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Abstract: Vaccination strategies remain one of the most effective and feasible preventive measures
in combating infectious diseases, particularly during the COVID-19 pandemic. With the passage
of time, continuous long-term lockdowns became impractical, and the effectiveness of contact-
tracing procedures significantly declined as the number of cases increased. This paper presents a
mathematical assessment of the dynamics and prevention of COVID-19, taking into account the
constant and time-varying optimal COVID-19 vaccine with multiple doses. We attempt to develop a
mathematical model by incorporating compartments with individuals receiving primary, secondary,
and booster shots of the COVID-19 vaccine in a basic epidemic model. Initially, the model is rigorously
studied in terms of qualitative analysis. The stability analysis and mathematical results are presented
to demonstrate that the model is asymptotically stable both locally and globally at the COVID-19-free
equilibrium state. We also investigate the impact of multiple vaccinations on the COVID-19 model’s
results, revealing that the infection risk can be reduced by administrating the booster vaccine dose
to those individuals who already received their first vaccine doses. The existence of backward
bifurcation phenomena is studied. A sensitivity analysis is carried out to determine the most sensitive
parameter on the disease incidence. Furthermore, we developed a control model by introducing
time-varying controls to suggest the optimal strategy for disease minimization. These controls are
isolation, multiple vaccine efficacy, and reduction in the probability that different vaccine doses
do not develop antibodies against the original virus. The existence and numerical solution to the
COVID-19 control problem are presented. A detailed simulation is illustrated demonstrating the
population-level impact of the constant and time-varying optimal controls on disease eradication.
Using the novel concept of human awareness and several vaccination doses, the elimination of
COVID-19 infections could be significantly enhanced.

Keywords: COVID-19 pandemic; multiple vaccine doses; sensitivity analysis; time-varying optimal
controls; Pontryagin maximum principle

MSC: 93D05; 34A34; 49]15; 92B10

1. Introduction

The world’s economy, communities, and public health have been profoundly impacted
by the emergence of the novel coronavirus, SARS-CoV-2, which led to the COVID-19
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pandemic. The first case of infection with this virus appeared in December 2019 in Wuhan,
Hubei province of China [1]. This disease quickly spread outside of China only a few weeks
after it first appeared. Initial reports of the disease outside China came from Japan and
Thailand [2]. The COVID-19 pandemic has had a significant impact on society in different
aspects. From a global health perspective, the virus has led to millions of worldwide cases
of infection and loss of life. It has strained healthcare systems, particularly in regions
with limited resources and capacity. This global disease also has far-reaching impacts
on the economy, with disruptions in worldwide supply chains, business closures, and
job losses. Socially, COVID-19 has led to school closures, travel restrictions, and changes
in social behaviors, affecting individuals’ mental health and well-being [3]. Extensive
scientific investigation has been carried out to comprehend the dynamics and transmission
of the SARS-CoV-2 virus [4]. There are many different indications and symptoms that
COVID-19 might exhibit. On the other hand, some patients may remain symptom-free,
and some may experience mild and then severe disease symptoms. Fever, coughing, sore
throat, shortness of breath, feelings of exhaustion or low energy, muscle discomfort, and
body pains are among the main signs and symptoms of COVID-19 [5,6]. The presence
and intensity of symptoms can differ from person to person, and some people may not
experience any symptoms at all or only experience minor ones. Different countries employ
various techniques to stop the spread of infections, and the majority of countries adhere to
similar rules such as social distancing, isolation, and self-quarantine [7].

Vaccination remains one of the effective interventions against severe infectious dis-
eases [8-10]. The careful application of non-pharmaceutical therapies and vaccination
programs work together to reduce the spread of COVID-19 globally. To prevent the disease,
multiple dosages of vaccines are given. The majority of vaccinations are given to a person
as primary (first time), secondary (second time), and booster shots (third time). The first
course of vaccination doses administered to people who have never had any vaccination
doses before is referred to as primary vaccination. The subsequent dosage given after
the original immunization is referred to second-time vaccine and is also referred to as a
second dose. The third-time vaccine is an additional dosage administered to people who
have finished their first vaccine course to strengthen and prolong their immunological
response [7].

In order to investigate the complex dynamics of infectious disease, different method-
ologies have been developed. The implementation of mathematical models is a valuable
tool that has been utilized successfully to present different aspects of infectious diseases.
Usually, these models include classical (ordinary and partial) derivatives [11-13], stochastic
derivatives [14,15] and fractional derivatives [16,17]. In particular, to better explore the
dynamic aspects of COVID-19, several epidemic models have been developed [18-20].
The impact of face mask use by the general public to curtail the COVID-19 pandemic was
studied in [21]. Augusto et al. studied the changing behavior of the COVID-19 model [22].
The global impact of the first year of COVID-19 vaccination programs was studied in [23].
The impact of vaccination on two variants of COVID-19, alpha and delta, was studied
in [24]. Ngonghala et al. [25] considered the omicron and delta variants of COVID-19
in the presence of multiple vaccinations. Their study revealed that treatment leads to a
reduction in hospitalization rates, and the potential for COVID-19 elimination is increased
when investments in control resources are directed toward promoting mask usage and
vaccine intervention. In [26], the authors analyzed the mitigation of the pandemic via
double-dose vaccination using an epidemic modeling approach. The outcomes of their
study indicated that primary and secondary vaccination alone is not adequate for infection
reduction, and thus it is essential to provide the booster shot (third time) of the vaccine for a
better eradication of the infection. Recently, a similar fractional and fractal-fractional study
with an exponential-type kernel analyzing the dynamics of COVID-19 under vaccination
was presented in [27].

