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Abstract: In this work, it is shown that the geometry of a gravity field generated by a spheroid
with low eccentricity can be described with the help of a newly modified Helmholtz equation. To
distinguish this equation from the modified Helmholtz equation, we refer to it as the G-modified
Helmholtz equation. The use of this new equation to study the spheroid’s gravity field is advanta-
geous in expressing the gravity vector as a vector series of spherical harmonics. The solution of the
G-modified Helmholtz equation involves both the gravity intensity g (or simply gravity ¢) and the
intensity E of an electrostatic field as shown in sequel. An electrostatic field generated by an oblate
spheroid charged with [ electrons (uniform ellipsoidal charge distribution) is demonstrated to be
a special case. Both gravity intensity ¢ and intensity E are governed by the same law and can be
expressed as a series of spherical harmonics, and thus the G-modified Helmholtz equation is useful
for describing the gravity and electrostatic fields.
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1. Introduction

Spheroids are widely used in many applications that involve gravity. For example, a
simplified model of the geoid in [1] (equipotential surface of the Earth’s gravity field, which
approximates the mean sea level and serves as a reference surface for heights) is a spheroid
with specific semimajor and semiminor axes. The spheroid has a significant advantage in
that it can be mathematically described far more easily than other closed surfaces.

The case of the geoid is referred to because the Earth’s gravity field is quite complicated
due to the irregular distribution of masses and their density. As a consequence, the gravity
vector’s magnitude and direction vary from point to point. Therefore, the shape of the
geoid is quite irregular. The geoid can be approximated globally or locally through the use
of a chosen spheroid.

The gravity potential, gravity vector, and gravity intensity g from [2,3] are used in
geophysics and geodesy. The gradient of the gravity potential is equal to the gravity vector,
and the magnitude of the gravity vector is gravity g. A finite series of spherical harmonics
can offer a representation of the gravity potential. The G-modified Helmholtz equation is a
partial differential equation that is directly related to gravity g. As shown in [4], it can be
represented as a series of spherical harmonics and there is no need to involve the gravity
potential to determine it.

Here, an “inverse problem” will be solved, i.e., if gravity g is known, then the first-
order partial derivatives of gravity potential are also known. This fact enables us to express
the gravity vector as a vector series of spherical harmonics. Furthermore, it has been
demonstrated that it is feasible to reconstruct the gradient of the gravity potential without
relying on the gravity potential itself.

Mathematics 2023, 11, 4362. https:/ /doi.org/10.3390/math11204362

https://www.mdpi.com/journal /mathematics


https://doi.org/10.3390/math11204362
https://doi.org/10.3390/math11204362
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://doi.org/10.3390/math11204362
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math11204362?type=check_update&version=1

Mathematics 2023, 11, 4362

20f12

The G-modified Helmholtz equation is also useful for studying electrostatic fields. It
will be shown that the electrostatic intensity E can be represented as a series of spherical
harmonics. This series is identical to that of gravity g. The determination of electrostatic
intensity E outside of an oblate spheroid can be accomplished by solving a boundary value
problem of a Dirichlet type, which is a typical example. It is mentioned in this study that a
MacLaurin spheroid is a flattened spheroid that occurs when a self-gravitating fluid object,
with a uniform density, rotates at a constant angular velocity around a fixed axis, passing
through its center of mass. The spheroid that is used for the determination of the gravity
vector and the electrostatic intensity E is a non-rotating spheroid, i.e., it is not a MacLaurin
spheroid.

The decision to select the surface of a spheroid from [5-7] is primarily based on the
widespread utilization of spherical and ellipsoidal forms in diverse electromagnetism-
related scenarios. In addition, some relative subjects in electromagnetics can also be
found in [8-10]. Oblate spheroids are advantageous in various applications, for instance,
electrostatic interactions between spheroidal dielectric particles in [11,12], and hybrid
explicit/implicit solvent biomolecular simulations.

When taking the traditional approach, to determine the gravity g or the intensity E, we
have to determine the first-order partial derivatives of the gravity potential, and then the
square root of the square sum of these derivatives. Unfortunately, this procedure requires
numerous manipulations, and the final form of the gravity g or intensity E is not related to
any form of expression that involves a series of eigenfunctions.

Therefore, the novelty of this work is the direct determination of the gravity vector
g and the electrostatic intensity E as a series of spherical harmonics. In such a way, it is
proven that the intensity E is also a solution of a partial differential equation, which is the
G-modified Helmholtz equation.

