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Abstract: The main goal of this article is to obtain the existence of solutions for a nonlinear system
of a coupled Petrovsky—-Petrovsky system in the presence of infinite memories under minimal
assumptions on the functions g1, g2 and ¢1, ¢o. Here, g1, g> are relaxation functions and @1, ¢
represent the sources. Also, a general decay rate for the associated energy is established. Our work
is partly motivated by recent results, with a necessary modification imposed by the nature of our
problem. In this work, we limit our results to studying the system in a bounded domain. The case of
the entire domain R” requires separate consideration. Of course, obtaining such a result will require
not only serious technical work but also the use of new techniques and methods. In particular, one
of the most significant points in achieving this goal is the use of the perturbed Lyapunov functionals
combined with the multiplier method. To the best of our knowledge, there is no result addressing
the linked Petrovsky—Petrovsky system in the presence of infinite memory, and we have overcome
this lacune.

Keywords: Lyapunov functions; energy decay; infinite memories; source terms; partial differential
equation
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1. Introduction

From a mathematical point of view, partial differential equations (in short, PDEs) are
a very powerful instrument to describe real phenomena (e.g., explosion, boundedness,
and stability) arising from biology, plasma physics, epidemiology, etc. In this context, we
mention, for instance, refs. [1-3].

This study is concerned with the following viscoelastic system:

e “upe — A2u + [3° g1(s)A2u(x, t —s)ds + @1 (u,0) =0, in Qeo,
log|Cvop — A2v + fooo 92(8)A20(x,t —s)ds + @a(u,v) =0, in Qw,
u(x,t) =v(x,t) =0 on Ie, 1)
u(x, —t) = ug(x, t), v(x,—t) = vo(x,t), in O,
ur(x,t =0) = u1(x), ve(x, t =0) = v1(x), xeQ,
u(x,t =0) =up(x), v(x,t =0) = vo(x), xeq,
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where Qe = Q) X (0,00); I's = 9Q x (0,00); Q is a regular and bounded domain in
R"(n > 1), with a smooth boundary 9Q) of class C*; and / is a real number such that

0<l< %, ifn>3,
>0, ifn € {1,2}.

The functions u and v denote the transverse displacements of equations, and ¢y, ¢, are
source terms that define how the two equations interact with one another. The softening
functions g; and g, represent the viscoelastic materials that have the property of keeping
past memories. The initial data (u, u1), (vo, v1) belong to a suitable space. The inter-
action of two scalar fields is described in the theory of viscoelasticity by this problem
(see [4-8]). For the single viscoelastic wave equation, there are many results concerning
global well-posedness and stability; see, for example, [9-13]. To get us started, consider the
wave equation presented; the authors of [14] investigated the conventional version of the
following coupled system of quasilinear viscoelastic equations:

|us|Pug + fot g1(t —s)Byu(s)ds + @1 (x, u) = Axu + y1Bxu,
t
[os|Pvi + [ g2(t — 5)Axv(s)ds + @2 (x, u) = Axv + Y2 Axvi.

Here, Q) is a bounded domain in R”, with a smooth boundary 0Q), ¢; > 0,i = 1,2 are
constants, and p is a real number, such that

0<p< % ifn>3
>0, ifn e {1,2},
and the initial data are given by the functions 1, vg, 41, and v;. The relaxation functions g;
and g, are continuous, and the nonlinear terms are represented by ¢1 (1, v), ¢2(u,v). The
authors used the perturbed energy approach to demonstrate the energy decay finding.
Many authors thought about the very initial boundary value problem in the following
coupled system:
Uy + f(; g1(t — S)Axu(s)ds + hl (ut) = (pl(x, u) + Ayu, (2)
t
vit + [ §2(t = s)Axv(s)ds + ha(vr) = @a(x,u) + Ayv.

