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Abstract: This paper studies a class of the non-autonomous competition and cooperation model of two
enterprises involving discrete time delays and feedback controls. The paper proposes new criteria for
analyzing the permanence, periodic solution, and global attractiveness of the model. The common
mathematical techniques of the Lyapunov method, the continuation theorem, and the comparison
principle are used in this paper. By means of the comparison principle and inequality techniques, the
concept of permanence is investigated, which refers to the long-term survival of the enterprises within
the competitive and cooperative framework. Meanwhile, using the continuation theorem, we establish
conditions under which the system exhibits periodic behavior. Additionally, the global attractiveness of
the system is derived by constructing multiple Lyapunov functionals. Finally, an example is presented
to illustrate the applicability and validity of the proposed criteria in this paper. This example serves as a
demonstration that showcases the main results derived from the analysis.

Keywords: competition and cooperation model; feedback control; permanence; global attractivity;
discrete delay

MSC: 34A34; 34D05; 34D23; 34K13; 37B55

1. Introduction

It is well known that the survival of the species is crucial for maintaining ecosystems
and coexistence is a fundamental aspect of nature. Similarly, in the business world, coexis-
tence among enterprises is essential for the development and sustainability of enterprise
clusters. In recent years, there has been growing interest among scholars in studying enter-
prise clusters using concepts and principles from ecological theory and dynamic system
theory [1-6]. By applying these theories, researchers have proposed various models to
explore the dynamic properties of enterprise clusters. For example, Tian and Nie [1] studied
the following non-delayed autonomous model

dyclift) =11(t) [Cl _ Clylé(f) B Clbl(yZ(,? — dz)z]/
% = ya(t) [c2 — 62ylé(t) n b2 (11 (’é) — dl)z],

where y; () and y(t) denote the output of the enterprises E; and E;, K denotes the carrying
capacity of mark under nature unlimited conditions, c; and c; are the intrinsic growth rates
of enterprises E; and Ej, b; denotes the rate of intra-enterprise competition from Ej, by
denotes the rate of conversion of the commodity into the reproduction of enterprise E{, and
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dq and d; are the initial productions of enterprises E; and E;. Letting a1 = &, 412 = %,

ay| = %, ay = % in the above model, then system takes the form:

dy;t(t) = y1(t)[c1 — anyi(t) — ana(y2(t) — do)?],

dy;ift) = ya(t)[c2 — an1ya (t) + aza(ya (t) — dp)?.

(1)

Inspired by model (1) and considering time delays, Liao et al. [2] investigated the
following two-time delayed autonomous model

dy;ft) =y1(H)[c1 — any (t — 01) — ap(y2(t — 02) — d2)?],
(2)
dy;ft) = yo(t)[ca — anrya(t — 01) + an(y1(t — 02) — d1)?],

and discussed the dynamic behavior of system (2). When 07 = 0, = o, then we can derive
the following model

dy;lt(t) =)l —anyi(t —0) —an(ya(t— ) —d2)?),
(3)
dy;f(t) — yZ(t)[CZ — a21y2(t — 0') —+ ﬂzz(y1(t _ 0—) _ d1)2]~

In [3], the authors investigated the bifurcation behavior and stability of system (3).
In [4], Li et al., discussed the system with four time delays

dy;ift) =y1(H)[c1 — any(t — 01) — an (y2(t — ) — d2)?],

dy;t(t) = y2(t)[c2 — anya(t — 03) + anp (y1 (t — 0a) — d1)?].

(4)

They restricted themselves to the case when 07 = 0 = 0, 02 + 04 > 0 and denote
o7 and 04 by 0y and 07, then by choosing ¢ = o7 + 07 as the bifurcation parameter, they
obtained some results on the bifurcation behavior and stability of system (4). Moreover,
there have been some studies [7,8] related to the study of the dynamical behavior of au-
tonomous fractional-order competition and cooperation models involving two enterprises
with delays.

It is worth noting that the market carrying capacity, enterprise output, and resource
availability within an enterprise cluster ecosystem change over time. These changes have
a direct impact on the growth patterns and characteristics of the enterprise clusters. As a
result, the mathematical models of enterprise clusters need to consider these time-varying
factors to accurately describe the dynamics of the system. The existing models (1-4), may
have limitations in fully describing the complex and dynamic nature of enterprise cluster
systems. Therefore, it becomes necessary to study enterprise cluster models in a non-
autonomous environment. Non-autonomous scenarios allow for the incorporation of time-
varying factors, such as changing market demands, technological advancements, resource
availability, and government policies. By considering these time-dependent influences, non-
autonomous models can better reflect the real-world dynamics of enterprise clusters. For
example, focused on model (1), in [9], the authors discussed the following non-autonomous
model without time delay

dyclift) = y1(B)[er(t) — ann(Oya(t) — ara(8) (ya(t) — da(1))?],

% = ya(D)ea(t) — az ()ya(t) +an(t) (yi (1) — di (t))?].
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By means of the Lyapunov function method and useful inequality techniques, the
authors in [9] derived several conditions on the dynamic properties of system (5).

