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Abstract: In this work, we investigate the refined stability of the additive, quartic, and quintic func-
tional equations in modular spaces with and without the ∆2-condition using the direct method (Hyers
method). We also examine Ulam stability in 2-Banach space using the direct method. Additionally,
using a suitable counterexample, we eventually demonstrate that the stability of these equations fails
in a certain case.
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1. Introduction

Functional equations play a crucial role in the study of stability problems in several
frameworks. Ulam was the first who questioned the stability of group homomorphisms,
and this established the foundation for work on stability problems. In the case that an
equation admits a unique solution, we say that the equation is stable. For the Cauchy
functional equation,

φ(u1 + u2) = φ(u1) + φ(u2),

Ulam [1] formulated such a problem. Using Banach spaces, Hyers [2] solved this
stability problem by considering Cauchy’s functional equation. Hyers’ work was expanded
upon by Aoki [3] by assuming an unbounded Cauchy difference. Rassias [4] presented
work on additive mapping, and these kinds of results are further presented by Găvruţa [5].

In 1950, Nakano [6] studied the theory of modular linear spaces. Since then, this
theory has been thoroughly established by many authors, e.g., Amemiya [7], Koshi [8],
Luxemburg [9], Mazur [10], Musielak [11], Orlicz [12], and Turpin [13]. Orlicz spaces [14]
and the idea of interpolation [11,14] are both extensively applicable to the theory of modu-
lar spaces.

On the other hand, several mathematicians, using the fixed-point theorem of quasi-
contraction mappings, investigated stability in modular spaces but without using the
∆2-condition, as was proposed by Khamsi [15]. More recently, Sadeghi [16] established the
stability results of functional equations with both the Fatou property and the ∆2-condition
together in modular spaces.

Firstly, we recall some definitions, notations, and usual properties of the theory of
given spaces.
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Definition 1 ([16,17]). Let S be a linear space over K (R or C). A generalized functional ρ : S→
[0, ∞) is called modular if for any given u, v ∈ S, the following conditions hold:

(M1) ρ(u) = 0⇔ u = 0,
(M2) ρ(εu) = ρ(u) for any scalar ε with |ε| = 1,
(M3) ρ(ε1u + ε2v) ≤ ρ(u) + ρ(v) for any scalars ε1, ε2 ≥ 0 with ε1 + ε2 = 1.

If the condition (M3) is replaced by

(M′3) ρ(ε1u + ε2v) ≤ ε1ρ(u) + ε2ρ(v) for any scalars ε1, ε2 ≥ 0 with ε1 + ε2 = 1,

then ρ is called a convex modular. Furthermore, the vector space induced by a modular ρ,

Sρ = {u ∈ S : ρ(au)→ 0 as a→ 0}

is a modular space.

Definition 2 ([16,17]). Let Sρ be a modular space and {uα} be a sequence in Sρ. Then,

(1) {uα} is ρ-convergent to a point u ∈ Sρ, and we write uα → u if ρ(uα − u)→ 0 as α→ ∞.
(2) {uα} is said to be ρ-Cauchy if for any ε > 0 one has ρ(uα − uβ) < ε for sufficiently large

α, β ∈ N, where N is the set of natural numbers.
(3) K ⊆ Sρ is called as a ρ-complete if any ρ-Cauchy sequence is ρ-convergent in K.

The modular ρ has the Fatou property if ρ(u) ≤ lim infα→∞ρ(uα), whereas the se-
quence {uα} is ρ-convergent to u in modular space Sρ and conversely.

Proposition 1 ([18]). In modular spaces,

(1) if uα → u and c is a constant vector, then uα + c→ u + c.
(2) if uα → u and vα → v, then ε1uα + ε2vα → ε1u + ε2v, where ε1 + ε2 ≤ 1 and ε1, ε2 ≥ 0.

Remark 1. Assume that ρ satisfies a ∆2-condition with ∆2-constant k > 0 and is convex. If k < 2,
then ρ(u) ≤ kρ( u

2 ) ≤
k
2 ρ(u), which indicates ρ = 0. So, we should have the ∆2-constant k ≥ 2 if

ρ is convex modular.

It should be noted that the convergence of a sequence {un} to u does not imply that
{αun} converges to αu if α is selected from the equivalent scalar field with |α| > 1 in
modular spaces. This is because the multiples of the convergent sequence {un} naturally
converges in modular spaces. Several mathematicians have investigated stability without
using the ∆2-condition using the fixed-point approach of quasi-contraction functions in
modular spaces, which is the method introduced by Khamsi [15]. The stability findings of
functional equations were established by Sadeghi [16] recently using the Fatou property
and the ∆2-condition in modular spaces.

In this paper, the refined stability of the additive functional equation, the quartic
functional equation, and the quintic functional equation

χ

(
v1 − v2

n
+ v3

)
+ χ

(
v2 − v3

n
+ v1

)
+ χ

(
v3 − v1

n
+ v2

)
= χ(v1 + v2 + v3),

χ(2v1 + v2) + χ(2v1 − v2) = 4χ(v1 − v2) + 4χ(v1 + v2) + 24χ(v1)− 6χ(v2),

and

χ(v1 + 3v2)− 5χ(v1 + 2v2) + 10χ(v1 + v2)− 10χ(v1) + 5χ(v1 − v2)− χ(v1 − 2v2) = 120χ(v2),

respectively, in modular spaces with and without the ∆2-condition are investigated using
the direct method. The Ulam stability in 2-Banach spaces is also investigated. Using a
suitable counterexample, we eventually demonstrate that the stability of these equations
fails in a certain case.
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2. Stability Results in Modular Spaces

In this section, we use the direct method to investigate the stability results of additive
functional equation, quartic functional equation, and quintic functional equation, which
are improved forms of Wongkum ([19,20]) and Sadeghi [16]. Consider that W is a linear
space and Sρ is a complete convex modular space.

2.1. Stability Results of Additive Functional Equation

In 2013, Kim [21] investigated the stability of the additive functional equation in fuzzy
Banach spaces. Motivated by the method and direction of research of Kim [21], an effort
has been made here to investigate the stability of the additive functional equation

χ

(
v1 − v2

n
+ v3

)
+ χ

(
v2 − v3

n
+ v1

)
+ χ

(
v3 − v1

n
+ v2

)
= χ(v1 + v2 + v3), (1)

where any integer n > 0, in modular spaces without ∆2-conditions.
For notational handiness, we define a mapping χ : W → Sρ as

∆χ(v1, v2, v3) = χ

(
v1 − v2

n
+ v3

)
+ χ

(
v2 − v3

n
+ v1

)
+ χ

(
v3 − v1

n
+ v2

)
− χ(v1 + v2 + v3),

for all v1, v2, v3 ∈W.

Theorem 1. If there exists a mapping φ : W3 → [0, ∞) such that

φ(v1, v2, v3) =
∞

∑
α=1

1
3α

ϕ(3α−1v1, 3α−1v2, 3α−1v3) < ∞ (2)

and a mapping χ : W → Sρ with χ(0) = 0 and

ρ(∆χ(v1, v2, v3)) ≤ φ(v1, v2, v3), (3)

for all v1, v2, v3 ∈W, then there exists a unique additive mapping Q : W → Sρ satisfying

ρ(χ(v1)−Q(v1)) ≤ φ(v1, v1, v1), (4)

for all v1 ∈W.

