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Abstract: For non-uniform control polygons, a parameterized four-point interpolation curve ternary
subdivision scheme is proposed, and its convergence and continuity are demonstrated. Following
curve subdivision, a non-uniform interpolation surface ternary subdivision on regular quadrilateral
meshes is proposed by applying the tensor product method. Analyses were conducted on the
updating rules of parameters, proving that the limit surface is continuous. In this paper, we present
a novel interpolation subdivision method to generate new virtual edge points and new face points
of the extraordinary points of quadrilateral mesh. We also provide numerical examples to assess the
validity of various interpolation methods.
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point
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1. Introduction

With the rapid development of information technology, digital multimedia
information has penetrated into every corner of contemporary society, such as comics,
point cloud reconstruction, etc. Classical geometric modeling methods, such as Bezier
surface, B-spline surface, and NURBS surface models, have struggled to satisfy the needs
of people. As a discrete modeling design method for curves and surfaces, the subdivision
method is an organic combination of the polygonal mesh representation method and the
parameter representation method and has become a research hot spot in the field of
computer graphics, with its advantage of not being limited by topology. In 1978, Catmull
and Clark [1] proposed a subdivision method to extend B-spline surfaces to arbitrary
topological meshes. In the 1980s, Doo and Sabin [2] analyzed the continuity of B-spline
surface subdivision on irregular meshes, marking the introduction of the surface
subdivision technique in the field of surface modeling design.

Surface subdivision is based on an initial mesh; by adding new vertices and adjusting
old vertices, a gradually denser mesh sequence is obtained. In this process, if the old
vertex position is not modified, it is called interpolation subdivision (Kobbelt [3], Li [4,5]);
otherwise, it is called approximation subdivision (Catmull-Clark, Loop [6], V2 [7], V3
[8], Ni [9]). Approximation subdivision is associated with higher continuity and
smoothness than interpolation subdivision; however, it is easy to lose the geometric
characteristics of the mesh or obtain a large fitting effect error.

If the subdivision rules do not change throughout the process, the subdivision is
known as stationary subdivision (Catmull-Clark, Doo-Sabin, Chaikin [10], Dyn [11],
Butterfly [12]); otherwise, it is known as non-stationary subdivision (NURSS [13],
NURSSes [14], NULISS [15], NUISS [16]). In engineering applications, the non-stationary
subdivision method is preferred relative to the stationary subdivision method for detail
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maintenance and is more practicable, although it is not as efficient as the static subdivision
method in computing. If the control mesh is relatively uniform (the difference between
side lengths is small) and has many control vertices, the designers tend is to use stationary
subdivision.

In computer graphics and computer-aided design, geometric data parameterization
has become an important processing tool that has been widely utilized in data fitting, grid
operation, computer animation, and other fields [17-21]. In curve interpolation, the
parameter values (also called knots) of the vertices of a given control point have a
considerable influence on the generated curve because the knots can be regarded as the
time when a particle passes through the control points in sequence along the curve. If
uniform parameterization is adopted, the time for the particle to pass through each
piecewise curve is the identical. In a longer piecewise curve, particles move at a higher
velocity; if the next segment curve is shorter, the particle speed drops sharply, which
causes the curve to self-intersect. In 1999, Daubechies [17] introduced non-uniform
parameterization and proposed a non-uniform parameterized interpolation subdivision
curve. In 2013, Beccari [15] applied the parameterization method to a surface, proposed a
non-uniform parameterized surface subdivision method on regular quadrilateral meshes,
and analyzed the continuity of the limit surface. Unfortunately, the author did not account
for the surface subdivision of quadrilateral meshes with extraordinary points. In 2018,
based on the relationship between B-spline curve and four-point interpolation subdivision
schemes, Li [16] presented a non-uniform parameterized subdivision method for surface
meshes with extraordinary points; however, the specific mask expression not provided in
the paper.

In Beccari and Li’s papers, the limit surfaces with €' continuity were generated on
the basis of four-point binary curve subdivision. In the process of surface generation,
owing to the large number of vertices, edges, and faces involved, computer processing is
more complicated, with a longer time required to generate the limit surface. Four-point
ternary curve subdivision, as mentioned in [22-25], has a faster convergence speed, and
the limit curve has better continuity. In 2018, using a different geometric method, Omar
et al. [26] obtained subdivision schemes on quadrilateral mesh based on 2D Lagrange
interpolation polynomials.

The main idea of this paper is to calculate the mask of a subdivision scheme by using
the chord length parameter and Lagrangian basis function (polynomial-based, Similar to
[27]). The four-point ternary curve subdivision scheme is constructed according to the
mask. Surface subdivision is a natural generalization of curve subdivision on quadrilateral
mesh.

In this thesis, the following aspects are considered:

(1). A polynomial-based non-uniform four-point ternary interpolation curve subdivision
method is proposed, and we prove that the limit curve of this scheme C*! continuous;

(2). For regular quadrilateral meshes, using four-point ternary curve subdivision and
tensor product, we construct a ternary interpolation surface subdivision scheme on
non-uniform regular quadrilateral meshes and prove that the limit surface is C* is
continuous at any point;

(3). By constructing virtual points for meshes with extraordinary points, a ternary
interpolation method of new edge points and new face points of the extraordinary
point is proposed. Due to the lack of an effective method, the convergence and G*
continuity of the limit surface are illustrated by analyzing the change trend of the
angles between normal vectors at the extraordinary points.

The remainder of this paper is organized as follows. In Section 2, we review the
content of curve parameterization, define a non-uniform four-point ternary curve
subdivision (NUFTCS) by parameterization, and prove the convergence of the
subdivision scheme and the continuity of the limit curve. In Section 3, using tensor
product combined with NUFTCS, a non-uniform local ternary interpolation surface
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subdivision (NULTISS) method is proposed under a regular quadrilateral mesh, and the
continuity of the limit surface is analyzed. For extraordinary points, the rules of
generating new edge points and new face points, as well as the empirical analysis, are
presented in Section 4. In Section 5, we present some numerical examples of curve
subdivision and surface subdivision, confirming the effectiveness of our proposed
method. In Section 6, we summarize the study results and the introduce concepts for
follow-up works.