On the other hand, feedback controls are widely used in various fields, including
economics, engineering, electronics, automation, and process control. The main purpose
of feedback controls is to maintain stability and accuracy in a system by continuously
monitoring and adjusting its output. By comparing the actual output with the desired
output, feedback controls help to identify and correct any errors or deviations, ensuring
that the system operates as intended. Overall, the feedback controls play a crucial role in
achieving precise and stable operation in complex systems, enabling efficient and reliable
performance in a wide range of applications. Recently, there have been a few studies [10-12]
about the delayed non-autonomous competition and cooperation model of two enterprises
that consider dynamic behaviors for feedback control cases. Based on the above analysis
and as an extension of previously works [1-6,9], this paper will consider the following
non-autonomous model with feedback controls and time delays:

WD (D er(t) ~ bt~ 0) — bral) (valt - Za) - da(0)? — ga(Bua(t — )],

WD) () ea(t) — byl — ) + b () (1 (¢~ Z6) — dr ()2 — gt — 92)], o
D)y (tn(0) + (Ot~ ),

) _ o tya(t) + a0t ),

where y1(t) and y»(t) represent the output of enterprise E; and enterprise Ej, u1(t) and
uy(t) represent the indirect feedback control variables, and g;(t), f;(t), h;(t) represent the
feedback control coefficients at time ¢, respectively.

The purpose of this study is to derive some conditions on the permanence, periodic
solution, and global attractiveness for model (6).

2. Preliminaries
In this paper, we introduce the following assumptions for system (6):

(A1) c1(t) > 0,c2(t) > 0, byy (t) >, b1a(t) > 0, bar(t) > 0,02 (£) > 0, 81(t), 82(t), f1(t), f(t),
hi(t), hy(t),and dq(t) > 0,d»(t) > 0are continuous bounded functions, ¢;, ;(i = 1,2),
g; > 0(i =1,2,3,4) are constants.

(A2) ex(t) > 0,¢2(t) > 0,b11(f) >,012(¢) > 0,ba1(t) > 0,b20(t) > 0,81(¢),82(2), f1(t), f2(2),
hi(t), hp(t) and dq(t) > 0,dp(t) > 0 are continuous @-periodic functions on [0, @],
¢i, ¥i(i=1,2),f; > 0(i =1,2,3,4) are constants.

Throughout the article, for system (6), we introduce the following initial conditions

yi(t) = ei(t), y2(t) = ex(t), ur(t) = €3(t), up(t) = e4(t), te[=L,0],

where €1 (), €x(t), €3(t), €4(t) are non-negative and continuous functions defined on [, 0]
satisfying €1(0) > 0, €2(0) > 0,€e3(0) > 0, €4(0) > 0 and
g = max{gll 62/ €3/ €4/ @1, P2, 1pl/ IPZ}

For a continuous and bounded function F(t) defined on [0, +o0), we define F& =

infic(o,+00){F(t)} and FM = Supt€[0,+oo){1:(t)}’
Now, we present two useful lemmas.

Lemma 1 ([13]). Assume that w(t) > 0 is a function defined on [—q6, 4+o0) and satisfies that

a(t) < w(t)(r— . owlt - pé)) + B,
n=0
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where ]
v>0,0">0n=0,12-q),7=) 0¢">0,B>0,
n=0
are constants. Then, there is a constant My, > 0 such that
. B B N
limsupw(t) < My = —— + (= + w*) exp(v96), (7)
t—o0 Y Y

where w = w* > 0 is the unique positive solution of equation
w(y —pw)+B=0.

Lemma 2 ([13]). Assume that w(t) > 0 is a function defined on [—q6, 4+00) and satisfies that

q
w(t) > w(t)(y - ;)UPW(t —pb)) +B,

q
v>0,0>0n=0,1,2,--9), 7= Y 0" >0,B>0,
n=0

are constants. If inequality (7) holds, then there is a constant Ny, > 0 such that

liminfw(t) > Ny = ©
t—o0 (o

exp{(y — oMy)q6}.

3. Permanence and Periodic Solution

Firstly, we provide the two following lemmas.
Lemma 3. Suppose that (A1) holds, then for any positive solution (y1(t),y2(t), u1(t), uz(t)) of
system (6), there exist real numbers My > 0,My > 0,N; > 0,Np > 0, and T > 0 such that
yl(t) < Ml,yz(f) < M, and ul(t) < Nl,uz(t) < Npast>T.

Proof. First, from system (6), for t > {1, we have

W (e~ bt - ).