Proof. Setting v1 = v2 = v3 in (3) and letting Φ(v1) = φ(v1, v1, v1), we obtain

ρ(3χ(v1)− χ(3v1)) ≤ φ(v1, v1, v1) = Φ(v1). (5)

Hence,

ρ

(
χ(v1)−

1
3

χ(3v1)

)
≤ 1

3
Φ(v1). (6)

Then, by mathematical induction, we have

ρ

(
χ(v1)−

χ(3αv1)

3α

)
≤

α

∑
i=1

1
3i Φ(3i−1v1) (7)

for all v1 ∈ W and all natural numbers α. Certainly, the case α = 1 arises from (6). If the
inequality (7) holds for α ∈ N, then we obtain
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ρ

(
χ(3α+1v1)

3α+1 − χ(v1)

)
= ρ

(
1
3

(
χ(3v1)−

χ(3α3v1)

3α

)
+

1
3
(3χ(v1)− χ(3v1))

)
≤ 1

3
ρ

(
χ(3α3v1)

3α
− χ(3v1)

)
+

1
3

ρ(χ(3v1)− 3χ(v1))

≤ 1
3

α

∑
i=1

1
3i Φ(3iv1) +

1
3

Φ(v1)

=
α

∑
i=1

1
3i+1 Φ(3iv1) +

1
3

Φ(v1)

=
α+1

∑
i=1

1
3i Φ(3i−1v1).

Hence, the inequality (7) holds for every α ∈ N. Let β and γ be natural numbers with
γ > β. By (7), we have

ρ

(
χ(3γv1)

3γ
− χ(3βv1)

3β

)
= ρ

(
1
3β

(
χ(3γ−β3βv1)

3γ−β
− χ(3βv1)

))

≤ 1
3β

γ−β

∑
i=1

Φ(3i−13βv1)

3i

=
γ−β

∑
i=1

Φ(3β+i−1v1)

3β+i (8)

=
γ

∑
α=β+1

Φ(3α−1v1)

3α
.

From (2) and (8), it is implied that the sequence
{

χ(3γv1)

3γ

}
is a ρ-Cauchy sequence in

Sρ. The ρ-completeness of Sρ confers its ρ-convergence. Now, we can define a mapping
Q : W → Sρ by

Q(v1) := lim
γ→∞

χ(3γv1)

3γ
, v1 ∈W. (9)

Thus,

ρ

(
3Q(v1)−Q(3v1)

33

)
= ρ

(
1
33

(
χ(3γ+1v1)

3γ
−Q(3v1)

)
+

1
3

(
1
3

Q(v1)−
1
3

χ(3γ+1v1)

3γ+1

))
≤ 1

33 ρ

(
Q(3v1)−

χ(3γ+1v1)

3γ

)
+

1
9

ρ

(
χ(3γ+1v1)

3γ+1 −Q(v1)

) (10)

for all v1 ∈W. Then, by (9), the right-hand side of (10) tends toward 0 as γ→ ∞. Thus, we
obtain that

Q(3v1) = 3Q(v1) (11)

for all v1 ∈W. We observe that for all γ ∈ N, by (11) we have

rlρ(χ(v1)−Q(v1)) =ρ

(
γ

∑
α=1

3χ(3α−1v1)− χ(3αv1)

3α
+

(
χ(3γv1)

3γ
−Q(v1)

))

=ρ

(
γ

∑
α=1

3χ(3α−1v1)− χ(3αv1)

3α
+

1
3

(
χ(3γ−13v1)

3γ−1 −Q(3v1)

))
.

(12)
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Because ∑γ
α=1

1
3α + 1

3 < 1, from inequalities (5) and (12) we obtain that

ρ(χ(v1)−Q(v1)) ≤
γ

∑
α=1

1
3α

ρ
(

3χ(3α−1v1)− χ(3αv1)
)
+

1
3

ρ

(
χ(3γ−13v1)

3γ−1 −Q(3v1)

)

≤
γ

∑
α=1

Φ(3α−1v1) +
1
3

ρ

(
χ(3γ−13v1)

3γ−1 −Q(3v1)

)
(13)

=
γ

∑
α=1

1
3α

ϕ(3α−1v1, 3α−1v1, 3α−1v1) +
1
3

ρ

(
χ(3γ−13v1)

3γ−1 −Q(3v1)

)
.

Taking the limit γ→ ∞ in (13), we obtain

ρ(χ(v1)−Q(v1)) ≤ Φ(v1, v1, v1),

for all v1 ∈W. Thus, we obtain (4). Now, we want to prove that the function Q is additive.
We observe that

rclρ
(

1
3i ∆χ

(
3iv1, 3iv2, 3iv3

))
≤ 1

3i ρ

(
∆χ
(

3iv1, 3iv2, 3iv3

))
≤ 1

3i ϕ(3iv1, 3iv2, 3iv3)→ 0 as i→ ∞,
(14)

for all v1, v2, v3 ∈W. By the inequality (14), we have

ρ(∆Q(v1, v2, v3))→ 0 as i→ ∞.

Hence, we have

∆Q(v1, v2, v3) = 0.

Thus, it proves that the function Q is additive. Next, we want to prove that the map-
ping Q is unique. Suppose that Q1 and Q2 are additive mappings which satisfy (4). Then,

ρ

(
Q1(v1)−Q2(v1)

2

)
= ρ

(
1
2

(
Q1(3αv1)

3α
− χ(3αv1)

3α

)
+

1
2

(
χ(3αv1)

3α
− Q2(3αv1)

3α

))
≤ 1

2
ρ

(
Q1(3αv1)

3α
− χ(3αv1)

3α

)
+

1
2

ρ

(
χ(3αv1)

3α
− Q2(3αv1)

3α

)
≤ 1

2
1
3α

(
ρ(Q1(3αv1)− χ(3αv1)) + ρ(Q2(3αv1)− χ(3αv1))

)
≤ 1

3α
Φ(3αv1, 3αv1, 3αv1)

≤
∞

∑
k=α+1

1
3k ϕ(3k−1v1, 3k−1v1, 3k−1v1)

→ 0 as α→ ∞.

This implies that Q1 = Q2. Hence, the proof of the theorem is now completed.

Corollary 1. If there exists a mapping χ : W → Sρ such that χ(0) = 0 and

ρ(∆χ(v1, v2, v3)) ≤ ε, (15)

for all v1, v2, v3 ∈W, then there exists a unique additive mapping Q : W → Sρ satisfying

ρ(χ(v1)−Q(v1)) ≤
ε

2
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for all v1 ∈W.

Corollary 2. If there exists a mapping χ : W → Sρ such that χ(0) = 0 and

ρ(∆χ(v1, v2, v3)) ≤ θ(‖v1‖q + ‖v2‖q + ‖v3‖q),

for all v1, v2, v3 ∈ W, and θ > 0 and 0 < q < 1, then there exists a unique additive mapping
Q : W → Sρ satisfying

ρ(χ(v1)−Q(v1)) ≤
3θ

3− 3q ‖v1‖q

for all v1 ∈W.

The following theorem gives another stability of Theorem 1 in modular spaces with
the ∆2-condition.

Theorem 2. Suppose that S is a linear space and Sρ satisfies the ∆2-condition with the function
φ : W3 → [0, ∞) for which there exists a mapping χ : W → Sρ such that

ρ(∆χ(v1, v2, v3)) ≤ φ(v1, v2, v3),

and

lim
α→∞

kαφ
( v1

3α
,

v2

3α
,

v3

3α

)
= 0 and

∞

∑
i=1

(
k2

3

)i

φ
( v1

3α
,

v1

3α
,

v1

3α

)
< ∞

for all v1, v2 ∈W. Then, there exists a unique additive mapping Q : W → Sρ, defined as

Q(v1) = lim
α→∞

3αχ
( v1

3α

)
and

ρ(χ(v1)−Q(v1)) ≤
τ

3k

∞

∑
i=1

(
k2

3

)i

φ
(v1

2i ,
v1

2i ,
v1

2i

)
for all v1 ∈W.

Proof. Because ρ fulfills the ∆2-condition with τ, the inequality (3) implies

ρ(∆χ(v1, v2, v3)) ≤ τφ(v1, v2, v3),

for all v1, v2, v3 ∈W. Then the conclusion directly follows from the proof of the Theorem 3.