2. Non-Uniform Four-Point Ternary Curve Subdivision (NUFTCS)
2.1. Parameterization of the Data Points

With the data points of the initial control polygon denoted by {P;(x;y;),i =
0,1,2,+++}, we can construct a function (y = f(x)) by Lagrange polynomial interpolation to
satisfy f(x;) = ;i = 0,1,2,---. Parameterization of data points is the process of assigning
parameter values to a set of ordered data points, as shown in Figure 1 (left). The
parameterization of data points should reflect the nature of the interpolated data or the
desired nature of the designer to the greatest extent possible. Commonly used data point
parameterization = methods include uniform  parameterization, centripetal
parameterization, and chordal parameterization, e.g.,

to = 0,
{ti =t +dyi=012-,m, (1)
where d;_; = [|P; — P,_4||% a = 0 results in uniform parameterization, & = 1 results in

N 1 : N
chordal parameterization, and a = corresponds to centripetal parameterization.

Chordal parameterization is generally considered to be the most effective method of curve
parameterization. In this study, it is used to construct the mask of curve subdivision.

Pyin P:m-z

& & &

ot i tita

—+
o
¥
e
o~
|
~

Figure 1. Parameterization of the data points. Left: t;, is the parameter of the initial control point,
Py, k=-1,0,1,2. Right: t{,t; are the parameters of the new control points, P3;;; and Psj.,,
respectively.

2.2. Non-Uniform Four-Point Ternary Curve Subdivision (NUFTCS)

As shown in Figure 1 (right), let P = {P;},i € Z be a set of data points and T =
{t;},i € Z be the associated parameter set; then, d; =t;; —t;=||Piy; —Plli€Z,
introduces the notation a; = [d;_4,d;, d;+1] (called the mask parameter).

Using t;_4,t;, t;41,tirp as interpolation nodes, we can construct Lagrange basis
functions:

t—t;
Ly (t) = | | — 2 k=-1012 i€Z 2)
—-1<j<2,j#k ti+j — litk
Substituting t =t; = % into L;,(t), obtain the mask of P3;;;, denoted as

ay (a;) = Ly (t7),k = —1,0,1,2, such that



Mathematics 2023, 11, 486

4 of 22

—2(d;)? 2d;+3di41)
27dj_q (di—q+d;)(di—1+di+diyr)’
ao (ai ) — 2(3di—1+di )(Zdi+3di+1) ,
27di—1(di+di41) 3)
a, (ai) — (3di—1+di)(2di+3di+1)

27djyq (dj—1+dy)

-2(d;)? 3dj_,+d;)

27di41(di+diy1)(djmq+di+digq)

a, (a) =

a, (a;) =

For example,

(=t (E=tiza)(t=tiva)
a_q(a;) =1l;_41(t) =
(@) b 1(0) (ti—1=t)(tim1—tis ) (ti—1-tis2) t=—2ti+3ti+1

2
= Gira =t 2Qtiva —t)Bliva—tiva —26) _ —2dj(2d;+3d;4+1)
27(tj—1—t) (ti—1—ti+1) (Ei—1—tit2) 27dj_1(dj_1+d)(di—1+di+diyq)

Substituting t = t; = t‘ﬂ% into L; x (t), we can obtain the mask of P;;,,, denoted as
(494 (BL) = Ll’,k (t;)'k =-1012, where Bi = [di+1'di' di—l]r

a_, (B) = —2(d;)? (di+3diy1)
-1 27dj-1 (di—1+d)(di—1+di+diyr)’
ao (ﬁ ) — 2(3di—1+2di)(di+3di+1)

¢ 27d;—1(di+dit1) ’

(4)

a (ﬁ) — (3di—1+2d;)(di+3di+1)
1 t 27di4q (dj—q+d;)

a (ﬂ) — _Z(di )2 (3di—1+2di)
2\ 27d11(di+diyq)(djmg+di+diyq)

Forall k = 0, we can derive the k-level refinement rules of a non-uniform four-point
ternary curve subdivision scheme (NUFTCS) as
Psl'(i+1 — Pik;
PEY = a_y (af)PE, + ao (af )PF + a; (af)Py + aiio(af)PL,, ®)
P3kz:12 =a_4 (.Bik)Pik—1 +ag (ﬁik)Pik +a; (ﬁ{()PiI:q + ai+2(ﬁik)PiI§r2-

2.3. Convergence and Continuity Analysis of NUFTCS

In Figure 2 (left), a set of the kth lever refinement control polygon {P/,, P, PK |, Pt .}
is given, and the associated parameter of the control pointsis {t¥ ;, t¥, t¥ ,, tk,}, let ef, =
PE . — PK; then, d¥, = |lek&.|| = ||P%. — P¥||. £¥(t) denotes piecewise linear functions
generated by Pf,k =—1,0,1,2. The parameters t; and t; associated with new points
(PX andPXtl) are % and %, respectively.

k
Py

k
§P5|2

'* k k . . g o
ty  ti, tiye th, # T # th, £,

Figure 2. Left: the orange solid line (f(t)) is a polynomial function through Pk, Pk Pk, PE,, and
the piecewise broken line (f*(¢)) is a line through Pk, Pk Pk, PE,. Right: insertion of the new
points (P51 andPXi}).

Theorem 1. The NUFTCS scheme is convergent.
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Proof of Theorem 1. In order to prove this conclusion, a continuous function (f(t)) is
introduced. {P¥,, P¥, Pk, PK,} on the curve is associated with f(t). Let f(t) be a cubic
polynomial generated by nodes {t£,,tk tk,, tk,}; then,

fQ) = f(t'k) + f[t tlk+1 ](t - tk) + f[tk tlk+1t tzk+2 ](t - tik)(t - tlk+1
Hf[EE el th o, 1 — ) (E =t (E =t ).