If the viscoelastic terms g; = 0,i = 1,2 are not included in (2), several results concerning
the local and global existence in the presence of a weak solution were found by Rammaha
and Sakuntasathien [15]. Using the same method as in [16], the authors demonstrated that
any weak solution with negative starting energy will blow up in finite time. In case of the
presence of the memory, thatis, g; # 0,i = 1,2, there are various results concerning the
asymptotic behavior and blow up of viscoelastic system solutions. For example, Liang
and Gao [17] investigated the problem (2), with hq(u;) = —Axuy, hp(ve) = —Axus. The
authors showed that the decay rate of the energy functions is exponential under appropriate
conditions on the functions g;,i = 1,2, ¢;,i = 1,2, and for a specific initial data in the stable
set. On the other hand, there are solutions with positive initial energy that blow up in finite
time given certain specific initial data in the unstable set. Moreover, hy (u¢) = |us|" tuy
and hy(vt) = |v¢|""'vy. Han and Wang [18] provided numerous results concerning local
existence, global existence, and finite temporal blow-up (the initial energy E(0) < 0).
The generic version of the weakly damped viscoelastic wave equations is written as

U + fot g1(t —s)Axu(s)ds + hy(ut) = @1(x, u) + Axu,
(T fot 2 (t —s)Ayv(s)ds + ha(v) = @a(x,u) + Ayv.
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When the memory is infinite, the more general form of the wave equation can be given by

Up — /Ooo u(s)Axu(t —s)ds + g(ur) = f +alyu.

There have been so many results concerning the wave equation with respect to global well-
posedness and stability up until now; see, for instance, [19]. For the coupled wave equations
with infinite memories, Messaoudi and Al-Gharabli [20] considered the following system:

{ ug + [y g(8)Axu(t —s) + Alue| " Lup = @1 (u,0) + Ayu,
v+ fo h(8)Ax0(t —s) + o] or = @a(u, ) + Ayo.

For coupled Petrovsky—Petrovsky equations, here we mention the work in [21] where the
author considered the following coupled system:

up + AN2u+auy + g1 (ug) =0,
vyt + A,ch +avy + g (vt) =0,

with Q) being a bounded domain in R” with a smooth boundary 9Q of class C*, and
a:Q =R, (8i)e 12" R — R are some given functions. Under suitable assumptions,
he proved that this system is well-posed by using the nonlinear semi-groups theory, and
dissipative by exploiting the multiplier method.

Motivated by prior research, the current study investigates the effect of infinite memory
and source terms on the solutions to (1). Under suitable assumptions, we establish the
decay properties of the solutions of (1). It is noted that our system is different from the
one in Bahlil and Feng [1], making the methods used in our work different from theirs.
In this research, we are able, essentially and mainly, to link the rate of decrease to the
energy functional associated with the solution directly to that of the functions g1, g» with
an improvement in the conditions taken on these relaxation functions. We found that the
two functions g1, g2 are responsible for the decay rate of the energy functional and then
that of the existed solution. On the other hand, the functions ¢, ¢, obstruct the solution if
they can overcome and dominate it.

This paper is structured as follows. In the next section, we provide some preliminaries
and useful lemmas used to obtain our results. In the Section 3, we derive the decay
properties and separately report the general results obtained for the most important case.
The decaying results are obtained without the assumptions (A;) in Section 4. Finally, in
the Section 5 we give some examples on the relaxation functions to illustrate the energy
decay rate given by Theorem 2.

2. Assumptions and Supporting Results

This part contains some material required for the statement and proof of our result.
Set
HY(Q) = {u € H'(Q) : ug = 0}.
Let A1 be the first eigenvalue of the spectral Dirichlet problem
A2y = Mu, in (),
u= 3, = 0 in 0Q),
[Vetll, < e l[Aeull
We will employ embedding Hé(Q) — L1(Q), for % >q>2,if0<nand2 < g, if
n=1,2and L"(Q) — L1(Q), for q < r. Then, for some ¢; > 0,

vllg < cslIVavlla, lvllg < eslvlly, forve HS(Q)
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We will need the following assumptions:

(A1) The relaxation functions (g;);c (1,2} are differentiable functions such that,

gi(s) >0, fors > 0andi € {1,2},

1 —/ gi(s)ds =1; >0, fori e {1,2},
0
and there are two differentiable positive nonincreasing functions (; )ie{l,Z}/ such that
gi(s) < —Ci(s)gi(s), fors>0andic€ {1,2},

and
gi(s) <0, fors>0andie€ {1,2}.

Our assumptions about the functions g;,i = 1,2 are currently the most general. These
assumptions are natural for systems arising in the study of time-PDEs.