In this paper, we develop a mathematical model based on the SEVIHR type of compart-
mental model and incorporate three vaccine compartments for the first, second, and booster
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shots of COVID-19 vaccines. This study stands out from previous literature by considering
multiple vaccination compartments in relation to the rates of antibody production against
the original virus. We also used the assumption that vaccinated individuals might become
infected with the virus if the antibodies have not been developed even after vaccinating to
account for breakthrough infections. This enabled us to illustrate the reproductive number
causing a significant widespread issue of the disease. The outcomes of these simulations
aid those who are skeptical of vaccination in making thoughtful decisions. The section-wise
description of the present work is as follows: The formulation of the COVID-19 model is
presented in Section 2. Section 3 covers the basic qualitative properties and results of the
proposed model. Section 4 presents the role of basic reproduction numbers, vaccination
coverage, and bifurcation analysis. A simulation of the proposed model with constant
control measures is given in Section 5. The sensitivity analysis is performed in Section 6.
The formulation of the optimal control problem is given in Section 6. A simulation of the
optimal control problem estimating the optimal solution is presented in Section 8. Finally,
Section 9 presents the conclusion.

2. Modeling the Dynamics of COVID-19 with Multiple Vaccine Doses

We divide the total population into the following compartments: 1. susceptible
individuals S; 2. exposed individuals E; 3. individuals with first-time vaccination Vj;
4. individuals with second-time vaccination V5; 5. individuals with booster shots Vj;
6. infected individuals I; 7. hospitalized individuals I; and 8. R represents the recovered
individuals. Therefore, the entire population can be expressed as

N(t) = S(t) + E(t) + Vi (t) + Va(t) + Va(t) + I(t) + Ig(t) + R(¢).

The group of susceptible people is generated as a result of the birth rate 6, which reduces
due to the transmission to the vaccinated class V; upon receiving the first vaccine dose at
a rate ¢. Further, this class experiences a decrease after becoming infected at the contact
rate a. All population groups experience natural mortality at a rate of . Thus, we obtain
the following differential equation.

S'(ty=6- ‘%s — (G +wS,

Individuals in the exposed class are generated as a result of effective contacts between
individuals in the infectious class I with those in classes S, V3, V5, and V3 at the contact
rates a. The symbols 1, 45, and J3 are the respective probabilities that vaccine recipients
in the V3, V; and V3 groups do not develop antibodies to the original viruses after 28 days
of inoculation. Therefore, the individuals susceptible to the original viruses considered in
the model are S, 61 V1, 6,2 and 63V3. The transmission rate of the exposed individuals to the
infectious class is denoted by ¢ and as a result, we derive the following equation for this class:

/ wlS 0((511 V1 0(521 V2 06531 V3
E(t)=<N+ N TN TN — (e +u)E,

Individuals in the susceptible class move to the class of first-time vaccinated individuals
after receiving the initial vaccination at a rate of {;. Subsequently, the individuals in this
group reduce due to the contact rate & with infectious individuals and the administration of
the second dose at the rate {,. We obtain the following mathematical form for the dynamics
of the first-time vaccinated class.

0((51 I V1
N

Vi(t) =415 - — (L + 1)V,

The population of second-time-vaccinated individuals is initially formed by administering a
second dose to individuals in V] class at a rate (. This group experiences a decrease due to the
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contact rate « with infectious individuals and the administration of booster shots at the rate 3.
We obtain the following equation for the dynamics of the second-dose-vaccinated class.

06(521 V2

Va(t) = 0V - =5

— (B3 +u)Va.

The class of third-time-vaccinated individuals is initiated through by administrating the
booster shot to individuals in the V, class at a rate of {3. This population experiences a
decrease due to several factors, such as the contact rate « with infected people and the
natural mortality rate y. Thus, we obtain the following differential equation.

0653[ V3
N

Vi(t) = Vo — — 1 Vs

The exposed individuals become infected and move to I class at the rate o. The population in
this class declined because of the hospitalization at a rate 77, and the COVID-19 and natural
deaths at rates denoted by y and y, respectively. Thus, we derive the following expression.

!

I(t)=0cE-(n+v+unl

The fraction 0 < b < 1 of the 7] moves to R because of their natural immunity, while the
remaining (1 — b) are hospitalized. The individuals in the Iy class convalesce after proper
treatment and join the recovered class at the recovery rate d. Thus, we obtain the following
equations for the dynamics of hospitalized and recovered individuals.

Iy(t) = n(1 = b) — (d+ 7+ p)In,

R'(t) = bl +dIy — uR.

In the result of the above discussion, the compartmental model for COVID-19 transmission
is summarized as follows:

!

S(t)=0-FS—(C1+p)s,

!

E'(H) = (4 + 250 + 452 + 9¢) — (0 + )E,

Vi(t) =S — N (7 )W,

Vy(t) = Vi — 552 — (G + )Va, o

Vy(t) = g3Va — “53% —uVs,

!

I(t)=cE—(y+n+ul,

!