Constructing f*(t) = f(tF) + f[tF, th, 1(t — tF) as the chord passing through P}
and PK, yields

@) = 4@
= fltf th tho 106 =t (& =t ) + FIES ottt — 6 (E — ) (E =ty

_ (e—e)(e—

ko _
t1+2 ti—l

){f[t, vtlk+1' tz+2](t - tzk—1) + f[tl'k—l’ tk tz+1 (tz+2 )}

k  k k k
k _ fItitinating 141t £t tz+1]
where f[t{, tf,tfq,thy ] = P
i+2

Substituting t; = 2tir t‘“ into f(¢t) and fE(t) yields

2(t1+1 k)
9(t1+2 - tk 1)

&) = @) =

k .k k tik+1 - t;‘ k k .k 2(t1+1 i ) k k
f[ti ’ ti+1'ti+2] 3 + (t -t 1) + f[ i1t t1+1] 3 + (ti+2 —tiv1 .
th—tk th -tk
Let a=2 1—1, b= i+2 l+1[ then
lk+1_tlk tlk+1 tlc

- e =~ e ) v ) 4 ALt b G0 O

9(a+b+1)

Let /1" and /L .1 be the vectors

k k
/1 = pk+1l _ 2pf +Pl+1 /1 = pk+1 _ Py +2Piy,
3i+1 i+1 — 13i+1 3 ’

depicted in Figure 2 (right), and consider divided differences at P} and PE,,

pk k k(1] _pkl1] k(1] _pkl1]
phlll _ PEPEy phlt] _ Pha=Pl pll2) _ P “Pily pkl2] _ Pen =P
t tlk_tlk—, i+l tzk+1 ek Tt tzk_tk— 7ol t{c+1_tk
Combining (6), yields
k
1k fer1 _ 2PIAPS k
Af = P — == ) — R

iﬁ%&ﬂ ra) e G0

2(tik+1 - ttk) at+1/3 1] k[1] b+2/3 k,[1] k1]
_9(a+b+1) 14+a (Pi“ -k ) + 1+b (Pi+2 _Pi+1) .

Because ”P [ ” 1and df, =tk —tF, let a > b(> 0); then,

Kk ak, a+1/3 b+2/3> <4 4 am <4
”/1 ” _9(a+b+1) (2 1+a +2 1+b 9 1+b d”'l (7)

According to the definition of X, and ¥, ekl = —el+1 + 2%; then,
R k+1
dit = ” zk++11|| s |Iel+1|| + ” Ak” = dz+1 +5 dz+1 dz+1 S s (g) APy,

combined with Equation (7) yields kliT ||A’f|| = 0.
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Similarly, substituting t; = 52 into f(t) and f¥(t) yields hm ||Al+1|| =0.

Because

IF s (0 = O |, = supllf < © = £4© || = supMax{|l2¢]. 12

Jim (7D @ = fFO ||, = i supMax{|| ]| 1251} = 0;

then, the scheme is convergent. o

Theorem 2. Let P = {P? };c ; beaset of initial points, between P, PP, i € Z, the piecewise limit
curve generated by NUFTCS is C*.

Proof of Theorem 2. In the k-th refinement, the initial control points P, P, are replaced
by P3k ,P3k(1+1),l €Z, and P3kkl.+j,j =1,2,-,3k =1 is the new point generated by the
subdivision scheme (5). If k =1, the mask parameter to generate Pj;,, and P3;,, is

[dY_;,d?,d?,], the mask is non-uniform, as shown in Figure 3 (left). If k = 2, the mask

. oa), a? a? . .
parameter to generate Pgj,; and Pg,, is [-5*,-F, -], so the mask is non-uniform too,
. d) a) af
but the mask parameter to generate P&,, and P&, is [?,?, -1, so the mask is
5 4 10 20 . 20 10 4 s
{” 00__; 'Y, U, T o __iOJO)"'}'
81’ 81’ ‘27’27’ '27'27 81’ 81

Using the continuity proof method of uniform subdivision [11], the limit curve
between points P?,P%, is C'. o

dF d* d‘f‘
ke dk _t S
d;i_; i 3 3 3
Q- L o ARNCCTEL LT e R e LR RO -9 @ -nnnmnenines L o SESTTENE * ............ =9
H 1 H H 1 .. H
: k+2 k42 : H k+2 pk+2 1
: 1 Poiv: Pyt : : VBT Painy k
o o0—C—0—0 0
- pk 1 K . k k- = pk F+1 1" k % k+2 kv
(P, di, PS o df di Py i Pyl @4 Lopgly P
: 3 3 3 : : 9 9 9 i
O oy - il
[ o [ @
df
i

Figure 3. After 1 subdivision, the update of the mask parameters of the subdivision (5). Left: the
mask parameters to generate the PZ,; and PZ,,. Right: the mask parameters to generate the PZ,,
and PZ,s.

Remark 1. the limit curve of the NUFTCS scheme is C*.

Proof of Remark 1. According to theorems 1 and 2, the sequence {f*(t),k € N} is a
Cauchy sequence, and among P2, P%,, and it uniformly converges to a piecewise
differentiable function f(t). Therefore, at point P?, the limit curve of NUFTCS is C'.
Combination Theorem 2, in arbitrary points, the limit curve of NUFTCS scheme is C*. o

3. Non-Uniform Local Ternary Interpolation Surface Subdivision (NULTISS) on
Regular Quadrilateral Mesh

Regular mesh refers to a polyhedron shape consisting of points, edges, and surfaces
among which the vertex PO is a three-dimensional space point with four and only four
connected edges, i.e., e;i=1,23,4. Each edge (e;) is a straight-line segment connecting
two vertices (Py, P;,i = 1,2,3,4). Each surface (S;) is composed of four edges, ie., e;i=
1,2,3,4. Furthermore, each edge has two and only two connected faces, as shown in Figure
4 (left).
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ﬂz('h',j)

ax(&i) | PF, s Py ore Pl s
o

al(ﬂ:,j)

ai(&;;) "P,-;L;;H E&l‘j+| Piﬁz_j+1

ao(&; 5) PE; PLL Pk,
o

Z:lf(z::; Py P E’il.j—] }2“.’124_71

a_y(ai;)  ao(oy) ai (i) as (@ ;)

a-1(Biy)  a(Biy) a1(Bi;) a2(B; ;)

Figure 4. Left: notation for the initial mesh (consists of black dots (P, P;), solid lines (e;), and light-
pink shaded quadrilateral faces (S;,i = 1,2,3,4)) and the new mesh after refinement (consists of Py
new edge points (purple diamonds), new face points (blue dots), dotted lines, and light-green
shaded quadrilateral faces). Right: the mask parameters of the interpolation points in the horizontal
and vertical directions.

