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Abstract: Recently, the split inverse problem has received great research attention due to its several
applications in diverse fields. In this paper, we study a new class of split inverse problems called the
split variational inequality problem with multiple output sets. We propose a new Tseng extragradient
method, which uses self-adaptive step sizes for approximating the solution to the problem when
the cost operators are pseudomonotone and non-Lipschitz in the framework of Hilbert spaces. We
point out that while the cost operators are non-Lipschitz, our proposed method does not involve
any linesearch procedure for its implementation. Instead, we employ a more efficient self-adaptive
step size technique with known parameters. In addition, we employ the relaxation method and the
inertial technique to improve the convergence properties of the algorithm. Moreover, under some
mild conditions on the control parameters and without the knowledge of the operators” norm, we
prove that the sequence generated by our proposed method converges strongly to a minimum-norm
solution to the problem. Finally, we apply our result to study certain classes of optimization problems,
and we present several numerical experiments to demonstrate the applicability of our proposed
method. Several of the existing results in the literature in this direction could be viewed as special
cases of our results in this study.

Keywords: split inverse problems; non-Lipschitz operators; pseudomonotone operators; Tseng’s
extragradient method; relaxation and inertial techniques
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1. Introduction

Let H be a real Hilbert space endowed with inner product (-, -) and induced norm
|| - ||. Let C be a nonempty, closed and convex subset of H, and let A : H — H be an
operator. Recall that the variational inequality problem (VIP) is formulated as finding an
element p € C such that

(x—p Ap) >0, VxeC. 1)

The solution set of the VIP (1) is denoted by VI(C, A). Fichera [1] and Stampacchia [2]
were the first to introduce and initiate a study independently on variational inequality the-
ory. The variational inequality model is known to provide a general and useful framework
for solving several problems in engineering, optimal control, data sciences, mathemati-
cal programming, economics, etc. (see [3-8] and the references therein). In recent times,
the VIP has received great research attention owing to its several applications in diverse
fields, such as economics, operations research, optimization theory, structural analysis,
sciences and engineering (see [9-14] and the references therein). Several methods have
been proposed and analyzed by authors for solving the VIP (see [15-19] and references
therein).

One of the well-known and highly efficient methods is the Tseng extragradient
method [20] (which is also known as the forward-backward—forward algorithm). The
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method is a two-step projection iterative method, which only requires single computation
of the projection onto the feasible set per iteration. Several authors have modified and
improved on the Tseng extragradient method to approximate the solution of the VIP (1)
(for instance, see [19,21-23] and the references therein).

Another active area of research interest in recent years is the split inverse problem
(SIP). The SIP finds applications in various fields, such as in medical image reconstruction,
intensity-modulated radiation therapy, signal processing, phase retrieval, data compression,
etc. (for instance, see [24-27]). The SIP model is presented as follows:

Find % € H; thatsolves IP; 2)

such that
J:=Tx € Hy solvesIP,, 3)

where H; and H; are real Hilbert spaces, IP; denotes an inverse problem formulated in
Hj, and IP; denotes an inverse problem formulated in Hy, and T : H] — H, is a bounded
linear operator.

The first instance of the SIP, called the split feasibility problem (SFP), was introduced in
1994 by Censor and Elfving [26] for modeling inverse problems that arise from medical
image reconstruction. The SFP has numerous areas of applications, for instance, in signal
processing, biomedical engineering, control theory, approximation theory, geophysics,
communications, etc. [25,27,28]. The SFP is formulated as follows:

Find £ € C suchthat § =T% € Q, 4)

where C and Q are nonempty, closed and convex subsets of Hilbert spaces H; and Hp,
respectively, and T : H; — Hj is a bounded linear operator.

A well-known method for solving the SFP is the CQ method proposed by Byrne [29].
The CQ method has been improved and extended by several researchers. Moreover, many
authors have proposed and analyzed several other iterative methods for approximating
the solution of SFP (4) both in the framework of Hilbert and Banach spaces (for instance,
see [25,27,28,30,31]).

Censor et al. [32] introduced an important generalization of the SFP called the split
variational inequality problem (SVIP). The SVIP is defined as follows:

Find £ € C that solves (A1%,x — %) >0, VxeC (5)

such that
7 =T% € Hysolves (A,y—19) >0, VyeQ, (6)

where Ay : Hi — Hj, Ay : Hy — Hj are single-valued operators. Many authors have
proposed and analyzed several iterative techniques for solving the SVIP (e.g., see [33-36]).
Very recently, Reich and Tuyen [37] introduced and studied a new split inverse problem
called the split feasibility problem with multiple output sets (SFPMOS) in the framework of
Hilbert spaces. Let C and Q; be nonempty, closed and convex subsets of Hilbert spaces
Hand H;,i =1,2,...,N,respectively. Let T; : H — H;, i = 1,2,..., N be bounded linear
operators. The SFPMOS is formulated as follows: find an element u™ € H such that

el :=cn(nN,T7HQ)) # . ?)

Reich and Tuyen [38] proposed and analyzed two iterative methods for solving the
SFPMOS (7) in the framework of Hilbert spaces. The proposed algorithms are presented
as follows:

N
Xup1 = Pc {Xn — Yy T (I - PQi)Tixn}/ 8)
i—1
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and

N
Xn1 = anf(xn) + (1 —an)Pc [xn —Tn 2 T (I - PQi)Tixn)}r )
i=1

where f : C — C is a strict contraction, {vy,} C (0,+c0) and {a,} C (0,1). The au-
thors obtained weak and strong convergence results for Algorithm (8) and Algorithm (9),
respectively.

Motivated by the importance and several applications of the split inverse problems,
in this paper, we examine a new class of split inverse problems called the split variational
inequality problem with multiple output sets. Let H, H;,i = 1,2,..., N, be real Hilbert
spaces and let C, C; be nonempty, closed and convex subsets of real Hilbert spaces H
and H;,i = 1,2,...,N, respectively. Let T; : H — H;,i = 1,2,..., N, be bounded linear
operators and let A : H — H,A; : H; — H;,i = 1,2,...,N, be mappings. The split
variational inequality problem with multiple output sets (SVIPMOS) is formulated as finding a
point x* € C such that

x* € Q=VIC,A)N(NNLTIVI(C, A)) # @. (10)

Observe that the SVIPMOS (10) is a more general problem than the SFPMOS (7).

In recent times, developing algorithms with high rates of convergence for solving
optimization problems has become of great interest to researchers. There are two important
techniques that are generally employed by researchers to improve the rate of convergence
of iterative methods. These techniques include the inertial technique and the relaxation
technique. The inertial technique first introduced by Polyak [39] originates from an implicit
time discretization method (the heavy ball method) of second-order dynamical systems.
The main feature of the inertial-algorithm is that the method uses the previous two iterates
to generate the next iterate. We note that this small change can significantly improve the
speed of convergence of an iterative method (for instance, see [21,23,40-45]). The relaxation
method is another well-known technique employed by authors to improve the rate of
convergence of iterative methods (see, e.g., [46-48]). The influence of these two techniques
on the convergence properties of iterative methods was investigated in [46].

