From the expression (18), it follows that positive vorticity slows
down the wave propagating to the positive direction of the x-axis. The negative vorticity,
on the contrary, accelerates the wave propagation. In the case of a strong electric field,

)y @
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the system of Equations (16) and (17) has an exact analytical solution in the form of a
nonlinear wave of arbitrary shape traveling with the velocity V4 = E;/ 2 (an analog to the
Alfvén speed) along or against the x-axis (for more details, see [7,8]). From this solution,
one can find the Bernoulli constant B = —E; /2.

3. Results

The numerical solution of Equations (16) and (17) is based on the standard pseudo-
spectral methods for the calculation of spatial derivatives and integral operators. As a
consequence, the boundary conditions are periodic in space. The total number of Fourier
harmonics is equal to N = 2048. To suppress the aliasing effect, we used a filter that nulled
higher harmonics with a wavenumber above k, > N /3. All calculations were carried out
in a periodic region of the length L = 27. Integration over time was carried out using
the explicit Runge-Kutta method of fourth-order accuracy with the step dt. The time step
was comparable to the period of the fastest surface wave, i.e., dt < 27/ max(cok). This
condition was satisfied for the time step of the value dt = 0.5 - 10~*. The parameter D(t)
was calculated using the iteration method from the law of mass conservation. The iterations
were stopped when the relative error in estimating the mass of the liquid reached a small
value of 1010,

The initial conditions were taken in such a way that in the linear approximation they
describe the propagation of a simple periodic wave with a constant velocity. The corre-
sponding initial condition for the function Y is the following:

Y(&,0) = A-cos(X(E,0)), t=0, (20)

where A is the wave amplitude. It is should be noted that the initial condition (20) is
specified explicitly through the function X(&). In order to express the dependence Y = Y ({),
we used the iterative method of successive approximations:

Y; = Acos(X;), Xi=¢—TIYil,

with the initial approximation Y3 (¢) = A cos(¢). The number of iterations was chosen to
be 103. The initial condition for velocity potential was: ¢ = coA coth(hk) - sin(X) with k = 1.
We considered right-traveling waves, which correspond to the + sign in (18). For such
initial conditions, wave distortion would occur only due to nonlinear effects. The purpose
of this work was to systematically study the system of Equations (16) and (17) for various
control parameters of (), Ep, and h.

3.1. Deep Water, h =10

First, we considered the case of deep water, i.e., we set the fluid depth to & = 10.
Figure 2a shows the evolution of the free surface in the absence of vorticity and an external
tangential electric field. Despite the fact that the amplitude of the surface wave was quite
large A = 0.5, the deformations were relatively small. In general, for these parameters,
the system demonstrated weakly nonlinear quasi-periodic chaotic behavior. In the case of a
small wave amplitude, the weak turbulence of collinear capillary waves could develop on
the surface of a deep fluid [44,45]. Figure 2b shows the calculated time dependence D(t). It
can be seen that the deviation of D(t) from h was very small. The energy deviation from
the initial value AH = H(t) — H(0) is shown in Figure 2c. The value of the quantity AH
did not exceed 10~ . Thus, the developed numerical setup made it possible to simulate
the nonlinear dynamics of a liquid surface with high spectral accuracy.
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Figure 2. (a) The spatial-temporal evolution of the free surface for zero vorticity () = 0, (b) the time
dependence of the parameter D(t), and (c) the difference in energy (15) with the initial value at each
time step. The simulation parameters were A = 0.5, h = 10, and E;, = 0.

Figure 3 shows the dynamics of free-surface waves for positive vorticity (3 = 4.
From this figure, one can see that the shear flow slowed down the propagation of the wave.
In this case, the wave deformation was much more noticeable than in the case of zero
vorticity shown in previous figure. The effect of vorticity with negative sign (3 = —4 is
shown in Figure 4. In this figure, one can see two important effects: wave acceleration and
the formation of large-amplitude waves. The first effect is simply explained by the linear
dispersion relation (18). The formation of large-amplitude waves is a completely nonlinear
effect. The figure shows that the wave amplitude increased almost twice in comparison
with the initial value, A = 0.35.

0 3x10'12
0.2 b c
0.1 o0 \ AH “
" 9.995
0 2
0.1 9.99
0.2 1
03 9985
o 9'980 1 2 3 4. 5 0o 1 2 3 4
2 0 2 X time time

Figure 3. (a) The spatial-temporal evolution of the free surface for (2 = 4, (b) the time dependence
of the parameter D(t), and (c) the difference in energy (15) with the initial value at each time step.
The simulation parameters were A = 0.25, h = 10, and E, = 0.

AH x10™M
" B ®) ©

0.5
-
-2 0 2 X 0 ! 2 3 4time5 0 ! 2 3 4time
Figure 4. (a) The spatial-temporal evolution of the free surface for () = —4, (b) the time dependence

of the parameter D(t), and (c) the difference in energy (15) with the initial value at each time step.
The simulation parameters were A = 0.35, 1 = 10, and E;, = 0.

