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Abstract: In this work, we investigate the refined stability of the additive, quartic, and quintic func-
tional equations in modular spaces with and without the A-condition using the direct method (Hyers
method). We also examine Ulam stability in 2-Banach space using the direct method. Additionally,
using a suitable counterexample, we eventually demonstrate that the stability of these equations fails

in a certain case.
Keywords: quartic and quintic functional equations; modular spaces; 2-Banach spaces; refined stability

MSC: 39B52; 39B72; 39B82

1. Introduction

Functional equations play a crucial role in the study of stability problems in several
frameworks. Ulam was the first who questioned the stability of group homomorphismes,
and this established the foundation for work on stability problems. In the case that an
equation admits a unique solution, we say that the equation is stable. For the Cauchy
functional equation,

¢(ur +uz) = p(ur) + P(u2),

Ulam [1] formulated such a problem. Using Banach spaces, Hyers [2] solved this
stability problem by considering Cauchy’s functional equation. Hyers” work was expanded
upon by Aoki [3] by assuming an unbounded Cauchy difference. Rassias [4] presented
work on additive mapping, and these kinds of results are further presented by Gavruta [5].

In 1950, Nakano [6] studied the theory of modular linear spaces. Since then, this
theory has been thoroughly established by many authors, e.g., Amemiya [7], Koshi [§],
Luxemburg [9], Mazur [10], Musielak [11], Orlicz [12], and Turpin [13]. Orlicz spaces [14]
and the idea of interpolation [11,14] are both extensively applicable to the theory of modu-
lar spaces.

On the other hand, several mathematicians, using the fixed-point theorem of quasi-
contraction mappings, investigated stability in modular spaces but without using the
Ap-condition, as was proposed by Khamsi [15]. More recently, Sadeghi [16] established the
stability results of functional equations with both the Fatou property and the Ay-condition
together in modular spaces.

Firstly, we recall some definitions, notations, and usual properties of the theory of
given spaces.

Mathematics 2023, 11, 371. https:/ /doi.org/10.3390/math11020371

https://www.mdpi.com/journal /mathematics


https://doi.org/10.3390/math11020371
https://doi.org/10.3390/math11020371
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0002-4900-7604
https://doi.org/10.3390/math11020371
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math11020371?type=check_update&version=3

Mathematics 2023, 11, 371

2 0f23

Definition 1 ([16,17]). Let S be a linear space over K (R or C). A generalized functional p : S —
[0, 00) is called modular if for any given u,v € S, the following conditions hold:

(My) p(u) =0 u =0,

(M) p(eu) = p(u) for any scalar € with |e| =1,

(M3) p(e1u + e0) < p(u) + p(v) for any scalars €1, €, > 0 with 1 + €3 = 1.

If the condition (M3) is replaced by
(M%) p(e1u + €20) < e1p(u) + e2p(v) for any scalars €1,€; > 0 withe; + €, =1,

then p is called a convex modular. Furthermore, the vector space induced by a modular p,
Sp={uecS:p(au) — 0 as a — 0}
is a modular space.

Definition 2 ([16,17]). Let S, be a modular space and {u,} be a sequence in S,. Then,

(1) {uq} is p-convergent to a point u € Sp, and we write u, — u if p(uy —u) — 0 as « — oo.

(2)  {ua} is said to be p-Cauchy if for any e > 0 one has p(u, — ug) < e for sufficiently large
«, B € N, where N is the set of natural numbers.

(3) K C S, is called as a p-complete if any p-Cauchy sequence is p-convergent in K.

The modular p has the Fatou property if p(u) < lim inf, ,c0p(11s), whereas the se-
quence {u, } is p-convergent to u in modular space S, and conversely.

Proposition 1 ([18]). In modular spaces,

(1)  if uy — uand c is a constant vector, then u, +c¢ — u +c.
(2)  ifuy — uand vy, — v, then equy + €20y — €1U + €20, where €1 + € < 1 and €1,€ > 0.

Remark 1. Assume that p satisfies a Ay-condition with Ay-constant k > 0 and is convex. If k < 2,
then p(u) < kp(%) < %p(u), which indicates p = 0. So, we should have the Ay-constant k > 2 if
o is convex modular.

It should be noted that the convergence of a sequence {u, } to u does not imply that
{au,} converges to au if a is selected from the equivalent scalar field with |a| > 1 in
modular spaces. This is because the multiples of the convergent sequence {1, } naturally
converges in modular spaces. Several mathematicians have investigated stability without
using the Aj-condition using the fixed-point approach of quasi-contraction functions in
modular spaces, which is the method introduced by Khamsi [15]. The stability findings of
functional equations were established by Sadeghi [16] recently using the Fatou property
and the Aj-condition in modular spaces.