. . . TR2 1
7 7 1 7
(Ap) Fori € {1,2}, the functions ¢; : R — R are C-, such that

{ o1(,0) = alu+ 0P+ o)+l T Nl T, g ) € B2
p2(u,0) = @1(v,u),
with a,b > 0, and a function @ exists, such that
ugq(u,v) + vea(u,v) = (p+1)®(u,v), forall (u,v) € R?,
where

1 rt+1 0P o0d
D(u,v) = (alu + v|PH1 +2b|uv|p2 ), ¢1(u,v) = 50 ¢2(u,v) = e

(p+1)

(Az) Two constants ¢g, c; > 0 exist, such that

co(JulPT + [v|PTY) < ®(u,v) < e (JulP™ + |v|PTY), forall (u,v) € R?,

and
%q:;(u,v)‘ + ‘aaq:}i(u,v) < C(lulP~t 4+ Jv|P71), forie {1,2} where 1<p<6.
(A4)

p>3, ifn=12,
p=23, ifn=3.

3. Main Result for System

To demonstrate our solution for the problem (1), we follow the approach of
Dafermos [22] by taking into account a new auxiliary variable, the relative history of
u and v, as follows:

n = qlt(x,s) =u(x,t) —u(x,t—s) in Qe X (0,00),

1 =1*(x,8) = v(x,t) —v(x,t —s) in Qe x (0,00),

and the weighted L2-spaces
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M; = L3 (R HY(Q))NH;(Q))
= {é‘i:RJr—>H4(Q)HH3(Q):/(;oogi(s)|AxCi(s)||%ds<00}, fori € {1,2},

which are a Hilbert spaces endowed with inner products and norms

Gt = [ 9O [ B0 )ds, forie (1,2)

and -
1603, = [ si(s)I18xEi(s)3ds, fori € {1,2}.
Our analysis is given in phase space

H = H2(Q) N H*(Q) x H3(Q) N H*(Q) x H3(Q) x H3(Q) x My x M.

Therefore, problem (1) is equivalent to
A2t

ug|Cup — llA,%u — Ayuiyt — fgio 21(8)A3nt (x,8)ds + @1(u,v) =0 in Qeo,
|vt|évtt — 1 A20 — Ayvy — Jo 82(s) ,Z(UZt(x,s)ds + @2(u,v) =0  in Qe
( )—1—175” (x,8) = u(x, t) in Qe X (0,00),
( t) + 3 (x,5) = ve(x, 1) in Qoo x (0,00),
n'(x,8) = 110(x,5) in Oco,
. 3
7720(9‘/5) = 1720(x, ) in O, ®)
u(x,t) =v(x,t) = n'(x,t =0) = n*(x,t =0) =0 on e,
u(x, —t) = up(x,t), v(x, —t) = vo(x, 1), in O,
ur(x, t =0) = uy(x), ve(x, t =0) = v1(x), xeq,
u(x,t=0)=up(x),v(x,t =0) = vo(x), x €.

We define the energy function associated with the problem (3) by

1 1 1
E(t) + = gomglul Miets + ||vt(f)||ﬁ§+ IV 13+ 51 Veve ()15 +

*IIAxu(t)II%Jr*ZIIAxv(t)Her/ g1() 1817 (s) 1 s

[ ) a1 + [ o

The following result can be proven by the Faedo-Galerkin procedure.

Theorem 1. Suppose that (A1 )—(Ay) holds, and assume that (ug, vy, 11, v1, 10, 20) € H. Then,
a unique weak solution exists

(u, v, us,v5,7%,52) € C(]0,0) : H),
of (3) satisfying
u,v € L2([0,00) : HH(Q)NH2(Q)), 7' € L*([0,00) : M;), forie {1,2},
ur, vy € L2([0,00) : H3(€2)).