In regular quadrilateral meshes, as an advantageous alternative to tensor product
construction, surface subdivision can better handle initial mesh with arbitrary topology.
The purpose of this section is to naturally expand NUFTCS (5) to regular quadrilateral
mesh and employ appropriate parameters to obtain a non-uniform surface subdivision
scheme. Hereafter, this scheme is referred to as NULTISS (non-uniform local ternary
interpolation surface subdivision).

3.1. Non-Uniform Parametric Surface Subdivision

Non-uniform parametric interpolation surface subdivision can be regarded as an
iterative process. Let M¥ denote a kth lever regular quadrilateral mesh of 3D points; a
mesh with new parameters (M**?) is generated according to the steps outlined below;
for each refinement level k > 1, it

1. Calculates the new edge points for each edge, as shown in Figure 4 (left; purple
diamonds);

2. Calculates the new surface points for each face, as shown in Figure 4 (left; blue dots);

3. Constructs a new mesh, as shown in Figure 4 (left; light-green quadrangles).

e  Creating new edges: Connecting new edge points on each edge, connecting new edge
points with the “nearest” vertex, circularly connecting four new face points, and
connecting new face points with the “nearest” new edge points;

e  Create new faces: faces surrounded by four new edges.

Let {Pi’_‘j, i,j € Z} be the vertex set of the mesh (M*), and d{‘“,j = Pi’irl,]- - Pi’fj, eik+1‘j =

P11 — Pf; accordingly, the mask parameters in the horizontal direction are af;
[df‘_l,j, d{fj, d{‘“,j] and ﬁi’fj = [df‘ﬂ‘j, d{fj, df‘_llj], whereas those in the vertical direction are
kK _ ok K Lk K _ [k k ok T .
$ij = legj—1eij eije1] and 0 = [€j41, €}, €;j-1], as shown in Figure 4 (right).
Using the curve subdivision scheme (5),

€ Vertex points

k+1 _ pk
P3iz; = Py,

€ Edge points
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2
k+1 k \pk k+1
P3i:1,3j = Z al(ai,j)PHl,j'PSl:ZS] Z az(ﬂu) i+1,j
(8)
k+1 phtl
3ijr3j+1 = Z al(fz;)P,JH' 3L+3]+2 Z az(m,,)P,m

For the face points, using the idea of tensor product, we define an average
parameterization as

k. k
_k .gzdl,j k e
d: = J e = LEZ
bowafezy Tt #efjiezy
so that

—k _ Tk k Jk
a; = [dz 1,d dl+1 [d1+1'd d ]
£k _ [5k sk sk ~k _
§j = [ej—l'ej 'ej+1]' n = [ €11, € 1]

are the mask parameters associated with the two mesh directions. Thus, the masks are
calculated according to Equations (3) and (4), as shown in Figure 5 (Left).

*

Face points

2 2
k+1 _ k k
P31+1 3j+1 — 2 _Z am(a )an(fj ) i+m,j+n’
k+1 2 2 k
P, 3j41 = ; _Z am(ﬁz )an(f} ) i+m,j+n’
1. 2 2 . . 9)
+1 _ =~ =
P3ilisje2 = Z Z an(ai)a, (771' )Pi+m,j+n'
k+1 2 2 k
LP3i+2,3j+2 = Z Z am(ﬁl )an(n]) i+m,j+n-*
—k az(Li;)
as(75) "
az(g) Pi’iZ.jJrQ ax(Hes) Pfsa Flaje
! x-j—\ +!'v+|.m
2
_ & .
al (i) Pl ai(Lig)| | P14 Plajn
a8 a1(Hi;)
! CTRa VN R G ¢
dk ; k’ ’ ke
ﬂo(ﬁ_’;) . GD(L:',J') i1 +2 i diy +2di,,+1 dipy +2!ﬂ+1‘j+1
ao(&) Pz S ) O P Ph, | Pl
. b Fefiia
a_1(75) 2
HE a_1(Li; & k
<k I Pr Py
a_1(&;) = Plaja o1 (Hy ) ot AP
a_y(a)  ao(&p) a1 (@) ag(G) a_y(M;;) ao(Mi;) a,(M; ;) as(M; ;)
a_1(B;) ao(3Y) ax () as(BY) a_1(Nij)  ao(Nij) a1(Ni,;) az(Ni;)

Figure 5. Mask parameterization of surface subdivision. Left: global non-uniform parameterization
of surface subdivision Right: local non-uniform parameterization of surface subdivision.

3.2. Local Parametrization Surface Subdivision

Each subdivision step generates a refinement mesh with additional vertices, edges,
and faces, as a consequence of which a suitable parameterization should be set in
correspondence to the newly created edges. The method (tensor product) we choose to
calculate the knot interval parameter (average parameter) affects the characteristics of the



Mathematics 2023, 11, 486

9 of 22

limit surface. In order to ensure that our subdivision rules can appropriately deal with
non-uniform mesh, we propose a local parameterization method.

As shown in Figure 5 (right), when generating a new face point on a quadrilateral
with Plk], Pk, J Pk i1 Pk, j+1 as the vertex (the point may not be in the quadrilateral), in
order to avoid the influence of “farther” points, we only consider the six parameters
(df‘+k_j+l, e{irk‘jﬂ, k =-1,0,1,1 = 0,1) of the other four faces connected with one edge of the
quadrilateral and adjust the parameters locally, resulting in a local subdivision scheme of
the calculated face points.