2. Alternative Expressions for the First-Order Partial Derivatives of the Gravity
Potential and the Geometry of a Spheroid’s Gravity Field

It is feasible to represent the gravity vector at a specific point Q outside the spheroid
by employing a vector series of spherical harmonics, bypassing the need for gravitational
potential. In addition, if point Q is in close proximity to the spheroid’s surface, then the
gravity vector is strongly related to the gravitational flattening of the spheroid. In [4], it was
proven that the intensity g of the external gravity field, generated by an oblate spheroid
containing mass m, was a solution to the following boundary value problem:

2
Vig—58=0 (1)

a(1 — €2)%¢, cos2 0’ + beyp sin? 0/
g|s(9/) _ g(el) _ ( - ) 8a b . (2)
\/sin2 0’ 4+ (1 —e2)” cos? 9’\/112(1 —€2) cos? 6/ + b2 sin? ¢

The determination of the intensity ¢ was independent of the gravity potential. Equation (1)
is the G-modified Helmholtz equation, and its classical solution is

I 1) 2
gro,A) =Y r ) Z A Py (sin ") cos mA + by Py (sin@') sinmA] — (3)
n=0

m=0
and

14+4/9+4n(n+1) N1
g(r, 0", 1 2 Y 2 (@ P (sin 0") cos mA + by Py (sin @) sinmA] — (4)

m=0
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In Equations (2)-(4), ¢’ is the spherical latitude measured from the z-axis, and in [13],

s(@.A) = (x(9,A),y(¢,A),2(9, 1))
=-——L1 __ (acos¢cosA acospsini,a(l—e?)sing) ®)
1—e2sin? ¢
is a parameterization of the spheroid S (a is the semimajor axis and e is the first eccentricity
of the spheroid S). The pair (¢, A) is referred to as spheroidal (or geodetic) latitude and
longitude, respectively. The solution is given by the following formula (which contains
only the Legendre polynomials) due to the symmetry of this gravity field:

No 14/9+an(n+1)
g(”/ 9/) = Z ﬂan 2 (6)
n=0
{ Py (sin®’) + €*(2n + 1) sin 0 [Py, (sin 0’ ) sin @' — Pyy,41(sin6’)] }

Let S? be the unit sphere. A parameterization of this sphere is

S:[—F ] x[0,21] 5= R (D,A) = 5(D,A) @)
55(P, A) = (cos P cos A, cos P sin A, sin D)

Let P be an arbitrary point on the surface of the spheroid. Since the spheroid is a
smooth oriented surface, the unit normal vector is defined at this point. The spheroid’s
Gauss map is shown in the following function:

Gum:S— S*:N(pp,Ap) = Gm(N(¢p, Ap)) = (®p, Ap) = (¢p, Ap) 8)

The image of the unit normal vector at point P is a pair (®p, Ap). This pair represents
the spherical coordinates of the unit normal vector. Now, let ¥ be a plumbline of the
spheroid’s gravity field that passes from point P. On the plumbline -y, we choose a point
Q that is not far away from point P. Let V be the gravity potential, V be the value of the
gravity potential on the spheroid’s surface, and Vg be the value of the gravity potential of
the equipotential surface passing through point Q.

The equipotential surfaces are smooth closed surfaces of revolution. Let

su(¢,A) = (x(9, 1), y(9, 1), 2(4, 1)) ©

be a parameterization of the equipotential surface that passes at point Q. The surface
coordinates of point Q are (pg, Ag). In addition, let ¢ be a line that is normal to the spheroid
S passing through point Q. If Q' is the intersection point between line € and the spheroid,
then we define a spheroidal height hg of point Q using the following quantity:

ho = d(Q,Q) = \/(xg — x0)* + (yo — vor)* + (20 — 20)? (10)

The triplet (pg, Ag, hg) is defined as the spheroidal (or geodetic) coordinates of point
Q. It was mentioned that the spheroidal coordinates of point P are the triplet (¢p, Ap, 0).
For the unit normal vector at point Q, we have that

Gm(Nu(pg, Aq)) = (Po, Ag) (11)

The pair (®g, Ag) differ from (¢g, Ag), but since points P and Q belong to the
plumbline 7, it holds that
q)Q = Pp + o (12)