2.2. Stability Results of Quartic Functional Equation

In this subsection, we investigate the refined stability and the Ulam stability of the
quartic functional equation

χ(2v1 + v2) + χ(2v1 − v2) = 4χ(v1 − v2) + 4χ(v1 + v2) + 24χ(v1)− 6χ(v2), (16)

in modular spaces Sρ, without using the Fatou property.
For notational simplicity, we can define a mapping χ : W → Sρ by

∆χ(v1, v2) = χ(2v1 + v2) + 6χ(v2) + χ(2v1 − v2)− 4χ(v1 + v2)− 24χ(v1)− 4χ(v1 − v2),

for all v1, v2 ∈W.

Theorem 3. Suppose that S is a linear space and Sρ satisfies the ∆2-condition with a mapping
φ : W ×W → [0, ∞), for which there exists a mapping χ : W → Sρ such that
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ρ(∆χ(v1, v2)) ≤ φ(v1, v2), (17)

and

lim
α→∞

k4αφ
( v1

2α
,

v2

2α

)
= 0 and

∞

∑
i=1

(
k5

2

)i

φ
( v1

2α
, 0
)
< ∞

for all v1, v2 ∈W. Then, there exists a unique quartic mapping Q : W → Sρ, defined as

Q(v1) = lim
α→∞

24αχ
( v1

2α

)
and

ρ(χ(v1)−Q(v1)) ≤
1
2k

∞

∑
i=1

(
k5

2

)i

φ
(v1

2i , 0
)

(18)

for all v1 ∈W.

Proof. Let us consider χ(0) = 0 in view of φ(0, 0) = 0 along the convergence of

∞

∑
i=1

(
k5

2

)i

φ(0, 0) < ∞.

We suppose v2 = 0 in (17) to have

ρ(2χ(2v1)− 32χ(v1)) ≤ φ(v1, 0)

for all v1 ∈W. Because ∑∞
i=1

1
2i ≤ 1, by the ∆2-condition of ρ, the next functional inequality

can be shown as

ρ
(

χ(v1)− 24αχ
( v1

2α

))
= ρ

(
α

∑
i=1

1
2i

(
25i−4χ

( v1

2i−1

)
− 25iχ

(v1

2i

)))

≤ 1
k4

α

∑
i=1

(
k5

2

)i

φ
(v1

2i , 0
)

, ∀ v1 ∈W.

(19)

Now, replacing v1 with 2−βv1 in (19), we obtain the conclusion that the series of (17)
converges, and

ρ

(
24βχ

(
v1

2β

)
− 24(β+α)χ

(
v1

2β+α

))
≤ k4βρ

(
χ

(
v1

2β

)
− 24αχ

(
v1

2β+α

))
≤ k4β−4

α

∑
i=1

(
k5

2

)i

φ

(
v1

2i+β
,

v1

2i+β

)

≤ 2β

kβ+4

α+β

∑
i=β+1

(
k5

2

)i

φ
(v1

2i , 0
)

for all v1 ∈ W, which tends to 0 as β → ∞ because
2
k
≤ 1. Because the space Sρ is

ρ-complete, for all v1 ∈ W the sequence
{

24αχ
( v1

2α

)}
is a ρ-Cauchy sequence, and it is

ρ-convergent in Sρ. Then, we can define a mapping Q : W → Sρ as

ρ
(

lim
α→∞

24αχ
( v1

2α

))
= Q(v1),

i.e., lim
α→∞

ρ
(

24αχ
( v1

2α

)
−Q(v1)

)
= 0
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for all v1 ∈ W. Therefore, we obtained the inequality without using the Fatou property
from the ∆2-condition that

ρ(χ(v1)−Q(v1)) ≤
1
2

ρ
(

2χ(v1)− 2(24α)χ
( v1

2α

))
+

1
2

ρ
(

2(24α)χ
( v1

2α

)
− 2Q(v1)

)

≤ k
2

ρ
(

χ(v1)− 24αχ
( v1

2α

))
+

k
2

ρ
(

24αχ
( v1

2α

)
−Q(v1)

)

≤ 1
2k3

α

∑
i=1

(
k5

2

)i

φ
(v1

2i , 0
)
+

k
2

ρ
(

24αχ
( v1

2α

)
−Q(v1)

)
holds for all v1 ∈ W and all natural numbers α > 1. Taking α → ∞, we obtain the
estimate (18) of χ as Q. Replacing (v1, v2) with (2−αv1, 2−αv2) in (17), we see that(

24α∆χ
( v1

2α
,

v2

2α

))
≤ k4αφ

( v1

2α
,

v2

2α

)
→ 0 as α→ ∞.

Therefore, it develops with the convexity of ρ that

ρ

(
1
41

Q(2v1 + v2) +
1

41
Q(2v1 − v2) +

6
41

Q(v2)−
4

41
Q(v1 − v2)−

4
41

Q(v1 + v2)−
24
41

Q(v1)

)
≤ 1

41
ρ

(
Q(2v1 + v2)− 24αχ

(
2v1 + v2

2α

))
+

1
41

ρ

(
Q(2v1 − v2)− 24αχ

(
2v1 − v2

2α

))
+

6
41

ρ
(

Q(v2)− 6(24α)χ
( v2

2α

))
+

4
41

ρ

(
Q(v1 − v2)− 4(24α)χ

(
v1 − v2

2α

))
+

4
41

ρ

(
Q(v1 + v2)− 4(24α)χ

(
v1 + v2

2α

))
+

24
41

ρ
(

Q(v1)− 24(24α)χ
( v1

2α

))
+

1
41

ρ

(
24αχ

(
2v1 + v2

2α

)
+ 24αχ

(
2v1 − v2

2α

)
+ 6(24α)χ

( v2
2α

)
−4(24α)χ

(
v1 − v2

2α

)
− 4(24α)χ

(
v1 + v2

2α

)
− 24(24α)χ

( v1
2α

))
for all v1, v2 ∈ W and all natural numbers α > 1. Therefore, the function Q is quartic as
α→ ∞.

To show the uniqueness of the function Q, we prove that there is a quartic mapping
Q′ : W → Sρ satisfying

ρ(χ(v1)−Q′(v1)) ≤
1
2k

α

∑
i=1

(
k5

2

)i

φ
(v1

2i , 0
)

for all v1 ∈ W. Then, we see from the equality Q(2−αv1) = 2−4αQ(v1) and Q′(2−αv1) =
2−4αQ′(v1) that

ρ(Q(v1)−Q′(v1))

≤ 1
2

ρ
(

2(24α)Q
( v1

2α

)
− 2(24α)χ

( v1

2α

))
+

1
2

ρ
(

2(24α)χ
( v1

2α

)
− 2(24α)Q′

( v1

2α

))
≤ k4α+1

2
ρ
(

Q
( v1

2α

)
− χ

( v1

2α

))
+

k4α+1

2
ρ
(

χ
( v1

2α

)
−Q′

( v1

2α

))
≤ k4α

2

α

∑
i=1

(
k5

2

)i

φ
( v1

2α+i , 0
)

≤ 2α−1

kα+2

α

∑
i=1

(
k5

2

)i

φ
(v1

2i , 0
)
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for all v1 ∈W and all sufficiently large natural numbers α. Taking the limit as α→ ∞, we
obtain our required result.

Corollary 3. Suppose that Sρ satisfies the ∆2-condition and let W be a normed space with a norm
‖.‖. If there is a real number θ > 0, q > log2

k5

2 and a mapping χ : W → Sρ such that

ρ(∆χ(v1, v2)) ≤ θ(‖v1‖q + ‖v2‖q)

for all v1, v2 ∈W, then there exists a unique quartic mapping Q : W → Sρ satisfying

(χ(v1)−Q(v1)) ≤ k4θ
2q+1−k5 ,

for all v1 ∈W.