Proof. To generate an approximation solution, we employ the conventional Faedo—Galerkin
approach. Let {w]-}}?‘;l be the eigenfunctions of the operator A = —A, with the zero Dirich-

let boundary condition and D(A) = H*(Q) N H3(Q). It is known that {wj}]?’il forms
an orthonormal basis for L?(Q)), H3(Q) and H*(Q) N H3(Q2). We consider two smooth
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orthonormal bases {6]1(35,5) 2y and {62 (x, s)} for M; and My, respectively. For any
integer n € N, we consider the finite- d1men51onal subspaces

W, = Span{wy, ..., wy} C Vo, Qin =Span{&},..., &} c My,
Qun = Span{&,...,&2} C M.
We will find an approximate solution in the following form:

W'(1) = Y a(Dwp(x) 1 (s) = T b0 (x,5),

o (1) = Y dy(Dwy(x) 72" (s) = Ly by (D& (x,9),

satisfying the approximate problem:

<|ut|€u’§,w]->g + (b, Axwi)a + (Vg Viwj)a — </0 g1(s) Ay (s)ds, Aij>n

+<q)1(u",0"),w]->0 = O,

(\vt|lvt”t,wj>g + L(+A0", Axwi)a + (Vg Viwj)a — </0 $2(5)Axyp®" (s)ds, Axw]->
Q

H2(u", "), wj)a =0,

(3™, C}>M1 G €}>M1 + <u?(t),f;‘}>Ml,
(@.83),, =@ g), + (0.,
O

Lemma 1. The energy function satisfies the following inequality:
1 <] 1 [e<)
() <5 [ si@)am's)Pds +5 [~ gh()|an (e

Proof. Multiply the first equation in (3) by u¢(t) and the second one by v;(t); then, integrate
the result over () to obtain

d
2 [Nz + g3 + HI s DIB +

ﬂvam+mmMmm+wmwwﬂ+

J o (4)
aid [ ®(u(t),v(t))dx — fgl foq (8)Axur(t)dxds —

[ 82(s foU )Axv(t)dxds = 0.
0

Since
X z *, for(x,5t) € Qx Rt x RY,
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we have
/0 g1 s)/QAxryl(s)Axut(t)dxds
= | &) [ Aa'(5)an] (1)
+ [ 0 /QAxn1<s>Axn§<t>dxds
1 [ d
= 5 s G aa 6B 5 [ 6)
and
7 5a) [ av)acenends = 5 [ gao) 510 (5) s — 5 G
By substituting (5) and (6) into (4), we obtain
d 1 1 1
4 [M| OIS+ g lor OIS+ 2V ()3 + 2 Ve00(0)13
Iy
a3+ - e
@)
[ (0, o)+ 3 5 19|V 03— 5 T (51t
Q
1d .
gt 7 28IV ?(6) s = 5 ]2 )]s =0
Integrating (7) over (0,t) yields
ds - = = E(0).
O
Lemma 2. Under the assumptions of Theorem 1, the functional ¢(t) defined by
p(t) = ﬁ/ﬁ|ut|gutudx+/0|vt|thvdx+/vautvxudx—i—/nvxvtvxvdx,
satisfies, for some positive constants ¢/, c”, c1, co and for any t > 0,
1 2 1 (+2 2 2
o) < gl + g IOl = Az = Axo ()]
ver [ gs)[18ar ()3 +cx [ ga(0)|Axn(5) s +
Vsl + Va3 = (p+1) [ @, 0)dx ®
Proof. Differentiating ¢(t) with respect to t and using (3) gives
Pt = Hut||ﬁ§+||vt ﬁ% / <11A2u+/ g1(s)A%yt (s )ds—(pl(u,v)>dx

+/ <12sz+/ (s A o ( )ds ¢2(u,v))dx

HIVate |7+ [ Vaor .
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By using Young and Holder’s inequality, we can obtain for any 6 > 0,

1 00 2
sl + g5 [ ([ sa@nis) ax

1-0L [*®
ol + =5 [ s s)aan'(s)[Bds, @)

IN

—/QAxu /Ooogl(s)Axiyl(s)dsdx

IN

/
—/ Axv/ (s Axiy (s )dsdx<(5||Axv||2+ 452 A (s)||Ax172(s)\|§ds. (10)

It follows from the assumptions on ¢; and ¢, that

—/Q((pl(u,v)qu ¢2(u,v)v)dx = —(p+1)/0<1>(u,v)dx. (11)

By summing up (9)-(11), we obtain that for any § > 0,

1
o) < gl i3+ £+1llvt(t)llﬁi§—(11—5)||Axu(f)||§—(12—5)||Axv(t)||%

ter [ gu(s)18a! (5) s + 2 [ ga(s) | (s) s
sl 4+ IVl = (p+1) [ @ v)ax (12)
Now, by taking 6 > 0 so small so that

hy

1 —
1(5>2 2

we can obtain (8) from (12), and hence the proof is completed. [

Lemma 3. Under the assumptions of Theorem 1, some positive constants c3, 01 exist such that,
along the solution of system (3), the function y (t) defined by