Ag = Ap+ba (13)
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Figure 1 depicts point P, point Q, and the angle J¢, which represents the angular
difference between the tangent lines formed at these specific points. It is proven in [14] that
o =0 and the quantity ¢ is equal to

op = —%]/lQ sin2¢p (14)

where R is the radius of a sphere that has the same volume as the spheroid. Its value [15] is

equal to
R = Va2b (15)

where b is the semiminor axis of the spheroid.

meridian plane

plumbline "'

spheroid's meridian ¢ = pp
/o
ArY
/< 60
i
|

: tangent line at point Q

Figure 1. The angle ¢ between gravity vectors at point P and point Q.
The quantity f* is the gravitational flattening of the spheroid S, and it is given as

o= 8equator — &pole

16
&pole {16)

Therefore, the angle d¢ is related to the gravitational flattening f*. The gravity vectors
at points P and Q are tangents to the plumbline . The gravity vector at point P aligns with
the spheroid’s unit normal vector at the same point. Similarly, the gravity vector at point Q
aligns with the unit normal vector of the equipotential surface V = V5 at the same point.
The gravity vector at point Q is related to the angle d¢ and it is equal to

)|§¢(¢)p, )\p) Sin5q>]

- = | 1
89 = ‘gQ‘ [N(¢p, Ap) cosdg + )]

- (17)
=30 (N(P) cos dp + W%(P) sin §q>)
where s a(l—e?)
5p(P) = =—| = —————5(—sin¢cosA, —sin¢sinA,cos¢) (18)
9P lp (1—e2sin?¢)?

The expression presented in Equation (17) serves as an alternative expression of the
gradient of the gravity potential V. We will use this property to show that it is possible to
determine the partial derivatives of the gravity potential V for points close to the spheroid,
even if the function V is unknown. All quantities on the right-hand side of Equation (17)
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are known (gq is known from the solution of the G-modified Helmholtz equation). Point Q
is assumed to be situated on the spheroid’s first quadrant, without any loss of generality. It
is shown (see Appendix A) that the gravity vector at point Q can be expressed as

14++/9+4n(n+1)

No
g(”Q/ 622) = - ZO axrQ 2
n:

(19)
'{PZn (sin 9,) + 62 (21’1 + 1) sin QIQ [PZH(sin 9,) sin ' — P2n+1 (sin 9/)} }p(Cl, Co, C3)

Atcd+a=1 (20)

The value of these constants depends on the spheroidal coordinates of point Q and the
spheroid’s gravitational flattening. The gravity vector (gradient of the gravity potential)
is determined by Equation (19). This equation establishes the feasibility of reconstructing
the gradient of the gravity potential using solely the information of gravity on the surface
of the spheroid and its gravitational flattening. The gravity ¢ depends on the mass m of
the spheroid; hence, when two identical spheroids encompass dissimilar masses, the unit
vector in Equation (19) undergoes variation.

The function d¢ for points on the plumbline -y passing through a fixed point P on
the spheroid’s surface theoretically determines the coordinates of the direction vector,
represented as functions Cy, Cp, and C3 of 6 and r in the equations

gradv| (r,0') = gl (r,0") (C1,Ca, G3)|,, (1, 6') (21)

and
G|, (r,0) + Cal, % (r,0') + C3l,2(r,6") = 1 (22)

Therefore, along the plumbline, the gravity vector can be expressed as a vector series
of spherical harmonics, i.e.,

_ No 14/ rdn(nt1)
g(r )], =— 20a2n7’|7 2 )
n—=

r,0
-{PZn(sin ')+ e?(2n + 1) sin '[Py, (sin 0') sin 8’ — Py, 11 (sin 6’)] Hay (G, Ca, G|, (r,07)

3. The Gravity Vector on a Spherical Coordinate Basis

In the previous section, the gravity vector, which represents the gradient of the gravity
potential, was described using a Cartesian coordinate basis. In this section, we will express
the gravity vector using a spherical coordinate basis. The transformation between Cartesian
and spherical coordinates is

x =rcosf cos A

y=rcosf sinA (24)
z =rsin@’
Let
{E1/EZ/ E3}/ {él’/ E9//5/\} (25)

be the Cartesian basis and the orthonormal basis of the spherical coordinates, respectively.
The transformation matrix between the two bases is