Iy(t) =n(1—=b)I— (u+7+d)lu,
R'(t) = ybl +dly — pR.

subject to non-negative initial conditions, S(0) = So, E(0) = Eo, V1(0) = V4, V»2(0) = V3,
V3(0) = V3,1(0) = Ip, In(0) = In,, R(0) = Ro. Let

(tXS + 0(51 V1 + 0(52V2 + 0((53V3)
N 7

A:

and
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m=G+n), g2=+u), 3= ~Q+u), qa=G+u), a5=0+r+n), g6 = (d+v+n).
Then, (1) becomes
S'(t)y=0- dS—ms,
E'(t) = Al — gE,
Vi(t) = 1S - %W —q3V1,
Vz/(t) =0V — %Vz —q4Va,
/ 5 )
Va(t) = 33Va — 2l vs — v,
I'(t) = 0E —g51,
Iy(t) = n(1—b)I — geIn,
R'(t) = ybl +dly — pR.

The transmission between various compartments are shown in the Figure 1.

I
o

Figure 1. Flow-Chart of the COVID-19 model with vaccinations (2).

3. Qualitative Analysis of the Model

This section presents necessary mathematical aspects of the proposed COVID-19
transmission model having multiple vaccine compartments. We proceed as follows:
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3.1. Positivity and Boundedness
3.1.1. Positivity

Theorem 1. Given So > 0,Eg > 0,V;, > 0,Vo, > 0,V3, > 0,1y > 0,1y, > O0,Rp > 0.
Then, the solution (S(t), E(t), Vi(t), Va(t), V5(t), I(t), Iy (t), R(t)) of model (2) are positive for
all t > 0.

Proof. First equation of the model (2) gives

®)

The integrating factor is given by exp ( a(s)ds + q1 t) , multiplying the inequality (3) by

o .

the integrating factor, we obtain,

t
S,(t)exp(/ﬁc(s)ds +q1t) > 0. 4)
0

The solution of (4) implies

t
S'(t) > Soexp (— / s)ds + q1t)) > 0.
0

In similar pattern, it can be shownthat E > 0,V; >0,V, >0,V3>0,1 >0,Iy >0,R >0
in the model (2). This implies that (S(t), E(t), V1(t), Va(t), Va(t), I(t), I (t), R(t)) are all
non-negative for non-negative initial conditions. O

3.1.2. Boundedness

Theorem 2. The solution (S(t), E(t), Vi(t), Va(t), V3(t), I(t), Iy(t), R(t)) of the model (2) are
bounded.

Proof. Adding all the equations of the proposed model (2), we have
N'(t) =0 — uN — (I + Iy),
| ©)
N (t) <0 —uN.
Solving the inequality in (5), we have the following steps.

[ detN(t) < [ 6etdt,

eMN(t) < fet 4 C,

N(t) < e*ﬂf@e#f + C).
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~¢ 0 0 0 0 — 0 0 ]
B ap | apdily | aponlily | adzl10al;
0 72 0 0 0 Zrt+Te Tt T2 a0 0
1
1 0 —g3 0 —% o 0
0 0 (o —q4 O _“512352 0 0
B _ a0l
0 0 0 & —p nasis 0 0
0 ¢ 0 0 0 —g5 0 0
0 0 0 0 0 (1-"b)y —q6 0
0 0 0 0 0 by d —u |

Using the initial condition N(t) = N(0), at t = 0 implies that

N(t) < et (e + (N(O) - £)),

_ 0 _
< e MN(0) + ﬁ(l —e M),
i <8
= tilg N(t) < m
Hence, N(t) is bounded by %, and by using the comparison theorem [28], we deduce that
N(t) < %, if N(0) < %. Therefore, % remains the upper bound of the region
a — [ SOE@®),VAt), Va(t), Va(t), I(t), In (), R(1))
1S(8) + E(t) + Vi(t) + Va(t) + Va(t) + 1(t) + Iu(t) + R(¢) <
gion Q) is also positively invariant [29]. O

). Thus, the re-

=

3.2. Equilibria and the Threshold Parameter of the Model

The COVID-19 compartmental model (2) exhibits two equilibria, namely, the COVID-free
equilibrium (CFE), denoted as P°. This equilibrium can be given by the following expressions:

PO = (8B Vi, V3, V3, 10 1, R ) = (9,0, %1 Sl 9952@3,0,0,0).
1 143 919394 19192493

Taking the next generation approach into account [30], the threshold number Ry is formu-
lated as follows:

_ao
0 7295N°

(50 + 5,V 4 5,V + 53V3°).

3.3. Local Stability at COVID-Free Equilibrium Point

Theorem 3. The CFE point of the proposed model (2) is locally asymptotically stable (LAS) if
Ro < 1 and unstable when Ry > 1.

Proof. To establish the desired outcome, we need to demonstrate that the Jacobian of the
linearized system at the CFE has negative eigenvalues. The matrix J(PY) can be evaluated as

The eigenvalues of J(P°) are —u, —#, 41,93, 44,96, and the roots of the 2nd degree equation
coA? + c1A + ¢, = 0. Here, the coefficients are defined in terms of the basic reproduction
number R as

=1,
€1 =q2+4qs,
Cr = Q2q5(1 — Ro).
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Since, cg,c1 > 0and ¢y > 0if Ry < 1. Therefore, the well-known Ruth-Hurwitz criteria
demonstrate that the system (2) is LAS. [

3.4. Global Asymptotic Stability of (GAS) for Special Case

The GAS of the model at CFE point is provided for a special case. Consider the special
case of the model (2) with v = §; = d, = J3 = 0. The assumption regarding the subsequent
parameters is made to facilitate mathematical analysis. The feasible region for the special
case of the model (2) is constructed as

Q. = {(SE Vi, Vo, V5, LI, R) €RL : S <8O,V < VD, Vo < VA, v < 1A

It can be shown that () is a positive invariant set and attracts the solution of system (2)
with respect to the special case. Moreover, the basic reproductive number of the reduced
model is as follows:

acS?