The main question of the current study is what effect a tangential electric field has on
the dynamics of a fluid boundary with constant vorticity. Figure 5 shows the evolution of
the free surface for a high enough electric field E, = 100 and positive vorticity (3 = 4, which
slowed down the wave propagation. The evolution of the surface for a high field was very
different from the wave dynamics for zero field, as shown in Figure 3. It can be seen that the
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traveling wave retained its shape despite the presence of shear flow. Thus, with an increase
in the electric field, the system entered a regular mode of motion, when the propagation
of nonlinear waves occurred at a constant speed and almost without distortions. Such a
regime is a complete analog of Alfvén waves in plasmas. The interaction of waves is only
possible for oppositely traveling waves [39].

-12
05 6><1O
= 02 40.002} (b) AH (©
D(t
0.1 (f) 4
3 0 10
2 -0.1 2
9.998
1 -0.2
— e I 3 0
0 — 9.996
2 0 2 X 0 2 4ime5 0 1 2 3 4iimed

Figure 5. (a) The spatial-temporal evolution of the free surface for (2 = 4, (b) the time dependence
of the parameter D(t), and (c) the difference in energy (15) with the initial value at each time step.
The simulation parameters were A = 0.25, h = 10, and E;, = 100.

3.2. Intermediate Depth, h = 1

In this section, we present the simulation results for intermediate depth, & = 1.
Figure 6a shows the spatial-temporal evolution of the free surface in the absence of vorticity
and an electric field. In general, the behavior of the system at intermediate depths was
very similar to the dynamics of waves on the surface of deep water shown in Figure 2a.
The difference was that the parameter D(t) (conformal depth) deviated more noticeably
from the physical depth & (see Figure 6b). A noticeable difference was also observed in
the magnitude of the computational error shown in Figure 6c. Apparently, the use of an
iterative method of searching the parameter D(t) reduced the accuracy of the calculations.

x107®

5 ‘ 04 1.02 4
(b) (©)
4 02 D) At
1 3
3

2

2 .02 0.98
1 04 1

‘ 0.96
0 -0.6 0

-2 0 2 X

0 1 2 3 4 5 0 1 2 3 4 5

time

o

Figure 6. (a) The spatial-temporal evolution of the free surface for zero vorticity (2 = 0, (b) the time
dependence of the parameter D(t), and (c) the difference in energy (15) with the initial value at each
time step. The simulation parameters were A = 0.4,h =1, and E;, = 0.

Figure 7a shows the dynamics of a gravity—capillary wave for strong positive vorticity
Q) = 6. It is clearly seen that the wave deformation was very strong despite the relatively
small amplitude, A = 0.2. Another important feature observed in Figure 7a was that
the wave propagated in the opposite direction to the linear wave. The speed of a linear
wave (18) propagating to the right is positive for any value of vorticity. Thus, the effect of
the retrograde motion of the surface wave under positive vorticity is a pure nonlinear effect.
Figure 8 shows the evolution of the surface wave for strong negative vorticity ) = —6,
which accelerated the wave propagation. One can see that the tendencies observed in
Figure 4 were strengthened. The strong negative vorticity led to the formation of waves of
large amplitude and an increase in their speed.
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Figure 7. (a) The spatial-temporal evolution of the free surface for () = 6, (b) the time dependence
of the parameter D(t), and (c) the difference in energy (15) with the initial value at each time step.
The simulation parameters were A = 0.2, h =1, and E, = 0.

5 5 % 10°
QE’ 0.6 D(t) (b) AH (©)
=4 04 1 4
3 0.2 3
2 0 2
-0.2
1 1
-0.4
-
0 T 09 % 1 2 3 a4
-2 0 2 X 0 1 2 3 4 time 5 time
Figure 8. (a) The spatial-temporal evolution of the free surface for () = —6, (b) the time dependence

of the parameter D(t), and (c) the difference in energy (15) with the initial value at each time step.
The simulation parameters were A = 0.35,h = 1, and E, = 0.

An interesting nonlinear effect appeared at the liquid boundary with a further increase
in vorticity to () = —9 (see Figure 9a). At such a large value of ), we observed the wave
breaking process with the formation of a bubble inside the liquid (see Figure 9b). To our
knowledge, this is the first numerical observation of a wave breaking due to a strong shear
flow co-directed in the wave propagation direction.

-0.25

(@)

-0.35|

I I . . . . . 0.4 . . . . I
-3 -2 -1 0 1 2 X3 0.2 0.3 0.4 0.5 0.6 0.7 X 0.8
Figure 9. (a) The free-surface profile shown at the initial moment (red line) and at the moment of
bubble formation t ~ 1.27 (blue line); (b) the surface shown at the range X € [0.2,0.8]. The simulation
parameters were ) = -9, A =0.3,h = 1,and E, = 0.