The following theorem gives an alternative stability of Theorem 3 in modular spaces
without using the Fatou property or the ∆2-condition.

Theorem 4. Let there exist a mapping χ : W → Sρ that satisfies (17), and suppose a mapping
φ : W2 → [0, ∞) exists such that

lim
α→∞

φ(2αv1, 2αv2)

24α
= 0,

∞

∑
i=1

φ(2iv1, 0)
24i < ∞

for all v1, v2 ∈W. Then, there exists a unique quartic mapping Q : W → Sρ satisfying

ρ

(
χ(v1)−

1
5

χ(0)−Q(v1)

)
≤ 1

24 ∑
φ(2iv1, 0)

24i (20)

for all v1, v2 ∈W.

Proof. Taking v2 = 0 in (17), one has

ρ(2χ(2v1)− 32χ(v1)) ≤ φ(v1, 0),

where χ′(v1) = χ(v1) −
χ(0)

5
. Then, we obtain the following inequalities and also a

convexity of ρ, ∑
1

24(i+1)
≤ 1

(
χ′(v1)−

χ′(2αv1)

24α

)
≤ ρ

(
∑

0≤i≤α−1

(
24χ′(2iv1)− χ′(2i+1v1)

24(1+i)

))

≤ ∑
0≤i≤α−1

ρ(24χ′(2iv1)− χ′(2i+1v1))

24(1+i)

≤ 1
24 ∑

0≤i≤α−1

φ(2iv1, 0)
24i

for all v1 ∈ W and all α ∈ N. Then, one has a ρ-Cauchy sequence
{

χ′(2αv1)

24α

}
and the

mapping Q : W → Sρ is defined as

ρ

(
lim

α→∞

χ′(2αv1)

24α

)
= Q(v1)

i.e., lim
α→∞

ρ

(
χ′(2αv1)

24α
−Q(v1)

)
= 0
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for all v1 ∈ W, without using the ∆2-condition and the Fatou property. Moreover, it is
obvious that the function Q satisfies the quartic functional equation in the proof that follows
using the ideas from Theorem 3.

Now, we prove that (20) holds with utilization of the Fatou property and the ∆2-condition.
By using the convexity of ρ and

∑
0≤i≤α−1

1
24(i+1)

+
1
24 ≤ 1,

we obtain the below inequality:

ρ(χ′(v1)−Q(v1)) = ρ

(
α−1

∑
i=1

(
24χ′(2iv1)− χ′(2i+1v1)

24(i+1)

)
+

χ′(2αv1)

24α
− Q(2v1)

24

)

≤
α−1

∑
i=0

1
24(i+1)

ρ(24χ′(2iv1)− χ′(2i+1v1)) +
1
24 ρ

(
χ′(2α−12v1)

24(α−1)
−Q(2v1)

)

≤ 1
24

α−1

∑
i=0

1
24i φ(2iv1, 0) +

1
24

(
χ′(2α−12v1)

24(α−1)
−Q(2v1)

)
for all v1 ∈ W and all natural numbers α > 1. Taking the limit as α → ∞, we obtain our
needed result.

Corollary 4. Let there exist a mapping φ : W2 → [0, ∞) such that

lim
α→∞

φ(2αv1, 2αv2)

24α
= 0, φ(2v1, 0) ≤ 24Lφ(v1, 0)

for all v1, v2 ∈ W and for some L ∈ (0, 1). If there exists a mapping χ : W → Sρ satisfies (17),
then there exists a unique quartic mapping Q : W → Sρ satisfying

ρ

(
χ(v1)−

1
5

χ(0)−Q(v1)

)
≤ 1

24(1− L)
φ(v1, 0)

for all v1 ∈W.

Corollary 5. Suppose that W is a normed linear space with the norm ‖ · ‖. If there exists a real
number θ > 0, ε > 0, q ∈ (−∞, 2) and a mapping χ : W → Sρ such that

ρ(∆χ(v1, v2)) ≤ θ(‖v1‖q + ‖v2‖q) + ε

for all v1, v2 ∈W, then there exists a unique quartic mapping Q : W → Sρ satisfying

ρ

(
χ(v1)−

1
5

χ(0)−Q(v1)

)
≤ 2θ

24 − 2q ‖v1‖q +
ε

3

for all v1 ∈W, where v1 6= 0 if q < 0.

2.3. Stability Results of Quintic Functional Equation

In this subsection, we investigate the refined stability and the Ulam stability of the
quintic functional equation

χ(v1 + 3v2)− 5χ(v1 + 2v2) + 10χ(v1 + v2)− 10χ(v1) + 5χ(v1 − v2)− χ(v1 − 2v2)− 120χ(v2) = 0 (21)

in modular spaces Sρ without using the Fatou property.

Theorem 5. Let S be a linear space, and suppose that Sρ satisfies the ∆2-condition with the mapping
φ : W2 → [0, ∞) for which a mapping χ : W → Sρ exists such that
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ρ(χ(v1 + 3v2)− 5χ(v1 + 2v2) + 10χ(v1 + v2)

−10χ(v1) + 5χ(v1 − v2)− χ(v1 − 2v2)− 120χ(v2))

}
≤ φ(v1, v2), (22)

and

lim
α→∞

k5αφ
( v1

2α
,

v2

2α

)
= 0 and

∞

∑
i=1

(
k6

2

)
φ
(v1

2i ,
v1

2i

)
< ∞

for all v1, v2 ∈W, then there exists a unique quintic mapping Q : W → Sρ, defined as

Q(v1) = lim
α→∞

25αχ
( v1

2α

)
and

ρ(χ(v1)−Q(v1)) ≤
1
2k

∞

∑
i=1

(
k6

2

)i

φ
(v1

2i ,
v1

2i

)
(23)

for all v1 ∈W.

Proof. Initially, assume that χ(0) = 0 in view of φ(0, 0) = 0 along the convergence of

∞

∑
i=1

(
k6

2

)
φ(0, 0) < ∞.

We take v1 = v2 in (22) to have

ρ(χ(4v1)− 5χ(3v1) + 10χ(2v1)− 10χ(v1)− χ(−v1)− 120χ(v1)) ≤ φ(v1, v1).

By the ∆2-condition of ρ and ∑α
i=1

1
2i ≤ 1, the next functional inequality can be

shown as

ρ
(

χ(v1)− 25αχ
( v1

2α

))
= ρ

(
α

∑
i=1

1
2i

(
26i−5χ

( v1

2i−1

)
− 26iχ

(v1

2i

)))

≤ 1
k5

α

∑
i=1

(
k6

2

)i

φ
(v1

2i ,
v1

2i

) (24)

for all v1 ∈W. Now, replacing v1 by 2−βv1 in (24), we obtain the series of (22) converges and

ρ

(
25βχ

(
v1

2β

)
− 25(β+α)χ

(
v1

2β+α

))
≤ k5βρ

(
χ

(
v1

2β

)
− 25αχ

(
v1

2β+α

))
≤ k5β−5

α

∑
i=1

(
k6

2

)i

φ

(
v1

2i+β
,

v1

2i+β

)

≤ 2β

kβ+4

α+β

∑
i=β+1

(
k6

2

)i

φ
(v1

2i ,
v1

2i

)
,

for all v1 ∈ W, which tends to 0 as β → ∞ because 2
k ≤ 1. Because the space Sρ is ρ-

complete, the sequence
{

25αχ
( v1

2α

)}
is a ρ-Cauchy sequence for every v1 ∈ W, and it is

ρ-convergent in Sρ. Hence, we can define a mapping Q : W → Sρ by

Q(v1) = ρ
(

lim
α→∞

25αχ
( v1

2α

))
, i.e., lim

α→∞
ρ
(

25αχ
( v1

2α

)
−Q(v1)