= W, where g5 =1+ 1,95 = p+d.
5

RO = R0|’y:51:52:53:0

Theorem 4. The CFE of the special case of the model (2) with y = 61 = 0y = 63 = 015 GASin (),
whenever, Ry < 1.

Proof.
5—50)?
L(t) = Al% + AyE + Asl,
/ — 0 ! ! !
Ay Gl W -

S0

L' = A (Sgoso) (— (“WI) (S—5%) — g (S—5S°) — “WISO) + Az(% — qu) + As(0E — g31)

5-s0)?
< _Al%l +A2<txl% — qQE) +A3(0E - q;I)'
5-50)?
— ™ - )1 4 (0As — goAr)E+ (w%Az - qEAB)L
w(5—50)’

0
S Vet I+(aAg,—quz)E+q§A3(q;‘j‘q%A2—l)I,

L'< —(5=59’1+qy(Ro—1)E,

where,
0 A
m=" =" a1
4 6]2
Thus, L'(t) < 0if Ry < 1 furtherL'(t) = 0if E = I = Iy = 0. So, the number of
infected individuals becomes zero as t — co. Using E = I = Iy = 0 in the above model,
LA 9 LISTS 0616283 i
we have § — rh’vl — rMs’VZ — q1q3q4,V3 = i and R — 0 ast — oo. Thus, using
Lyapunov stability theorem, every solution of the given model with non-negative initial

condition approaches to P° as t — oo in Q). Thus, it follows that the system (2) is GAS. [J
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4. Interpretation of Vaccination Coverages Based on R

We provide the critical rate of vaccine coverage that could lead to eradication of the
infection, denoted as Ro({1, {2, (3) = Ry,. In a scenario with no vaccine, i.e.,, when
1 =0, {» =0,and {3 = 0, then R is reduced to

xo

Ro, = Rp(0,0,0) = —. 6
0 o ) Py (6)

After some rearrangement R (1) and with {, = {3 = 0 can be written as

_ a0 (Cadr +p)

Ro(er) = 02q5(C1 +n)

Thus,

. oxo
Ro(oo) lim Ro(gl) = %51 = Roeél.

N gl —00
The partial derivative with respect to ; leads to the following form:

oR Ro,u(l—10
0o_ og}i(2 o
o1 q1
Therefore, Ro,01 < Ro({1) < Ro,, and hence, Ry, < 1 implies Ro(1) < 1. Further, if
Ro, > 1, it is important to note that

1

Ro(oo)<1<:>7€051<1<:>§1>5i*:72—.
0,

This interpretation suggests that when the value of 4; is low, and if the effective reproductive
number Rp, > 1, the disease might not spread extensively provided that the first-dose
vaccination coverage is substantial. Similarly, if {1, {2 # 0,

Ro, (1% + 6121 + (p + 6201)02)
(G1+u) (G2 +p) '

Ro(C1,02) =

After some rearrangement, we have

)+ Ro, (1 + 52@1)@2.

1
R , = —R ,0
0(1,2) " 0o(C1 P

Thus,

Ro(dy,e9) = lim Ro(C1,%2) = W

The partial differentiation with respect to 5 yields

IMRo _ _Ro(01=0)ipt _
S .
902 91929595

Therefore, W < Ro(C1,02) < Ryo,, and hence Ry, < 1 implies Ro(1,32) < 1.
Further if Ry, > 1, it is important to note that

M<1@52>§;:q—1—ﬁ

R ,0)<1& .
0(C1,00) Py Ro, G
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Ro(C1, 02,

o) <1&

The above interpretation implies that when the value of §; is minimal and if the effective
reproductive number Ry, > 1, there is a possibility of infection elimination if the second
vaccination coverage is substantial.

Finally, in a scenario if not only first and second vaccine doses are administrated, but
additionally, a booster short is provided, i.e., when {1, {2, {3 # 0 then,

HRMChQJU%_Rmﬁﬂ+ﬁwﬁi+(ﬂ+5ﬁﬂéﬁ@‘

R 7 7 =
0(1,02,3) 0 Py

Thus,

Ro, (4% + uo181 + (n + 8381)22)
9193 '

Ro(C1,G2,00) = gliinooRo(élrézf 03) =

Taking partial derivative with respect to {3 yields

IRy aopu(s — 53)51@2

903 11929393495

Therefore,

Ro (12 +H§]€1;3(y+53€])€2> < Ro(¢1,02,03) < Rg,, and hence Ry, < 1 implies

Ro(C1,82,03) < 1. Further, if Ry, > 1 it is important to note that

Ro, (% + pé101 + (1 + 6301)02) «_ N3 MV+%Q+Q)
<1e6;> 06 = -
7193 Ro.01 01

This implies that when J3 is minimal and the effective reproductive number R, > 1, the

disease has the potential to be eliminated through the administration of a booster shot to a
person who had already received the initial dose.