In this study, we introduce and analyze the convergence of a relaxed inertial Tseng
extragradient method for solving the SVIPMOS (10) in the framework of Hilbert spaces
when the cost operators are pseudomonotone and non-Lipschitz. Our proposed algorithm
has the following key features:

¢ The proposed method does not require the Lipschitz continuity condition often im-
posed by the cost operator in the literature when solving variational inequality prob-
lems. In addition, while the cost operators are non-Lipschitz, the design of our
algorithm does not involve any linesearch procedure, which could be time-consuming
and too expensive to implement.

*  Our proposed method does not require knowledge of the operators’ norm for its
implementation. Rather, we employ a very efficient self-adaptive step size technique
with known parameters. Moreover, some of the control parameters are relaxed to
enlarge the range of values of the step sizes of the algorithm.

*  Our algorithm combines the relaxation method and the inertial techniques to improve
its convergence properties.

*  The sequence generated by our proposed method converges strongly to a minimum-
norm solution to the SVIPMOS (10). Finding the minimum-norm solution to a problem
is very important and useful in several practical problems.

Finally, we apply our result to study certain classes of optimization problems, and
we carry out several numerical experiments to illustrate the applicability of our pro-
posed method.

This paper is organized as follows: In Section 2, we present some definitions and
lemmas needed to analyze the convergence of the proposed algorithm, while in Section 3,
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we present the proposed method. In Section 4, we discuss the convergence of the proposed
method, and in Section 5, we apply our result to study certain classes of optimization prob-
lems. In Section 6, we present several numerical experiments with graphical illustrations.
Finally, in Section 7, we give a concluding remark.

2. Preliminaries
Definition 1 ([21,22]). An operator A : H — H is said to be
(i)  w-strongly monotone, if there exists « > 0 such that

(x -y, Ax — Ay) > allx —y[?, Vxy € H;

(ii) monotone, if
(x—y,Ax—Ay) >0, Vx,y€H,

(iii) pseudomonotone, if
(Ay,x—y) >0 = (Ax,x—y) >0, Vx,y€ H,
(iv) L-Lipschitz continuous, if there exists a constant L > 0 such that
|Ax — Ayl < Lllx—yll, VxyeH;

(v)  uniformly continuous, if for every € > 0, there exists 6 = §(e) > 0, such that

|Ax — Ay|| < € whenever ||x—y| <, Vx,ye€H;
(vi) sequentially weakly continuous, if for each sequence {x,}, we have x, — x € H implies that

Ax, — Ax € H.

Remark 1. It is known that the following implications hold: (i) = (ii) == (iii) but the
converses are not generally true. We also note that uniform continuity is a weaker notion than
Lipschitz continuity.

It is well-known that if D is a convex subset of H, then A : D — H is uniformly
continuous if and only if, for every € > 0, there exists a constant K < o0 such that

|Ax — Ay|| < K||x —y|| +€ Vx,y € D. (11)

Lemma 1 ([49]). Suppose {a,} is a sequence of nonnegative real numbers, {«a, } is a sequence in
(0,1) with Y57 1 &y = +o0 and {by } is a sequence of real numbers. Assume that

api1 < (1 —ap)an +anb,  forall n > 1.

Iflimsup by,, < 0 for every subsequence {ay, } of {a,} satisfying 1i]£n inf(ap,,, —an,) > 0, then
k—o0 —re

lim a, = 0.
n—oo

Lemma 2 ([50]). Suppose {A,} and {6, } are two nonnegative real sequences such that

Anp1 < Ap + ¢n, Vn > 1.

IfY o1 ¢n < +oo, then lim A, exists.

Lemma 3 ([51]). Let H be a real Hilbert space. Then, the following results hold for all x,y € H
and § € (0,1) :

@ lx+yll? < [lx|? + 20y, x + y);

@) lx+yl? = [lx|? + 20, y) + Iyl
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(iti) ||6x + (1= 0)yl[> = 8] |x[|> + (1 = 9)[|yl[* — 6(1 — &) [|x — >

Lemma 4 ([52]). Consider the VIP (1) with C being a nonempty, closed, convex subset of a real
Hilbert space H and A : C — H being pseudomonotone and continuous. Then p is a solution of
VIP (1) if and only if

(Ax,x —p) >0, Vx e C

3. Main Results

In this section, we present our proposed iterative method for solving the SVIPMOS (10).
We establish our convergence result for the proposed method under the following conditions:

Let C, C; be nonempty, closed and convex subsets of real Hilbert spaces H, H;,i =
1,2,...,N, respectively, and let T; : H — H;,i = 1,2,..., N be bounded linear operators
with adjoints T;. Let A: H — H,A; : H; — H;,i = 1,2,...,N, be uniformly continuous
pseudomonotone operators satisfying the following property:

whenever {T;x,} C C;, Tjx, — Tz, then ||A;Tiz| < 1i1r_1>inf |AiTixnl|, i=0,1,2...,N,Co=C,Ag = A, Ty = M. 12
n (o)

Moreover, we assume that the solution set () # @ and the control parameters satisfy
the following conditions:

Assumption B:
(A1) {an} € (0,1), im &y = 0,) 550 an = +oo, lim 2 =0,{Cx} C [a,b] C (0,1),0 > 0;
(A2)0<c<ci<1,0< ¢ < ¢l < 1’nh_13306”ri = nli_r}go(pn,i =0,A,;>0,Vi=0,12,...,N;
(A3) {0} C Ry, oy Pni < 400,0 < a; < 8, < b < 1,16, = 1foreachn > 1.

Now, the Algorithm 1 is presented as follows:

Algorithm 1. A Relaxed Inertial Tseng’s Extragradient Method for Solving SVIPMOS (10).

Step 0. Select initial points xg, x; € H.Let Co = C, Ty = ", Ay = Aand setn = 1.
Step 1. Given the (n — 1)th and nth iterates, choose ), such that 0 < 6,, < 6,, with 6,, defined by

. - :
@—{mﬂamﬂﬂ}'ﬁ%¢“” (13)

0, otherwise.

Step 2. Compute
Wy = (1 —an) (X0 + 0n(xn — x,-1))-
Step 3. Compute
Yni = P, (Tiwy — Ay jAi Tiwn).
Step 4. Compute
Uni = Yni = An,i(Aiyni — AiTiwn),

o 1 (enite) | Titvn—yn,i .

A= min{ Gt 0ty i AT, — Ay £ 0,

n+1,i = i1iWn n, )
Ani+ Onis otherwise.

Step 5. Compute

N
Un = Z On,i (w” + Wn,iTi*(”n,i - Tiwn))/
i—0

1
where
“Tf (Tiwy =1y, [

_ [etlimelD T (T — )| £ 0,
Nni = ) (14)
0, otherwise.

Step 6. Compute
Xny1 = Enwn + (1= &n)on.

Set nn := n 4 1 and return to Step 1.
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(en,i + ci) || Tywn —

Remark 2. Observe that by conditions (C1) and (C2) together with (13), we have that
. . by
lim 0y||xy, — x,1|| =0 and lim —||x, —x, 1]| = 0.
n—oo n—oo D{n

Remark 3. We also note that while the cost operators A;,i = 0,1,2,..., N are non-Lipschitz,
our method does not require any linesearch procedure, which could be computationally very expen-
sive to implement. Rather, we employ self-adaptive step size techniques that only require simple
computations of known parameters per iteration. Moreover, some of the parameters are relaxed to
accommodate larger intervals for the step sizes.

