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1. Introduction

Let Q) be a bounded domain of C" and H(Q)) the class of all holomorphic functions
on Q. Then, consider a holomorphic self-map ¢ of () and a function ¢ € H(Q)). The
linear operator

(¥Copf)(2) = p(2)f(#(2)),

is referred to as a weighted composition operator for f € H(Q). If (z) = 1, it reduces
to the composition operator, whereas for ¢(z) = z, it becomes the multiplication opera-
tor. For any given holomorphic function f, ({Cyf)(z) represents a generalized composi-
tion/multiplication operator. The reader is referred to book [1] for an extensive introduction
to the topic.

In this paper, we study the boundedness and the compactness of weighted composition
operators from a-Bloch spaces B* to Bers-type spaces built on generalized Hua domains of
the first kind. On GHE; the a-Bloch space B* consists of all f € H(GHE;), such that

sup [det(I — ZZ')* — ||Z|2]*|V£(Z,&)| < oo,
(Z,&)eGHE;

£l = 1£(0,0)| +

where

28 (2 | AHEE LY | 22

ViZ,8) = (S5 S 0 0%,

It is clear that B%(GHE;) is a Banach space.

In 1930, Cartan [2] was the the first to characterize the six types of irreducible bounded
symmetric domains, which consist of four types of bounded symmetric classical domains,
also referred to as Cartan domains, and two exceptional domains, whose complex dimen-
sion are 16 and 27, respectively. The Cartan domains are defined as follows:
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Ri(m,n) = {Z eCc™nm. I, — 77 > O},

p+1

Ru(p) == {Ze(C Im—ZZ’>o,Z:z’},
Ri(g) := {z ec" . 1,-27 0,7 = —z’},
Rrv(n) = {z €C" 142z =222 >0,1— |2z > > 0},

where Z' denotes the transpose of Z, Z denotes the conjugate of Z, and m,n,p,q are
positive integers. In 1998, building on the notion of bounded symmetric domains, Yin and
Roos constructed a new type of domain called the Cartan—-Hartogs domain [3], and Yin
introduced the so-called Hua domains [4], which include the Cartan-Hartogs domains,
the Cartan-Egg domains, the Hua domains, the generalized Hua domains, and the Hua
construction. The generalized Hua domains are defined as follows:

GHE[(Ny, Ny, - - -, Ny;m, n; p1, pa, - - -, prs k)

{C;GCJZE?FEImn Z|§]|2”f<det(1—ZZ) j= 1,2,...,7}
j=1

GHE (N1, Ny, - -+, Ny p; p1, P2, - - -1 Prs k)

{(:JEC ! ZE%H 2‘§|2p1 <det(I_ZZ> ] 1/2/"'/”}
j=1

GHEIH(Nll NZ/ Yy NI’/ q,P1, P2, s Prs )

:{‘:J CN,Z € Rm(q Z|C|2pf<det(I+ZZ) j= 1,2,.../r}
j=1

GHEIV(N], NZ/ Tty Nr;n'Plr P2/ Yy p}’/ )

{‘:] e CNi,z € Riy(n) : Z 617 < (1+ 2z 2 —222), = 1,2, '/7}
j=1

where &; = (&1, - - ~,§]-Nj), j=1,---r,Ri(mn),Ru(p), Rm(q), Riv(n) denote, respectively,
the Cartan domains of the first type, second type, third type, and fourth type, Z’ denotes the
transpose of Z, Z denotes the conjugate of Z, Ny, - - -, Ny, m, 1, p, q are positive integers, and
p1,- - -, pr are positive real numbers. Fork =1,m = 1,p; = - -- = p, = 1, the generalized
Hua domain of the first kind reduces to the unit ball. Without loss of generality, we may
assume that N; = 1, then §; € C, j = 1,---,1, = (§1,---,&) and [|]} = -1 |&[?P1.
We define

<§/ t>P = <glrtl>pl + <€21 t2>p2 + -+ <§r/ tr>p7

We also write

G, E)pl < [{Ca, t)PH [+ (G2 02)P2| - - + [(Gr 1)V ]
< [GulPHE P A (PP
= (& B)] < laf|Bl = [IIplIEllp,

where [Ci|Fi = a;, [P =Bi(i=1,---,7),a = (ag,- -, &), B = (B1,- - Br)-

For the sake of convenience, the four types of generalized Hua domains will be referred
to as GHE;, GHEy;, GHEj;, and GHEpy.

On GHEj, a Bers-type space A consists of all f € H(GHE;), such that

1 flla, == sup [det(I — ZZ')* — ||€[21F| £(Z,&)] < co.
(Z,&)eGHE;
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It is easy to see that .Ag(GHE) is a Banach space with norm || - ||.

The boundedness and the compactness of weighted composition operators on (or
between) spaces of holomorphic functions on various domains have received considerable
attention. Wang and Liu [5] studied the boundedness and the compactness of the weighted
composition operators on the Bers-type space on the open unit disc, whereas Zhou and
Xu [6] characterized the boundedness and the compactness of the weighted composition
operators between a-Bloch space and B-Bloch space, Li [7] investigated the boundedness
and the compactness of the weighted composition operators from Hardy space to Bers-type
space, and Zhu [8] characterized the boundedness and compactness of Dy ,, : B — Hg®. For
the unit poly-disk, Li and Stevi¢ [9,10] presented some necessary and sufficient conditions
for the boundedness and the compactness of the weighted composition operators between
H® and a-Bloch space, whereas for the open unit ball, Li and Stevié¢ [11] studied the
boundedness and the compactness of the weighted composition operators between H*
and Bloch space (see also [12-15]).

The boundness and compactness of weighted composition have wide applications
in differential equations, functional analysis, numerical mathematics, and control theory.
For example, in differential equations, the compactness of the operator plays a vital role in
proving the global existence of weak/strong solutions of fluid mechanics, see for example,
the well-known Aubin-Lions argument [16]; in functional analysis, the compactness of the
operator is crucial for the existence of critical points in studying the existence and multi-
plicity of periodic solutions of nonlinear Dirac equations [17]; in numerical mathematics,
the boundness and compactness of the operator are applied in an implicit robust numeri-
cal scheme with graded meshes for the modified Burgers model with nonlocal dynamic
properties [18], a space-time spectral order sinc-collocation method for the fourth-order
nonlocal heat model arising in viscoelasticity [19], and a high-order and efficient numerical
technique for the nonlocal neutron diffusion equation representing neutron transport in a
nuclear reactor [20].

Jiang [21] has characterized the boundedness and the compactness of the weighted
composition operators on the Bers-type space on the Hua domains. Yet, the boundedness
and the compactness of the weighted composition operators from a-Bloch to .Ag have not
been studied in detail. In this paper, we obtain some necessary and sufficient conditions
for the boundedness and the compactness of the weighted composition operators from
a-Bloch to Ag on generalized Hua domain of the first kind by using a generalization of
Hua'’s inequalities.