Backward Bifurcation Analysis

In this subsection, we discuss the existence of backward bifurcation of the system (2).
To analyze this, we follow the center manifold theory. If we take « as bifurcation parameter
then at Ry = 1 we have,

£ _ 192939495 .
o(uqaqa + C1(ngady + (o (uéa + 0343)))

The variables in the system (2) are subjected to the following variations so that 5 = xy,
E=x,V] =x3,Vo = x4, V3 = x5,1 = x4, Iy = x7, and R = xg. Further, using the vector
notation x = (x1, X2, X3, X4, X5, X6, X7, x3)!". COVID-19 (2) can be written equivalently as
4 — f,where f = (f1, f2, f5, fu, f5, fo, f2, fs)"" as shown below:
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x/l(t) =0 — 5fx1 —qix1,

/ ax a1 X, adpX ad3X
xZ(t):(W()xl'f' X3+ SRexg + §]6x5)—q2x2,

' 5
X5 (1) = C1x1 — 2Fex3 — qax3,

' 5
x4 () = Qoxg — %0 x4 — qaxy,

xs5(t) = {axg — “513\,x6 X5 — PXs,
x’6(t) = 0Xy — g5X¢,

x,(t) = (1= b)x6 — 46x7,
xg(t) = ybxg + dx7 — ixs,

where N = Z§:1 X;.
The Jacobian matrix evaluated at CFE point P? with a* is

- " -

’XV

¢4 0 0 0 0 0 0
. ar M a'ph ;| o« H‘széléz a*03010203
0 2 0 0 0 T T KET + oas 0 0
G 0 —g3 0 o 0 0
_ _ & Wzéléz
]<P0> -/ 0 0 O q4 0 FIT o o |
« 2

0 0 0 s —n - q?q;m ) 0 0

0O ¢ 0 0 0 —gs 0 0

O 0 0 0 0 n(1—b) —g5 0

| 0 0 0 0 0 by d —y |

The Jacobian matrix has a simple eigenvalue calculated at a*. The right and left eigenvectors
are denoted by W = (wy, wa, w3, wg, ws, we, wy, ws) and V = (v1, v, 03,04, U5, Vg, U7, V8),
respectively, where

W = H92939495We — 95We
L= 7 01 (k39431 (00194 + 02 (002 10303))) o’
wWa — — ( 19295918194 + 19245819344 )
3 0q3(193q4+C1 (40194 +C2 (p2+0383)))  0q1q3(1q3qa+G1 (1o194+02(no2+0383))) )7
Wy = — 19295063182 (919194 +q2 (1+6291+83))
019394 (#2qa+1610194+ 0o (p(p+6201) +(1+8381)83)) 7
ws = — 9295W6L18283 (101919443 (10291 + (1 +0391)q4))
10q1q394 (#2q4+1018194+C2 (H(u+6281) +(140381)G3))
we > 0, wy = 100 4, (dytbytbyp) ,,

7% Hde We,
and,

Q2

01 =0,00>0,03 =04 =05 =0, vg = ,o7 =vg = 0.
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a=

—20* pu vy we
09193494

oo

Furthermore, bifurcation coefficients 4, and b of the proposed model (2) evaluated at
(PO, a*) are calculated as

So we have

Crwy + p(wy + w3 + wy + ws + we + w7 4 wg) — g1 (w3dy + wady + Ws03) ))
<0,
+(ZU1 + wy + w3 + wy + ws + we + wy + ws)él(yqajl + §2(;4(52 + €3(53))

b — ©2We(1a394+C1(#asb1+E2(o210383))) - (.

4149344

The presence of the backward bifurcation in the system depends on the sign of b, as
indicated in [31]. Specifically, if 2 > 0 and b > 0, the system will experience a backward
bifurcation. In the context of backward bifurcation, the endemic equilibrium and the CFE
coexist with one being stable and the other being unstable when Ry < 1. For the COVID-
19 model (2), the biological significance of backward bifurcation lies in the fact that the
condition R < 1 is essential, but not solely adequate for mitigating the infection from the
community. The outcome depends on the initial population size.

5. Estimating the Time Series Solution

This section focuses on the numerical simulation of the epidemic model (2) to analyze
the dynamics of various state variables for Rg > 1 and R < 1. The model without optimal
controls is numerically solved using the well-known Runge—Kutta iterative scheme of
fourth order. Simulation is conducted in Matlab version R2022b for the 0-700 days. Initially,
the model is simulated with the parameter values given in Table 1 such that Ry < 1, and
the resulting plots are depicted in Figures 2 and 3. The figures show that the population
curves converge to the COVID-19-free equilibrium state. Similarly, in Figures 4 and 5, a few
values of the model’s parameters provided in Table 1 are changed in a way that Ry > 1.
These graphical interpretations show that the solution trajectories converge to an endemic
state. Moreover, we analyzed the dynamics of the model with different initial values of
state variables for Ry > 1 and Ry < 1 as shown in the Figures 6 and 7, respectively.

Table 1. Description with numerical values of the model’s parameters.

Parameter Meaning Value Reference

0 humans’ recruitment rate 7,828,143 [32]

U natural death rate 0.011380 [32]

0 rate of first COVID vaccine dose 0.710 [32]

s rate of second COVID vaccine dose 0.650 Assumed

(3 rate of booster shot 0.290 [32]

) possibility that after 28 days of vaccinations, those who received the first  4.7% [33]
vaccine dose has not produced immunity to the original virus

O possibility that after 28 days of vaccinations, those who received the 2nd  0.2% [33]
vaccine dose has not produced immunity to the original virus

03 possibility that after 28 days of vaccinations, those who received the 0.1% [33]
booster shot has not produced immunity to the original virus

o transmission rate of exposed to infectious class 1/5.2 [26]

b recovery rate of infectious people 0.76210 [26]

n flow rate of infectious individuals 0.0720 [32]