At the end of this section, we show the dynamics of the free surface for a strong
tangential electric field (see Figure 10). The initial conditions for this figure were the
same as in Figure 7. It can be seen that for an intermediate depth, the system entered the
electro-hydrodynamic regime of motion, for which the wave deformation was very small.
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Figure 10. (a) The spatial-temporal evolution of the free surface for () = 6, (b) the time dependence
of the parameter D(t), and (c) the difference in energy (15) with the initial value at each time step.
The simulation parameters were A = 0.2, h = 1, and E;, = 100.

3.3. Shallow Water, h = 0.1

The wave dynamics for the shallow water case are presented in this section. The phys-
ical depth was assumed to be 1 = 0.1. The dynamics of a gravity—capillary wave in the
absence of a field and vorticity are shown in Figure 11. One can see that the speed of wave
propagation in shallow water was much lower than in deep water, as shown in Figure 2.
As the fluid depth decreased, the effect of shear flow weakened for a fixed value of Q).
For this reason, we considered the motion of waves with a very high vorticity of () = 8
(see Figure 12). It can be seen that the previously observed trends for waves with positive
vorticity remained the same for the case of shallow water. The shear flow directed against
the propagation of the wave slowed it down.

%1078

1.5

. 004 D@ | (b
(b) AH (c)
002 0.1
1
0
0,00 0-098
0.5
-0.04
0.096
-0.06
0
2 X

1 2 3 4 time5 0 1 2 3

o

-2 0 4 time®

Figure 11. (a) The spatial-temporal evolution of the free surface for zero vorticity Q2 = 0, (b) the time

dependence of the parameter D(t), and (c) the difference in energy (15) with the initial value at each
time step. The simulation parameters were A = 0.05, h = 0.1, and E; = 0.

%1077

y 0.1
.04
AH
(@) 0oz O] ) ©
0.098 10
0
002 4 096
-0.04 5
\ -0.06 094
\ -0.08 0
2 0 2 X

o 1 2 3 4.5 o 41 2 3

o

4 time5

Figure 12. (a) The spatial-temporal evolution of the free surface for () = 8, (b) the time dependence
of the parameter D(t), and (c) the difference in energy (15) with the initial value at each time step.
The simulation parameters were A = 0.05, 1 = 0.1, and E;, = 0.

The evolution of a surface wave with negative vorticity is shown in Figure 13. Due
to the weak influence of vorticity at shallow depths, we did not observe the formation of
strongly nonlinear waves with a large amplitude as in Figures 4 and 8. Figure 13 shows
only a slight increase in the wave speed. The deformations were as weak as for the case of
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zero vorticity (see Figure 11). The electro-hydrodynamic regime of fluid motion is shown
in Figure 14. It can be seen that the regime of wave propagation without distortions could
also be realized for the case of shallow water.

Finally, we note that the accuracy of the calculations remained high for all calculation
parameters. The computational error for all numerical experiments did not exceed a small
value of the order 10~°. Note also that the simulation results were in very good agreement
with Zubarev’s exact analytical solution obtained for the case of a strong horizontal electric
field (see [7,8]). Thus, the obtained results demonstrated high accuracy and reliability.
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Figure 13. (a) The spatial-temporal evolution of the free surface for () = —8, (b) the time dependence

of the parameter D(t), and (c) the difference in energy (15) with the initial value at each time step.
The simulation parameters were A = 0.04, h = 0.1, and E;, = 0.
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Figure 14. (a) The spatial-temporal evolution of the free surface for () = 8, (b) the time dependence
of the parameter D(t), and (c) the difference in energy (15) with the initial value at each time step.
The simulation parameters were A = 0.05, 1 = 0.1, and E; = 100.

4. Conclusions

The nonlinear dynamics of the free surface of a finite-depth fluid with linear shear
flow was studied numerically in the current work. The numerical method used in the work
was based on the time-dependent conformal transformation of the region occupied by
the liquid into a strip of canonical variables. The combined effects of a horizontal electric
field and linear shear flow were taken into account for the first time. A systematic study
of the nonlinear dynamics of the fluid surface for a wide range of control parameters
(depth, vorticity, and electric field) was carried out in this work. In the regime of high
vorticity and zero external field, the system demonstrated quite complicated nonlinear
behavior. In the case of a co-directional shear flow to the wave propagation direction,
the process of wave breaking with the formation of an air bubble inside the fluid was
observed for the first time. For an oppositely directed shear flow, the retrograde motion
of the wave was observed when its propagation occurred against the speed of the linear
wave. Both processes are fully nonlinear, and their theoretical description requires further
intensive studies. The included horizontal electric field prevented the development of these
processes: the free-surface waves tended to preserve their shape. Thus, under a strong
horizontal electric field, the system could enter the pure electro-hydrodynamic regime of
motion, which is an analog of Alfven wave propagation in conducting media or plasmas.
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