Remark 4. We remark that condition (12) is a weaker assumption than the sequentially weakly con-
tinuity condition. We present the following example satisfying condition (12), which also illustrates
that the condition is a weaker assumption than the sequentially weakly continuity condition.

Let A : l(R) — ¢5(R) be an operator defined by

Ax = x||x||, Vx € 6(R).

Suppose {z,} C lr(R) such that z, — z. Then, by the weakly lower semi-continuity of the norm
we obtain

||z|]| < iminf ||z,]|.
n——+00
Thus, we have
| Az|| = ||z||* < hmmean < liminf ||z, ||? = liminf || Az,||.
n—+ n——+o00 n——400

Therefore, A satisfies condition (12).

On the other hand, to establish that A is not sequentially weakly continuous, choose z, =
eq + e1, where {e,} is a standard basis of ¢>(R), that is, e, = (0,0,...,1,...) with 1 at the
n-th position. It is clear that z,, — ey and Az, = A(en +e1) = (en +e1)|len +e1]| — v2e1,
but Aey = eq|le1|| = e1. Consequently, A is not sequentially weakly continuous. Therefore,
condition (12) is strictly weaker than the sequentially weakly continuity condition.

4. Convergence Analysis

First, we prove some lemmas needed for our strong convergence theorem.

Lemma 5. Let {A,,;} be the sequence generated by Algorithm 1 such that Assumption B holds.
Then {A,, ;} is well-defined for eachi = 0,1,2,..., N and lim A= Aqi € [min{l\%,/\lli}, Mi+
D;|, where ®; = Y771 Pni-

Proof. Observe that since A; is uniformly continuous for eachi =0, 1,2, ..., N, it follows
from (11) that for any given €; > 0, there exists K; < +o0 such that || A;Tjw, — Ajy, || <
Ki|| Tiwn — yy ]| + €. Thus, for the case A;Tjw, — Ajy,; # 0 for all n > 1, we obtain

ynz” (Cn,i‘|‘ci)||Tiwn73/n,i” _ (Cn,i+ci)||Tiwn 73/71,1'“ _ (Cn,i+ci) > Ci

HAiTiwn -

1yan o KiHTiwn -

(Ki + i) | Tiwy — M; T M

where €; = (;||Tiw, — y,| for some {; € (0,1) and M; = K; + {;. Therefore, by the
definition of A,,1, the sequence {A, ;} has lower bound min{ ;- My M i} and has upper
bound A ; + ®;. By Lemma 2, the limit hm Ay i exists and is denoted by A; = hm A

Clearly, A; € [ min{ Mi’/\lzz}’)\lxl + @] for eachz =0,1,2...,N. O

Lemma 6. If || T (Tjwy — uy;)|| # 0, then the sequence {1, ; } defined by (14) has a positive lower
bounded for eachi =0,1,2,...,N.
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Proof. If | T;*(Tywy — uy;)|| # 0, it follows that for eachi =0,1,2,...,N

(¢pn,i + ¢i) | Tiwn — w1

T T (Tiaw — )2
Since T; is a bounded linear operator and lgn ¢n; = 0foreachi =0,1,2,...,N,
n o]

we have

(Pni + i) || Tiwn — 1y, ]| < (Pni+ ¢i) || Tiwn — || S i
T (Trwn —un )2 = (T2 Tiwn — w12~ [T

which implies that ”}‘ﬁ is a lower bound of {#,,;} foreachi =0,1,2,...,N. O

Lemma 7. Suppose Assumption B of Algorithm 1 holds. Then, there exists a positive integer N
such that

An,i (Cn,i + Ci)

€(0,1), Vn>N.
An—O—l,i

¢i+¢ui €(0,1), and
Proof. Since 0 < ¢; < 4714 < 1and nlgn ¢ni = 0foreachi =0,1,2,...,N, there exists a
positive integer Nj ; such that

0<¢i+dni <Pi <1, Vn> Ny,
Similarly, since 0 < ¢; < ¢} < 1,7lli£n cyi = 0and nlgn Awi = A for each i =
0,1,2,...,N, we have

)\n,i(cn,i + Ci)

Iim (1—
( Angt,i

n—oo

):1—q>1—4>&
Thus, foreachi =0,1,2,..., N, there exists a positive integer N, ; such that

Ani(Cni+ci)

1 —
An+1,i

>0, Vn> Ny .
Now, setting N = max{Ny;, Np;:i=0,1,2,...,N}, we have the required result. []

Lemma 8. Let {x,} be a sequence generated by Algorithm 1 under Assumption B. Then the
following inequality holds for all p € () :

2

A~
It = Tipl> < 1 Tiww = Topll? = (1= 5™ (e + i) ) [ Tiaon = il
n+1,i

Proof. From the definition of A, ;, we have

(Cn,i + Ci)

HAiTiwi’l - Aiyn,iH < ||Tiw71 _yn,iH/ vneN,i=0,1,...,N. (15)

S

Observe that (15) holds both for A;T;w, — A;y,; = 0 and A;T;w, — A;y,; # 0. Let
p € Q. Then, it follows that T;p € VI(C;, A;), i =0,1,2,...,N. Using the definition of u,, ;
and applying Lemma 3, we have
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it — Tipl1> = Yni — Ani(Aiyni — AiTiwn) — Tip|)?
= lyw; = Tepl1* + A% [l Aiyni — AiTion||* = 2404 Yni — Tip, Aitini — AiTiwn)
= | Tiwn — Tipl1* + lyni — Tiwa > + 2y — Tiwn, Trwn — Tip) + Aj | Aiyni — AiTiwn |
= 2M0,i(Yn,i — Tip, Aiyn,i — AiTiwn)
= | Tiwn — TiplI* + lyni — Tiwnll* — 20y — Tiwn, Yni — Tiwn) +2(Yni — Tiwn, Yn,i — Tip)
AL Ay — AiTiwn||* = 240y — Tip, Ay — AiTiwn)
= | Tiwn — Typ|1* = 1Yni — Tiwnll® +2(ui — Tiwn, Y — Tip) + A3 il Aiyni — AiTiwn|?
= 2A0,iYni — Tip, Aiyn,i — AiTiwn). (16)
Since y,,; = Pc,(Tiwn — Ay jAiTiwy,) and Typ € VI(C;, A;), i = 0,1,2,...,N, by the
property of the projection map we have
(Yni — Tiwn + A i AiTiwn, yni — Tip) <0,

which is equivalent to
Yni — Tiwn, Yni — Tip) < —Api(lAiTiwn, yni — Tip). (17)
Furthermore, sincey,; € C;, i =0,1,2,..., N, we have

(AiTip, yn,i — Tip) >0,

By the pseudomonotonicity of A;, it follows that (A;y, i, yni — Tip) > 0. Since A,,; >
0,i=0,1,2,...,N, we obtain

Ai{AiYnisYni — Tip) > 0. (18)

Next, by applying (15), (17) and (18) in (16), we obtain

2

2 2 2 2 )\n,i 2
luni — Tipll* < | Tiwn — Tip||= = |Yni — Tiwnl|” = 2A4,i(Ai Tiwn, Yn,i — Tip) + (Cni + ¢i) ¥ | Tiwn — Yni
n+1,i
= 2A,iYn,i — Tip, Aiyn,i — AiTiwn)
2 )L%l,i 2 2
= [ Tiwn = Tipll® = (1 = 532 (e + €)1 Tiwn = Yuill® = 2An,i40mi = Tip, Aitn)
n+1,i
2 )\%,i 2 2
< [T = TyplP = (1= 5™ (eni + ) ) [ Tiwn =y, (19)
n+1,i

which is the required inequality. [

Lemma 9. Suppose {x,} is a sequence generated by Algorithm 1 such that Assumption B holds.
Then {x,} is bounded.