)
= 0

for all v1 ∈W. Therefore, without using the Fatou property from the ∆2-condition, we have
obtained that the inequality that

ρ(χ(v1)−Q(v1)) ≤
1
2

ρ
(

2χ(v1)− 2(25α)χ
( v1

2α

))
+

1
2

ρ
(

2(25α)χ
( v1

2α

)
− 2Q(v1)

)
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≤ k
2

ρ
(

χ(v1)− 25αχ
( v1

2α

))
+

k
2

ρ
(

25αχ
( v1

2α

)
−Q(v1)

)
≤ 1

2k

α

∑
i=1

(
k6

2

)i

φ
(v1

2i ,
v1

2i

)
+

k
2

ρ
(

25αχ
( v1

2α

)
−Q(v1)

)
holds for all v1 ∈W and all natural numbers α > 1. Taking the limit α→ ∞, we obtain the
estimate (23) of χ by Q. Replacing (v1, v2) with (2−αv1, 2−αv2) in (22), we see that

ρ

(
25αχ

(
v1 + 3v2

2α

)
− 5(25α)χ

(
v1 + 2v2

2α

)
+ 10(25α)χ

(
v1 + v2

2α

)
− 10(25α)χ

( v1

2α

)
+ 5(25α)χ

(
v1 − v2

2α

)
− 25αχ

(
v1 − 2v2

2α

)
− 120(25α)χ

( v2

2α

))
≤ k5αφ

( v1

2α
,

v2

2α

)
,

which approaches 0 as α→ ∞ for all v1, v2 in W. Thus, it develops from the convexity of
ρ that

ρ

(
1

152
Q(v1 + 3v2)−

5
152

Q(v1 + 2v2) +
10

152
Q(v1 + v2)−

10
152

Q(v1) +
5

152
Q(v1 − v2)

− 1
152

Q(v1 − 2v2))−
120
152

Q(v2)

)
≤ 1

152
ρ

(
Q(v1 + 3v2)− 25αχ

(
v1 + 3v2

2α

))
+

5
152

ρ

(
Q(v1 + 2v2)− 5(25α)χ

(
v1 + 2v2

2α

))
+

10
152

ρ

(
Q(v1 + v2)− 10(25α)χ

(
v1 + v2

2α

))
+

10
152

ρ
(

Q(v1)− 10(25α)χ
( v1

2α

))
+

5
152

ρ

(
Q(v1 − v2)− 5(25α)χ

(
v1 − v2

2α

))
+

1
152

ρ

(
Q(v1 − 2v2)− 25αχ

(
v1 − 2v2

2α

))
+

120
152

ρ
(

Q(v2)− 25αχ
( v2

2α

))
+

1
152

ρ

(
25αχ

(
v1 + 3v2

2α

)
− 5(25α)χ

(
v1 + 2v2

2α

)
+ 10(25α)χ

(
v1 + v2

2α

)
− 10(25α)χ

( v1

2α

)
+5(25α)χ

(
v1 − v2

2α

)
− 25αχ

(
v1 − 2v2

2α

)
− 120(25α)χ

( v2

2α

))
for all v1, v2 ∈ W and all natural numbers α > 1. Therefore, the mapping Q is quintic as
α→ ∞.

To prove the uniqueness of the function Q, assume that there is another quintic
mapping Q′ : W → Sρ satisfying

ρ(χ(v1)−Q′(v1)) ≤
1
2k

∞

∑
i=1

(
k6

2

)i

φ
(v1

2i ,
v1

2i

)
∀ v1 ∈W.

Then, we see from the equality Q(2−αv1) = 2−5αQ(v1) and Q′(2−αv1) = 2−5αQ′(v1)
that

ρ(Q(v1)−Q′(v1)) ≤ 1
2

ρ
(

2(25α)Q
( v1

2α

)
− 2(25α)χ

( v1
2α

))
+

1
2

ρ
(

2(25α)χ
( v1

2α

)
− 2(25α)Q′

( v1
2α

))
≤ k5α+1

2
ρ
(

Q
( v1

2α

)
− χ

( v1
2α

))
+

k5α+1

2
ρ
(

χ
( v1

2α

)
−Q′

( v1
2α

))
≤ k5α

2

∞

∑
i=1

(
k6

2

)i

φ
( v1

2α+i ,
v1

2α+i

)
≤ 2α−1

kα+3

∞

∑
i=α+1

(
k6

2

)i

φ
( v1

2i ,
v1

2i

)
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for all v1 ∈ W and all sufficiently large natural numbers α. Taking the limit α → ∞, we
obtain our needed result.

Corollary 6. Suppose that Sρ satisfies the ∆2-condition, and let W be a normed space with a norm
of ‖ · ‖. If there exists a real number θ > 0, q > log2

k6

2 and a mapping χ : W → Sρ such that

ρ(χ(v1 + 3v2)− 5χ(v1 + 2v2) + 10χ(v1 + v2)− 10χ(v1) + 5χ(v1 − v2)− χ(v1 − 2v2)− 120χ(v2))

≤ θ(‖v1‖q + ‖v2‖q)

for all v1, v2 ∈W, then there exists a unique quartic mapping Q : W → Sρ satisfying

ρ(χ(v1)−Q(v1)) ≤
k5θ

2q+1 − k6 ‖v1‖q

for all v1, v2 ∈W.

The following theorem gives an alternative stability of Theorem 5 in modular spaces
without using the ∆2-condition and the Fatou property.

Theorem 6. If there exists a mapping χ : W → Sρ such that

ρ(χ(v1 + 3v2)− 5χ(v1 + 2v2) + 10χ(v1 + v2)

−10χ(v1) + 5χ(v1 − v2)− χ(v1 − 2v2)− 120χ(v2))

}
≤ φ(v1, v2), (25)

and a mapping φ : W2 → [0, ∞) satisfies

lim
α→∞

φ(2αv1, 2αv2)

25α
= 0, ∑

φ(2iv1, 2iv1)

25i < ∞

for all v1, v2 ∈W, then there exists a unique quintic mapping Q : W → Sρ satisfying

ρ(χ(v1)−
1
6

χ(0)−Q(v1)) ≤
1
25 ∑

φ(2iv1, 2iv1)

25i (26)

for all v1 ∈W.

Proof. Taking v1 = v2 in (25), one has

ρ(χ(4v1)− 5χ(3v1) + 10χ(2v1)− 10χ(v1) + 5χ(0)− χ(−v1)− 120χ(v1))

= ρ(χ′(4v1)− 5χ′(3v1) + 10χ′(2v1)− 10χ′(v1) + χ′(v1)− 120χ′(v1))

≤ φ(v1, v1),

where χ′(v1) = χ(v1)− g(0)
6 , and then we obtain the convexity of ρ and ∑α−1

i=0
1

25(i+1) ≤ 1

(
χ′(v1)−

χ′(2αv1)

25α

)
≤ ρ

(
α−1

∑
i=0

(
25χ′(2iv1)− χ′(2i+1v1)

25(i+1)

))

≤
α−1

∑
i=0

ρ(25χ′(2iv1)− χ′(2i+1v1))

25(i+1)

≤ 1
25

α−1

∑
i=0

φ(2i(v1), 2i(v1))

25i

for all v1 ∈W and all natural numbers α. Then, one has a ρ-Cauchy sequence
{

χ′(2αv1)

25α

}
and the mapping Q : W → Sρ is defined as
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ρ

(
lim

α→∞

χ′(2αv1)

25α

)
= Q(v1), i.e., lim

α→∞
ρ

(
χ′(2αv1)

25α
−Q(v1)

)
= 0

for all v1 ∈ W without using the Fatou property and the ∆2-condition. Moreover, it is
obvious that the function Q satisfies the quintic functional equation in the proof that follows
using the ideas from Theorem 5.