In this paper, the refined stability of the additive functional equation, the quartic
functional equation, and the quintic functional equation

01 — 0 Uy — U U3 — 0
x<1n2+vs>+x( zn 3+vl>+x< 3n 1+Uz) = x(v1 + vy +03),

x(201 +v2) + x (201 — v2) = 4x(v1 — v2) +4x(v1 + v2) + 24x(v1) — 6x(v2),
and
X(v1+30v2) — 5x(v1 +202) +10x(v1 + v2) — 10x(v1) + 5x(v1 — v2) — x(v1 — 2v2) = 120x(v2),

respectively, in modular spaces with and without the A-condition are investigated using
the direct method. The Ulam stability in 2-Banach spaces is also investigated. Using a
suitable counterexample, we eventually demonstrate that the stability of these equations
fails in a certain case.
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2. Stability Results in Modular Spaces

In this section, we use the direct method to investigate the stability results of additive
functional equation, quartic functional equation, and quintic functional equation, which
are improved forms of Wongkum ([19,20]) and Sadeghi [16]. Consider that W is a linear
space and S, is a complete convex modular space.

2.1. Stability Results of Additive Functional Equation

In 2013, Kim [21] investigated the stability of the additive functional equation in fuzzy
Banach spaces. Motivated by the method and direction of research of Kim [21], an effort
has been made here to investigate the stability of the additive functional equation

01— 0 Uy — 0 U3 — 0
x<1112+v3)+)(( 2n 3+01>+x<?’111—%02):)((014-?124—03), 1)

where any integer n > 0, in modular spaces without A,-conditions.
For notational handiness, we define a mapping x : W — S, as

U1 — 0 Uy — 0 —
Ax(v1,v2,03) =x<%+vs) +X( 25 +v1> +x( 3 . o -H)z) x(v1 + vy +0v3),
for all vq,v0,v3 € W.

Theorem 1. If there exists a mapping ¢ : W> — [0, 00) such that
¢(v1,v2,03) Z 3* @(3* 1v1,3% 10y, 3% 1us) < 00 2)

and a mapping x : W — S, with x(0) = 0 and

p(Ax(v1,v2,03)) < ¢(v1,02,03), 3)

for all vy, v3,v3 € W, then there exists a unique additive mapping Q : W — S, satisfying

p(x(v1) — Q(v1)) < ¢(v1,01,01), 4)

forallvy € W.
Proof. Setting v; = v, = v3 in (3) and letting ®(v1) = ¢(v1,v1,v1), we obtain

p(3x(v1) — x(3v1)) < ¢p(v1,01,01) = D(v1). (5)
Hence,

p((x(e) = 3100 ) < J0(00). ©

Then, by mathematical induction, we have

p(xten) - 5) < ¥ ot %

i= 1

for all v; € W and all natural numbers «. Certainly, the case « = 1 arises from (6). If the
inequality (7) holds for & € N, then we obtain
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p(X(3“+lvl)

e —xten) = (5 (xeen) - HE) 4 e - o))

IN

2E0) _ X(3v1>) + 2p(x(301) ~3x(w1))

IN

Hence, the inequality (7) holds for every & € N. Let 8 and -y be natural numbers with
v > B. By (7), we have

p(XG) _ae) (L (26T )

=y Y ®)
i=1 3f+
_ i & (3% 1oy)
a=p+1 3
e x(3701) . .
From (2) and (8), it is implied that the sequence 3 is a p-Cauchy sequence in
Sp- The p-completeness of S, confers its p-convergence. Now, we can define a mapping
Q:W — S, by
e X(3701)
Qo) = lim B2, vy e w. ©)
Thus,
3Q(v1) —Q(Bu1)\ _ (1 (x(37*'vy) 1/1 1x(37"vy)
P<3—3 =Pz T—Q(?’Ul) +§ gQ(W)‘gT 10)
1 31ty 1 31ty
< 3P Q(301) — 96(3771)) + §P(% - Q(W))

for all v; € W. Then, by (9), the right-hand side of (10) tends toward 0 as y — co. Thus, we
obtain that

Q(3v1) = 3Q(1) (11)

for all v; € W. We observe that for all ¥ € N, by (11) we have

rlp(x(v1) — Q(v1)) =p<i 3x(3* 10y) — x(3%01) n <X(3yvl) Q(W)))

= 3% 37

a—1 _ o -1
_P<ai1 (3 o) = x(3o) +%(X(3;jvl) Q(%l)))