2. Preliminaries
Lemma 1. Let § > 0, then

114,

Z,8)| < a ,
0 [det(I — ZZ")k —||g]12]P

M

forall (Z,¢) € GHEand f € Ag(GHE).

Proof. By the very definition of Bers-type space Ag, we know that

1 f1l.a = ( Sug [det(I — ZZ')* — ||€I21F| £(Z,8)| < oo,
Z,&)eGHE;

and so,

1£114,
[det(I — 2Z')k — ||]|3]

f(Z,D)] <
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Lemma?2. Let0<a<1,0<b<1, andb < a, with q as a positive integer, then

a—b < g(al —bi). @)
Proof. ) )
a—b=(a1)1— (b1)1
= (a7 = b7) (a0 4 g7 <0 Dps .. g pe¥(7D)
< g(ad — b7).
0

Lemma 3 (see [22]). Let x > —1,if0 < a <1, then

14+ x)* <1+ ax, 3)
ifo <0ora>1,then

(1+x)*>1+ax, 4)
and “=" holds if and only if x = 0 or & = 1.
Lemma 4 (see [22]). Letay >0,k =1,2,---,m, then

1 mta+---+a
(al.az...am)m S 1 2 - m, (5)

where the equality holds if and only if a1 = ap = - - - = ay,.

Lemma 5 (see [22]). Let ay € C, if p > 1, then
n n p . n
3o < [ o] <0t 3 ©)
k=1 k=1 k=1

If0 < p <1, then
n n p 1 n
Yol = | Ll =0t Yl %
k=1 k=1 k=1

where the equality holds if and only if p > 1, then |a1| = - - - = |ay|. If p = 1, the equality always
holds. If 0 < p < 1, then at most one of the ay, - - -, a is not zero.

Lemma 6 (see [23]). Let

Z11 212 Z1n

271 Z22 ... 2oy
Z =

Zm1 Zm2 oo Zmn

be an m x n matrix (m < n). Then, there exists an m X m unitary matrix U and an n X n unitary
matrix V, such that

A O ... 0 0 ... 0
0 A ... 0 0 ... 0
Z=U ) . . .
0 0 ... Ay O ... O

and
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MO0 ...0
7 — U 0 A2 ... 0 -
0 0 ... A2

where A12, - - -, Am? are the characteristic values of 727 1-77 >0 A <1

Lemma 7 (see [23]). Let

A0 0
0 A 0
A = . M >A > > A, >0),
: : 0
0 0 Am
0 0
0 Ha 0
M= | . 0 (m=p2=-=pm20),
0 0 ... um

satisfying
)L]‘Mk <1 (],k =1,-- -,m).

Then, there exists a square matrix P, such that

inf | det(I — A{UALU V)| = |det(I — A;PA,P)|,
utl'=1, vvV'=I

and the minimum value is obtained for U = ©OP and V = I, where

e 0 ... 0
0 el 0
O =
: : 0
0 0 eifm

Lemma 8 (see [22], the Minkowski inequality of integration formula). Lef ay, by > 0, k =
1,2---,n,then

1 1
n

[ﬁ(ak+bk)]n > (Iﬁak>;+ (Iﬁllbk> , 8)

k=1
where the equal sign holds if and only if ay = chy,k =1,2,-- -, n.

Lemma?9. Let p; (i =1,2,---,r) be positive integers, 0 < km < 1,and t € [0,1], then
-/ -/
1—det(I - #ZZ )+ ||tg|3 < 2 {1 — det(I — 2Z')* + ||§||§],

for (Z,&) € GHE;.

Proof. Decomposition in polar coordinates gives

m
det(I—tzZ ) =T(1 — tA2)~.
i=1
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Given )\12 =h;,i=1,2,---,m we may consider the function

m

f(t)y=T1aQ-t)*, telo1]

i=1

Inf(t) =k iln(l — th;).

i=1

Upon differentiating with respect to ¢, we obtain

! — k 1 0,
£10) = FOk L e <

1) = F kS " ey
=1 —th 7 (1 — th;)?
m 2 m 2
:fmﬁ(glfﬁ) ﬂﬂzguf%m

This shows that f(t) is a concave function. It follows that
m
gty=1-f(t)=1-[JA—th)k, te[o01],
i=1
is a convex function, and we have
m m
1-TT@ =)k <1 -TTQ—m)". )
i=1 i=1
The very definition of ||& Hf, shows that
62115 = [¢1 2Pt + #6222 + - - + |88
< (G 182 4+ ) (10)
= 2]l

Hence, by inequalities (9) and (10), we obtain

1—det(I — #ZZ )* + ||t&]2 < |1 — det(1 — ZZ)* + ||¢|13|.
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Lemma 10. Let us consider 0 < mk < 1, some positive intergers p; (j = 1,2,---,7),t € [0, 1],
(Z,¢) € GHEy, g = max{py, p2, - - -, pr}. Then, the following inequality holds

.k 2
|(Z,8) <M 1—det(1—zz’)a+||g||g,

where M = max{\/%, \/E}

Proof. If t € [0,1],¥(Z, &) € GHEy, then (tZ,tf) € GHEy, |Z]2 = tr(ZZ) = A2+ A2 4 - - +
A2 By Lemma 4 and (3), we obtain

dau—zzﬁﬁ—fh1—A25—{II1_A2L}

i=1

1 1 mk
(1- n Z)\zz
<1- mk 1 —|z|?
g m
:1—5mﬁ
q
Then,
<1 =\ &
1Z)? < ﬂl—det([—ZZ)q}. (11)
Using (7), one has
2 1
€15 = (&[> + I('lez”2 e |G [P
1_ 2pr
> 1 (|C1| AT L
14
P (G P G+ |<§r|2)
i—1x2
=ri g
Then,
2 1-Lyoi7
17 <7 a)glly (12)
Therefore, by combining (11) and (12), we have
— \izp+ [eP
i RN B
El*detIfZZ)‘l]JrT 1¢I5 (13)

k 2
\/1 —det(I—2Z')7 + ||¢|l;,

1
where M = max{\/%, V rlfﬁ}. O

Lemma 11. Given 0 < km < 1, p; some positive integers (Gj=12---r),vY(Z¢E) € GHE,,
q = max{p1, p2,- - -, pr}, and f a holomorphic function on B*(GHE;), then there exists a constant
C, such that
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CllIfll g 0<a<l
Clfllge In =] =1
If(Z,¢)] < det(I — ZZ')k —||¢|12 (14)
1
Cllf s
Ml et~z T o
where (Zr C:,() = (211,212,' *ty Zmny Cl/ 52/' Ty gr)
Proof. According to Lemmas 2 and 9 and (13),
1
F(Z,0)] = £0,0) + [ (VF(t2,12),Z,E)a
1
< [£(0,0)[ + |Vf(tZ to)[[(Z,¢)|dt
[det I—fZZZ) — I3V f(tZ, £5)]
_ d
0,0+ [Z 2| / FRrRr T
! (2,2))
: /o [det(I — 227 )k — |1z |2)e Mf”‘g“
_ ! [23] ,
; _1+/0 [1— (1 —det(I — 2ZZ )k + [|£Z]12))* }”ﬂB
S \/1—detI—ZZ)"+||C|I; N
=T / [1— £ 1—detI—ZZ) lEl2)) }”f“g“
- w_, (det(1 — 2Z))k — |[[3)
= / Ldet(I — 2Z ) — |[2]3))) ]”f I
- _1+M/ tzoz]“dt] 1l
' S
M [ e e
< [rem [ Sl
where S = \/1 — f(det(I - 77)) = 11g113)-
Casel: 0<a <1,
ol < {1+ 12— -9 il
(15)

<(1+ 7)||f||3
< Cllflle,

whereC =1+ %.