£ [ cos® cosA  cos@'sinA  sinf' [e;
g | = |—sin®’ cosA —sin@’sinA cosf’ | |e (26)
€\ —sinA cos A 0 e3
Thus,
v _avex| L avay| | avee o
arlg dxor|lg dyadr|y 0zar|y
1% aV ox oV dy oV oz
0|, " axaw |, ayor|, T 9z a0, @)
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The above relations become (see Equations (A14)-(A16) and Ag =Ap)

vl cos Bb , 5 ,

A — cos(0' — dp) — e~ cos b’ cosé

or Q 8Q { \/sin2 9}+(1762)2 cos? 0}, [ ( q)) <P]P (29)

el
Ao [sin(0" — 0 ) — €% cos 6’ cos 3o p
\/sin2 9§)+(1732)2 cos? 0,

oV - sin 922 / 2 /

v = ot cos(0' — égp) — e~ cos 0’ cos d,

Wq g0 Q{ \/sin2 9’P+(1—62)2 cos? 6}, [ ( <1>) (D}P (30)

cos 6/ .
- ) [sin(6' — 6¢) — €2 cos 0’ cos do| p
\/sin2 0,+(1—e2)” cos? 0,

Hence, the gradient of the gravity potential V in the spherical coordinates in [16] is

equal to
gradVg = g(rq,0p) = 9V cos0'e, — 19V sin /gy
No 149t dn(nt1)
=— ) axyrQ 2
n=0 (31)

'{PZn(Sin 0') 4+ e*(2n + 1) sin G’Q [Py (sin®’) sin 6’ — Py, 41 (sin 6’)]}
9/
: [(;O:)\gﬁ + sin %03>€r + (cos 96C3)89/:|

The above represents the sought-after equation for the gradient of gravity potential,
which depends upon the gravity intensity g. Equation (31) offers a simpler form [17]
compared to alternative expressions that occur from the gradient of the gravity potential.

4. The Intensity of an Electrostatic Field Generated by an Oblate Spheroid

The G-modified Helmholtz equation proves valuable not just for examining the gravity
fields but also for investigating the electrostatic fields.

Let U be the electrostatic potential of a uniformly charged sphere with a radius of R.
The external electrostatic field of the sphere demonstrates equipotential surfaces, which
share the same spherical form as the spherical gravity field. The examination of the
electrostatic field’s equipotential surfaces can be conducted by following the methodology
outlined in Section 2 of [4]. This leads to the conclusion that the electrostatic intensity is a
solution of the G-modified Helmholtz equation:

V2E — %E =0 (32)
T

Hence, intensity E can also be expressed as a series of spherical harmonics:

T _14Orann+) I

E(r,0/, 1 Z r— 7Y [aumPum(sin6) cos mA + by P (sin @) sinmA] - (33)
m=0
too gy 9+4n PES R
E(r,0,A) =) r" Z A P (sin 0) cos mA + by Py (sin 0') sinmA]  (34)

n=0

The electrostatic field’s intensity E, derived from an ellipsoidal charge with [ electrons,
is determined by using an exterior boundary value problem. The confining surface is the
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spheroid S, and the mathematical representation of this problem is as follows (for some
information related to the boundary condition, see [5]):

VZE—-3E=0
Els = /10 - M2 E2EE 1y Live )
g is the permittivity of the vacuum and
M, = ! :3 ¢ (e — arctan e) (36)
m=4$% (37)

The letter “g” stands for the electron’s charge and M, is a form factor for the spheroid
(for further information, see [5]). By replacing ¢ with ¢’, the boundary condition becomes

al-py  [i : .
E|lc = —(1 = M,)” cos? ¢’ + M2 sin? ¢’ 38
5= Vi —eosrer V2 M) : 8)

Since the spheroid’s first eccentricity is close to zero, the form factor M, can be

written as 1
M= L¢ (39)
3
In addition,
1 1
- =1+ ~¢*cos?¥ 40
V1 —e2cos? 6 2 40)
Hence, the boundary condition becomes
a(1—e?)po e 13¢? 5
Elc = —22—-]1 -+ — 0 41
s 360 + 5 + g ) cos (41)
It is worth mentioning that for e = 0 (for example a = b = R) and I = 1, the intensity is
equal to
q
Elc = ——— 42
s = Treore )

The above relation describes the intensity of the electrostatic field on the surface of
a uniformly charged sphere with the radius R. Hence, the boundary value problem in
question for the intensity E is

VZE—-3E=0 )
1—62 2 43
E|s = a(l—eT)py 3:0)90 [1 + (% + %) cos? 6’}
Due to the symmetry of the electrostatic field in [4], the solution of the partial differen-
tial equation is

9-+4n(n+1)