« effective contacts rate 0.750 Assumed

0% mortality rate due to infection 0.000010 Assumed

d recovery rate of hospitalization individuals 0.01070 Assumed
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Figure 2. Graphical results of the proposed model for exposed, infected, hospitalized and recovered
compartments when Ry < 1.
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Figure 3. Simulation of the proposed model for susceptible and vaccinated compartments using
Ry < 1.
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Figure 4. Simulation of the proposed model for individuals with booster short, exposed, infected,
hospitalized and recovered compartments when g > 1.
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Figure 5. Simulation of the proposed model for susceptible and primary and secondary vaccinated
compartments when Ry > 1.
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Figure 6. Simulation of the proposed COVID-19 model with different initial values of the state

variables and Ry > 1, where (a) susceptible, (b) exposed, (c) recovered, (d) hospitalized, (e) infected,
(f) shows the individuals with booster short. The curves with different colors show the dynamics by
choosing different values of the corresponding state variables.
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In the next section, the application of optimal control theory for the mitigation of
pandemic is carried out. Before establishing effective optimal controls, we perform the
sensitivity analysis to investigate the most influential factors on the transmission of disease.
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Figure 7. Dynamics of the COVID-19 model with different initial values of the state variables and
Ro < 1, where (a) secondary vaccinated, (b) individuals with booster short, (c) exposed, (d) infected,
(e) hospitalized, (f) R]recovered individuals. The curves with different colors show the dynamics by
choosing different values of the corresponding state variables.

6. Sensitivity Analysis

Sensitivity theory is a powerful tool that provides insights into the model’s behavior
and helps in better understanding the influence of the variations in the input parameters
on the respective output of the model. This technique is used in various fields, including
economics, engineering, and biological sciences, to assess the potential factors of the
problem under consideration. The analysis examines how small changes in the input
values of the model affect the corresponding output. In the epidemiological modeling
approach, sensitivity analysis provides valuable insights into identifying the parameters
that play a substantial role in influencing disease transmission and control. In this study,
we specifically performed sensitivity analysis of some crucial parameters. We employ the
well-known normalized parametric scheme based on the forward sensitivity index of the
model’s parameters, as described by Chitnis et al. [34]. A positive (or negative) index
illustrates that the parameter has a direct (or inverse) effect on Ry.
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Definition 1. The normalized sensitivity index, which is used to quantify the relative change in
Ry concerning changes in model’s various parameters, is defined as

X Ry

Yy= —— x =20
* T Ro| * Tox

@)
Applying Equation (7), the Table 2 shows the normalized sensitivity index assessing the pro-
portional change of R with respect to the model parameters. The parameters «, 0, i, §1, 52,
and d3 directly effect Ry. This shows that the value of Ry will grow with an increase in the
parameters above (or decrease respectively). The parameters <y, %, {1, {2, (3 have an inverse
relationship with Rg. The graphical representation of sensitivity indices are depicted in the
plot (Figure 8).

Table 2. Sensitivity index of the selected model’s parameters.

Parameter Index

Y, 1

Y, 0.0558698

Yy 0.73501

Ys, 0.0452883
Y5, 0.0041564
Ys, 0.0529594

Y, —0.000119918
Yy —0.863413
Yz, —0.881821
Yz, —0.0435263
Yz, —0.00199973

Sensitivity indices

@ o I 0 1 62 (53 5 n G [ C. 3
Parameters

Figure 8. Bar graph of sensitivity indices of the COVID-19 model.

The significant insights gained from the sensitivity analysis can be helpful in various
applications such as

¢ Identifying potential parameters: This helps identify the input parameter(s) that play
a substantial role in influencing disease dynamics.

*  This helps understand how uncertainties in input parameters can propagate to uncer-
tainties in the model’s predictions.

*  Optimization: In optimization problems, the sensitivity indices of model parameters
can guide the setting of appropriate optimal interventions.
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*  Decision-making: Understanding the sensitivity of the model to various inputs can
assist decision-makers in making informed choices.

7. Optimal Control Analysis of COVID-19 Model

In this section, we introduce an optimal control strategy for the model (2). The aim of optimal
control is to minimize the COVID-19 disease by providing the following control strategies.

®  uy(t) : The first control is used to reduce the number of effective contacts between
infected and susceptible individuals.

*  uy(t) : The second control is used to enhance the first vaccine dose efficacy.

*  u3(t) : The third control is used to reduce the possibility that after 28 days of vacci-
nation, those who received the first dose do not develop immunity to the original
virus.

*  uy(t) : This control is used to reduce the possibility that after 28 days of vaccination,
those who received the second dose do not develop immunity to the original virus.

*  us(t) : The fifth control is used to reduce the possibility that after 28 days of vaccination,
those who received the third dose do not develop immunity to the original virus.

®  ug(t) : The sixth control is used to enhance the second-time vaccination rate.

®  uy(t) : This control is used to enhance the third-time vaccination rate.