Mathematics 2023, 11, 4403 9 of 27

Case2:0 =1,
) N
< o
fzol< [rem | 1_t%dt} 11
= |1+ Min =] e (16)
1+
—_— _1+Mln(1_%)(1_+_%):| ||f||8a

< |14 Min %2} 1 5

[ 1 2
< | — "
< _anlnl— —l—Mln ]||f|3

< [z + M| n gzl
2q
det(I —zZ') —||&|]3’

= C|/fllg In

where C = ﬁ + M.
Case3:a > 1,

20 < 1+ 725 (g —1) |l

< e+ (G —1) | Wl

1

= CI”f”B“W
a1 (17)
= C,”fHB"‘ [( (zx;_( —)l- )] —1

_ 1
< 2* 1C/Hf||8ﬂm

= Wl =2z - 211

where C = (29)*71C’, C’' = max{1, 4 }.
By combining (15)-(17), the proof of the Lemma is complete. [

Lemma 12. Let ¢ = (P11, P12 - - - Pmn+r) be a holomorphic self-map of GHEy and i € H(GHEy).
The weighted composition operator $Cy : B*(GHE) — Ag(GHEy) is compact if and only if Cy
is bounded and for any bounded sequence { fy },>1 in B*(GHE}) converging to 0 uniformly on
compact subsets of GHEY, [|Cpful|.a, — 0as n — oo.

Proof. Assume that ¢Cy : B*(GHE]) — Ag(GHEj) is compact. Let {f, },>1 be a bounded
sequence in B*(GHEj) and f,, — 0 uniformly on compact subsets of GHE] as n — oo.

If [|[§Cpfulla, - 0 asn — oo, then there exists a subsequence {fu}j>1 of {fu}n>1,
such that

jiglf, 19Cofu;ll.a, > 0.
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Since 1Cy is compact, there exists a subsequence of the bounded sequence { [ i1
(without loss of generality, we still write {fy, };>1), such that

tim [9Cyfy, = flla, =0, f € A(GHE))

Let K be a compact subspace of GHEj. From Lemma 1, it follows that

19Cofn; = fllag e
(det(1— 22— e2)p”

|($Cofn; = F(Z,)] <

for V(Z,¢) € K C GHE|. Thus, ¢Cyfy; — f — 0 uniformly on K. This means that for
arbitrary € > 0,3dN; > 0, such that for j > Nj, we have

[9(Z,8) fn(9(2,8)) = F(Z,0)| <&,

for all (Z,¢) € K. Since f;, = 0 on compact subsets of GHE| as j — oo, there also
exists a positive integer Ny, |fu;(¢(Z,{))| < e for (Z,§) € K whenever j > Np. Let
N = max{Ny, N} and M = maxz #)cx |$(Z, §)|, whenever j > N, we have

IF(Z, O] < | fus (¢ (Zé)\ max [9(Z,5)+e< (M+1)e, V(Z,8) €K

From the arbitrariness of ¢, we obtain f(Z,¢) = 0, ¥(Z,¢) € K. By the uniqueness
theorem of analytic functions, we have f(Z,¢) = 0, V(Z,¢) € GHEj. This shows that
im0 [|$Co fo | Ay = 0, which contradicts the assumption infjey [9Co fu, Az > 0.

Conversely, suppose that { f,, },,>1 is a bounded sequence in B*(GHEj), then || f,|| g« <
D, for all n. Clearly {f,},>1 is uniformly bounded on compact subsets of GHE;. By
Montel’s theorem, there exists a subsequence {fy};>1 of {fn}n>1, such that f,, — f
uniformly on every compact subset of GHE; and f € B*(GHEj). For all (Zy, {y) € GHEj,
there exists a compact set Kz, ), such that (Zo, o) € Kz, ) C GHE[. By Weierstrass’
theorem and because f,; = f as j — oo, for (Z,{) € K(z, z,), we obtain Vf,, = Vfasj —
co. Then, there exists a Jo > 0, such that for j > Jo, we have |V fy,(Z,¢) — Vf(Z,{)| < 1for

(Z,8) € K(z,2)- Inaddition, [V f(Zo, So)| < [V f(Zo,80) = V fu;(Zo,So)| + |V fu,(Z0, S0)|,
which suffices to obtain

[det(I — ZoZo ) — ||20ll,*1* IV £(Zo, &o)]
< [det(I — ZoZo )* = 1031V £ (Zo, &) — V fu; (Z0, o)
+ [det(I — ZoZo )k — 12013141V f; (Z0, €0)

<1+ | fuyll e
<14 D;.

For all (Z,¢&) € GHE;, [det(I — 77) H§|| 1“IVf(Z,&)] <1+ D;. We thus have

1fllge <1+ Dyand || fy; = fllgx < ||fn]||B“ +[1fll < 2D +1and fnj = f = Oonevery
compact subset of GHE] as j — co. Consequently, we have

jlggo 19Co(fn; — F)llay = jlggo 19Cofn; — 9Coflla, =0,
which shows that ¢Cy : B*(GHE;) — Ag(GHEj) is compact. [J
Lemma 13. Let (Z,¢), (S, t) € GHEy, if 0 < km < 1, then

det(I, — ZZ')* + det(I,, — SS)¥ < 2| det(I,, — ZS)¥|, (18)
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and “="holds if and only if (Z,¢) = (S,t). Ifkm > 1, then
det(L, — ZZ')* + det(I,, — SS')¥ < 2| det(I,, — ZS')¥|. (19)

Proof. For m = n, since (Z,¢), (S,t) € GHE], there exists two m X m unitary matrices
U, Up and two n X n unitary matrices Vi, Vo (by Lemma 6), such that

Ar 0 ... 0
0 A ... O

Z=1U . .. . Vi=WAVE (I1>A>A>...>2A,>0)
0 0 ... Ay
1 0 0
0 Ho o ... 0

S=U| . . . V= W0AVe (T>p 2 pp > > pm 2 0).
0 0 ... um

Then, one has
det(I — Z5') = det(I — WA\ ViV Ay U
= det(Uh U, —UiAViVE A L)
= detU; det(T, — AMViVa A L)
= det(I — MR A VOV MR TG Uy).