+o0 1
E(r,0') =Y apr 5 [P, (sin @) + €* P}, (sin8') sin 6’ cos? 6] (44)
n=0

where the prime on the Legendre polynomials indicates the first derivative. On the surface
of the spheroid S, we have that

1++/9+4n(n+1)

2

2 +oo _1|™
7”(138 o {1 + (% + %) cos? 9’} = ngoazn [b(l —e%cos?f') 2 (45)

€0
[Py, (5in ") + €2 Py, /(sin 6') sin 6’ cos? 6]
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[ ali-e) 1362 ’ . ,
J TPO [1 + (% + Te) cos 6’} Py, (sin0)d(sin ') =
-1
| X a {b(l — ¢2 cos? 9/)2}
—1n=0

[Py, (sin6) + 2Py, /(sin 8') sin 6’ cos? 8] Py, (sin 8 )d (sin 6”)

To determine the coefficients ay, (up to a degree N) and the integrals of the above
relation, as well as the formation of the algebraic system (A + k?B)X = C),we refer to [4]. As
a result, the electrical intensity E outside the spheroid S is given by

14+4/9+4n(n+1)

12 _ —
E(r,0) = Oaan 2 (47)

{ Py (sin®’) + €2(2n + 1) sin 0’ [P, (sin0') sin @' — Py, 11 (sin6’)] }

M=z

The above formula is identical to that of gravity g (see Equation (6)). Equation (47) is
important [18] since it describes the intensity E in a simple and elegant way.

Forl=1,e=0(b=a),ap =q/4mey, and a, =0 (n =1, 2, ..., N), the intensity is equal
to that of a charged sphere with the radius a:

E(r,G’):ﬁ,rza (48)

5. Conclusions

The spheroid’s gravity field exhibits an intriguing geometry, and the G-modified
Helmholtz equation allows us to delve deeper into its intricacies. The magnitude of the
gravity vector, denoted as g, can be represented as a series of spherical harmonics. To
explore this further, we selected a point P on the spheroid and a point Q on the plumbline
passing through P. By leveraging the spheroid’s gravity field symmetry, we were able to
express the coordinates of the gravity vector at point Q using a basis comprising the unit
normal vector at point P and the tangent vector along the spheroid’s meridian at the same
point. Along the selected plumbline, it was demonstrated that the gravitational vector
can be represented as a vector series of spherical harmonics. Therefore, two equivalent
expressions exist for the gradient of the gravity potential: a vector series of spherical
harmonics derived from the Laplace equation, and a vector series of spherical harmonics
derived from the G-Helmholtz equation. The latter series depends on the gravity intensity
g, and for points near the surface of the spheroid is strongly related to the gravitational
flattening of the spheroid.

The series expansion of the gradient of gravity potential through the G-modified
Helmholtz equation highlights the potential to determine the gravity intensity g through
boundary value problems. Consequently, future research could involve exploring the
different types of boundary value problems associated with the gravity intensity ¢ and the
spheroid.

In the third section of the article, we showed that the electrostatic intensity E is also
a classical solution of the G-modified Helmholtz equation. As a special case, we studied
the intensity E outside of an oblate spheroid charged with / electrons. By solving a suitable
boundary value problem of a Dirichlet type, we obtained the expression for the intensity
E. Remarkably we discovered that the intensity E can also be expressed as a series of
spherical harmonics, mirroring the identical representation found for the gravity g. Hence,
in addition to the gravity ¢ (and the gravity vector), the electrostatic intensity E also gains
an efficient and noteworthy representation. In the future, for the electrostatic intensity E, it
is possible to explore similar boundary value problems to those associated with the gravity
intensity g. This line of study can provide an opportunity for further investigation into the
properties of the intensity E.
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Appendix A
The relations between spheroidal latitude ¢ and spherical latitude 6 [4] are as follows:

(1—e?)cos’

cos¢p = (A1)
\/sin2 0 + (1 — €2)? cos? 0/
sing = sin &' (A2)
\/sin2 6 + (1 — e2)* cos? 6/
Hence, Equation (18) can be a function of 0" and A. In addition,
5,(P) = 8875& = w(f sin A, cos A, 0) (A3)
P 1—e2sin? ¢
The unit normal vector at point P is
— Sp X S,
=227 _ (—cos¢cosA, —cos¢psinA, —sin¢) (A4)
[Sp x5
Equations (18), (A3) and (A4) become (see Equations (Al) and (A2))
§$(P) :2(52’1’:;2;2’252'2)13 a5
— dsin” +(1-¢") cos”6 lp (sin@’ cos A, sin@'sin A, — (1 — €?) cos 0')p (A5)
(1—e2sin6)p2
_ P acos 6} .
SA(P) = (S31/502:503)p = T (—sinAp,cos Ap,0) (A6)
/1 —e?sin” 6}
N (65, Ap) = (N}, N3, N3)p
= — 1 (1 —€?)cos® cos A, (1 —e*)cost sinA,sind’)p (A7)
\/sin2 0/ +(1—e2)* cos2 0/ P
and
5o 1

= — (sin@ cos A,sin@’sin A, —(1 —e®) cos@')p (AS)
\/sin2 0+ (1— e2)? cos? 05

Hence, Equation (17) becomes

* * *

g0 =280Q Ny cosdp + —— sm S, N3 cosdp + 2 sindgp, N3 cos o + —— 3 sin dgp (A9)

P

with
*
1—¢2 6’ cos d, in 6’ sin o

Ny cosdop + 23 sindp = — [(1 = ¢7) cos§'cos dg + 5in 6 sin Jo Cos Ap (A10)

’54;‘ \/sin2 0 + (1 — e2)? cos? ¢/ o
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552 [(1—¢€?) cos )’ cos 8¢ + sin 0’ sin dg)

N cos g + sindp = — sin Ap (A11)
‘545‘ \/sin2 0 + (1 — e2) cos? 0/ b
NE cos b0 + 4; sin do = _ [sin#’ cos ég — (1 — €?) cos 6’ sin 0] (A12)
‘5¢ \/sin2 0 + (1 — e2)? cos? 0/ b
From Equation (17), we have that
. 5%, .
gradVg = go (Nl cosdp + —— ¢ sin dg, Nj cos b + (P sin dg, N3 cosdp + —— (P 3 sin (Sq,) (A13)
P

The first-order partial derivatives of the gravity potential V in Cartesian coordinates
are given by the following relations:

1—¢2 0’ 1) in 6’ sin 6
?TV ~ 0 [(1—e%)cos b’ cosdg + sinb’ sindg)p cos Ap (A14)
Tl \/sin2 0p+ (1 — e2)? cos? 0p
1—¢2 0’ 0 in 0’ sin é
EE);/‘ _ [(1—e*)cos @ cosdg + sinb’ sindo) p sinAp (A15)
Yl \/sin2 0p+ (1— ¢2)? cos? 0p
. / _ 52 ! o3
aal ~ 0 [sin#’ cos ép — (1 — e*) cos 8’ sin o] p (A16)
ZlQ \/sin2 0p + (1 — e2)? cos? 05

It is possible to simplify the above expressions into

’ 2 ’
gl — 20 [cos(0" — dgp) — e cos 0’ cos dp) p cosAp (A17)
Yl \/sin2 0, + (1 — ¢2)? cos? 05
o 2 ’
?TV — 20 [cos(0' — dg) — e cos 0’ cos dp] p sinAp (A18)
Yl \/sin2 0, + (1 — 2)? cos? 65
oV sin(0/ — é¢) — e cos 0’ cos &
| = s [sin(V” — d) - ol (A19)
Q \/sin2 05 + (1 —e2)” cos? 0,

In the context of a spherical gravity field, the coordinates of the gravity vector can be
obtained using the above relations in the limited case (e = 0). Let

!/ 2 /
o = [cos(0" — dgp) — e cos 0’ cos dp) p cosAp (A20)

\/sin2 0p + (1 — ¢2)? cos? 0

9/ _ 2 9/
6 = [cos( dp) — e* cos 0’ cos dp) p sinAp (A21)

\/sin? 8 + (1 — ¢2)? cos? 8,

6= [sin(6' — dg) — €% cos 6’ cos dg| p (A22)

\/sin2 0, + (1 — €2)* cos? 0,

The constants ¢, ¢5, and c3 are the coordinates of a unit vector that defines the direction
of the gravity vector, i.e., gradV o, which is

gradVy = gq(c1, ¢, ¢3) (A23)
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or

_ No _ 14+4/9+an(n+1)
g(re,0p) = — ZOaanQ 7
n=

(A24)
~{P2n(sin 0') +e*(2n + 1) sin 0g[Pan(sin ') sin 6’ — Py, 1 (sin6')] }P(cl,cz, c3)
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