By Lemma 1, we have

M
limsupy;(t) < M; = % exp (¢"01),
t—o0 bll

then, for any constant ey > 0, there exists a constant Ty > 77 such that

yi(t) < Mj +¢, t=>Ty,

then from system (6), we have

dya(t) _
at —

yZ(t)(CSA + M* — by (t — 73), t=>To

where M* = bM[(M; + €p)? + (dM)?]. Since ¢ is arbitrary, by Lemma 1, we have

. M,
limsupy,(t) < Mp = b—LOexp {MoZ5},

t—o0 21

where My = céw + b%[(Mﬂz + (d{w)z]
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dy,(t)

dt

dy(t)

dt

On the other hand, from system (6), we have

du;(t)
dt

wherei = 1,2 and T; > T,. Then, we have

< —flu(t) + MM, > Ty,

M;hM
limsupu;(t) < N; & le .
t—o0 fl

O

Lemma 4. Suppose that (Aq) holds and r > 0(i = 1,2), then for any positive solution

(yl(t),yz(t),ul(t),uz(t)) of system (6), there exist real numbers mq > 0,mp > 0,17 > 0,13 >0

and TM > 0 such that yl( ) > my,ya(t) > my and ul( ) > nl,uz(t) > npast > TM. Where
M(M2 + (aM _ oM

r=min{ry, r}, 1 =ck — b (M + (d¥)?) — ¢MNy, 1 = 87" No.

Proof. From system (6) and Lemma 3 for t > T, > (3, we have
() >y () (ro = biiya(t=01)) and  ya(t) > ya(t) (r2 — b2 (t = G3)),
where r; = ¢ — bM (M3 + (d))?) — ¢MN; and rp = b — gdIN
Using Lemma 2, we have

liminfy, (t) > m bM v exp { (ro = bM1)E1 },

and L
c
b]%’l exp {(c —b%Mz)@}.

litrgigfyz(t) >my 2
Next, from system (6) for t > Tz > T, we have
ui(t) > hbm; — fMuy(t), i=1,2.
Then, we have

hlm;
liminfuy (£) > n; & 2000
iminfuy (£) > n; i

i=1,2
0

Theorem 1. Suppose that (A1) holds and r > 0; then, system ( 6) is permanent, where r =
min{ry, 72}, 11 = ¢k — bM (M3 + (d31)2) — gMNy, 1 = & — gMIN

From the above two lemmas, we can see the permanence of system (6). Next, in order
to obtain the positive periodic solution of system (6), we need the following lemma.

Lemma 5. If (v (t),y;(t), uj(t), u3(t)) is an w-periodic solution of (6), then (y7 (t),y5(t), uj(t),
us(t)) satisfies the system

= y1(t)[cr(t) = br (D)ya (t — 1) — bia () (y2(t — Z2) — da () — g1 (H)ur (t — 1)),

= y2(t)[c2(t) — bar ()ya(t — T3) + b () (1 (t — Ta) — d1())* — g2(t)ua(t — p2)], (8)

t+w )
(1) :/t hi(s)yi(s — ) Hi(t,s)ds,  i=1,2,
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where

exp{ J; fi(0)do}

Hilt:s) = exp{fO fi(0)do}y —1°

i=1,2

The converse is also true.

Proof. From system (6) with the initial conditions and the variation-constants formula in
ordinary differential equations, we have

ut) = ([ et - ew{ [ lore bis o))
X exp{ - /Otfi((?)d(?}, i=1,2.
Then, we obtain
wi(t+ @) = </0f+“’ i(s)yi(s — ;) Hi(s) exp { /OS fi(f))d()}ds + ei(0)>

xexp{—/otfi(G)dG}, i=1,2.

wit)= ([ mewi - wrie e { [ e }ds+ )
X exp{ - /Otfi((?)d(?}, i=1,2.

Considering that (y; (t),y5 (), uj(t), u3(t)) is a @-periodic solution of system (6) with
the initial conditions, we obtain

( /Ot hi(s)y; (s — ¢;) exp { /Osﬁ(e)de}ds +€i(0)) exp { B /O~t h,-(@)de}

= ([ wewis—wew] [ o) +a0)

o
X exp{ - fi(())dG}, i=1,2.
0

and

then

( )yt (s — ) exp{/ £.(0) d@}ds+€l >exp{'/0.@fi(9)d9}

h(

(/ s)yi (s — ;) exp{/ fi(0) d@}ds+ei(0)>

/ S)yi(s — ¢1) exp{ Osfl(é))de}derei(O)
[ —wen{ [feaefas =12

\

which implies

( /t i(s)yi (s — i) exp{/ fi(0 d9}ds+ez( ))(gfwl)
_/t+w s)yi(s—¢ exp{/ fi(6 dG}ds i=102.
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that is,
/Ot hi(s)y; (s — ¢;) exp { /s fi(G)dG}ds +€;(0)

-

:ﬁ/fwh“ emwen] [h@uwfa =12
Thus, we have

* tHo * exp{ftsfl d@} .

u: (t) = hi(s)yi (s — s i=1,2.

0= [ e e

Next, let (y3(£),y;(t), ui(t), u3(t)) be a @-periodic solution of system (8), then

exp{ J; fi(0)d0}
exp{ [y fi(6)d6} —1

Then, from direct calculation, we obtain

ds, i=1,2.

wr) = [ e s 90

du*(¥)

T —ﬁ(f)./t.tmhz‘(s)yf-‘(s—qzl) exp{J; fi(0)d0}

exp{ [ fi(0)d0} — 1
exp{ [ f:(0)d0}

Xp{fo fi(0)do} —1
1

—hi(t)y; (t — i =
V= e F@yaey 1
= —filhu(t) +h()y; (t—¢;), i=12

This completes the proof. [

+hi(t+ @)y (t+ @ — i)

One can see that, in order to prove that system (6) has at least one @-periodic solution,
we only need to prove that system (8) has at least one @-periodic solution.
Now, for the convenience of statements, we denote

=L [ Ri= L [7 d =1
=5 [atwa Ri=< [Clawa,  i=12

The following theorem is about the existence of positive periodic solutions of sys-
tem (6).