Proof. Let p € Q). By the definition of w;, and applying the triangular inequality, we have

lwn = pll = (1 = an) (xn + 6 (xn — x01)) = P
= (1 =an)(xn = p) + (1 = an)0n (xn = xp-1) — anp||
< (1 —an)flxn = pll + (1 = an) 0|20 — 2y + an[p

0
= (1= ) — ]+t [ (1 = ) 2 ot = 0 + ]
n
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By Remark (2), we obtain

n—o0

. 0
lim [ (1) ln = aca |+ llpl]| = llpl]

Thus, there exists M; > 0 such that (1 — ocn)%Hxn —xp_1]| + |lpl £ My foralln € N.
It follows that

[wn = pll < (1 —an)l[xn — pll + an M. (20)

nk,i

A
By Lemma 7, there exists a positive integer N such that 1 — ﬁ(cnkﬂ' +c) >

0, Vn > N, i = 0,1,2,...,N. Consequently, it follows from (19) that for all n > N
andi=0,1,2,...,N
< ltni = Tip|* < || Tiwn — Tip|*. (21)

Next, since the function || - |2 is convex, we have

N
lon =PI = 11 12 6, (wn + 1, T (it — Titow)) — plI?
i=0

N
< Z On,illwn + i T (i — Tiwn) — P”z- (22)
i=0

By Lemma 7, there exists a positive integer N such that 0 < ¢,; +¢; < 1, i =
0,1,2,...,Nforalln > N. From (22) and by applying Lemma 3 and (21), we obtain

@ + 1, T; (i — Tiwn) — plI* = llwn — plI> + 15 I T (i — Tiwn) 1> + 207, (wn — p, T (4, — Tywn))
T} (tn; — Tywn) ||? + 20, (Tywn — Tip, thy,; — Tiwn)
T (i — Tiwn) |* + il — Tipl|* — | Tiwn — Tip|?

= |wa — plI* + ’71%,1‘

= |lwn — plI* + 13,

= |lty, — Tiwn]|?]
2, 2 (i 2 2

< lwn — plI* + 7 ) | T (i — Trwn) |7 = 1,illttn,i — Tiwn|

= lwn — pI* = uilllttn; — Tiwnl|* = 9| T (i — Tiwn) ||]. (23)

If | T (up; — Tjwy)|| # 0, then by the definition of 7,, ;, we have
14, = Ty 1> = 1, | T} (i — Trwn) |2 = [1 = (@ + i)]l| Tiawn — > 2 0. (24)

Now, applying (24) in (23) and substituting in (22), we have

N
lon — plI* < llwn — plI* = Y Snittnill = (@i + ¢:)][| Tiwn — 1y ]|
i
< Jlwn — pl|*. (25)

Observe that if || T} (u,; — Tywy)|| = 0, (25) still holds from (23).
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Next, using the definition of x,,1, and applying (20) and (25), we have

| %p41 = pll = IGnwn + (1 = Gn)on — p|
< Gullwn — pll+ (L= Gn)llon — pll
< Gullwn = pll + (1 = &u) lwn — pll
= [lwn = pl
< (1 —an)llxn — pll + any
< max{||x, — pll, M1 }

< max{|[xy = pll, M1},
which implies that {x, } is bounded. Hence, {wy }, {y,}, {1} and {v, } are allbounded. O

Lemma 10. Let {w, } and {v,} be two sequences generated by Algorithm 1 with subsequences
{wy, } and {v,,}, respectively, such that klim |wn, — v, || = 0. Suppose w,, — z € H, then
— 00

z € Q.

Proof. From (25), we have

ank - P”z < ”wﬂk - PHZ Z%,ﬂ?nk, (Pnkz +‘Pz)”‘Twnk Up,,i 2, (26)
From the last inequality, we obtain
25 + @) Tiwn, — i1 < llwn, — plI? = on, — plI?
nk,177nk, ¢nk1 ¢ iWny nill > ne — P ne — P
< |lwn, = vn |1 + 2l wn, = on [ll[ow, — Pl 27)

Since by the hypothesis of the lemma klim |wn, — vn, || = 0, it follows from (27) that
— 00

250, k— oo,

2 5”krﬂ7”kr ‘Pnk,l + ‘Pz)] || Tiwn, — Up, i

which implies that

S illngill = (Pnyi + )| Tiwn, — ty i||* =0, k— o0, Vi=0,1,2,...,N.

By the definition of #,, ;, we have

T, iWn, — unk1||4
T (Trwny, — i) |I?

5nk,i(¢nk,i + (Pl)[ ((Pﬂk, + (Pl)] -0, k— o, Vi=0,1,2,...,N.

From this, we obtain

| Tiwn, — 1y, il
k
| T} (Tiwn, — tty, i)l

1

—0, k—oo, Vi=0,1,2,...,N,

Since {|| T} (Tjwn, — tn, ;)| } is bounded, it follows that
||Tiwnk—unk,,-||%0, k*)OO, ViIO,l,Z,...,N. (28)

Hence, we have
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1T (Titowy, = i) | < (T (Tion, = wn i) [| = I Tal[l[(Tiwn, = un i)l =0, k=00, ¥i=0,1,2,...,N. . (29)
From (19), we obtain
A2
Ny, 1
(1= 22 i+ €0)?) 1 T, = Y2 < | Tiwn, = Tipl2 = i — Tip?
ng+1,i
< | Tiwn, = wnill (1 Tiwn, = Tipll + i — Tipll). - (30)
By applying (28), it follows from (30) that
AZ
ny,i .
(1 — 2 e+ ci)Z) | Tiwn, — Y ill2 =0, k=00, i=0,1,...,N.
}’lk-‘rl,i
Consequently, we have
| Tiwn, — Yn,ill -0, k—o00, i=0,1,...,N. (31)

<Tiwnk — /\nk,iAiTinlk = Ynyir Tix — ]/nk,i> <0, VIixe(C;, i=012,...,N,
which implies that
1
1 '<Tl~wnk — Yny,is Tix — ynk,i> < <AiTiwnk1 Tix — y”k,i>’ \4 Tix S Ci/ 1= 0,1,2,..
N1

1

Nyl

>

(AiYn i TiX — Y, i) =

(AiYn,i —

Since y,,; = Pc,(Tiwy — Ay AiTiwy), by the property of the projection map, we obtain

From the last inequality, it follows that

<Tiwnk - ynk,i/ Tlx - ynk,i> + <AiTiwnk/l/nk,i - Tiwi’lk> S <AiTiwnk/ Tix - Tiwi’lk>/ v Tix € Cll Z = 0/ 1/ 2/ e /N'

By applying (31) and the fact that klim Ani = Ai > 0, from (32) we obtain
—r 00
li}{ninf(AiTiwnk, Tix — Tiwy,) >0, VTixeC;, i=0,1,2,...,N.
— 00

Observe that
AiTiwnk/ Tix - Tiwnk> + <AiTiwnk/ Tix - Tiwl’lk> + <Ai]/nk,i/ Tiwi’lk - ]/nk,i>-

By the continuity of A;, from (31) we obtain

||AiTiwnk — Aiynk,i —0, k— o, Vi=0,1,2,...,N.