As shown in Figure 5 (right), let

ak.+al ek +ek

3 i, i,j+1 ~ i+1,
dfy = W gk = S (10)

and four mask parameters in two directions are recorded as

{dz 1,j» 11' l+1]}N {dl+11' ij 11}

k _ (xk ~k ~k k _ (xk
Hl =1{el1, &l &) LY = (e @

so that the face points can be calculation as

~k
ijo ei,j_l},

k+1 - k+1
{P3i+1 ,3j+1 — Zm——lZn——l am(Mz])an(H ) z+m1+n' P31+2 3j+1 — Zm——l Zn——l am( )an(H L+m]+n' (11)
k
P31+1 ,3j+2 T Zm -1 Zn——l am(M )an(L }) i+m,j+n P3i+2,3j+2 Zm -1 Zn——l am(N ])an(LU) i+m,j+n*
3.3. Convergence and Continuity of NULTISS
According to the mask calculation formula of curve subdivision, we refer to d¥ as
the edge parameter. The mask parameter is composed of three adjacent edge parameters.
Local parameterization surface subdivision is a non-stationary subdivision, and the mask
changes with changes in the edge parameters. Furthermore, each subdivision generates a
refined mesh with more vertices, edges, and surfaces. In order to analyze the shape of the
limit surface according to the change rule of mask parameters, we redefine the vertex
subscript and edge parameter subscript of the initial mesh, as indicated in Figure 6 (left
and right) by the edge parameter subscript after two refinement steps.
P[;(; Pﬁs P‘il f’[r-i P(ljz P‘l] 1 P[fu PE;s ‘_igzi p;‘i; dy 7
dYy + dy, dys + dy, dY +df dy + dy
2 2 2 2
T T ] T R RN S T
g |d dy 3, i i diy .
d34 2 ds di ; _
ts + di s + dfs diy + diy di +dj &+ dj di +di
o P My ok ” 7 = s : 2 2
dd, dYy dy Yy + dl, dly + d, d? +d? 0+ dY
2 2 2
di, diy df d3 d'l..i dy
1
P P s B P'J’ P Wl oy o
dY. d$ dy d? —;t',; i 4; dy, 2 ; ) df er dy
P P a0 P d Pls|  dY ph | dYs Pl P
ddi; | dh+dl, | dptdl AT &+ a7+ df
2 N T F] 2 2 2.
dis dy diy dyy iy |t ey | e dy
b LI 4 DU S i 5.
P o P Pl P futs phs
R R S A S N S (g £
L2 . . . E ] G20 . LL200 .2
2+ .t” a2 + .1“ 19 +dS 2+ d
2 z 2] 2
P Pl Pis Pl P P P oy i Pis df, Pl

Figure 6. Left: vertex subscript and edge parameter subscript of the initial mesh. Right: edge
parameter subscript after two refinement steps.
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In particular, after one step of the subdivision algorithm, three different types of
regions are identified (see Figure 7), which we call

1. Tensor product regions, as shown in Figure 7 (left);
2. Regions augmented across one edge, as shown in Figure 7 (middle);
3. Regions augmented around a vertex, as shown in Figure 7 (right).

Figure 7. Three different types of regions. Left: the region surrounding the face point. Middle: the
region surrounding the edge point. Right: the region surrounding the vertex.

3.3.1. Parameter Updating Rules

(1) Mask parameter updating rules for interior points in the region are generated by tensor
product.

As shown in Figure 8 (left), let PJ,P?,PJ,PY, be the four vertices of an initial
quadrilateral, and the parameters of its four edges are d{,d2,d3, d?s. The points F! and
F? are two face points on the refinement mesh generated after two subdivisions and three
subdivisions, respectively. Because the subdivision scheme is a ternary interpolation
subdivision, after k subdivisions, the values of the edge parameters are § of the average

value of symmetrical edge parameters after k — 1 subdivisions. According to Formula

(8), the mask parameters in two directions used to generate F' are [d{,d},di] and
0 0 0 0

[d3, d3, di], as shown in Figure 8 (left), where df = % and di = d“’:#. According to

mask computer Formulas (3) and (4), we can replace the mask parameters with [1, 1, 1]

and [1, 1, 1], as shown in Figure 8 (right). Similarly, the mask parameters for F? are

0 0
1,di,df] an ,dz, , as shown in Figure eft), where di = —— an =
d?,d?,d?] and [d2,d2,d2] hown in Figure 8 (left), where d} = 2% and d}

dd+3dd,

5o can also be replaced by [1,1,1] and [1, 1, 1], respectively.
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0 B B B H H
Pl N BRI Py 4 P
LG d 4 N S N U U A N
& la |df
d;
d : B =[1,1,1]
d @ T
.................................................... . &
1 : i d3; v
dy s : s dg
.................................................. [ S A
F\;1
: };i“ T
1 : : 1 ape=[1,1,1]
d; CH o
| d} |d3
: : : 0 0 0
v & - By 4 P

Figure 8. Updating of the mask parameters around the face point after two and three refinement
steps. Left: the mask parameters of the face point F! and F2. Right: according to (4), the mask
parameters are replaced by [1,1,1] and [1,1,1].

Based on the above analysis, after several levels of refinement, for any point on the
limit surface in the internal regions, the mask parameters that generate this point are
uniform, as shown in Figure 8 (right).

(2) Mask parameter updating rules for points in the region augmented across one edge

As shown in Figure 9, P{P{y and P{P? are two initial edges connected with P{. E*
is the point in the regions augmented across edge Pg Py, and E? is the point in the regions
augmented across the edge P§P?, which were generated after two subdivisions and three
subdivisions, respectively. The mask parameters in the two directions used to generate

di+ddy dai+d?y dal+a? dd3+d? dd+d?d
E'! are [dl;,d},d}] and [ . 19 == . 19 =2 . 19], where di; = % and di = 173 Ina

similar way, the second mask parameter can be changed to [1, 1, 1]. The mask parameters
for E? are [d%;,d?,d?] and [1,1,1].

’
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Py, diy Pl d P Py, Py Py
Ed". ffé Ak

g Y g W B =[1,1,1]
13 e 1
: P ! R ke
3 ds da L4
2 AR B afy = [a,b, b
dy
d}
o : ‘ ol =[1,1,1)
0 k] I po 0 P
Py = £ ! Py m !
: r!f E
3k = [e, d, d]
35
tll_ d-nl
dy7 :.) 4l
diy
idq
0
Py dis P di, B P, P Py

Figure 9. Updating of the mask parameters around the edge point after two subdivisions and three
subdivisions. Left: after two subdivisions and three subdivisions, the mask parameters of E! and
E?2. Right: the mask parameters after several subdivisions.

Based on the above analysis, it can be seen that for any point on the limit surface in
the regions augmented across the edge, of the two mask parameters that generate this
point, one is uniform and the other is non-uniform, as shown in Figure 9 (right).

(38) Mask parameter updating rules for points in the region augmented around a vertex

As shown in Figure 10 (left), the initial mask parameters (aJ and B¢) of Py are

df3+d9; df+d§ df+d3 d9+dd dfo+dd dPo+d?