Now, we need to prove that (26) holds without using the Fatou property and the
∆2-condition. By using the convexity of ρ and

α−1

∑
i=0

1
25(i+1)

+
1
25 ≤ 1,

we obtain the next inequality

ρ(χ′(v1)−Q(v1)) = ρ

(
α−1

∑
i=1

(
25χ′(2iv1)− χ′(2i+1v1)

25(i+1)

)
+

χ′(2αv1)

25α
− Q(2v1)

25

)

≤
α−1

∑
i=0

1
25(i+1)

ρ(25χ′(2iv1)− χ′(2i+1v1)) +
1
25 ρ

(
χ′(2α−12v1)

25(α−1)
−Q(2v1)

)

≤ 1
25

α−1

∑
i=0

1
25i φ(2iv1, 2iv1) +

1
25

(
χ′(2α−12v1)

25(α−1)
−Q(2v1)

)
for all v1 ∈W and all natural numbers α > 1. Taking α→ ∞, we obtain our needed result.

Corollary 7. Let there exist a mapping φ : W2 → [0, ∞) such that

lim
α→∞

φ(2αv1, 2αv2)

25α
= 0, φ(2v1, 2v1) ≤ 25Lφ(v1, v1)

for all v1, v2 ∈W and for some L ∈ (0, 1). If there exists a mapping χ : W → Sρ such that

ρ(χ(v1 + 3v2)− 5χ(v1 + 2v2) + 10χ(v1 + v2)

−10χ(v1) + 5χ(v1 − v2)− χ(v1 − 2v2)− 120χ(v2))

}
≤ φ(v1, v2),

for all v1, v2 ∈W, then there exists a unique quintic mapping Q : W → Sρ satisfying

ρ

(
χ(v1)−

1
6

χ(0)−Q(v1)

)
≤ 1

25(1− L)
φ(v1, v1),

for all v1 ∈W.

Corollary 8. Suppose that W is a normed space with the norm ‖ · · · ‖. If there exists a real number
θ > 0, ε > 0, q ∈ (−∞, 2) and a mapping χ : W → Sρ such that

ρ(χ(v1 + 3v2)− 5χ(v1 + 2v2) + 10χ(v1 + v2)

−10χ(v1) + 5χ(v1 − v2)− χ(v1 − 2v2)

−120χ(v2))

 ≤ θ(‖v1‖q + ‖v2‖q) + ε,

for all v1, v2 ∈W, then there exists a unique quintic mapping Q : W → Sρ satisfying

ρ

(
χ(v1)−

1
6

χ(0)−Q(v1)

)
≤ 2θ

25 − 2q ‖v1‖q +
ε

3

for all v1 ∈W.
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3. Stability Results in 2-Banach Spaces

Gahler [22,23] developed the concept of linear 2-normed spaces in the 1960s.

Definition 3. Let W over R be a linear space with dim W > 1 and a mapping ‖·, ·‖ : W2 → R
such that

(a) ‖p, a‖ = 0 if and only if p and a are linearly dependent.
(b) ‖p, a‖ = ‖a, p‖,
(c) ‖τp, a‖ = |τ| ‖p, a‖,
(d) ‖p, a + b‖ ≤ ‖p, a‖+ ‖p, b‖
for all p, a, b ∈W and τ ∈ R.

Then, the function ‖·, ·‖ is defined as a 2-norm on W, and the pair (W, ‖·, ·‖) is defined as a
linear 2-normed space. A typical example of a 2-normed space is R2 equipped with a 2-norm defined
as |p, q| = the area of the triangle with the vertices 0, p, and q.

A classical illustration of a 2-normed space is R2 with the 2-norm defined as |p, a| =
the area of the triangle with the vertices 0, p, and a.

Because of (d), it is evident that

‖p + a, b‖ ≤ ‖p, b‖+ ‖a, b‖ and
∣∣ ‖p, b‖ − ‖a, b‖

∣∣ ≤ ‖p− a, b‖.

Thus, p→ ‖p, a‖ are continuous mappings of W into R for any fixed a ∈W.

Definition 4. If there exists a, b in a linear 2-normed space that W satisfy the condition that a and
b are linearly independent, then the sequence {pj} in W is known as a Cauchy sequence.

i.e., lim
i,j→∞

‖pi − pj, a‖ = 0

and
lim

i,j→∞
‖pi − pj, b‖ = 0.

Definition 5. A sequence {pj} in a linear 2-normed space W is called as a convergent if there
exists an element p ∈W such that

lim
i,j→∞

‖pj − p, a‖ = 0,

for every a ∈W.
If {pj} converges to p, then we denote pj → p as j→ ∞, and say that p is the limit point of

{pj}. We also write in this case,
lim
j→∞

pj = p.

Definition 6. Every Cauchy sequence is convergent in a 2-Banach space, which is a linear 2-normed space.

Lemma 1 ([24]). Let (W, ‖·, ·‖) be a linear 2-normed space. If p ∈ W and ‖p, q‖ = 0 for all
q ∈W, then p = 0.

Lemma 2 ([24]). For a convergent sequence {pj} in a linear 2-normed space W,

lim
j→∞
‖pj, a‖ = ‖ lim

j→∞
pj, a‖

for all a ∈W.

Choonkil Park studied approximate additive mappings, approximate Jensen map-
pings, and approximate quadratic mappings in 2-Banach spaces in their paper [24]. In [25],
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Choonkil Park examined the superstability of the Cauchy functional inequality and the
Cauchy–Jensen functional inequality in 2-Banach spaces under certain conditions.

In this section, we consider W to be a normed linear space and S to be a 2-Banach space.

3.1. Stability Results of Cauchy Additive Functional Equation

Theorem 7. Let there exist a mapping φ : W3 × S→ [0,+∞) exist such that

lim
i→∞

1
3i φ
(

3iv1, 3iv2, 3iv3, s
)
= 0 (27)

for all v1, v2, v3 ∈ W and all s ∈ S. If there exists a mapping χ : W → S exists with χ(0) = 0
such that ∥∥∥Dχ(v1, v2, v3), s

∥∥∥ ≤ φ(v1, v2, v3, s), (28)

and

φ̂(v1, s) =:
∞

∑
j=0

1
3j φ(3jv1, 3jv1, 3jv1, s) < ∞ (29)

exist for all v1, v2, v3 ∈W, s ∈ S, then there exists a unique additive mapping A : W → S satisfying∥∥∥χ(v1)− A(v1), s
∥∥∥ ≤ φ̂(v1, s) (30)

for all v1 ∈W and all s ∈ S.

Proof. Setting v1 = v2 = v3 in (28), we have∥∥∥χ(3v1)− 3χ(v1), s
∥∥∥ ≤ φ(v1, v1, v1, s), (31)

for all v1 ∈W and all s ∈ S. Replacing v1 with 3iv1 in (31), we have∥∥∥ 1
3(i+1)

χ(3i+1v1)−
1
3i χ(3iv1), s

∥∥∥ ≤ 1
3i+1 φ(3iv1, 3iv1, 3iv1, s), (32)

for all v1 ∈W, s ∈ S, and all i > 0. Thus,

∥∥∥ 1
3i+1 χ(3i+1v1)−

1
3m χ(3mv1), s

∥∥∥ ≤ i

∑
j=m

∥∥∥ 1
3j+1 χ(3j+1v1)−

1
3j χ(3jv1), s

∥∥∥
≤ 1

3

i

∑
j=m

1
3j φ(3jv1, 3jv1, 3jv1, s)

(33)

for all v1 ∈W, s ∈ S and all integers i > 0 and m > 0 with m ≤ i.