Theorem 2. Suppose that (Ay) and ¢; — bip(My — dp)? > 0 hold; then, system (6) has at least
one positive @— periodic solution, where M is defined in Lemma 3.

Proof. Set
yi(t) =exp{zi(t)},  ya(t) = exp{z2(t)}.
Then, by (8), we obtain

o = alt) —but)expizi(t = &1)} — bia(t)(exp{z2(t — 02)} — da())* — g1 (U3 (t— ),
= () — byr (1) exp{za(t — £3)} + bon () (exp{z1(t — Z4)} — d1(£))* — @2 (DU (t — ¢2), (10)

/ttJr(O hi(s) exp{zi(s — ¢;) } H;(t,s)ds, i=1,2.
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Let C(R,R?) denote the space of all continuous functions z(t) = (z1(t),z2(t)) : R —
R?. We take

Y =2 ={z(t) € C(R,R?) : z(t) an @-periodic function},

with norm
I 2 ll= max [z1(t)] + max |z2()].
te[0,@ te[0,0]

Then, one can see that  and Z are the Banach spaces.
Now, define a linear operator £ : Dom£L C Y — Z and a continuous operator
N Y — Z as follows.

and

Nz(t) = (Nz1(t), Nza(t)),

where

Nzi(t) = cr(t) — bir(t) exp{zi(t — 51)} — ba(t) (exp{za(t — 02)} — d2(£))* — g1 () Us (t — 1),
Nzp(t) = ca(t) — b (t) exp{za(t — {3)} + boa(t) (exp{zi(t — Ca)} — di(£))* — g2(H)Un(t — 92).

LetP:Y — Yand Q : Z — Z be the continuous projector

- %/sz(t)dt, OA(E) = %/Ow/\(t)dt.

Then, Im £ = {A € Z : [;"A(t)dt = 0} and Ker £ = R2. Thus, obtain that Im £
is closed in Z and dimKer L = 2. Smce for any A € Z, there are unique A; € R" and
Ay € Im L with

(11)

_ %/0@ A(B)dE, Aa(t) = A(E) — Ay

such that A(t) = A; + Ax(t), we have codimIm £ = 2. Therefore, L is a Fredholm mapping
of index zero. Next, the generalized inverse (to £) K, : Im £ — Ker PN Dom L is given in

the following form
KpA(t) = / s)ds — f/ / s)dsdt.

Let F(t) = (Fi(t), F2(t)), where

Fi(t) = ca(t) — b (t) exp{zi(t — {1)} — bia(t) (exp{za(t — {2)} — do(t))* — g1 (U3 (t — 1), .

Fat) = calt) — b (£) explzalt — 83)} + baa(8) (explza(t — o)} — da(1))? — ga(H)Ua(t — 2). (12)
Thus, we have L e

ONz(t) = — /O F(bdt (13)

and

Kp(I— QNz(t) = icpwz() /C,,QNZ

= / ds——// s)dsdt (14)

1
o g) [ F
From (13) and (14), one can see that QN and K, (I — Q)N are continuous operators

and by using the Arzela—Ascoli theorem, one can find that K, (I — Q)N (Q) is compact for
any open bounded set¥ C ) and QN (?) is bounded. Thus, N is £-compact on ¥ for any
open bounded subset ¥ C .
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Let the following equation
zi(t) =y Fi(t), i=12, (15)

correspond to the operator equation £z(t) = yNz(t) with parameter v € (0,1). Further-
more, assume that z(t) = (z1(t),z2(t)) € Y is a solution of system (15) for some parameter
v € (0,1). Then, by integrating system (15) over the interval [0, @], we obtain
[ L) = bt explzn(e — 20} — b () (explzalt — )} — da(1))?

Uy (t — dt =0,

1() 1(t— 1)} (16)

[C — bor (1) exp{za(t — G3)} + bao (1) (exp{z1(t — Ga) } — di (1))
820)Lb(f—-4b)}df“0

By (16), we have

\

[b11(t) exp{z1(t — 31)} + bia(t) (exp{z2(t — {2) } — da(t))?
1(t)ll1(t —¢1)}dt = a0,

A [b t) exp{za(t — (3)} — boa(t) (exp{z1 (t — La)} — di (1))
+82(H)Uz(t — p2)]dt = E00.

+o\
1S)

By (15) and (17), we obtain

[ = [°

—g1(H)Un(t = ¢1) }|dt

cr(t) = bu () exp{zi(t — 21)} — bia(t) (exp{z2(t — Z2)} — da(1))?

< /O(D |cq (t)[dt + /O(D (11 () exp{z1 (t — 1)} + bro(t) (exp{za(t — 02) } — da(t))?