Using (31) and (35), it follows from (33) and (34) that

liininf(Aiynk,i, Tix —Yni) >0, VIixeC, i=0,1,2,...,N.
—>00

.,N.

(32)

(33)

(34)

(35)

(36)

Next, let {0 ;} be a decreasing sequence of positive numbers such that ¢;; — 0 as
k— o0,i=0,1,2,...,N.For each k, let Ni denote the smallest positive integer such that

<Aiynj,ir Tix — ynj,i> + ﬁk,i >0, V] > Nkr T;x € Cl', i=0,1,2,...,N,

(37)

where the existence of Nj follows from (36). Since {0 ;} is decreasing, then {N;} is
increasing. Moreover, since {yn,,i} C C; for each k, we can suppose A;yy,,; 7 0 (otherwise,
yn.i € VI(Ci, Aj), i =0,1,2...,N) and let
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_ Ay
| Aiyn,,ilI?
Then, (Ajyn, i zN,,i) = 1 foreachk, i =0,1,2,...,N. From (37), we have

ZNy i

<Ainkri’ T;x + ﬂk,iZNk,i — yNk,i> >0, V Tix c Ci/ 1i=20,1,2,...,N.

It follows from the pseudomonotonicity of A; that
(Ai(Tix + O izn,.i), Tix + Ok iz, i — yn,,i) =0, VTix€C,i=0,12,...,N,

which is equivalent to
<A,-Tix, Tix — yNk,i> > <A7‘Tix — Ai(T,-x + ﬁk,iZNk,i)/ Tix + ﬂk,iZNk,i — yNk/f> — l9k,i<AiTix, sz’i),VT,-x €¢C,i=0,1,...,N. (38)
In order to complete the proof, we need to establish that klim Oizn,,i = 0. Since
—00

wy, — z and T; is a bounded linear operator for eachi = 0,1,2,..., N, we have T;w,, —
Tz, Vi =0,1,2,...,N. Thus, from (31), we obtain Yn,i — Tiz, Vi=0,1,2,...,N. Since
{yn,it € C,i=0,12,...,N,wehave Tiz € C;. If A;Tiz =0, Vi =0,1,2,...,N, then
Tiz € VI(C;,A;) Vi = 0,1,2,...,N, which implies that z € Q. On the contrary, we
suppose A;Tiz # 0, Vi =0,1,2,...,N. Since A; satisfies condition (12), we have for all
i=0,12,...,N

0 < [|AiTiz|| < liminf|| Ay, -
k—o0

Applying the facts that {yn, i} C {yn,,i} and &; — Oask — oo, i = 0,1,2...,N,

we have
lim sup 0 ;
0 < limsup|| ;zn, il = limsup( O ) koo
B k—o0 A k—o0 HAi]/nk,i a lilgglfHAiynk,iH ’

which implies that lim sup @ ;zy, ; = 0. Applying the facts that A; is continuous, {yy, i}
k—o0
and {zy,,;} are bounded and klim Oizn,,i = 0, from (38) we get
—00

lilgninf<AiTix, Tix — ]/Nkri> >0, V T;x € Ci/ i=0,1,2,...,N.
— 00

From the last inequality, we have

<A1-Tl-x, T,»x — Tl‘Z> = lim<AiTix, Tix - yNk,i> = lilfninf<AiTl-x, ]}x - yNk,i> >0, \4 Tl-x S Cl‘, i=0,12,...,N.
— 00

k—o0

By Lemma 4, we obtain

Tiz € VI(CZ',AZ-), i=0,1,2,...,N,
which implies that
z € Ti—l(VI(Ci,Ai)), i=0,12,...,N,

Consequently, we have z € ﬂfio Ti_l (VI(Ci, A;)), which implies that z € () as de-
sired. O

Lemma 11. Suppose {x,} is a sequence generated by Algorithm 1 under Assumption B. Then,
the following inequality holds for all p € () :

2 En(1— ‘:n)Hwn - UnHZ'

N
2011 — PHZ < (T—an)lxn — sz +andy — (1 —Gn) Z‘sn,iﬂn,i[l = (Pn,i + )| Tiwn — 1y
=0
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Proof. Let p € Q). By applying Lemma 3 together with the definition of wy,, we obtain

[wn — PH2 = [[(1 —an)(xn — p) + (1 — ) 0n (0 — x4—1) — "‘nP||2
<1 = an) (X0 = p) + (1= )8 (xn — x4 -1)[I* + 200 (—p, wy —p)
< (1= an)?[|xn = plI? +2(1 = an)0ulxn = plll1 20 — 201l + (1 = @n)?65 |20 — 2,1
+ 20y (—p, wn — Xpy1) + 204 (=p, Xpi1—p)
< (1= an) 30 = plI* + 260100 = plll|xn — 21| + 650 — 211> + 20 | p | 205 — 2011
+ 200 (p, p— Xut1)- (39)

Now, using the definition of x,,11, (25), (39) and applying Lemma 3, we obtain

(R _PHZ = ||&nwy + (1 — Cu)vy — PHZ
:énHwn_PHZ (1_§n>||vn_P||2_§n(1_§n Hwn_vnHz

< Eullwn = pI? + (1= &) [l — pll2 = Dmnm (fi + 90 Tiwn —

—n(1—Gn)llwn — vnHZ

]

N
= llwon = plI> = (1= ) Y Gnitinill = (i + @)l Tiwwn — e il|* = (1 = ) [20n — 0>
i=0
< (1= an)on = plI* +20u 200 = plllln = %1l + 63|10 — 21 * + 20| pll[[20n = 241

N
+2un(p, p—2nt1) = (1= Gn) Z(Sn,mn,i[l — (@ni + I Tion — 1> = & (1 — &u)l|wn — 0n®

i=

=(1—vcn)||xn—P||2+vcn[2llxn pll—llxn—xn ]+ 6| xn — x0- 1|| —len =l

2l il +20, = 50in)] ~ (18 L Suatuall — s+ 0]~
~ 21— &)l — o

N
= (1= a)llxn = plI? + andn = (1= 2n) Y Onittnill = (@i + ¢)]l| Titon — i1 = Eu (1 = Zn) |won — va?,
i=0

wheredn:2Hxn—p||%\|xn—xn,1||—l—Gonn Xn— 1Haonn_xn Ul +2llplllwn — xn4all +

2(p, p — xu4+1), which is the required inequality. [

Theorem 1. Let {x,} be a sequence generated by Algorithm 1 under Assumption B. Then, {x, }
converges strongly to £ € Q, where ||£|| = min{||p|| : p € Q}.