Thus, from (28) and (33) we conclude that the sequence
{ χ(3iv1)

3i

}
is a Cauchy sequence

in S for all v1 ∈W. We know that S is complete, which implies that the sequence
{ χ(3iv1)

3i

}
converges in S for all v1 ∈W. So, we can define a mapping A : W → S by

A(v1) := lim
i→∞

1
3i χ(3iv1) (34)

for all v1 ∈W. Therefore,

lim
i→∞

∥∥∥ 1
3i χ(3iv1)− A(v1), s

∥∥∥ = 0

for all v1 ∈ W and all s ∈ S. Replacing m = 0 and taking the limit i → ∞ in (33), we
obtain (30).
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Now, we want to prove that the function A is additive. From inequalities (27), (28),
(34), and Lemma 2 we can obtain that∥∥∥Dχ(v1, v2, v3), s

∥∥∥ = lim
i→∞

∥∥∥Dχ(3iv1, 3iv2, 3iv3), s
∥∥∥

≤ lim
i→∞

1
3i φ(3iv1, 3iv2, 3iv3, s) = 0.

By Lemma 1,
DA(v1, v2, v3) = 0

for all v1, v2, v3 ∈W. Thus, the function A is additive.
To prove the uniqueness of the function A, we consider another additive mapping

A′ : W → S satisfying (30). Then,∥∥∥A(v1)− A′(v1), s
∥∥∥ = lim

i→∞

1
3i

∥∥∥A(3iv1)− χ(3iv1) + χ(3iv1)− A′(3iv1), s
∥∥∥

≤ lim
i→∞

1
3i φ̂(3iv1, s) = 0

for all v1 ∈ W and all s ∈ S. By Lemma 1, A′(v1) − A(v1) = 0 for all v1 ∈ W, which
implies A′ = A.

Remark 2. A Theorem analogous to 7 can be formulated, in which the sequence

A(v1) := lim
i→∞

3iχ
(v1

3i

)
is defined with appropriate assumptions for φ.

Corollary 9. Let there exist a mapping τ : [0, ∞)→ [0, ∞) exist such that τ(0) = 0 and

(i) τ(rs) ≤ τ(r)τ(s).
(ii) τ(r) < r for all r > 1.

If a mapping χ : W → S exists with χ(0) = 0 and∥∥∥Dχ(v1, v2, v3), s
∥∥∥ ≤ τ(‖v1‖+ ‖v2‖+ ‖v3‖) + τ(‖s‖) (35)

for all v1, v2, v3 ∈ W and all s ∈ S, then there exists a unique additive mapping A : W → S
satisfying ∥∥∥χ(v1)− A(v1), s

∥∥∥ ≤ [3τ(‖v1‖)
3− τ(3)

+ τ(‖s‖)
]

(36)

for all v1 ∈W and all s ∈ S.

Proof. Let
ϕ(v1, v2, v3, s) = τ(‖v1‖+ ‖v2‖+ ‖v3‖) + τ(‖s‖)

for all v1, v2, v3 ∈W and all s ∈ S. From condition (i), we have

τ(3i) ≤ (τ(3))i

and
φ(3iv1, 3iv2, 3iv3, s) ≤ (τ(3))i(τ(‖v1‖+ ‖v2‖+ ‖v3‖)) + τ(‖s‖).

By using Theorem 7, we reach (36).
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Corollary 10. Let there exist an a ∈ R+ with a < 1 and a homogeneous mapping G : [0, ∞)×
[0, ∞)→ [0, ∞) with degree a. If there exists a mapping χ : W → S with χ(0) = 0 and∥∥∥Dχ(v1, v2, v3), s

∥∥∥ ≤ G(‖v1‖, ‖v2‖, ‖v3‖) + ‖s‖

for all v1, v2, v3 ∈ W and all s ∈ S, then there exists a unique additive mapping A : W → S
satisfying ∥∥∥χ(v1)− A(v1), s

∥∥∥ ≤ G(‖v1‖, ‖v2‖, ‖v3‖) + ‖s‖
3− a

(37)

for all v1 ∈W and all s ∈ S.

Corollary 11. Let there exist a homogeneous mapping G : [0, ∞)× [0, ∞)→ [0, ∞) with degree
q. If there exists a mapping χ : W → S with χ(0) = 0 and∥∥∥Dχ(v1, v2, v3), s

∥∥∥ ≤ G(‖v1‖, ‖v2‖, ‖v3‖)‖s‖

for all v1, v2, v3 ∈W and all s ∈ S. Then, there exists a unique additive mapping A : W → S satisfying∥∥∥χ(v1)− A(v1), s
∥∥∥ ≤ G(‖v1‖, ‖v1‖, ‖v1‖)‖s‖

3− 3q (38)

for all v1 ∈W and all s ∈ S, where q ∈ R+ with q < 1.

Corollary 12. If there exists a mapping χ : W → S with χ(0) = 0 and∥∥∥Dχ(v1, v2, v3), s
∥∥∥ ≤ ‖v1‖p + ‖v2‖p + ‖v3‖p + ‖s‖

for all v1, v2, v3 ∈W and all s ∈ S, then there exists a unique additive mapping A : W → S satisfying∥∥∥χ(v1)− A(v1), s
∥∥∥ ≤ 2‖v1‖p + ‖s‖

3− p

for all v1 ∈W and all s ∈ S, where p ∈ R+ with p < 1.

3.2. Stability of Quartic Functional Equation

For notational simplicity, we can define a mapping χ : W → S by

Dχ(v1, v2) = χ(2v1 + v2) + 6χ(v2) + χ(2v1 − v2)− 4χ(v1 + v2)− 24χ(v1)− 4χ(v1 − v2),

for all v1, v2 ∈W.

Theorem 8. Let there exist a mapping φ : W2 × S→ [0,+∞) such that

lim
i→∞

1
24i φ

(
2iv1, 2iv2, s

)
= 0 (39)

for all v1, v2 ∈W and all s ∈ S. Suppose that there exists a mapping χ : W → S with χ(0) = 0
such that ∥∥∥Dχ(v1, v2), s

∥∥∥ ≤ φ(v1, v2, s) (40)

and

φ̂(v1, s) =:
1
2

∞

∑
j=0

1
24j φ(2jv1, 0, s) < ∞ (41)

exists for all v1 ∈ W and all s ∈ S. Then, there exists a unique quartic mapping Q4 : W → S
that satisfies ∥∥∥χ(v1)−Q4(v1), s

∥∥∥ ≤ φ̂(v1, s), (42)
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for all v1 ∈W and all s ∈ S.

Proof. Replacing (v1, v2) with (v1, 0) in (40), we obtain∥∥∥2χ(2v1)− 32χ(v1), s
∥∥∥ ≤ φ(v1, 0, s)∥∥∥χ(2v1)

24 − χ(v1), s
∥∥∥ ≤ 1

2(24)
φ(v1, 0, s)

(43)

for all v1 ∈W and all s ∈ S. Replacing v1 with 2iv1 in (43), we obtain∥∥∥ 1
24(i+1)

χ(2i+1v1)−
1

24i χ(2iv1), s
∥∥∥ ≤ 1

2(24(i+1))
φ(2iv1, 0, s) (44)

for all v1 ∈W, s ∈ S, and all integers i > 0. Hence,

∥∥∥ 1
24(i+1)

χ(2i+1v1)−
1

24m χ(2mv1), s
∥∥∥ ≤ i

∑
j=m

∥∥∥ 1
24(j+1)

χ(2j+1v1)−
1

24j χ(2jv1), s
∥∥∥

≤ 1
2

i

∑
j=m

1
24j φ(2jv1, 0, s)

(45)

for all v1 ∈ W, s ∈ S and all integers i ≥ m > 0. Thus, it follows from inequalities (40)

and (45) that the sequence
{ χ(2iv1)

24i

}
is Cauchy in S for every v1 ∈ W. As S is complete,

the sequence
{ χ(2iv1)