+g1 (DU (t— 1) }]dt
<(q+R))w,

and

[t = [°

—82(H)Ua(t — @) }|dt

o (t) — bor (t) exp{za(t — {3)} + bao () (exp{z1 (t — {a)} — di (t))?

< [Mleatolat + [ () explealt — G3)) + bra(t)(explai ()} (1)

+82(H)Un(t — o) }]dt
< (& + Ry)w,

that is,
)
/ 2(1)|dt < (6 + R)w = @i, i=1,2. (18)
0
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Fori =1,2, we have
[0}
| bt exp it — 2yt

- / o b1i(s + ;) exp{zi(s) }ds

¢ (19)
= /0 byi(s + C;) exp{zi(s) }ds
_ /Owbli(tJrCi)exp{zi(t)}dt.
Similarly, we obtain
/Ow box (£) exp{za(t — 03t = /Ow bon (£ + 03) exp{za (£) i,
/0 ® b (1) explza(t — a) Yt = /O ® boa (£ + a) exp{za(£) }t,
[ st expltnte— o0yt = [ ilt+ goyesp{tn (o),
(20)

/Ow §2(t) exp{Us(t — g2) }dt = /Ow §2(t + ¢2) exp{Ua(t) }dt.
[ m@espizate -yt = [“mi+p) explzo)ar,

[ natyexplzalt — )yt = [ hate+ ya) explza(n) it

From the continuity of z(t) = (z1(f), z2(t)), there exist constants p;, 0; € [0, @] (i =1,2)
such that
zi(pi) = max z(t), zi(¢;) = min z(t), i=12 (21)
te[0,@] te[0,w]

From (17), (19)—(21), and the boundedness of solutions, we further obtain

C I =

z1(01) < In (i) =: By, z2(02) <In(y/ i +dy) =: By,
5

1_721 —l—Gl

Z1(p2) > In ( ) =: Bs, z2(p2) = In (

where

w

Gl = [ 0 / () Hy (1 s)dsdt,  Ga(t) — [0 [ " ha(s) Ha (1, s)dsdt.

From (18) and (22), we have
@
200 Szle) + [ 50 < B+ @ =M, Li=12, (23)

and o
2i(t) > zi(p;) —/0 2(0)|dt > Biog — ®; = N, i=1,2. (24)
Therefore, from (23) and (24), we have

max |z;(t)] < max {|M;|, |[Ni|} =1 H;, i=1,2

te[0, @]
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One can see that the constants #; (i = 1,2) are independent of parameter v € (0,1).
Forany z = (z1,22) € R?, from (12), we can obtain

ONz = (QNz, QN z))
where _ B B B
ONz = ¢ — (byp + Gy) exp{z1} — bia(exp{za} — d2)?,
ONzy = G — (byy + Go) exp{z1} + bap(exp{z1} — dy)>.

Now, consider the following system of algebraic equations

&1 — (b1 + G1)m — bia (2 — da)? = 0,

o _ I (25)
Cyr — (b21 + Gz)ﬂ.’z + bzz(ﬂ.’l — d1) =0.

From the assumption of Theorem 1 and the similar method in [14], we can find that
(25) has a unique positive solution 7 = (711, 712). Thus, the equation QNz = 0 has a unique
solution z* = (z},z3) = (Inmy, Inmp) € R2.

Let H > 0 be large enough such that |z]| + |z;| < H and H > H; + Hy; then, a
bounded open set ¥ C ) can be defined as follows

Y={zeY:|z|]| <H}.

One can see that ¥ fulfills the first and second conditions of the coincidence degree
theory [15].
On the other hand, we can obtain

deg{JON,QNKerL,(0,0)}

—(bi1 +G)Ky —2b1p(Ka — da) Ky 20
209 (Ky —d1)Ky —(ba + G2)K ’

where K; = exp{z;} (i = 1,2).

This shows that ¥ satisfies the last condition of the coincidence degree theory [13].
Therefore, system (11) has a @-periodic solution z*(t) = (z}(t),z3(t)) € ¥. Hence, system
(6) has a positive @-periodic solution y*(t) = (y;(£),y;(t), ui(t), us(t)).

O

= sgn

4. Global Attractivity

Firstly, for convenience, we denote the following functions

Q;(t) = yj(t) — zi(t), (1) = y;(t) — (1), Qy(t = §;) = y;(t = §j) —zi(t = ;) j=1,2,
O3(t—33) =y2(t —03) —z2(t = 3),  Qu(t —Ca) = y1(t = Ca) —z1(t — Ca),

Yj(t—¢j) = '(f - 1le) —zj(t—y1), Uj(t—gj) = ”j(t —¢j) —vi(t—9j), =12
Aq(t) = byy(t) — CabM[e1(F) + bay () My + bra(t) (Ma — do(1))?], B1(t) = GibMMybia (1),
Aa(t) = b (t) — €3bz1 [ca(t) + b (£) Ma + by (#) (My — di())?], Ba(t) = {3bg{ Mabn (1),
C1(t) = by () (BM + 241 (1)) (1 + {abd{ Ma), B(t )—yl( —Ca)+z1(t—C4), B —2M1,
Ca(t) = bra () (YM + 242 (1)) (1 + G20 M1), ¥ (t) = ya(t — G2) + z2(t = §2), Y™ = 2Mp,
Dy(t) = A1(t) = Bi(t + 1) — Cl(”ﬁ@)* hy (t +4’1) 1(t) = ur(t) — o1 (1),