Proof. Let ||| = min{||p| : p € Q}, thatis, £ = P(0). Then, from Lemma 11, we obtain
s = 212 < (1= an) o0n = 21 + anddy, (40)

where dy = 21y — || 2| — x—1 | 4+ Ol — x0—1 ]| £ [l 200 — 21| + 21|20 — 2041 ]| +
2(%, £ —xp41)-
Next, we claim that the sequence {||x, — £||} converges to zero. To do this, in view

of Lemma 1 it suffices to show that lim sup d,,, < 0 for every subsequence {||x,, — £||} of
k—roc0

{||xn — %||} satisfying

tim (| 1 = £ = [}, — £]) 2 0. (41)
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Suppose that {||x,, — £||} is a subsequence of {||x, — £||} such that (41) holds. Again,
from Lemma 11, we obtain

N

(1 - gnk) 2 5Vlk,i;7}’lk,i[1 - ((Pi’lk,i + (Pl)] ||Tiw”k - ui’lk,i
i=0

2 + ‘:Ylk(l - an)Hwnk - UﬂkHZ
< (1 - ocnk)||xnk - Je||2 - ||xnk+1 - QHZ + “nde‘Vlk'

By (41), Remark 2 and the fact that klim &y, = 0, we obtain
—00

N
(1= 8n) Y O it i1 = (i + i) Titwm — sty il* + G (1= G wm, = om |2 =0, k= o.
i=0

1

Consequently, we obtain

]}Lngo |wn, —vn || = 0; khi& | Twn, — unk,i|| =0, Vi=0,1,2,...,N. (42)

From the definition of w, and by Remark 2, we have

lwn, — xn, || = |(1 = an, ) (g + Oy (2, — x"k—l)) — X, ||
= (1 = ) (g, = 2m) + (1 = ) Oy (X — X —1) — X |
< (1 —ap) |xn, — x| + (1= any )0 (|0, — Xp—1 || + g || 20 || =0, k — oo, (43)

Using (42) and (43), we obtain
|on, — x| =0, k— 0. (44)
From the definition of x,,;1 and by applying (43) and (44), we obtain

[ Xnet1 = Xl = €y + (1 = & )Ony, — X |
S gnk”wnk - xnkH + (1 - gnk)”vnk - xnkH _> O, k _) 00, (45)

Next, by combining (43) and (45), we obtain
|wn, — Xp 11l =0, k — oo. (46)

Since {x,} is bounded, w,, (x,) # @. We choose an element x* € w,,(x,) arbitrarily.
Then, there exists a subsequence {xy, } of {x,} such that x,, — x*. From (42), it follows
that w,, — x*. Now, by invoking Lemma 10 and applying (42), we obtain x* € ). Since
x* € wy,(xn) was selected arbitrarily, it follows that we, (x,) C Q.

Next, by the boundedness of {x;, }, there exists a subsequence {xnkj} of {xp, } such

that x,;, — gand
j

limsup(%, £ — x,,) = im (%, £ — xy, ).
k—o0 J—o0 ]

Since £ = P (0), it follows from the property of the metric projection map that

limsup(%, £ — x5, ) = im (£, £ — xp, ) = (£,£ —q) <0, (47)
k—oc0 J7reo J

Thus, from (45) and (47), we obtain

limsup(%, £ — x,,,,) <0. (48)
k—00
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Next, by Remark 2, (46) and (48) we have lim sup cfnk < 0. Therefore, by invoking
k—o0
Lemma 1, it follows from (40) that {||x, — £||} converges to zero as required. [J

5. Applications

In this section, we apply our result to study related optimization problems.

5.1. Generalized Split Variational Inequality Problem

First, we apply our result to study and approximate the solution of the generalized
split variational inequality problem (see [37]). Let D; be nonempty, closed and convex
subsets of real Hilbert spaces H;,i =1,2,...,N,and letS; : H; =+ H;1,i=1,2,...,N—1,
be bounded linear operators, such that S; # 0. Let B; : H; - H;,i =1,2,..., N, be single-
valued operators. The generalized split variational inequality problem (GSVIP) is formulated as
finding a point x* € D; such that

x* €T :=VI(Dy,B1) NS (VI(Dy, By)) ... ST Sy ... (S, (VI(Dn, Bw)))) # @ (49)

that is, x* € Dy such that
x* e VI(Dl, Bl),Slx* S VI(Dz, Bz), e, SN (5N72 . Slx*) S VI(DN, BN).

We note that by setting C = D1,C; = D;y1,A =B1,A; =Bj;1, 1<i<N-1,T =
S1,Tp = 5551, ..., and Ty_1 = Sy_1SN_2... 51, then the SVIPMOS (10) becomes the
GSVIP (49). Consequently, we obtain the following strong convergence theorem for finding
the solution of GSVIP (49) in Hilbert spaces when the cost operators are pseudomonotone
and uniformly continuous.

Theorem 2. Let D; be nonempty, closed and convex subsets of real Hilbert spaces H;,i =
1,2,...,N, and suppose S; : Hi — H;y1,i = 1,2,...,N — 1, are bounded linear operators
with adjoints S} such that S; # 0. Let B; : H; — H;, 1,2,...,N be uniformly continuous
pseudomonotone operators that satisfy condition (12), and suppose Assumption B of Theorem 1
holds and the solution set T # @. Then, the sequence {x, } generated by the following Algorithm 2
converges in norm to £ € I', where ||%|| = min{||p|| : p € T}.
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Algorithm 2. A Relaxed Inertial Tseng’s Extragradient Method for Solving GSVIP (49).

Step 0. Select initial points xo,x; € Hj. Let Sg = I, §; 1 = S$14S;5...S), 57, =
54581...874,i=12,...,Nandsetn = 1.
Step 1. Given the (n — 1)th and nth iterates, choose ), such that 0 < 6,, < 6, with 8, defined by

b, = {mm{e, T} i # v,

0, otherwise.

Step 2. Compute

wy = (1 —an)(xn 4 0n(xn — x,-1))-
Step 3. Compute

Yni = Pp,(Si 1wn — Ay iBiSi 11wy).
Step 4. Compute

Upi = Yn,i — An,i(Biyn,i - Biéiflwn)/

1BiSi—10n—Biyn,i|

3 n,i i §i— n—Yn,i . A

i min{ CotedlSeauzyull ) 4o i BS; qw, — By £ 0,

n+1,i —
Awi+ Onis otherwise.

Step 5. Compute
N
Un = Z On,i(Wn + 11,3871 (i — Si—1wn)),
i=1

where

1871 (Simawn—uni) [

n,i T Qi SAF U i||* : & &

I o JISottn—ttnsls i 185 (8w — )| # 0,

n,; —
0, otherwise.

Step 6. Compute
Xpy1 = Gnwy + (1 - (fn)vn-

Set n := n + 1 and return to Step 1.

5.2. Split Convex Minimization Problem with Multiple Output Sets

Let C be a nonempty, closed and convex subset of a real Hilbert space H. The convex
minimization problem is defined as finding a point x* € C, such that

X .

g(x") = ming(x), (50)
where g is a real-valued convex function. The solution set of Problem (50) is denoted by
arg min g.