By Lemma 7, there exists a square matrix P, such that

m
| det(I — ZS')| > |det(I — AyPALP')| = T [(1 — Aip,),
i=1

where k1, ky, - - -, kyy, is a permutation of 1,2, - - -, m.
If 0 < km <1, and using (7) and Lemma 8, we obtain

2| det(I — ZS')k| = 21k . 2"k | det(I — Z5' k|
= 21k | det(I — ZG')|]¥

m k
> otk [Zm [1a- /\iﬂki)}

i=1

mk
> 20 A2 + 0w )
> 2o —m] g [ﬁu : ukia] *}’“

i=1

(20)

21 mk zmk 1{|:1ﬂ[
=1

1
m k
- [fo-a] + [f “M
i=1 i=
— det(I — ZZ)* + det(I — SS')
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If km > 1, by using (6) and Lemma 8, we obtain

2"K| det(I — Z8' )| = [2"| det(I — ZS')||¥

{ﬁ(l —Af)} "t [ﬁ(l —uk,?)} %}mk 1)

For m < n, there exists a unitary matrix U™  such that
Z = (zz",0)u, s=(s",s,)U.
According to (20), we have
2| det(I — ZS')k| = 2| det(I — Z;S; )¥|
> det(I — Z1Z1 )* + det(I — 5157 )
> det(I — Z1Z1 )* + det(I — $151 — 5,5, )*
= det(I — ZZ')* + det(I — S5 )*.

Thus, the inequality
2| det(I — ZS )| > det(I — ZZ')* + det(I — SS)k, (22)

holds when m < n, whereas the equal sign holds if and only if Z = S.
According to (21), we see that

2| det(I — ZS')¥| = 2| det(I — 7157 )|
> det(I — Z1Z1 )* + det(I — 5157 )
> det(I — Z1Z1 )* + det(I — $151 — 5,5, )
— det(I — ZZ)* + det(I — SS')k.

Thus, the inequality
2"K| det(I — ZS')¥| > det(I — ZZ')* + det(I — SS')¥, (23)
holds when m < n, with the equality holding if and only if Z = Sand mk = 1. [
Lemma 14. Assume (Z,¢),(S,t) € GHEjand 0 < km < 1, then
(det(ly — 2Z)* — ¢]3] + [det(L — S5 — ]3] < 21| det(h — Z5')¥| — gl el |, 24)

with equality that holds if and only if (Z,&) = (S, t).
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Proof. Starting from the inequality a + b? > 2ab, we obtain

IENZ + 115 = 202l p-

Then, by (18), we have

— —/
2| det(I — ZS)¥| — [|gllplitllp| = 2| det(I — ZS)*| = 2[|g[It]]
> det(I — ZZ)F + det(I — S5 )F — |12 — [|¢]3
— —/
= [det(I—ZZ')* — ||g|13] + [det(I — SS')* — [|£]3].

This completes the proof. [

Lemma 15. Assume (Z,&),(S,t) € GHEand 0 < km < 1, then

[det(fm ~2Z)- Iéllﬂ [det(lm ~S8)F - ||t||§} < | det(l = Z8) | = Il ) 25)
Proof. By the elementary inequality ”Zﬂ > \/ab and Lemma 14, we have

[det(lm ~2Z)" - Iéllﬂ {det(lm — S5k - |t|ﬂ

_ [ 1det(Tm — 2Z' )k — |1¢]3] + [det(I,, — S5 ) — [|#]2] | 2
1 z |

—/
< || det(Ln — Z8 ) = [1g ]l Itll, |
O

Lemma 16 (see [24]). Assume Z,S € Rj(m,n), then there exists a constant C, such that

1
_ _ _ 2
| det(I, — zs’)|{ Y. Jtr[(In — 25) "M yS ) 2} <, (26)
1<g<m
1<I<n
where lg is an m x n matrix, where the elements of the gth row and Ith column are one and the
other elements are zero.

3. Boundedness of Cy : B* — Ag

Theorem 1. Assume that o =1, > 0,0 < km < 1, and that p; (j =1,2,--,r) are positive
integers. Let ¢ = (p11, P12+ - - Pmn+r) be a holomorphic self-map of GHE}, with € H(GHE;)

and (Zy,8p) = ¢(Z,8). If

Kim  sup  [9(Z,8)l[det(] - ZZ'f - |2[2)Pn 2

=y 5 < oo. (27)
(Z,&)eGHE; det(I — ZpZy )* — (IG5

Then, the weighted composition operator Cy : B*(GHE;) — Ag(GHEy) is bounded.
Conuversely, if the weighted composition operator $Cy : B*(GHE;) — Ag(GHE]) is
bounded, then

Ky:= sup |p(Z,&)|[det(I— ZZ)* — ]3] det(I — ZyZg')'
(Z,Z)eGHE;
2 8)

1 7 \k 2 <%
det(I —ZpZy )t — |15

x 1
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Proof. Assume that (27) holds. By Lemma 11 and for f € B*(GHE;), we know that

[det(I — ZZ' )k — ||E|21|(pCyp f)(Z, )]
= [det(I — ZZ')* — |Z2)P|(Z, &) If (¢(Z,8))]

< Clp(Z,8)|[det(I — ZZ')* — [|]3) x In 2q

5
det(I = ZpZg ) = 12115

1112
< CKqlflle-

For all (Z, &) € GHEj, we have

[$Cpflla, = sup [det(I—2ZZ')* —||2)P|(wCof)(Z,)| < CKi | f] 5,
(Z,&)eGHE;

which implies that ¢Cy : B*(GHE;) — Ag(GHE]) is bounded.
Conversely, assume that $Cy : B*(GHE;) — Ag(GHEj) is bounded. For any (S, t) €
GHE], let us introduce a test function f(s ) € H(GHE;), such that

2
det(I — 7Sk — (&, 1),

fis.(Z,8) = det(I - S§')"FIn

This means that

) . _ 7 \k—1 . _ca\1-k . . .
fisn _ k-det(I1-Z5) ! det(I—$5)" % det(1 - Z8)tel(1 - 28) 11,3,
0zg) det(I — ZS)k— (&, t),
1<g<m1<I<n,
— 1.
g det(1— 78— (&, 1), n

In view of (18), it follows that
=/ 1 I\ 1 —=/\ 1
2|det(I — ZS)|m > det(I — ZZ )m + det(I — SS )m.
Then,
200 det(I — ZS') ] (1K) > [det(I — ZZ')m + det(I — S§ ym|m(1=F)
> [det(I — SS')m]m(1-K),
which means that
2m(1=k)| det(I — Z8')[1* > det(I — S5')1F. (29)

According to (29) and Lemmas 14 and 16, there exists a constant C; > 0, such that
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[det(I — ZZ')* — ||EI2]|V fis,)(Z,8)]
det(1—2Z")— g3
| det(I — ZS)k — (&, t)|

x det(I — §5)1~* x {k2| det(I — 78 )12
1

r 2
—/ —/\ _ =/ pflf .
x Y |det(I—Z8)u((1—Z58) S 2+ Y |pic) t],p]|2}
1<g<m j=1
1<i<n