Dy(t) = Ax(t) — Bo(t +G3) — Co(t + G2) — ha(t +92), Ua(t) = ua(t) — 02(t),

D3(t) = fi(t) —g1(t+ 1), Da(t) = folt) — &2(t + ¢2).

where (y1(t),y2(t)) and (z1(t), z2(t)) are any two positive solutions of system (6).
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Theorem 3. Assume that (A1) hold and D > 0, then

Jm Oi) =0, i 0a) =0 i () =0, lim () =0

where
D = min{liminf D;(¢)(i = 1,2,3,4) }.
t—4co

Proof. For any two positive solutions (1 (t), y2(t), u1(t), u2(t)) and (z1(t), z2(t), v1(t), v2(t))
of system (6), there exist real numbers Ty > 0 and M; > 0, My > 0,m; > 0,mp > 0, My >
0, My > 0,mq > 0,my > 0such that my; < yy(t), z1(t) < My, my < ya(t), z2(t) < M as
t> Tl- Let

Wi(t) = Vi (t) + Var (1),

where ) 0
_ i _ i 20
V11 = ‘11’1 Zl(t) |, V21 |ln Zz(t) |

By the calculation of D™ W (t) and system (6), we have

DTWi(t) = signOy(t)[ — b11( ) 1(8=21) = bia(8) ((y2(t — 32) — da(t))?

—(z2(t = {2) — da(#))?) — g1(B) (ur (t — @1) — v1(t — 91))]
+signO, (t) [ — b21( )Q3(t = 3) + baa () (
—(z1(t = Ca) —d1(#))?) — ga(t) (ua(t — @2

= signOy(8) [ = b (H (t = 1) — bia(H) (43
+2b12 (1) d2 (1) (t — §2) — g1 (H)Un (t — 91

yi(t—q) —di(t))?

—va(t — 92))]

t—02) —25(t = G2))

| + signQy () [ — b () Q3(t — T3)

—~

\_/A\_/

+boo (1) (Y3 (t — T4) — 23 (t — Ta)) — 2b22(£)d1 (1) Qu(t — Ca) — &2(H)Ua(t — @2)]
= signQ(t) [ = b (H) O (t — T1) — bra(8) (y2(t — {2) + z2(t — $2) ) (t — 02)
+2b12(£)da (£) Qo (t — $2)] +signQa (#) [ — ba1 (1) Qs (t — )
b2 (4) (y1(t — Ca) + z1(t = Ta)) Qa(t — La) — 2022 (#)d1 () Qu(t — L4)]
= signQy () [ — b1 () (t) = bra(£) v (1) Qo (t — G2) + 2b12(H)da () Q2 (t — G2)

+b11(t) /tté O (u)du — g1 (DU (t — @1)] + signQo (t) [ — b (1) (1)

o (DBt~ T3) — 22O (Ot — ) + b (1) [ O () — ga(1) Ut — )]

= signQ (t)[ — b1 ()Qu(t) — v(H)b12 () Qa(t — {2) + 22 (1) b () Q2 (t — §2)

+b11(f)/t (y1(u

—zq(u) [e1 (1) — byy (u)z1 (1 — C1) — bio () (y2(u — {2) — da(t))?] ) du — g1 (H)Us (t — ¢1)]

) [en () = bry (w)ya (u — Z1) — bro () (y2(u — 32) — da(t))?]
( (

2
+signOy (£) [ — by (£) Q2 (t) 4 B(£)ba2 () (t — La) — 2bop (#)dy (£)Qu(t — a)

+bo1(t) /tt (y2(u) [ea (1) — by (u)y2(u — Z3) + boa (1) (y1 (u — Ta) — d1(t))?]

—2z3(u) [Cz(u) — by1(u)zo(u — Z3) + boa (u) (y1 (4 — Za) — d1())?] )du — g (t)Ua(t — ¢2)]
= signQy () [ — bua () (t) — b (8)y(£)Qa(t — T2) + 2b1a(£)da (8) Qo (t — T2) — g1 (H)Un (t — 1)

+b11(t) /ttgl (1 (1) [e1 (1) — dra (u)z1 (0 — §1) — bro(u) (y2(u — G2) — da(1))?]