Let C, C; be nonempty, closed and convex subsets of real Hilbert spaces H, H;,i =
1,2,...,N, respectively,and let T; : H — H;,i =1,2,..., N, be bounded linear operators
with adjoints T*. Let ¢ : H — R, g; : H; — R be convex and differentiable functions. In this
subsection, we apply our result to find the solution of the following split convex minimization
problem with multiple output sets (SCMPMOS): Find x* € C such that

x* € ¥:=argmingN (NN, T/ ! (argming;)) # @. (51)
The following lemma is required to establish our next result.

Lemma 12 ([53]). Suppose C is a nonempty, closed and convex subset of a real Banach space E,
and let g be a convex function of E into R. If g is Fréchet differentiable, then x is a solution of
Problem (50) if and only if x € VI(C,Vg), where Vg is the gradient of g.
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Applying Theorem 1 and Lemma 12, we obtain the following strong convergence
theorem for finding the solution of the SCMPMOS (51) in the framework of Hilbert spaces.

Theorem 3. Let C, C; be nonempty, closed and convex subsets of real Hilbert spaces H, H;,i =
1,2,..., N, respectively, and suppose T; : H — H;,i =1,2,..., N, are bounded linear operators
with adjoints T;". Let ¢ : H — R, g; : H; — R be fréchet differentiable convex functions such that
Vg, Vg; are uniformly continuous. Suppose that Assumption B of Theorem 1 holds and the solution
set ¥ # @. Then, the sequence { x, } generated by the following Algorithm 3 converges strongly to
% €Y, where ||£]] = min{||p| : p € ¥}.

Algorithm 3. A Relaxed Inertial Tseng’s Extragradient Method for Solving SCMPMOS (51).

Step 0. Select initial points xg, x1 € H.Let Co = C, Ty = H, Vgo = Vgandsetn = 1.
Step 1. Given the (n — 1)th and nth iterates, choose 6, such that 0 < 6, < 6, with 8, defined by

. €, .
o min - if _
gn = { {6/ ”x”7x”71H }/ Xn 7& Xn—1,

0, otherwise.

Step 2. Compute
wy = (1 —an)(xn + 0 (X0 — x4-1))-
Step 3. Compute
Yn,i = Pe,(Tiwn — Ay, VgiTiwn).
Step 4. Compute
Upi = Yni— Mi(V8iYni — V&iTiwn),

198 Tiwn—Vgiyn,ll /

3 ni+ i Ti n_Yn,i .
i min{ (@it Tiwn—ynil Api+onits if VT, — Vgiyn; #0,
i At Onjis otherwise.

Step 5. Compute

N
Uy = Z Opi (Wn 4 1y, T7 (yy; — Trwn)),
i=0

where

“Tf (Tiwn—un,)?

o [ T (T — ) £ 0
e 0, otherwise.

Step 6. Compute
X1 = Gnton + (1= Gn)vn.

Set nn := n + 1 and return to Step 1.

Proof. We know thatsince g;,i =0,1,2,..., N are convex, then Vg; are monotone [53] and,
hence, pseudomonotone. Therefore, the required result follows by applying Lemma 12 and
taking A; = Vg; in Theorem 1. [

6. Numerical Experiments

Here, we carry out some numerical experiments to demonstrate the applicability of
our proposed method (Proposed Algorithm 1). For simplicity, in all the experiments, we
consider the case when N = 5. All numerical computations were carried out using Matlab
version R2021(b).

In all the computations, we choose a;, = ﬁ, €, =

i+1.25,¢; = 0.10,¢; = 0.20,p,,; = 2,5, = ¢.
Now, we consider the following numerical examples both in finite and infinite dimen-
sional Hilbert spaces for the proposed algorithm.

(3ni2)3’€” = 2751111'9 =1.50,A,; =
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5, we define the feasible set C; = R™, Tix = 2% and A;(x) =

Example 1. Foreachi=0,1,..., i3

Mx, where M is a square m x m matrix given by

-1, if k=m+1—j and k>j,
if k=m+1—j and k<j,

0, otherwise.

{Ilj,k =<1

We note that M is a Hankel-type matrix with a nonzero reverse diagonal.

Example 2. Let H; = R?and C; = [-2—i,2+i]?, i = 0,1,...,5. We define T;x = 25, and
the cost operator A; : R? — R? is defined by
Ai(x,y) = (i+1)(—xe',y), (i=0,1,...,5).
Finally, we consider the last example in infinite dimensional Hilbert spaces.
[e0]
Example 3. Let H; = 0 := {x = (x1,x2,...,%},...) : ¥ |xj|2 < 400}, i=0,1,...,5. Let

j=1
ri,R; € R™ be such that o +1 < g < r; < R; for some k; > 1. The feasible sets are defined as
follows for eachi =0,1,...,5:

Ci={xeH;:|x|| <r}.

The cost operators A; : H; — H; are defined by

Ai(x) =

Then A; are pseudomonotone and uniformly continuous. We choose R; = 1.4+1i,1; =

08+1,ki=12+1, analwedeﬁneTxflT4

(Ri = [|x[)ax.

We test Examples 1-3 under the following experiments:

Experiment 1. In this experiment, we check the behavior of our method by fixing the other pa-
rameters and varying c, ; in Example 1. We do this to check the effects of this parameter and the
sensitivity of our method on it.

We consider c, ; € {0, 2001, n%%“ n06(?01’ — 80} with m = 20, m = 40, m = 60 and m = 80.

Using ||xn+1 — xn|| < 1072 as the stopping criterion, we plot the graphs of ||, 11 — Xu||
against the number of iterations for each m. The numerical results are reported in Figures 1-4 and
Table 1.

Table 1. Numerical results for Experiment 1.

m = 20 m = 40 m = 60 m = 80
Proposed Algorithm 1 Iter. CPU Time Iter. CPU Time Iter. CPU Time Iter. CPU Time
cpi =0 128 0.0889 156 0.1235 174 0.2028 189 0.2412
Cpi = nzo—(_)] 128 0.0652 156 0.1241 174 0.2664 189 0.2930
Cpji = n‘é% 128 0.0719 156 0.1495 174 0.3013 189 0.3220
Cpi = % 128 0.0695 156 0.1549 174 0.2959 189 0.3342
Cpi = % 128 0.0701 156 0.1678 174 0.2877 189 0.3129
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10" : : T Y | |
—¥— Proposed Alg. (¢, ; = 0)
Proposed Alg. (Cn,i = (20)/(n°-1))
Proposed Alg. (Cn,i = (40)/(n%0Yy)
—+— Proposed Alg. (¢ ; = (60)/(n®%%Ly)
10° —A— Proposed Alg. (¢ ; = (80)/(n®.0001y)

1 1 1

0 20 40 60 80 100 120 140
Iteration number (n)

Figure 1. Experiment 1 : m = 20.