24i

}
converges in S for all v1 ∈ W. Thus, we can define a mapping

Q4 : W → S by

Q4(v1) := lim
i→∞

χ(2iv1)

24i , (46)

for all v1 ∈W. Therefore,

lim
i→∞

∥∥∥χ(2iv1)

24i −Q4(v1), s
∥∥∥ = 0

for all v1 ∈ W and all s ∈ S. Taking the limit as i → ∞ and setting m = 0 in (45), we
obtain (42). Next, we need to show that the function Q4 is a quartic function. From the
inequalities (39), (40), (46), and Lemma 2 we obtain that∥∥∥Dχ(v1, v2, s)

∥∥∥ = lim
i→∞

∥∥∥Dχ(2iv1, 2iv2, s
∥∥∥

≤ lim
i→∞

1
24i φ(2iv1, 2iv2, s) = 0

for all v1, v2 ∈W and all s ∈ S. By Lemma 1,

DQ4(v1, v2) = 0

for all v1, v2 ∈W. Thus, the mapping Q4 : W → S is quartic.
To verify the uniqueness of the function Q4, consider that there exists another quartic

mapping Q′4 : W → S satisfying (42). Then,∥∥∥Q4(v1)−Q′4(v1), s
∥∥∥ = lim

i→∞

1
24i

∥∥∥Q4(2iv1)− χ(2iv1) + χ(2iv1)−Q′4(2
iv1), s

∥∥∥
≤ lim

i→∞

1
24i φ̂(2iv1, s) = 0
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for all v1 ∈W and all s ∈ S. By Lemma 1, Q4(v1)−Q′4(v1) = 0 for all v1 ∈W. Therefore,
Q4 = Q′4.

Corollary 13. Let there exist a mapping τ : [0, ∞)→ [0, ∞) such that τ(0) = 0 and

(i) τ(ab) ≤ τ(a)τ(b).
(ii) τ(a) < a for all a > 1.

If there exists a mapping χ : W → S with χ(0) = 0 and∥∥∥Dχ(v1, v2), s
∥∥∥ ≤ τ(‖v1‖+ ‖v2‖) + τ(‖s‖) (47)

for every v1, v2, s ∈W, then there exists a unique quartic mapping Q4 : W → S that satisfies∥∥∥χ(v1)−Q4(v1), s
∥∥∥ ≤ [ τ(‖v1‖)

2− τ(2)
+ τ(‖s‖)

]
(48)

for all v1 ∈W and all s ∈ S.

Proof. Let
φ(v1, v2, s) = τ(‖v1‖+ ‖v2‖) + τ(‖s‖),

for all v1, v2 ∈W and s ∈ S. As a result of (i), that

τ(2i) ≤ (τ(2))4i

and
φ(2iv1, 2iv2, s) ≤ (τ(2))4i(τ(‖v1‖+ ‖v2‖)) + τ(‖s‖).

By utilizing Theorem 8, we obtain (48).

Corollary 14. Let there exist a homogeneous mapping G : [0, ∞)× [0, ∞)→ [0, ∞) with degree
q. If there exists a mapping χ : W → S with χ(0) = 0 and∥∥∥Dχ(v1, v2), s

∥∥∥ ≤ G(‖v1‖, ‖v2‖) + ‖s‖,

for all v1, v2 ∈W and all s ∈ S, then there exists a unique quartic mapping Q4 : W → S satisfying∥∥∥χ(v1)−Q4(v1), s
∥∥∥ ≤ G(‖v1‖, ‖v2‖) + ‖s‖

2− q
(49)

for all v1 ∈W and s ∈ S, where q ∈ R+ with q < 1.

Proof. Let
φ(v1, v2, s) = G(‖v1‖, ‖v2‖) + ‖s‖,

for all v1, v2 ∈W and all s ∈ S. By using Theorem 8, we have (49).

Corollary 15. Let there exist a homogeneous mapping G : [0, ∞)× [0, ∞)→ [0, ∞) with degree
q. If there exists a mapping χ : W → S with χ(0) = 0 and∥∥∥Dχ(v1, v2, s

∥∥∥ ≤ G(‖v1‖, ‖v2‖)‖s‖,

for all v1, v2 ∈W and all s ∈ S, then there exists a unique quartic mapping Q4 : W → S satisfying∥∥∥χ(v1)−Q4(v1), s
∥∥∥ ≤ G(‖v1‖, 0)‖s‖

2− 2q (50)

for all v1 ∈W and all s ∈ S, where q ∈ R+ with q < 1.
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Corollary 16. If there exists a mapping χ : W → S with χ(0) = 0 and∥∥∥Dχ(v1, v2), s
∥∥∥ ≤ ‖v1‖p + ‖v2‖p + ‖s‖,

for all v1, v2 ∈W and all s ∈ S, then there exists a unique quartic mapping Q4 : W → S satisfying∥∥∥χ(v1)−Q4(v1), s
∥∥∥ ≤ ‖v1‖p + ‖s‖

2− p
,

for all v1 ∈W and all s ∈ S, where p ∈ R+ with p < 1.

4. Illustrative Examples

The functional Equations (1) and (16) are shown to be unstable in the singular condition
using a relevant example. We provide the following counter-examples to Gajda’s excellent ex-
ample in [26], which illustrates the instability in Corollaries 2 and 3 of Equations (1) and (16),

respectively, under the conditions q 6= 1 and q 6= log 2
k5
2 , respectively.

Here, R denotes the real space and we can prove the below counter-examples as
in [27,28].

Remark 3. If a mapping χ : R → W satisfies the functional Equation (1), then the following
conditions hold:

(1) χ(ncv1) = ncχ(v1), for all v1 ∈ R, c ∈ Z and n ∈ Q.
(2) χ(v1) = v1χ(1), for all v1 ∈ R if the mapping χ is continuous.

Example 1. Let there exist a mapping χ : R→ R defined by

χ(v1) =
∞

∑
i=0

ξ
(
3iv1

)
3i , (51)

where

ξ(v1) =

{
ζv1, −1 < v1 < 1
ζ, else.

Suppose that there exists a mapping χ : R→ R defined in (1) such that

|Dχ(v1, v2, w)| ≤ 6ζ(|v1|+ |v2|+ |w|), (52)

for every v1, v2, w ∈ R. We prove that there does not exist a additive mapping A : R → R
which satisfies

|χ(v1)− A(v1)| ≤ δ|v1|, (53)

for all v1 ∈ R, where δ and ζ are constants.

Remark 4. If there exists a mapping χ : R→ W satisfies the functional Equation (16), then the
following assertions hold:

(1) χ(nc/4v1) = ncχ(v1), for all v1 ∈ R, c ∈ Z and n ∈ Q.
(2) χ(v1) = v4

1χ(1), for all v1 ∈ R if the mapping χ is continuous.

Example 2. Let there exist a mapping χ : R→ R defined by

χ(v1) =
∞

∑
i=0

ξ
(
2iv1

)
24i , (54)
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where

ξ(v1) =

{
ζv4

1, −1 < v1 < 1
ζ, else.

Suppose that there exists a mapping χ : R→ R defined in (16) such that

|Dχ(v1, v2)| ≤ 40ζ
(
|v1|4 + |v2|4

)
, (55)

for all v1, v2 ∈ R. We prove that there does not exist a quartic mapping Q4 : R→ R that satisfies

|χ(v1)−Q4(v1)| ≤ δ|v1|4, (56)

for all v1 ∈ R, where δ and ζ are constants.

5. Conclusions

Many mathematicians have obtained the stability results of various kinds of additive,
quadratic, and cubic functional equations in various spaces. In our investigations, we
investigated the stability results of additive, quartic, and quintic functional equations in
the setting of modular space using Hyers’ method without using the ∆2-condition. In
addition, an appropriate counter-example is provided to demonstrate the non-stability of
the singular case.
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