+y1(u)| -

iy () (u — §1) — bra ()Y (D)2 (1 — £2) + 2b12(£)da (1) Qo (u — T2) ] ) du]
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IN

+signQy (t) [ — bo1 () (t) + baa (1) (1) Qa (1 — Ga) — 2020 (1)1 (1) Qg (u — La) — g2 (H)Un(t — @2)
b (0) | (000) eal) — arw)za— Ga) + ) o (1~ €0) =y (1))
+y2(u) [ = bo1 ()3 (u — T3) + boa (£) B(£) Qg (1 — C4) — 2bp () el (£) Qs (ut — 34)] ) due]

2
= Y b ()| (B)] + (v(t) + 2da())bra(8) [ Q2 (t — Z2)| + (B(t) + 241 (1))
=1

X b (1) (t — @4)|+b11()/i (191 (u) [ [ex (u) + bra (w)za (u — G1)
+bip (1) (22 (1t — 2) — da(£))?] 1 (u) [b11 ()| Q0 (u = §1) | + bra(£) 7 (1) |2 (1 — §o) |
+2b12 (1) d2 (1) | (1 — G2)|] )du] + b ( / (192 (u) [ [e2(u) + boa (u)z2 (u — Z3)
(
1(

+bo (1) |y1 (1 — C4) — dr ()] + y2(u) [bn (u )IQ3(u = G3)| + b (8)B(H)| O (u — G3)|

2000 (£)dy (£) | (u — Za)|] ) du| + g1 (B)|Un (¢ — @1)| + g2(8) [Ua(t — 2)].

Define
Wa(t) = Via(t) + Vao(t),

where
Via(t) = /tig /ut b (u+ 1) ([e1(s) + bra(s)za(s — Z1) + bra(u) (y2(s — 32) — da(s))?]

x|Q1(s)| +y1(s) [b11(5)[ Q1 (s — Z1)| + bra(t) ¥ (s)|Qa(s — 32)|
+2b12(5)da(s) |2 (s — £2)|] ) dsdu,

Vao(t) = /tt ut bo1 (u + Z3) ([c2(s) + b1 (5)z2(s — 3) + boo (u) (1 (s — La) — da(s))?]

x| (s)] + y2(s) [b21(5) Qs (s — G3) | + b () B(s)|Qu(s — T4)|
+2b22(5)d1(5)[Qu(s — Ca)[] ) dsdu.
By calculation of D+ Wa(£) and (26), we have
DIWi(t) + D Wa(t) < —(b1a (5[ ()] + bar (1) [Qa(1)]) + baa (8) (7™ + 242 (£)) | (t — 02
+ba () (BY +2d1 (1)) [Qu(t = Ca) | + C1bi [er (¢)
11 ()M + bia (1) (Mo — da (1)) | (¢) |
G103 My [b11 (5| (F = G1) | + bua (B (Y™ + 242 (1)) |Qa (¢ = C2)]
+3b9] [c2(t) + bo1 () Mo + bao (£) (M — dy (t))?]| Q2 (t)) (27)
+GabY{ Ma [b1 (1) |Q3(t — G3)| + ba (8) (BM +2d1 (1)) | Qu (t — Ca)]
+81() U (t — @1)| + g2(8) [Ua(t — ¢2)]
(A1 (D) ()] + A2()[D2(8)]) + Br ()| (t — 1)
(1)[Qs(t = Z3)[ + Co(8)|Qu(t — Ta) [+ Co () |2t — £2)]
+81(H)[Ur(t — @1)| + g2() [Ua(t — p2)].

Define

+B;

W3(t) = Vis(t) + Vas(t) + Vas(t),
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where , ,
Vis(t) = [ Balut Gl (u)ldut [ G+ Ga)lOn ()l

t t
Vas(t) = /tigz Cou + £2)| O (1) du + /HS By + 3)| O () |du.

and
t
Vas(t) = |ur(t) —o1(8)] + |uz(t) — 02(t)] +/t . hi(s +91)[Ya(s)|ds

— Y1

t t t

+ [ G+l [ sal+e)lt@lds+ [ gls+ o) Ua(s)lds,
t=1a t—¢1 t=¢2
By the calculation of D" Wj(t) and (27), we have

D Wy (t) + DT Wa(t) + DY Ws(t) < —(D1]|Qq(t)] + D2|Qa(t)| 4 D3|Uy (t)| + Dg|Un (£)]).

Next, we define
V(t) = Wi(t) + Wa(t) + Ws(t).

From the assumptions of Theorem 3 and by (28), for t > T4 we derive
DTV (t) < =D(|Ou(8)] + [Qa(t)| + [Ur ()| + |Ua(1)])-
Taking integral from Ty to t on both sides of (29) we obtain
t
V(t)+ D/T4 (101(s)] + [Q2(s)| + [Un(s)| + [Ua(s)])ds < V(Ty).

Then, we obtain

/Tt (121(s)] + [Q2(s) [ + [Un ()] + [Ua(s)] ) ds < oo.

(28)

(30)

From the boundedness of system (6) and (30), we obtain that O (¢), (), Uy (), Ua(t)
and O (t), Oa(t), Uy (t), Ux(t) bounded on [Ty, +00). Thus, [Q;()[(j = 1,2) € LY[Ty, +0)
and |U;(t)[(j = 1,2) € L'[T4, +o0). Furthermore, from Barbalat’s theorem, we can obtain

lim Oq(t) =0, lim Op(t) =0, lim U;(f) =0, lim U(t) =0.

t— oo oo t—+oo t—+oo

O

Corollary 1. Assume that the conditions of Theorem 2 hold and D > 0, then system (6) has a

global attractive positive — periodic solution.