_ ldet(1 - 77k — ||§|§] x det(I — SS')1-F
|| det(I — ZS)K[ = [{Z, t)pl|

x {k| det(I — z5')|F1
1

1
_ _ _ 2 r R 2
x { Y det(I—ZS/)|2|tr[(I—ZS,)1Iglsl]|z} + [Z |pj§ff lt]~”f|2] }
1<g<m j=1
1<I<n
—/
[det(1 = ZZ')* — |IZI3]

< =
|| det(I = ZS )| — [IZplI¢] ]

1

_ _ r 1. 2 _
X {kC1| det(I — ZS)[F! x det(I — SS' )1k + { |pjé§]’.’f ltj”ﬂ x det(I — ss’)lk}
=1

]

_ 77k _ 2 r 3
- j[dEt(I Z7Z) ||§Hp]7, y {zm(l—k)kcl I { |Pj|2:| }
[det(I — ZZ")k — [|¢[|2] + [det(I — SS' )k — ||¢]13] =1

2[det(I — ZZ' )k — ||||2 r 2
det(I — ZZ')k —||g|12 =

r :
<2x {2m<1—k)kc1 + [ |pj|2} }
j=1

<C.

Since f(54)(0,0) <In2, one has
Ifsllse = 1fsn(©0,0)+ sup [det(I—2Z)" — |EI3)IV fis,(2,8)
(2,6)€GHE;
< C+In2.

Therefore, we have

00 > (C+In2)|[¢Cpl| -4,
> [9Cofislla,
= sup [det(I—ZZ)* — ||E2IPI¥(Z, &) fis (¢(Z,0))]

(Z,&)eGHE;
2

det(I — ZS )k — (Zp,t)p |

> [9(2,8)|[det(I - 2Z')* — ||g][3)F det(I — S5)'* x |In

Let us now consider

(5,:t) = (Zp, Gp) = 9(Z,0),
so that
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_ — 2
sup  [P(Z,&)|[det(I — ZZ')* — ||€]|2)F det(I — ZyZy ) *In = < o0
(2,6)<GHE, i v det(I — 2,74 )k — 12113

The proof is thus completed. [J

Theorem 2. Assume that « > 1, > 0,0 < km < 1, and that p; are positive integers (j =
1,2,---,r). Let ¢ = (P11, P12 - - - Pmn+r) be a holomorphic self-map of GHEy, with € H(GHE)
and (Zg,89) = ¢(Z,8). If

[det(I — 2Z')* —||&||2)P
K3:= sup [p(Z,) — —
(2,6)eGHE; [det(I — ZyZy )k — |12p3)

0, (30)

then, the weighted composition operator $Cy : B*(GHEy) — Ag(GHE;) is bounded.
Conversely, if the weighted composition operator YCy : B*(GHEy) — Ag(GHE;) is
bounded, then,

[det(I — ZZ' Yk — ||&||2]P det(I — ZyZy )1 F
Kyi=  sup  [9(Z,2)] =
(2,6)€GHE, [det(I — ZpZyp )* = 115o 151~

< o0, (31)

Proof. Assume that (30) holds. By Lemma 11 and for f € B*(GHEj), we have

[det(I — ZZ')* — ||ZI21P|(Cp f)(Z,€)| = [det(I — ZZ') — |21 9 (Z,€) - (Cpf)(Z,€)
= [det(I — ZZ)* — ||E|21|9(Z, &) f ($(Z, )]
[det(1 — 2Z) — ||| 2]f
[det(I — ZyZ )k — || &3]+

< Clyp(Z,9)] /1=

< CKs||f -

For all (Z,&) € GHEj, we obtain

=
I9Cofllas = sup [det(I—ZZ)* ~|Ig|F1P|(¥Cof)(Z,&)| < CKs] fl5n-
(2,6)eGHE;
This implies that ¢Cy : B*(GHEy) — Ag(GHE;) is bounded.
Conversely, assume that ¢C, : B*(GHE;) — Ag(GHE;) is bounded. For(S,t) €
GHEj, define a test function f(s ;) € H(GHE;), such that

det(I — SS')1-F

Jisn (€)= [det(I — Z5) — (&, ), )1

For the test function f, we have
fsyy  k(x—1)-det(I — ZS )51 . det(I — S5 )1+
dzg) [det(I — ZS)k — (&, 1))
x det(I - zS)u[(I-25)'zS], 1<g<m1<I<n,

—1—p. _
(s (« = 1)p;el B - det(1 — §5)1

a [det(I — ZS')k — (&, t),]®

j=1,---r.
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From (29) and Lemmas 14 and 16, there exists a constant C; > 0, such that
—/
[det(I — ZZ)* = |IEII5)*V f(s,5(Z,§)]
—/
_ det(I—2zz =gl
| det(I — ZS )k — (&, )|

x det(I — SS) K x (x — 1) x {k2| det(I — Z5 k1|2

1
_ —r _ r I 2
x Y |det(I -z )t[(I - Z5) 11gls’]|2+2|pj§f’ t]-pfz}

1<g<m j=1
1<i<n
det(I — ZZ')[k — ||€]|2]* x det(I — SS')1=k _
< det( ) ”E,”’“] ( ) x (e —1) x {k|det(I—ZS/)|k1
[[det(I —ZS') [k — [(Z, t)pl|*
2 r 7
_ — — 1.
x [ Y |det(I - ZS)P|e[(I - Z5) 11gls’]|2] + [Z ;&) t]m} }
1<g<m =1
1<I<n

[det(I — 2Z')k — ||| 2]
|| det(1 — ZS") [k — [|&]l It |

1
r 1 2 _
+ [Z \pjg]’.’f 1t]-”f|2] det(I—ss’)lk}
j=1

x (x—1) x {kc1 det(I — S5')! | det(I — Z5') |1

<{ 2(det(I — 2Z')" — |1}

 Uldet(1 — 2Z)k — ||g]3] + [det(T — 5"k — |3

<{a®w‘z{VwW
det(1—2Z')P — &3

<2%(a—1)Cs

= Cy.

| }a(a —1) x (kC;2"0-K) 4 )

14
} (x — 1) x (kC12™1=0) 1 )

Since f(54)(0,0) < 1, we obtain

Ifisollse = 1fis(0,0)|+ sup [det(I—ZZ)* — ||E|3]*|V f(54(Z )]
(Z,£)GHE;

< Cy+1.

It follows that

00 > (Cy+ D[¢Collpa—a, = 1$Cofisnll.ag
= sup [det(I - ZZ ) — |21 2P19(Z, &) frs . (9(Z,8))]

(Z,&)cGHE;
[det(I — 2Z')¥ — ||][2]P det(I — S5')1=
| det(I — ZpS )k — (Ep, 1) p|*~1

> 9(Z,¢)

We write (S,t) = (Zy,Gp) = ¢(Z,¢), then

< 00,

det(I — ZZ )k — ||&|1218 det(I — ZyZy )1 K
wp 9(Z0) [det( ) Hi”f’]k et( : ¢l¢)
(Z,6)€GHE; [det(I — ZpZyp )* — [|Copl5]*~

This completes the proof of the theorem. [J
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Corollary 1. Fora > 1, k =m = 1,py = --- = p, = 1, we have the case of the unit ball
B={zeC"":|z|*> <1} and $Cy : B*(B) — Ag(B) is bounded if and only if

o PN ZPP
b (= et =

when B = 0. This result is equivalent to that obtained by Li and Stevi¢ in [11].