P(t) = /Q (Axut(f) -1 iglutléut> ./Ooogl(s)nl(s)dsdx,

satisfies

Sic(2(6+2 26+1
¥ S(i( CE0) o) lalp
ZZ
+(1-1) 1, +1+451A1 fgl s)Axi* (s

b1 (2(0+2) t+1 3(1—0;) B1=0) ) ren
+/\1( £+1 E(0) HAva%—l-THAxutH%—i-T”ut”giz

2
- gl fgl )| A (s) 1 2ds.

(13)
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IN

IN

IA

Proof. From (3), we obtain
w0 = [ (hste= [Ta@adyt e g o)) ([T o) i

—/()(Axut(t) — 1i€|ut|£ut> /Ooogl(s)ﬂ}(s)dex
= Zl/ﬂAxu(t) /Omgl(s)Axnl(s)dsdx—i—/Q</Ooog1(s)Ax;71(s)ds>2dx

=I

=l

=I3 =l
+/Q|ut|€ut/0 g1(s)yt(s)dsdx .

=I5

By using Young and Holder’s inequality, we conclude that for any §; > 0,

2(1—¢
I < 81| Al + 1(4511)”’71”%1/ (15)
b < (1=h)y' 3, (16)
and
[P g [ ([ s o) 7
Q 451 Ja\Jo
5 2 2oees , (L=h)eg [ 1(5)1124
Cor (Vs + 1950l + L% [ 5) |95 s
2(0+2 26 1—4y)2 e
e (BHPEO) (Tl + 19501 + S [T a9t )14

b1 (2(0+2) 2 ) 2y (A=) Lyay2
A1c( . E(O)) (83 + 611 z]13) + === /0 21(5)[| Ay (s)||ds,

where we used the fact
[ lor(a,0) Pax < CQIVaulP + | V502272,
Noting that
[T s =~ [Taends s [T ubneds
= [ st s+ (1=, (18)

I can be estimated as follows:
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IA

IN

IN

(A= 0)IVsul3+ [ Vo [~ gi(s)n’

W”V’f”t”%*lih/n(/om —g’l(S)d5> (/Om ~81(5)Vary' (s)d )dx

3(1

(s)dsdx

Inserting (15), (16), (17), (19), and (20
proof. O

) into (14), we obtain (13

We have the following lemma using the same argument as Lemma 3.

Lemma 4. According to the assumptions of Theorem 1, the functional y, defined by

1 )
1+£|Ut|zvt>/0 gz(S)Uz(S)dsdx,

v2(0) = [ (se0ntt -

satisfies, along the solution of system (3) for some positive constant c3, d1,

c 2041
0 < ol (B2a0)"

2 C2

451 +1+451)\ ]/o 22(8)Axn~(s)ds

1axv]3

+ (1-1)

M {+1
_ 2¢>(0) /Oog/
M=) Jo °?

In the sequel, we shall define the functional £(t) by

(8)]| 8y (s) 1 2s

L(t) = E(t) +e1¢(t) + e2(yr(£) + (b)),

where €1 and ¢; are positive constants that will be determined later.

Lemma 5. For small enough €1 > 0 and g5 > 0,we can obtain for any t > 0,

%E(t) <L) < %E(t).

Sic (2(0 42 e 3(1—1 31—1
+ (2 DE0) o+ 2 s+ 2

3(1-1 0) re
93— £ [ g 5) 195 s
—h) 2 8(0) . 112
Tnvx”t”z m/o §1(s) 18577 (s) 25 (19)
by using (18), we obtain
I = (1—11)Hut||ﬁ§+/ |ut]éut/o ( )dsdx
3(1—11) S e}
< g+ = ([ —gi(s)ds> ([ =it )ax
3(1-h) <o>cs .
< TPl - 8T [ sV (s) s
3(1—h), sz 81(0)cF [ 1/01]12
< Sl - Sy [ s A () Bds 0)

). This completes the

)

14
o3

(21)
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Proof. It is not difficult to see that a positive constant ¢ > 0 exists, such that

£~ B0 < T2 (w3 + o33+ 1Vl + [ Vaorl3)
ter [ Axu]? + e2]|Ar0])? + Ces /Ooogl(S)lleﬂl(S)szs
+Cex [ ga(6) AP ()|Pds + &1 [ @(u,0)dx
< €E(f).
This implies that

(1—e)E(t) < L(t) < (1+)E(b).