Remark 1. The theoretical results obtained in our article can be seen as supplementary and extended
findings to previously known works [1-6,9,10] and provide a more comprehensive understanding of

enterprise cluster dynamics and behaviors.
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5. Numerical Example

Example 1.
dy(t) 6.5+ |cos(t)| 21+ |cos(t)] 1.15 + | cos(t)|
x(y2(t = 02) — L |1Cgs(t)| )’ — L |1C§S(t)| up (t—¢1)],
d . i i . i
y;t(t) —(t) [5 7+l;m(t)| 53 +32|551n(t)|y2(t o)+ 1.1 +£81n(t)| -
X (y1(t—CQa) — s |f(i)n(t)| )2 L ‘f;n(t)luz(f —¢2)],
du;t(t) _ 55+ \1;os(t) | un(t) + 1+ \fgs(t) \ nt— ),
P . . ;
u;t(t) _ 55 +lgm(t)|u2(t) n 1+ |1S;n(t)|y2(t ).

In system (31), firstly we let {; = 0.25,{» = 05,03 = 03,04 = 0.6,¢1 = 0.35,
¢1 = 0.33, ¢ = 0.15,¢; = 0.18, then we have
M ~ 04523, M, ~0.3632, N; =0.1096, N; ~ 0.0880, r = 0.2572,
1~ 02572, 1y~ 05583, ¢ —Dbio(My—dy)? ~ 0.64,
liminf D;(t) = 0.1516, liminf D, (t) ~ 0.1297,liminf D3(t) ~ 0.4167, liminf D4(t) ~ 0.4167.
t—o0 t—o0 t—00 t—c0
One can see that the conditions of Theorems 1-3 and Corollary 1 hold.

From Figure 1, one can find a permanent and globally attractive positive periodic
solution for system (31).

04 0.38
¥, ()
. - = =Y,
0.38 2 0.36
0.36 —
1 0.34f
0.34
I
‘[é _om
0.32 \§ N )
\ " ”"n " I ~ 7\ y
"‘n‘\g \ A ' 1\ /‘\ ! \‘ /‘\ J 03
03l [ A N L S N N U A I
12\ I VNS VN R VI VIR PN B Y
lr7z v ) ! K v v \V; o028l
ozaF;///;’
I//
[ 0.26
026/ — -
'
[I
0.24 . . , . . . . . . 0.04 . . . . . . .
0 5 10 15 20 25 30 35 40 45 50 0.24 0.26 0.28 0.3 0.32 0.34 0.36 0.38 0.4
t y, ()
(a) (b)

Figure 1. Cont.
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Figure 1. Permanence, periodic solution, and global attractivity of system (31). (a,b) Permanence,
periodic solution, and global attractivity of y1 (t) and y» (). (¢,d) Permanence, periodic solution, and
global attractivity of uq (f) and up(t).

Remark 2. The numerical simulations in Figure 1a—d illustrate that if the coefficients (intrinsic
growth rates ¢;(t)(i = 1,2), intra-enterprise competition rate by (t), conversion of commodity into
the reproduction rate by(t), initial productions d;(t)(i = 1,2), and feedback control coefficients
Qi(t), fi(t), hi(t)(i = 1,2)) of model (31) satisfy the conditions of Theorems 1-3, and Corollary 1,
then system (31) remains stable for a long time, which means the competition and cooperation of
enterprises can reach a dynamical balance, and solutions y, (t) and y,(t) (output of enterprises) are
also uniquely remnants between the determined quantities m;(t)(i = 1,2) and M;(t)(i = 1,2) for
a long time.

Next, we take {1 = 2.5, = 0.5,03 = 2.75, 4 = 0.6; then, we have

M ~ 24453, Mz~ 259726, liminfD;(t) ~ —30.1637 < 0.

—»00

Evidently, the conditions of Theorem 3 are failed.
From Figure 2, one can find that system (31) is not globally attractive.
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Figure 2. Cont.
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Figure 2. Non-global attractivity of system (31). (a,c) Non-global attractivity of y(¢) and y»(¢).
(b,d) Non-global attractivity of u1 (t) and uy(#).

6. Conclusions

In this study, by proposing system (6), which incorporates time-varying coefficients
and feedback controls, we expanded upon existing models (1-5) and enriched the under-
standing of enterprise clusters. The derived conditions for dynamic behaviors in system
(6) offer new insights into the growth patterns, stability, and coexistence within enterprise
clusters. Hence, the derivation of conditions for dynamic behaviors in system (6) contribute
to the existing body of knowledge on enterprise cluster modeling. Additionally, we can see
from the conditions and results of Theorems 1-3, Corollary 1, and Example 1, that discrete
time delays {;(i = 1,2,3,4) and feedback control coefficients g(t), f(t) and h(t) have influ-
ence on the aforementioned dynamic behaviors of model (6). In conclusion, the fate of an
enterprise cluster is influenced by multiple factors, including feedback control effects, time
delay effects, self-development, market saturation degree, competition power, and varying
economic environments. Understanding and effectively managing these factors can help
enterprises navigate challenges, seize opportunities, and achieve sustainable growth in a
competitive business landscape.
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