4. Compactness of yCy : B* — Ay
Theorem 3. Assume that & =1, > 0,0 < km < 1, and that p; (j =1,2,---,r) are positive
integers. Let ¢ = (11, P12 - - - Pmn+r) be a holomorphic self-map of GHE}, with € H(GHE;)
and (Zy,Gp) = $(Z,8). If € Ag and

29

lim Z,8)|[det(I — ZzZH)* — ||&]12)P In = =0, (32)
(])(Z,@’)%BGHEIW( &) |[det( )= 1IE1I) detl— 2,2V ol

then the weighted composition operator ¢Cy : B*(GHEy) — Ag(GHE]) is compact.
Conversely, if the weighted composition operator Cy : B*(GHEy) — Ag(GHE;) is compact,
then ¢ € Ag and

_ _ 2
lim Z,&)|[det(I — ZZ' Y — ||||2]P det(I — ZyZy )1 * x In = =0. (33)
(p(ZéHaGHEIIlP( )| [det( )" = lElIL]7 det(I — ZpZy ) det— 2,2 ol

Proof. Assume that (32) holds. We have

sup  |¢(Z,¢)|[det(I — ZZl)k — €] In 4 < oo
S R A 1

If Cy is bounded, consider the bounded sequence {f;}¢>1 in B*(GHE;), which
converges to 0 uniformly on compact subsets of GHE}. Hence, there exists M; > 0, such
that || fx|lgx < M1,k =1,2,---. By (32), this means that V¢ > 0, 35 € (0,1), such that for
dist(¢(Z, &), 0GHE]) < J, we have

29

= 5 < e (34)
det(I — ZpZyp )* — [IGoll5

(2, &)|[det(I — 2Z')* — [|]2]P In

According to Lemma 11, we obtain

[det(I — ZZ')* — ||E[21P| ($Cy fi) (Z,8)]
= [det(I — ZZ')* — |Z|2)P|(Z, &) - (Cpfi)(Z,8)]
= [det(I — ZZ')* — |ZI21P|(Z, &) | fi(¢(Z,2))]

< Clp(2,0)|[det(T — ZZ')* — 12121 fill (35)
2q
X In —
det(I — ZypZg )* — (18113
S CM]S.

On the other hand, let us introduce the set

Es := {(Z,&) € GHE; : dist(¢(Z, &), 0GHE;) > ¢},
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which is a compact subset of GHE]. By the assumptions, f; converges to 0 uniformly on
any compact subset of GHE;. From this, and since ¢ € A, for such ¢, we have

[det(I — 2Z')k — ||E[21P] ($Cp fi) (Z,8)]

— [det(I — 2Z')" — |€121P19(Z,€) - (Cpfi)(Z,2)] o)
= [det(I - 2Z')* ~ €121 19 (Z, Ol f(#(Z,2))
< [l age.

Combining (35) and (36), we have

[¢Cpfilla, = sup [det(I—2ZZ)* — ||€]2)P|(9Cofi) (Z,8)] = 0, k— oo,
(Z,F)€GHE;

Consequently, making use of Lemma 12, we finally have that ¢Cy : B*(GHE;) —
Ap(GHE) is compact.
Conversely, suppose $Cy : B*(GHE]) — Ag(GHE;) is compact. Let f = 1, we have

[det(1 — 2Z)* — |EI[}1P19(Z,§)] = [det(I — ZZ')* — |IEI31F | ($Co f)(Z,8)] < co.

This shows that ¢ € Agz. Consider now a sequence (S, 1)

= ¢(Z', &) in GHEy, such
that ¢(Z, &) — 9GHE] as i — co. If such a sequence does not exist, then condition (33)

obviously holds. Moreover, let us introduce the following sequence of test functions { f; };>1:

#(2,6) = {n 2

-1 2 2
S N R S
det(I — SiS7 )k — ||#i|2 det(I — ZST' )k — (&, £,
x det(I — 5757 )1k,

Differentiation gives

— = In——2
ofi _ 2kxdet(l— 78" )T det(I — §'5)1F e z5 ) (en),
0z Si'\k i In——2

gl det(I — ZS" )k = (G, #)p n det(I—8/ST )k—||t]3

x det(I— ZS7) x (1 — 287 ) 11,57, 1<g<m1<I<n,
pi—1—p; . 1 j

of _ 2y 7 xdell =SSR M awizs e, j=1r =12,
9 det(I — 28" )k — (&,11), In 2

det(I-S'5 )k —||t[]3

From (29) and Lemmas 14 and 16, there exists a constant Cs > 0, such that
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[det(I — 2Z')* — 23]V £i(2,€)]
_ — 2 B
_ [det(I— ZZ )k — [|¢]|2] det(I — S'ST )1k y In det(I-Z57 (2,4,

—7 . 2
| det(1 - 257t — (5,1, =

X {41(2\ det(I — Z§7 k112
1

— — — r R 2
x Y [det(1— 78" )u(1 - Z8") My ST)P +4 Y [pye) 1tj”f\2}
1<g<m j=1
1<I<n

— a1 n— 2
- [det(I — ZZ )k — ||§\|%,}[det(1 — Sisi)l k " ’ n | det(I—ZS7 Yk— (& )|

—/ . 2
|| det(I — ZS' )k| (& tt)PH det(1,5i§’)k7Hﬂ”;

+ 7T

x {2k| det(I — z5" )|

1

_ . — 2 r U B
x| ¥ |det(1—zsi')tr[(l—zsi’)*llg,sf']ﬁ} +2[Z|pjg]’.’f 1t]-”’lz} }
j=1

1<g<m

1<I<n

n—2 |47
‘ | det(I-Z87 )~ (¢ t), |

det(I — 2Z")k —||&|13
= —/ .
|| det( — ZS7 k| — [1&]l,|1#]1,|

-2
det(I-S'S )k —||#]]?

X

=1

2

IN

1
. — r 1 2 —
{ZkC5| det(I — Z87 Y[k det(I — 5iS7 ) 1=K 4+ 2[ Y |p]-g]’?f ltj”f |2} det(I — slsl’)lfk}

= n—————
2[det(I — ZZ )k —||13] y ‘ N det(1—z5" Y — (2 8, |

[det(I — ZZ' )k — [|[[3] + [det(I — SST )k — [[¢[|2] :

X

{2kC5| det(I — 28" )|k~ det(I — S'ST )17k + c6}

+ 7T

= In ——2——
< 2[det(1 — 2Z)* — |¢|3] 8 ‘ N det(1—257 Y~ (@ b1y

o5k 2 1 +
det(I—ZZ )k —||&|13 " det(1-5157 ) ]2

In—2
| det(I—ZS" )k —(Z,t),|

2
det(1-SiST )k —|#]]3

+ 7T

<2 x (2kCs - 270 4 Cg) x

m—2z
| det(I-ZS" )k —(Z,t),|
-2

— )

det(I-SiS7 )< |3

+ 7T

§C7><

We now have two cases.