Noting that ¢ > 0 is small enough if ¢; > 0 and &5 > 0 are small. Hence, we can obtain (21)
if we choose small enough €1 > 0 and &, > 0.
This completes the proof. [

Lemma 6. Two positive constants, ky and kq, exist such that for any t > 0,

20 <~k +h ([ Ol + [ e Isarols). @

Proof. It follows from Lemmata 1-4, that for any ¢ > 0,

3(1-1 3(1—1
e < (o= e Y iz - (2 - 2072 ) o3

- _elcf—ez{zjf( R W} G

- —2{22( e ZM} [850[3

- -51 1— 1&%( ((f:_rlz [H] o) 1||Axut||%
— -51 1-— 163?_::?( ((f—:—f Hl] —52 1||Axvt|2
+:£1 :(1;(5111)1%+1+4(51A /OOQ 1(5) 18277 (5)|[5ds

+ :El (O;;;)l% +1+4 4(;; ) /Ooogz(S)Ileﬂz(S)H%dS
(3 o2l [ g B

First, we take ; satisfying
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Now, choose small enough > > 0 so that

(+2(2(0+2) B 3(1—1)
&1 ll‘“?m( 0+ E(O)) 1 —as g 20

(42 (2(0+2) H 3(1—1p)
g2 te _e, 2N 2)
€1 [1 51Cs€+1< (€+1) E(O)) & 2 >0,

3(1—1h) 3(1-Dh)
4 4
In light of the above estimates, we can obtain (22). The proof is completed. [

€ — e >0, & — ey > 0.

Theorem 2. Assume that (Aq)—(Ay) hold. Let (g, vo, u1,v1,1'°,42°) € H. Then, two constants
u € (0,1) and &1 > 0 exist such that for any 5y € (0, u,

E(t) < 6 <1+/Oth150(s)>exp<—5o /Otg(s)ds> + 6 /tooh(s)ds, (23)

where {(t) = min{{y(t), {2(t)} and h(t) = max{g1(t), g2(t) }.
In order to prove this theorem, the following lemma from [20] is needed.

Lemma 7 ([20]). Under the assumptions of Theorem 2, two constants 1 > 0 and By > 0 exist
such that for any t > 0,

LOL )+ PIE(E) < ~KoZ(DE() + a3 (1) [ h(s)ds,
where {(t) = min{Z (1), Ca(£)} and h(t) = max{g: (£), &2(£)}.
Proof of Theorem 2. Define the functional £(t) by

E(t) = C()L(t) + BrE(H). (24)

It is not difficult to verify that £(t) ~ E(t). Let

Using (24) and the fact that {(t) > 0 and {'(t) < 0 a.e. t > 0, we deduce that for some
Y0 >0,
E'(t) < =10l (HE(t) + B2R(t),

In addition, the following inequality holds for any dy € (0, yo],

a.e. t>0.

E'(t) < =60l (t)E(t) + BaR(2), ae. t>0. (25)

Integrating (25) over [0, T] leads to
— T T T
E(T) < e o £lo)ds (5(0) + /32/ e% Jo €<S>dSR(t)dt>,
0
which, together with the fact £(t) ~ E(t), yields

E(T) < L o0 Ji c(s)as (5(0) + B2 / " gl foTﬁS)dSR(t)dt). (26)
B1 0
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It follows that

S0 i 2(5)ds _ 1 Ty 4 (o0 [T 2(s)ds
/0 0 COBR(1)dt (50/0 (/0 h(s)ds> e GURRLTT
— Lioliaeas [7 Y
— (e /Th(s)ds /0 h(s)ds
+ /0 e JoEC)h (1) ). (27)

Inserting (27) into (26) gives

E(T) < & (5() b2 / 50f55<5>d5h(t)dt)e—‘sofoTé(S)ds P2 / h(s)ds.  (28)

B1do

By using (Aj), we infer that for any t > 0,

%(ejéé(sMS(gl(t) +gz(t)))