By employing the controls mentioned above, this section formulates an optimal con-
trol problem that elucidates how time-dependent control strategies contribute to disease
eradication. The control model is established in (8). Based on the sensitivity index, the
desired controls are selected. Hence, the resulting control model is structured as follows:

S'(t) =0—%S(1—ui(t)) — (ua(t) + p)S,

E'(t) = (S0 — () + A1 - us(1) + B2 (1 = ua(1) + 52 (1 us(1)) ) = (0 + )E,

V(1) = ua(£)S — UV (1 — uz (1)) — (ue(t) + p)Va,
Vy(t) = ug(t)Vy — “B2 (1 — uy(t)) — (uz(t) + p)Va, o

!/

Va(t) = uz () Va — 572 (1 —us(t)) — u V3,

/

I'(t)y=cE—(n+u+7)L

/

H(t)=n1-0)I—-(y+u+dln,

R (t) =nbl +dlg — uR.

with the same initial conditions given in (2). The respective objective functional is described as

T 2 2 2
( A1E + AVi + A3V + Ay V3 + % + Af’z% + A72u3 )dt

©)

](ull Up, Uz, Uq, Us, Ue, M7) - /
0

where, Ay, Ay, A3, Ay are the balancing constants associated with the suggested variables
of the objective function, As, Ag, A7, Ag are the the cost factors while T represents the final
time. We used the quadratic objective functional due to the non-linearity of the intervention
considered for the mitigation of the pandemic. For a more comprehensive understanding,
please refer to the work and associated references [35-37]. Our primary goal is to identify
the optimal controls

i(t) fori=1,2,3,4,5,6,7,
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so that,
J(it1, i1, 113, 11y, 115, 116, 17) = min{ ] (u1, ua, U3, Ug, Us, e, U7) }.
The corresponding control set is given by

8 = {(uy, up, uz, ug, us, ug,uy) : [0, T] — [0,1] (u1,us, us, ug, us, ug, u7) is a Lebesgue measurable}. (10)

The Lagrangian and Hamiltonian for the provided control system (8) are shown as £ and
‘H, respectively, and are given as follows:

1
L =A1E+ A V1 + A3Vo + Ay V3 + 5 (A5u% + A6u% + A7u§ + Agui + Agug + Awué + Anu%), (11)
and

H = A1E + AVi + A3V + AgVs + L (Asi? + Agui3 + Agub + Asi + Agud + Aqou2 + Apyuf)+

al( S —up)+V161(1 —uz) + Vodop (1 — ug)+ >
)\1< —“1{15(1—“1)—(“2+}4)5>+/\2< N\ V35(1 — us) )
—(c+n)E

: (12)
+A3 (uzs — MV (] —ug) — (ug + y)Vl) + Ay (V1u6 — W20t (1 ) — (uy + ‘u)V2>—0—

As (u7Vs = 252 (1= us) = Vs ) + As(E = (u+ 1+ 7)1 + Az (g (1 = 0)L = (u+d + 7))
+Ag(ybl 4+ dIy — uR),

where, A, form =1,2,3,...,8 represents the adjoint variables.

Solution of Optimal Control Problem

In this section, the solution to the optimal control COVID-19 as outlined in (8) is
established. To achieve this, famous Pontryagin’s principle [38,39] is employed. The desired
optimal solution is denoted by (i1, ily, 113, i4, il5, i, fi7). Furthermore, the following are the
corresponding necessary optimality conditions used in the solution procedure stated as

% = aimH(tr ulr/\m)l
SH(t,i1;, Am) =0, (13)
dAm() _ 2

The criteria’s mentioned in (13) and the following theorem has been utilized to derive the
solution of the optimal system.

Theorem 5. The controls (i1, iy, i3, g, ils, ile, il7) and the solution (S,E, V1, V,, V3,1, 14, R)
of the control system (8) minimizing the objective functional in the problem, then there exist
adjoint variables (co-state variables) Ay, m = 1,2,...,8. Further, the transversality conditions
A(T)=0, m=1,2,3...8, such that
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!

A(t) = pAr +up(A — Az) + (A — Az) (%) (1—u1) + (A2 —A3)(1 —u3)
(%) + (A2 = Ag) (1 —ug) (%) + (A2 = As5)(1 — us) (%;531),

Ay(t) = —A1+ pAa+ (Mg — Ag) + (A2 — A1) (1 —u1) 85 + (A2 — A3)(1 — u3)

(S58T) + (2= A0 (1 =) () + (A2 = 25) (1 — ws) (1),
A3(H) = —Ag + pAs + (A — A + (A — A1) (1 — uy) 2L + (A5 — A2) (1 — u3)

(PG ) + (A2 = A0 (1 — ) (B2T) + (A2 = A5) (1 — us) (),

1%21]

)\;(t) = —Az+ urs + M7(}\4 - )\5) + (/\2 — /\1)(1 — ul)"‘Tz + ()\2 — )\3)(1 — u3)

2

(2580) + (Ag = A0)(1 - wg) (2G2L) + (A — 25)(1 — us) (521),

A5(t) = —Ag+ s + (Ao = M) (1= 100) 55 + (A2 = 23) (1 — ua) () + (A2 = Aa) (1 — wy) (14)

(452) + (A5 — A2) (1 — us) (22IE2),

Ay() = (M = Aa) (1 — 1) (SS8DY) (A — 20) (1 — ) (B0 4 (24— A0)(1 — )
N
(22500 ) + (As = A2) (1~ us) (2BF) + (u 4 M)A + (A — A7)+
bﬂ(/\7 — )\8),

Ap(t) = d(Az = Ag) + (1 +1)A7 + (A2 — A1) (1 — 1) 8 + (A — 25) (1 — u3) ()

+(A2 = Ag)(1 = ng) (220) + (2 — A5)(1 - us) (o],
Ag(t) = pAg + (A2 — A) (1 —up) 45 + (A2 — A3) (1 — ua) (%)

(A2 = Ag)(1 = ng) (25220) + (A2 = A5) (1 — us) (D).