, , and , , .
2 2 2 2 2 2

V1 is a face point generated after two subdivisions in the augmented region (Figure

10 (Left)) around vertex Pg. The mask parameters in two directions generated by Formula

3dd;+dd; 3d?+dd 3d%+d} 3d9+dy 3dlo+d? 3dle+al . .
(10) are | 134 =3 14 2, 14 2] and [ 74 2, 1'1 2, 11 2]. If V¥ is a surface point

generated after k subdivisions, the mask parameters in the two directions (af and B¥)
for V¥ are

(2%-1)a%+dd (2%-1)a%+a? (2¥-1)dads+a?
2k ! 2k ! 2k 1

] and |

(2*%-1)ad;+al; (2%-1)ad+ad (2k-1)ad+al
[ 2k ) 2k 4 2k

as shown in Figure 10 (right).
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20 dyy 19 dy 2 Py, Py Py
: o [l § at, ﬁi"a _ [(2k - 1)“? + d:: (2k —1)dyy + dl': (zk —1)d}y + df':|
dy dyg) ; N d? vE= ok ’ gk 5 oF ]
21 || B e P Pia .| s i
3 2 L2
; .
&, NEEY )
G o] k
\%s 0 oy
Py, P % v
13 d?u P{? d(lj d!l'l P|U3 ..................................................... P T Pln
o laEa o
d; 3 :
¢ (oDl (FE D+ (2 - D+
ave =1 2k T ’ 2%
0
dIT d:‘-:
PO 0 P 0 P :
14 di; T diy P, P B

Figure 10. Left: updating of the mask parameters around the vertex after two subdivisions. Right:

the mask parameters around the vertex after k subdivisions.

3.3.2. Convergence and Continuity of NULTISS

In order to analyze the continuity of the limit surface, we first divide it into three
patches, as shown in Figure 11 (left):

1. The surface patch corresponding to the tensor product region (denoted by F,, ie.,

the internal region surrounded by red solid lines);

2. The surface patch corresponding to the region augmented across one edge (denoted
by F, i.e., the internal region surrounded by blue dotted lines);
3. The surface patch corresponding to the region augmented around a vertex (denoted
by F,, i.e., the internal region surrounded by green dotted lines).

I 7
71 1 2
B | R
P — B | e
. I Ry
3 4
Fin F;

in

Figure 11. Three kinds of patches of the limit surface. Left: three types of limit surface. Right: the
schematic diagram of the tensor product regions after 1, 2, 3 and 4 subdivisions.
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Figure 11 (right) shows the change in patches F; and F, upon subsequent
subdivisions; during the subdivision process, patch F;, expands to the region
corresponding to the initial quadrilateral, and patch F, shrinks to a curve (denoted by
F,\F;,) corresponding to the initial edge.

Theorem 3. For any point (F) inside of F;,, NULTISS generates a C*-continuous limit surface
at this point.

Proof of Theorem 3. Based on the analysis presented in Section 3.3.1 (1), we can see that
the mask parameters in two directions from a point (F) are uniform after several
subdivisions. Thus, in these regions, the scheme converges to the tensor product surface
generated by a €' uniform four-point ternary scheme so that the limit surface at F is C*
continuous. O

Theorem 4. For any point (E) inside of F,\Fy,, the limit surface generated at E by NULTISS is
C* continuous.

Proof of Theorem 4. On the one hand, according to the analysis presented in Section 3.3.1
(2), the mask parameters for point E in one direction (along the direction of the
intersection of two inner surfaces) are uniform, so F,\Fj, is a limit curve obtained by a
uniform four-point ternary subdivision scheme. On the other hand, this curve is the
intersection of two C! continuous surface patches corresponding to two adjacent initial
quadrilaterals. Accordingly, for any point (E') inside of F,\Fj,, the limit surface generated
at this point by NULTISS is C* continuous. o

What follows is proof of the convergence and continuity of the limit surface at the
vertex.

In this paper, the Lagrange interpolation basis function (L;(t), i = —1,0,1,2) is used to
obtain the mask. Because L;(t) is a cubic polynomial function, at any closed interval
([a, b]), it is bounded and Lipschitz continuous; then, for any t;,t, € R, there exists a
constant M > 0 independent of a,b. Accordingly,

[Li(t)) — Li(tx)| < M(t; — t3).

Non-uniform tensor product stationary subdivision method: V, is the initial vertex,
and a, = [a,b,b] and B, = [c,d,d] are the initial mask parameters; therefore, according
to Formulas (3) and (4), we can obtain the mask (a; (ag ), a;(8,),l = —1,0,1,2). Let V¥ (as
P}, 11 3;+1) be the face points on the surface obtained after k subdivisions; the mask for V*
is still a; (ag ), a;(By). It can be easily observed that the mask is independent of level k,
and this operator is a stationary subdivision operator on the initial mesh. Let the
parameter in the horizontal direction of V, be t;, and that in the vertical direction be

b
to,; then, the parameters of V{‘ are denoted by t{,, tf, and t{, =to, + 5 tfy = toy +

:—k. Thus, the mask for V{ can be expressed as

al(af) =q (ao) = Ll(tfx)r al(ﬁf) = al(.BO) = Ll(t{c,y)'l = _1' 0, 1'2'

Non-uniform tensor product non-stationary subdivision method: Assume that Vy is
a face with points generated after k subdivision by NULTISS. The mask parameters for

V¥ are denoted by ak and ¥ according to the instructions (3) presented in Section 3.3.1.
Then, af = [a+zik,b +2£k,b +2£k], B =1c +2£k,d +2£k,d +2£k], where A,B,C,D ER.
B
32K
Therefore,

The horizontal direction parameter for V5 is denoted by t%,; then, t§¥, =¢,, + 3% +
D
32K
the mask used to compute V§ can be expressed as a;(af) = L;(t§,), a;(B¥) = L;(t%,).

e . d
The vertical direction parameter is denoted by t5; then, tf, = to, + ¢z +

1. If tf, th, € I, ==[0,max {a+2b,a+2b + g + B}], then
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|ai(@f) — ai(ad)| = [Li(t5x) — Litfs)| < My - ;ilk’
where M, is a constant independent of k.