(21 (F) + () el €0 1 (g (£) + ga(£)) (£)eo €I
[~01(B)g1 (1) — a(£)ga()]efo €% 1 £(8) (g1 (1) + ga(£))elo E0)s
(€)= G ()& (1) + (§() — Lat))ga()]elo €I < g, (29)

It follows from (29) that

IA

IN

el €08 (1) < el SO (g1 (1) + g3(1) < 81(0) + 2(0) < 2(0),

and

‘T T
/ 20 Jo EOA (1) dt < (21(0)) / 110 (1) d.
JO J0
Therefore, (23) follows from (28) and (29), and thus demonstrating Theorem 2. [

Remark 1. Ifeg € (0, 1) exists, for which
+c0 .
/ (h(s))"%0ds < +oo, (30)
0

then we can choose 0 < dy < 71, y1 = min{eg, Yo}, such that f0+°°(h(s))1_50ds < 400, and,
consequently, (23) takes the form

E(t) < 6 (exp(—(SO /Oté(s)ds> + /tooh(s)ds), 5 > 0. (31)

4. Kernels with Exponential Decay

In this section, we investigate the cases of exponentially decaying kernels, and the
results will be obtained without (A;7).

Theorem 3. Assume that (A)—(Ag) hold true. Let (ug, vo, u1,01,17'°,7%°) € H, such that
gi(t) < —&igi(t), fort=0,i€{1,2}.
Then, there are two constants yu > 0 and 61 > 0; we have

E(t) < e M, (32)
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Proof. We multiply (23) by ¢ = min{{j, {>} and use Lemma 1 to obtain

200 < kgt + kit [ s laur @) 1P+ [l IaP 1), 6o

Now, using the fact that

([ s@lae! @) P+ [T oa@lare ) < = [T
= OB
< —cE'(t). (34)

implies that
GLI(t) < —koGE(t) — cE'(t).

The functional ® = {L(t) + cE(t) satisfies ® ~ E; we easily obtain
E(i’) S 51€7W.

O

Remark 2. It is worth mentioning here that our stability result was obtained without imposing the
condition (Ay), which was imposed in [20].

5. Examples

We illustrate the energy decay rate given by Theorem 2 throughout the following
examples, which are introduced in [9].

Example 1. Let gi(t) = ae %0+t with b; > 0 and a; > 0, for i € {1,2} small enough
so that (A1), with ($i)icp10y = (bi)jeq1,2y, holds. In this case, {(t) = min{by, by} = bo and

h(t) = Age P00+t where Ay = max{ay,ay}. Then, (30) is satisfied and, consequently, (31)
gives, for two positive constants c1, ¢y,

E(t) < ce 2D, forallt € RY.

Example 2. Let g;(t) = ﬁ with b; > 1 and a; > 0, for i € {1,2} small enough so that
(A1) with (3i)je 10y = <m>ie{1,z} holds. In this case, {(t) = 175 and h(t) = (1:‘%' where

Ag = max{ay, ay} and by = min{by, by }. Then, (30) is satisfied, and, hence, (31) yields
E(t) < cre” 20+ — 1 (14 6)7%2, forall t € RY,

where {(t) = min{{7(t),02(f)}, h(t) = max{g1(t),g2(f) }.

6. Concluding Remarks

The main purpose of this paper was to establish the solution of nonlinear systems in
coupling Petrovsky—Petrovsky systems with infinite memory under minimum assumptions
on the functions g1, ¢» and ¢, 2. Moreover, the general decay rate of the relevant energy
is also established. The results are limited on the bounded domain Q) of R". To conclude,
we should mention that the original contributions in the present paper are:

1.  We used classical methods to solve a non-trivial problem with useful new results to
rival state-of-the-art work in Thorems 1-3.

2. Itis shown that we are able to link the rate of decrease to the energy functional associ-
ated with the solution directly to that of the functions g;, go, with an improvement in
the conditions taken on these relaxation functions in (23).



Mathematics 2023, 11, 4457 15 of 16

3. We found that the two functions g1, g» are responsible for the decay rate of the energy
functional and then that of the existed solution. On the other hand, the functions
@1, @2 obstruct the solution if they can overcome and dominate [23].

4. We give more cases to the kernel functions to discuss their impact on the decay rate.
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