Furthermore, the associated optimal controls i1, ilp, 113, 114, U5, ilg, and iy are given by
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Proof. By using the condition stated in (13), the transversality conditions and results
given in (14) are obtained for the Hamiltonian function givenin (12) using S = S,E = E,
Vi =WV, Vo =V, V3 = V3,1 = I,Iy = Iy, and R = R. Moreover, using the condition
w = 0 given in (13), the optimal controls i1, ilp, i3, i, @15, i1, and il shown in (15)
are derived. O

8. Estimating the Optimal Solution

This section aims to analyze the significant impact of the proposed time-varying
controls on disease incidence and potential mitigation. For this purpose, the COVID-
19 control model is simulated with the aforementioned time-varying control variables to
display their impact on the disease dynamics. An effective iterative approach known as RK4
is used to carry out the simulation process. The weights and balancing constants are chosen
as A; = 10, A, = 0.1, A3 =01, Ay =0.01, A5 =50, A¢ =10, Ay =30, Ag =100,
A9 = 50, Ajp = 20, and Aj; = 100, while the simulation’s parameters are taken from
Table 1. It is important to note that the numerical values of weighed and balanced constants
are taken for the sake of simulation. The red dashed curves illustrate the dynamical
behavior of various populations under varied control measures (implementing all the
control measures at the time), while the black solid curves exhibit the changing behavior
with constant controls. The dynamics of susceptible, primary vaccinated, exposed, and
secondary vaccinated individuals with and without time-varying controls are analyzed in
Figure 9, while a similar analysis of individuals with a booster shots, hospitalized, infected,
and recovered individuals are presented in Figure 10. Figures 11 and 12 demonstrate the
corresponding control profiles. When the suggested optimal controls are actively utilized,
the population in the susceptible class reduces while the population in all vaccinated
classes increases significantly and reaches its maximum level with time. However, the
population in the exposed and infected classes dramatically decreased and vanished after
60 and 90 days, respectively, with the implementation of time-varying controls. Because of
averting infection, the populations in the hospitalized and recovered classes also reduced
significantly, as shown in Figure 10c,d. The time-varying personal protection control 1
is utilized at the maximum level from the initial time to approximately 220 days and
decreases gradually until the end of the considered time level, as shown in Figure 11a.
The time-varying control for first-time vaccine efficacy enhancement u; is initially at the
maximum level until the first 100 days and then immediately reduces until the end, as can
be seen in Figure 11b. Figures 11c,d and 12a illustrate the intensity of controls u3, us, and
us evaluating the reduction in the possibility that first, second, and third vaccine doses
do not develop immunity to the original viruses, respectively. It can be observed that
all of these controls are initially maintained at the maximum level and then gradually
reduced until the end of the considered time interval. The implementation level of controls
used for the enhancement of second- and third-time vaccinations u¢ and uy are shown in
Figure 12b,c, respectively. These controls are implemented at the maximum level from the
start to the end of the time level under consideration.
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Figure 9. Simulation of (a) susceptible, (b) exposed, (¢) primary and (d) secondary vaccinated
individuals in the model (8) with optimal and with constant controls. The constant values of first,
second and booster COVID-19 vaccine controls are considered as 0.7, 0.6, and 0.29, respectively.
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Figure 10. Simulation of people with (a) booster short, (b) infected, (c) hospitalized and (d) recovered
compartment in the model (8) with optimal and with constant controls. The constant values of first,
second and booster COVID-19 vaccine controls are considered as 0.7, 0.6, and 0.29, respectively.
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9. Conclusions

Vaccination remains one of the most effective preventive interventions and is a critical
component in mitigating disease outbreaks. In this study, we developed a novel mathe-
matical model to assess the impact of administering multiple constant and time-varying
vaccines, including the first and second doses and booster shots, on infection incidence
and persistence. Initially, the necessary mathematical assessment of the model is presented
and basic reproduction is calculated. To curb infection, we determined the critical vac-
cination convergence rate, which is dependent on the reproduction number. Moreover,
using backward bifurcation analysis, we concluded that bifurcation depends on the sign
of 4. To measure each parameter’s relative influence on disease spread, the sensitivity
indices of the proposed model parameters for the basic reproduction number are tabulated
using a normalized approach. Furthermore, we reconstructed the model using optimal
control theory to identify the best control strategy for minimizing infection. We introduced
seven time-varying controls, where 14 (t) is the personal protection control used for the
reduction in effective contacts of infected individuals with susceptible, uy(t), ug(t), uz(t)
controls are used for the 1st, 2nd, and 3rd vaccine dose efficacy enhancement. The controls
uz(t), uqa(t), us(t) are used to reduce the possibility that after 28 days of vaccination, those
who received the first, second, and third doses do not develop immunity to the original
virus. Using the well-known Pontryagin’s maximum principle, the necessary optimal
conditions are determined. The implementation of the suggested time-varying optimal
controls has been found to play a crucial role in effectively minimizing the risk of disease
transmission. Moreover, by effectively adjusting vaccination strategies, such as the timing
and frequency of doses, the model shows that the spread of the disease can be significantly
controlled. These time-varying controls allow for a more adaptive and responsive approach,
enabling healthcare authorities to tailor vaccination campaigns on the basis of evolving
epidemiological conditions, the emergence of new variants, and the overall vaccination
coverage in the population. This flexibility empowers the public health system to optimize
vaccination efforts and better control the spread of the infection, ultimately leading to a
reduced incidence of the disease and improved public health outcomes.
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