In T 2
det(I-SS )k7||i.”H’7

x (2kCs - 2m(1=k) 4 Ce)
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Case Ay. If | det(I — ZS7 )}k — (& #1),| < 2, then

In 2 ‘ 7 In 2 ,
| det(I—ZS" )k—(G 1), < | det(I—ZS" K[ —|(Z,t) |
2 = 2
det(I—-SiST )k i[> det(I—-SiST )k i[>
n —2 — +7
| det(1—ZS")k[—|¢||plI#]]
= 2
det(I-S'ST )k |12
In — > 4 —7 -
[det(I—=ZZ")k|—[|g ]I, ]+ [det(I-S'ST )k —[#]12],
< : (37)
det(I—-SiST Jk—||si|>
In——24———
det(I-SiST)k—||¢]|2
- lh—2——
det(I-SiST )k |2
<24 T
In——2——
det(I-SiST )k~
<G,
where Cg = 2 + Z5.
Case Ay. If | det(I — ZS" )k — (&, #1),| > 2, then
n j + 7T — k .
| det(I-ZS" k(g ti) | ~|In2—1In|det(I — ZS" )" — (Z,#)p|| + 7 (38)
In—2 In——2——
det(1-S57 )k —||#i[[> det(I—-SiST )k i[>

_ In|det(I - 28Uk — (& ), + 7
- In——2%
det(I—S7S" )k — |||
_ In(| det(1 — Z8"¥| + (&, £, 1) +
- In2 ’

Since Z?l =C= (cl-]-)mxm, cij = 2;21 ZigSig (i,j=1,---,m), we may write [ — C =
D= (dij)mxm with

n
1—(leig5]'g) 1=]
g=
dij = " (39)
— ) ZigSjg i#]j
§=1

Using (39), we have det(I — C) = Yirin jm (—1)T(f1j2"‘j"1)d1jld2j2 <+ dpj,, and

|det(I-C)| <m!(n+1)" =G

Hence,
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In j - + 7T k i k
| det(I-ZS" )k—(g 1), | In(G*+ [I¢llpll#llp) + © _ In(G*+1)+ 7

< < < Co.

Y S— In2 In2

det(I-SiST )k —||ti]|?

By using both cases A1 and A,, we have [det(] — ZZ') — ||§H;27] IVfi(Z,¢)| < QCyand
then | fi||gx < QC7, which means that ||f;|| 5~ is bounded, where Q = max{Cg, Co}. It
follows that {f;}i>1 € B*(GHE;) and

2

-1 5
—/ . 2} X
I—SiSt)k— e,

In — :
det(I — ZS" )k — (g, 1),

f(2,8)| = {lnd -

x det(I — S5 )1k
S {ln .E./ 202
det(I — SIS )k — ||#i|2

8

If | det(I — ZS¥ ) — (&, #),| < 2, then

-1
} x det(I — Sigi" )1k

2
+7T}.

2
| det(I — ZS7 )k — (&, ),

In

2
det(I — SiS7 )k — ||#i|2

-1
fi(Z,8)] < {1n } x det(I — §'57 )1k

5 2
X {ln —; : +7T}
| det(I = ZS )| = [{Z, )]

2
S {ln —/ -2
det(I — S'57 )k — 1]

’ 2
X {ln — . +7r}
| det(I = ZSH)| = [Iglp £l

-1
} « det(I — §'57 )1k

S {ln .i/ L2
det(I — SiS" )k — || ]|

-1
} x det(I — §'S7 )1k

4 2
X {ln — — —-+ 7'(}
[det(I — 2Z' )k — ||g][5] + [det(I — S'ST )k — ||£[|}]
2 -1 —
< {m = } x det(I — §'si )1k
det(I — Sist )k — ||#]3

2
4
X {1r1 = 3 +7r}
det(I — 2Z)* — ¢l

Since 0 < det(I — Sigl)l_k < 1, we take i — oo and obtain (S',#) — dGHE;. This

-1
implies det(I — SiSi,)k - ||ti||2 — 0, then { In——2% — 0. Let us now
p det(I1—8iST )k—||ti[|;

consider a compact subset E of GHE]. For (Z, &) € E, it is easy to see that det(I — ZZ/)" -
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2 has a positive lower bound. Thus, we have f; Z,6) = 0, i — oo on all compact
p P P
subsets of GHE. If | det(I — Z§/)k — (&, t),| > 2, then

2
det(I — SiST )k — |13

izl = {ln }_1 x det(I — S5 )1k

2
X {1n2 — In(|det(I — ZS" ¥ — (& £1),])| + n}

2
S {11'1 —/ )
det(I — S'ST )k — ||,

-1
} x det(I — §iSi" )17k

—y X 2
X {ln(det(I—ZSi )k + [(C, ') p]) + 7'(}

2
S {11’1 —/ 02
det(I — SiS7 )k — |||

x {In(G* +1) + n}2

-1
} « det(I — §'57 )1k

-1
From 0 < det(I — SiSi/)l’k < 1and {ln“} — 0asi — o0, one
det(I—-S'S7 ) ||#]|3

concludes that f;(Z,&) — 0, i — oo.
The above proof shows that f;(Z,§) =2 0, i — oo on all compact subsets of GHE;. By
Lemma 12, this implies that [[)Cyfi[| 4, — 0. Therefore, we conclude that

—1
—i 2
— sup [det(I-ZZ)F — [EPFI9(Z @){ln I }
9(Z,2)GHE; det(I — S'ST )k — ||#i|2
2 2 .
x |In — — | x det(I - sisi )tk
det(I — Z¢Sl )k — <§¢, fl>p

2 -1
det(I — SIS )k — |ti||§,}

> [det(I — Z'Z0 ) — &1, )F19(Z, é")!{ In

2
X {ln —; :
det(I — SiSt )k — ||t’|\%7

2
} x det(I — S5 )1k

2
—/ k_ 2 °
det(I - S'S" )k — 1|2

= [p(Z!,&)|[det(1 — 277 ) — ||§'][}]F det(1 — ') x In
O

Theorem 4. Assume thata > 1,8 > 0,0 < km <1, and that p; are some positive integers (j=
1,2,---,1). Let ¢ = (P11, P12 - - - Pmn+r) be a holomorphic self-map of GHE;, with € H(GHE;)
and (Zy,8p) = $(Z,8). If € Ag and