2. If tf,,t5, e, ==[0,max {c + 2d,c + 2d + % + D}], then

la:(B) = ax(Bi] = |La(ehy) = La(ety) < M -5
where M, is a constant independent of k.

Theorem 5. At any point (V) in the augmented region of the initial vertex, the local matrix
operator (M5 = (m? ]-) ) of NULTISS is asymptotically equivalent to the local matrix operator
(M, = (m} j) ) of the non-uniform tensor product stationary subdivision scheme.

Proof of Theorem 5. Let V/ be a point generated by non-uniform stationary tensor
product surface subdivision and V2k be the point generated by NULTISS; therefore,

Vl - Zs——l Zl——l as(af)al(ﬁ{() Pz+s J+l T Zs——l Zl——l L (tl x)L (tl y) Pl+S J+D

VE = T2, SR ag(@d)a(BE) Pl = B2 B Ly(t )Lty ) PSS
We obtain
vk — vk
= Xiea Bl L () Li(t5y) P — Bdema Xt () L)) P
= 23 B alLs () La(tty ) — Ls (65 )L (65, 1PES 53
= Xio(ZalLa(tfy ) (Ls () — Ls(¢5)) — Ls(t52) (Lu(thy ) — Lu(ti, DIPES 413,

therefore,
XjImi; —mi; |
= | R (B alLa(th,) ) (Ls () — Ls(£52)) — Ls(E52) (Lu(t5,) — L (t5, D13
< B ZE L () ILs(t) = Ls(E5.0)1 + Lo(e52)ILu(t5,) — Lu(t1,)113
< ¥2 halL(thy) My -
Let M = max {M, - |B|, M, - |D|}; the,

z:1'|mi1.j - miz.j | S ;472§=—1 lez—l[Ll(tfy) + LS(tg.x)] = 3k

D]

2E ot Ly(thy) - My - 10,

So
ZkEZ”Méc - Ml”oo = Max; Zjlmil'f - mlz | S 3ok 32k )

This concludes the proof. o
Theorem 6. The NULTISS rule generates a C* continuous limit surface at any point.

Proof of Theorem 6. As shown in Figure 12, theorem 3 shows that within the initial surface
patch, any point (F) on the limit surface is €' continuous, and four surface patches
surrounded by nine vertices Pi(_’j, i,j = —1,0,1 are continuous.

According to theorem 4, at any point (E) on the intersection curves (fy(s), f1(s)), the
limit surface is €' continuous.

Theorem 5 shows that the local matrix operator of NULTISS at the initial vertex is
asymptotically equivalent to the local matrix operator of the non-uniform tensor product
scheme. Because the limit curve of four-point ternary curve subdivisionis C* continuous,
the limit surface generated by the tensor product is also C! continuous, so the limit
surface of NULTISS is also C! continuous at the vertex.
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Synthesis of the above points shows that the limit surface is C! continuous at any
point. 0

P-1,-1 P1,—1

Figure 12. Notations for the continuous proof at a regular vertex.

4. NULTISS on Irregular Quadrilateral Mesh
4.1. Construction Method of Virtual Points

Let p} be an extraordinary point with valance n; {p}'k, k=1,2,---,n} isasetof edge

1

points connected to p}), {q ]-’k, k =1,2,---,n} is the set of vertex points symmetrical to p})

on the quadrilateral mesh, and d]-l'k = ||p}‘k -}
13.

, d]lk = ”CI]l-'k - p})”, as shown in Figure

Figure 13. Notations for the construction of virtual points at an extraordinary point.

m

To compute the edge points on the m-th edge (p](-’p ;') according to Formula (8) and
the face points in the m-th quadrilateral region according to Formula (11), we need to find
a virtual point (V™) similar to the method described in [3]. Therefore, let

n 1
% Z(djl,m—3+k .p},l,m—3+k) _ Z djl,m+l _p},mul (12)
k=1

I=—1

=

1
A
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1

n
4 ~ ~
m-3+k  ,,m—3+k 1Lm+l | 1m+l
+B |- E d; " Py - E d; “q; ,

k=1 1==2

where

and

(@™’ (d™ + ™)

B=- :
(df™+d;™)(3dP™ +d™)(dF™ + df™ 4+ dm )

Note: if n = 4, then V" = p[*~2.

4.2. Construction of New Edge Points and Face Points of the Extraordinary Point

As show in Figure 14 (Left), assume that p; p}'m is the m-th edge of the
extraordinary point (p}). ij'o is the initial virtual point calculated by (12) (Figure 14
(right)). The initial chordal parameter is denoted by d]fl,m = ||ij’0 - pj(-’", and the initial
mask parameters are denoted as

m,0 __ 2m 31m ;0m m0 __ om j1m 2m
o™ = [dP™, di™, ™, B0 = [d] dp T, AP,

2 n+3m—3
J

2 14-3m—2
2,n+3m—1 P

Littm—1
vd

2. n+3m+1

1,n+m+1
2 J

Figure 14. Notations for the construction of new edge points and face points at the extraordinary
point. Left: an initial control mesh, where pj(-) is the extraordinary point. Right: By generating virtual
point V™, irregular quadrilateral mesh is transformed into regular mesh.

Then, the mask parameters of the kth subdivision are
mk __ 2mk 1,mk omk mk __ omk 1mk 42mk
o = [ g dpm ], B = [ 4 d

Therefore, the new edge points (blue points, as shown in Figure 14 (right)) in the k +
1-th subdivision scheme can be computed as

2mk+1 _ ey, 2,mk ey 1mk ke Jeyyymk
p; ™ = aq ()™ + ao (@ )p ™ + ai (" )p) + ap (V™

P ™ = a (B + a0 (B Ip) ™ + au (B p) + (B

Let

dZ_.m+1.k

2,n+4m-1,k dl,m+1,k
F2m+1,k _ %) j
d; =

j J1m+1,k _ 7j
2 x -

1,n+2m-1,k 1,m-1k 1,n+2m-2,k
j 1m-1k _ % *td;

7 d -
2 J 2

+d +d

’
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and

dl'.m+2,k

1,n+2m+1,k 1mk, ;1n+2mk 2m_ j2n+am-2,k
“1m+2k _ % +dj d; +d]- das; +dj
dj =

djl,m.k — de,m.k —

) ’