10t w x : : Y ‘ ‘
—¥— Proposed Alg. (¢, ; = 0)
Proposed Alg. (¢ ; = (20)/(n°y)
Proposed Alg. (¢, ;= (40)/(n°0hy)
—+—Proposed Alg. (¢ ;= (60)/(n®002y)
10° —A— Proposed Alg. (O (80)/(n®-200))

1 1 1 1

0 20 40 60 80 100 120 140 160
Iteration number (n)

Figure 2. Experiment 1: m = 40.
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lOl T T T . : . i :
—k— Proposed Alg. (c_; = 0)
Proposed Alg. (c ;= (20)/(n°Y))
Proposed Alg. (¢, ; = (40)/(n®01y)
—+— Proposed Alg. (c,; = (60)/(n°-°01))
O ' -
107 —A— Proposed Alg. (cni = (80)/(n0'0001))
4
2 10
w
102
10-3 1 1 | 1 | | |

0 20 40 60 80 100 120 140 160 180
Iteration number (n)

Figure 3. Experiment 1: m = 60.

101 T T T
—¢— Proposed Alg. (cni =0)
Proposed Alg. (c,; = (20)/(n°%))
Proposed Alg. (c, ;= (40)/(n%0%y)
—+— Proposed Alg. (¢, ; = (60)/(n®%))
10° ' 0.0001
—A— Proposed Alg. (¢ ; = (80)/(n>*"h)

Errors
=
o
R

1072

107 :
0 50 100 150 200
Iteration number (n)

Figure 4. Experiment 1: m = 80.

Experiment 2. In this experiment, we check the behavior of our method by fixing the other pa-
rameters and varying c, ; in Example 2. We do this to check the effects of this parameter and the
sensitivity of our method to it.

; 20 40 _60 80 ; ; i
We consider c, ; € {0, 0T 00T/ 70001/ m} with the following two cases of initial values
Xo and xq :
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Case I: xo = (2,1); x1 = (0,3);
Case II: xg = (3,2); x1 = (1,1).

Using ||x,41 — xn|| < 1073 as the stopping criterion, we plot the graphs of ||x,+1 — Xn ||
against the number of iterations in each case. The numerical results are reported in Figures 5 and 6
and Table 2.

Table 2. Numerical results for Experiment 2.

Case I Case Il
Proposed Algorithm 1 Iter. CPU Time Iter. CPU Time
Cpi =0 248 0.0916 248 4.0980
Cnj = 2 248 0.0778 248 0.0816
Cnji = —oor 248 0.0852 248 0.0818
Cnji = oo 248 0.0875 248 0.0753
Cnj = omT 248 0.0817 248 0.0811
10t
—— Proposed Alg. (Cm =0)
Proposed Alg. (¢, ; = (20)/(n°1))
Proposed Alg. (cni = (40)/(n0 01))
—+— Proposed Alg. (c, ;= (60)/(n%90%y)
100; —A— Proposed Alg. (c,,; = (80)/(n®*°") E

0 50 100 150 200 250
Iteration number (n)

Figure 5. Experiment 2: Case 1.

Finally, we test Example 3 under the following experiment:

Experiment 3. In this experiment, we check the behavior of our method by fixing the other param-
eters and varying c,, ; in Example 3. We do this to check the effects of these parameters and the
sensitivity of our method to it

We consider c,,; € {0, 2 n01 , n‘é%l , (%)01 n0 3050 } with the following two cases of initial values
Xo and xq :

. 1 1 1 Cye —
Case I: X = (T%’@/Wgol...)’xl_(
Case II: xo = (55, 100, 100, " " * )’

Using ||xp+1 — x| < 107 as the stopping criterion, we plot the graphs of ||x, 11 — Xu||
against the number of iterations in each case. The numerical results are reported in Figures 7 and 8
and Table 3.
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—j¢— Proposed Alg. (cnvI =0)
——E&— Proposed Alg. (Cn.l = (20)/(n0'1))
Proposed Alg. (¢, ; = (40)/(n°%h)
—+— Proposed Alg. (¢ ; = (60)/(n%20%y)
10717, —A— Proposed Alg. (¢, = (80)(1*%%) |
"
S 10t
i}
102
1073
0 50 100 150 200 250
Iteration number (n)
Figure 6. Experiment 2: Case 2.
10° T . : . , ,
—¥— Proposed Alg. (cmi =0)
—&— Proposed Alg. (¢, ; = (20)/(n%Y))
Proposed Alg. (Cn,i = (40)/(n°'°1))
—+— Proposed Alg. (¢, ; = (60)/(n°%")
10 —A—Pro - 0.0001yy |
posed Alg. (cn'i =(80)/(n )
0 20 40 60 80 100 120 140
Iteration number (n)
Figure 7. Experiment 3: Case 1.
Table 3. Numerical results for Experiment 3.
Case I Case II
Proposed Algorithm 1 Iter. CPU Time Iter. CPU Time
Cpi =0 128 0.0682 128 0.0620
Cnji = 128 0.0434 128 0.0422
Cni = 01 128 0.0446 128 0.0474
Cni = o0 128 0.0423 128 0.0414
Cni = —omr 128 0.0416 128 0.0424

’




Mathematics 2023, 11, 386

23 of 26

10° ; ‘ Y Y Y |
—k— Proposed Alg. (¢ ; = 0)
Proposed Alg. (Cn,i = (20)/(n°-1))
Proposed Alg. (Cn,i = (40)/(n°-°1))
—+— Proposed Alg. (¢ ; = (60)/(n%001y)
107 —A— Proposed Alg. €= (80)/(n®%0%y) | 1

1 1 1

0 20 40 60 80 100 120 140
Iteration number (n)

Figure 8. Experiment 3: Case 2.

Remark 5. By using different initial values, cases of m and varying the key parameter in Ex-
periments 1-3, we obtained the numerical results displayed in Tables 1-3 and Figures 1-8. In
Figures 1—4, we considered different initial values and cases of m with varying values of the key
parameter c,, ; for Experiment 1 in R™. As observed from the figures, these varying choices do not
have a significant effect on the behavior of the algorithm. Similarly, Figures 5 and 6 show that the
behavior of our algorithm is consistent under varying initial starting points and different values of
the key parameter c,, ; for Experiment 2 in R2. Likewise, Figures 7 and 8 reveal that the behavior
of the algorithm is not affected by varying starting points and values of c, ; for Experiment 3 in
Uy. From these results, we can conclude that our method is well-behaved since the choice of the key
parameter and initial starting points do not affect the number of iterations or the CPU time in all
the experiments.

7. Conclusions

In this article, we studied a new class of split inverse problems called the split vari-
ational inequality problem with multiple output sets. We introduced a relaxed inertial
Tseng extragradient method with self-adaptive step sizes for finding the solution to the
problem when the cost operators are pseudomonotone and non-Lipschitz in the framework
of Hilbert spaces. Moreover, we proved a strong convergence theorem for the proposed
method under some mild conditions. Finally, we applied our result to study and approxi-
mate the solutions of certain classes of optimization problems, and we presented several
numerical experiments to demonstrate the applicability of our proposed algorithm. The
results of this study open up several opportunities for future research. As part of our
future research, we would like to extend the results in this paper to a more general space,
such as the reflexive Banach space. Furthermore, we would consider extending the results
to a larger class of operators, such as the classes of quasimonotone and non-monotone
operators. Moreover, in our future research, we would be interested in investigating the
stochastic variant of our results in this study.
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