_ 77k _ ||z1218
. Iw(Z,C)Hdet(il ZZ ) g1l o, (40)
9(Z2)—0GHE:  [det(] — ZpZy )k — [|Ep13)2

then the weighted composition operator $Cy : B*(GHE;) — Ag(GHE;) is compact.
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Conversely, if the weighted composition operator pCy : B*(GHEy) — Ag(GHE;) is compact,
then ¢ € Ag and

L @ o)let —ZZ) — S
PEEICHE (det(l = ZyZy' )t &gl

(41)

Proof. Assume that (40) holds. We have

9(Z,¢)|[det(I — ZZ )k — |1&]13)F
sup — < o0
(z&)eGHE,  [det(I — ZpZy )k —|&pl|3]*

From Theorem 2, it follows that ¢Cy : B*(GHE;) — Ag(GHE;) is bounded. Let
{fx}x>1 be a bounded sequence in B*(GHEj) with f; that converges to 0 uniformly on
compact subsets of GHE. There exists My > 0, such that || fi||gr < My, k = 1,2,---.
By (40), for any & > 0, there is a constant § € (0,1), such that

9(Z,¢)|[det(I — ZZ')* — ||&]13)F
< &

— (42)
[det(I = ZyZy )k — |G 3]
for dist(¢(Z, ), 0GHE]) < 4. Using Lemma 11, we have
[det(I — ZZ')* — 25171 (¥Cp fi)(Z,0)]
= [det(I — ZZ))* ~ |21 19(Z, ) - (Cpfe) (Z,)]
= [det(I = ZZ)* ~ IZI51°19(Z Ol fu(#(Z,2))] )

[det(1 — 2Z')k — ||Z][2]F
[det(I — ZpZy )k — [|2p]3)2 2

< Clp(Z, 01 ficll
< CMpye.

On the other hand, if we set
E; :={(Z,¢) € GHE; : dist(¢(Z,¢),0GHE;) > ¢},

we have that E; is a compact subset of GHE]. For ¢ defined in (42), f; converges to 0
uniformly on any compact subset of GHE]. For ¢ € Ag, we have
[det(I — ZZ') = 1|21 (wCy fi) (Z,€)]
= [det(I — 2Z") = |EI51P[9(Z, &) - (Copfi) (Z,8)]
= [det(I — ZZ")* — |21 [9(Z, &) |l fi(¢(Z, €))]
< 1]l ape.

(44)

According to inequalities (43) and (44), we see that

[¢Cpfillay = sup [det(I—2ZZ')* = |IE2)P|(9Cpfi)(Z,8)] = 0, k— co.
(Z,&)eGHE;

Consequently, making use of Lemma 12, we have that ¢Cy : B*(GHE;) — Ag(GHE;)
is compact.
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Conversely, suppose that $Cy : B*(GHE;) — Ag(GHEj) is compact. Then, $:Cy :
B*(GHE;) — Ag(GHEj) is bounded. Let f = 1, we obtain

[det(I — ZZ')* ~ (11131 19(Z,&)| = [det(I — ZZ')* ~ ||gII}1P1(¥Cpf)(Z, )| < co.

This shows that ¢ € Ag. Consider now a sequence (S, t') = ¢(Z/,¢') in GHE; such
that ¢(Z, &) — dGHE] as i — co. If such a sequence does not exist, then condition (41)

obviously holds.
Moreover, let us introduce a sequence of test functions { f; };>1:

det(I — SIST Yk — ||| 2]k~ 1+a
P et et e
[det(I — ZS' )k — (¢, #1) ]2« 1

Differentiation gives

ofi (2e — 1)k - det(I — Z§/)k—1[det(1 - 5i§')k _ ||ti‘|§]%—l+a
g [det(I — ZS7 )k — (g, Y |2
x det(I — Z§/)tr[(1 _ Z§’)711gl§’]’
ofi (2a — 1)pj§;’j—l?jp; [det(I — 5i§’)k _ ”tiHiﬁ_lﬂ
% [det(I — ZS7 )k — (£, t) ]2 '

From (29) and Lemma 15, it follows that there exists a constant C1y > 0, such that

[det(I — 2Z')* — |21V £:(Z,©)]
(20— 1)[det(I — ZZ')* — ||]2]*[det(I — S5 )k — [[# AT o 1
= ez e X {k | det(I — ZS7 )|

1

— — — r —1—p. 2
x Y |det(l - Z8T yul(1 - Z57) Uy STI2 + Y |pie] 1t]-pf|2}
1<g<m j=1
1<i<n

(20 — 1)[det(I — ZZ')¥ — ||&]|2]%[det(I — STk — IIfin,]“
| det(I — ZS¥ )k — (&, #i) |22
X {k| det(I — Z57 )1 x [det(I — S'ST ) — ||| 7]+ !

1

i i i 2
x [ y |det(I—ZSi/)tr[(I—ZSi/)_llngi/HZ]
1<g<m
1<I<n

3 pi—l—1pj 2 : ek 211
+| Y lpig BT x [det(I - S'ST)E —[|#][,]%
=

< (2a—1)x {k -Cy| det(I — 287 )<V [det(I — S'ST )K]F 1 + cm}
< (20 —1) x {k-Cy|det(I— zS")[Fdet(I — 557 )1k 4 cw}

< (20(— 1) X {Cl -k-2’”(1*k) +C10}

< C//
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This shows that f; € B*(GHE;) ,i=1,2,--- and

[det(I — S7S7 )k — 11, 21k -1t
| det(I — ZSi ) — (g, t1> |21
[det(I — S'S7 )k — #1751+
"l det(I — ZS7 K| — |(g, H) |21
[det(I — ST )k — [|#]|3]F 1+
" det(I — 287 Y — (& #1221
22 det(I - S'ST )k — || ]”W
(det(I — ZZ')k — |&]12 + det(I — S'ST )k — |¢i[|3]22-1
3 22 det(I — 'S )k — ][] 1+
[det(I — 2Z')k — || ][22+~

fi(Z,8)] =

IN

Taking i — oo, we have (S, #/) — dGHEj. This implies that det(] Si§,)k ||if"||2 — 0.
If E is a compact subset of GHEj, for (Z, &) € E, we have that det(I — 77 )k — ||§,“H2 has a
positive lower bound. Thus, we have f;(Z,¢) = 0, i — oo on all compact subsets of GHE;.
According to Lemma 12, we have that ||¢Cy f; | Az — 0. Hence,

~ . det(1 — ST )k — 1] 2]+
0 [[9Cofillay = sup [det(I—ZZ)* —[Ig]31Pl¥(Z,¢)|
¢(Z,F)EGHE, | det(I — Z4,SZ ) (Gp, ) p |21
> [det(I— 277 ) — )P $(Z.E)

[det(I — Z},Z}, - 125120~

O

Corollary 2. Fora > 1, k=m=1,p; = --- = p, = 1, we are back to the case of the unit ball
B = {ze€C"": |z]* <1}, and $Cy : B*(B) — Ag(B) is compact if and only if € Ag and

e @I
o(a150 (T |9

when B = 0. Also, in this case, the result is analog to that obtained by Li and Stevi¢ in [11].
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