2 2 2

For the chordal parameter after k subdivisions, the mask parameters of (k + 1)th
subdivision are

mk _ r32m+1k F1lm+1,k F1m-1,k mk _ r31lm-1,k 31m+1,k 32,m+1,k
o = [di e T T, B = T d T A

7

mk _ [F1m+2k F1mk 32mk mk _ [F32mk Jlmk 31m+2k
& =14 G g = [ 4 dj ]

And the new face points in the (k + 1)th subdivision can be computed as

pjg,n+m,k+1 - c_i(a}n'k) A - a(f;-n'k)T, p]g,n+3m,k+1 — a(ﬂjm’k) A &(E}"’R)T,

p];,n+3m—2,k+1 — a(a}n,k) A a(n}n,k)T/ p}g,n+3m—1,k+1 — a(ﬁ;n,k) A &(n}""‘)T.

where d(*) = [a_;(*), ay(*), a,(x),a,(*)] is the mask,

2n+3m-1,k 2n+3m-2,k 2,mk 2n+3m-3,k
j bj j p;
2n+3mk 1,n+mk 1mk 1n+m-1k
a=| P pj pj pj
- 2,m+1,k 1,m+1k 0 1,m-1k
\ p; b; b pj
2n+3m+1,k 1in+m+1,k 1m+2k 0,0,k
j p; p; 4

4.3. The Continuity of NULTISS at the Extraordinary Point

Because the method proposed in this paper is parametric and non-uniform, it is
difficult to analyze the characteristics of the subdivision matrix at an extraordinary point.
According to the method described in [16], we provide a numerical analysis below using
specific examples.

At the extraordinary point (P}) obtained after k subdivisions, let ﬁfj be the normal
vector of the plane determined by P/ and the adjacent points (P

k .
Jis Pijj+1), as shown in
Figure 15, i.e.,

=k _ pkpk k pk
v = PR X PP 4.

Figure 15. The normal vectors at the extraordinary point.

The angle HL-’fj of the two vectors ﬁ{fj and ﬁ{fjﬂcan be calculated as
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k.. pk.
oF; = arccos—_|kl" ﬂ’k+1| ,
15 [285
where 6 = max Qi"j is the maximum angle of normal vectors at point Pf, and n is the
<jsn 7
valance of Pf.

We assumed an initial mesh with the largest angle between the normal vectors for
the experiments. The initial mesh is the nail with cross-shape mesh, and the vertices with
valances of 3, 5, and 6 were tested after k subdivisions. The result is shown in Table 1. All
our experimentation shows that the limit surfaces are G! at the extraordinary points.

Table 1. The maximum angle between normal vectors of the extraordinary points with different
valances.

Valanceof n k=0 k=1 k=3 k=5 k=17 k=9
n=3 1.5807 1.1219 0.6724 0.2132 0.0134 0.0062
n=>5 1.5807 1.4567 0.9290 0.2614 0.0241 0.0035
n==6 1.5807 1.5628 1.0799 0.3132 0.0071 0.0021

5. Numerical Examples
5.1. Numerical Experiments on Subdivision with UNFTCS

We conclude by presenting some numerical experimentation in order to demonstrate
the quality of NUFTCS limit curves, as shown in Figure 16. We randomly selected six
control vertices on a unit circle and generated the limit curve using NUFTCS. The red
curve is the limit curve generated by NUFTCS, and the green curve is the real curve (left).
We applied NUFTCS to the curve control polygon of space with 40 points, and the limit
curve is shown in Figure 16 (right).

the space control polygon
the limit curve

the ture curve(a circle line)
the control polygon
the limit curve generate by NUFTCS

Figure 16. Subdivision curve with different control polygons. Left: planar control polygon (blue
solid line); the red curve is the limit curve with NUFTCS, and the green curve is the real curve.
Right: the space control polygon with 40 points, and the limit curve of the space control polygon
generated by NUFTCS.

5.2. Numerical Experiments on Subdivision with NULTISS on Regular Quadrilateral Mesh

Below, we provide two examples of the NULTISS limit surface, as shown in Figures
17 and 18. The first is a tire with a regular but non-uniform quadrilateral mesh. After three
subdivisions, the mesh is dense and has a good lighting effect. The second example is a
mesh formed by taking some points on the sphere.
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Figure 17. Subdivision surface of space with NULTISS. Left to right: initial mesh; mesh after three
refinements; surface with lighting after three refinements.

A\ 4 ‘ ‘
S 777 72%*

Figure 18. Subdivision surface of space with NULTISS. Left to right: initial mesh; mesh after two
refinements; surface with lighting after three refinements.

5.3. Numerical Experiments on Subdivision with NULTISS on Irreqular Quadrilateral Mesh

Below, we present an example of the NULTISS limit surface on irregular quadrilateral
mesh, as shown in Figure 19. The model is a nail with a cross shape; the extraordinary
points of the initial mesh of the model have three different valences, i.e., 3, 5, and 6; the
chord length is refined twice, and an adequate mesh shape is obtained.

Figure 19. Subdivision surface of space with NULTISS. Left to right; initial mesh; mesh after one
refinement; mesh after two refinements.

6. Discussion

In this paper, a novel method of curve subdivision based on non-uniform four-point
ternary interpolation is proposed. Compared with uniform interpolation, the limit curve



Mathematics 2023, 11, 486 21 of 22

generated by our proposed method can avoid self-intersection and can effectively reflect
the geometric characteristics of the control polygon. Moreover, using a tensor product, we
also propose a non-uniform ternary surface subdivision scheme. In contrast to the method
proposed in [16], this scheme has specific subdivision rules and formats on regular
quadrilateral meshes, as well as mask calculation formula. In contrast to the method
described in [15], we propose specific subdivision rules for extraordinary points. The
effectiveness and superiority of our method are demonstrated by specific model
examples.

Because subdivision rules are not limited by topology, we will further expand the
application of the methods proposed in this paper in practical problems, such as point
cloud reconstruction, grid optimization [28], etc. With respect to point cloud
reconstruction, we will utilize point cloud compression technology, feature extraction
technology, and a quadrilateral mesh generation method [29] to establish quadrilateral
mesh, then use the method proposed in this paper to generate a limit surface.
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