(12)
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Because ZZ:l 3% + % < 1, from inequalities (5) and (12) we obtain that

v 13,
px(en) — Qen) < 3 oo (0 1or) —a'en)) + 30 (22 - Qe )

a=1

i 1 37713
<Y o3 o)+ gp(% - Q(301)> (13)
a=1
1 _ _ ~ 1 3713
= Z 37(/’(30é 101,30y, 3 17’1) + 3P(X(37_11) - Q(3v1)>.
a=1

Taking the limit v — co in (13), we obtain

p(x(v1) — Q(v1)) < ®(vy,v1,01),

for all v; € W. Thus, we obtain (4). Now, we want to prove that the function Q is additive.
We observe that

IN

1 . 4 .
gp (AX (3’01, 3'v,, 3103) )

1 . . . .
< gfp(3101,3102,3103) — 0 as i — oo,

relp (;AX (3iv1, 3y, 3%3) )
(14)

for all v1, v3, v3 € W. By the inequality (14), we have
p(AQ(v1,v2,03)) = 0 as i — co.
Hence, we have
AQ(vq,v2,0v3) = 0.

Thus, it proves that the function Q is additive. Next, we want to prove that the map-
ping Q is unique. Suppose that Q1 and Q; are additive mappings which satisfy (4). Then,

p(Ql(fh) —Qz(vl)) _ p<1(Q1(3avl) B X(3“01)) n 1(?((3“01) B Q2(3"‘01))>

2 2 3“ 30{ 2 3“ 3“

< 1P(Q1(3“01) _ X(?)”"Ul)) " 1P(X(3ﬂévl) B Q2(3av1)>
2 3u 3« 2 3u 3
11

= 23% (p(Q1(3aU1) = x(3%1)) +p(Q2(3"01) — X(3‘)‘01)))
1

S @@(3“01,3“01,3“01)

=1
- k*z-i-l §¢(3’<—101,3k—101,3k—1vl)

— 0 as a — oo.
This implies that Q; = Q>. Hence, the proof of the theorem is now completed. [
Corollary 1. If there exists a mapping x : W — S, such that x(0) = 0 and

p(AX(vl/UZI ’03)) S g (15)

forall v1,vp,v3 € W, then there exists a unique additive mapping Q : W — Sp satisfying

p(x(v1) — Qo)) <

N[ ™
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forallvy € W.
Corollary 2. If there exists a mapping x : W — S, such that x(0) = 0 and
o(Ax(01,02,03)) < O([[or]| + [|val|7 + [[o]17),

forall vi,v3,v3 € W,and 0 > 0and 0 < q < 1, then there exists a unique additive mapping
Q: W — Sp satisfying

lo]?

px(01) = Qw)) = 3=

forallvy € W.

The following theorem gives another stability of Theorem 1 in modular spaces with
the A,-condition.

Theorem 2. Suppose that S is a linear space and S, satisfies the Ay-condition with the function
¢ : W3 — [0, 00) for which there exists a mapping x : W — S, such that

P(AX(UL U2, 03)) S (P(Ull 02, 03)/
and
im Kt (YL 02 U3\ _ () (o v o
Jim k9 (3532 32) =0 and 1_21(3> #(50 30 50) <

for all vy, vy € W. Then, there exists a unique additive mapping Q : W — Sy, defined as

and

01 01 01

© i
plxton) - Q) < 2 3(5 ) (3. 2. 2)
forallvy € W.
Proof. Because p fulfills the Ay-condition with 7, the inequality (3) implies
p(Ax(v1,02,03)) < T¢(v1,02,03),
forall v1,vp,v3 € W. Then the conclusion directly follows from the proof of the Theorem 3. [

2.2. Stability Results of Quartic Functional Equation

In this subsection, we investigate the refined stability and the Ulam stability of the
quartic functional equation

x(201 4 v2) + x(201 — v2) = 4x(v1 — v2) +4x (01 +v2) +24x(v1) — 6x(v2),  (16)

in modular spaces S,, without using the Fatou property.
For notational simplicity, we can define a mapping x : W — S, by

Ax(v1,v2) = x(201 +v2) +6x(v2) + X (201 — v2) — 4x(v1 +v2) — 24x(v1) — 4x(v1 — v2),
for all v1,v, € W.

Theorem 3. Suppose that S is a linear space and S, satisfies the Ay-condition with a mapping
¢ : W x W — [0, 00), for which there exists a mapping x : W — S, such that
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p(Ax(v1,02)) < ¢(v1,02), (17)

and

(3 3) 0w E(S)o(20) <~

forall v, vy € W. Then, there exists a unique quartic mapping Q : W — S, defined as

. (%
Qen) = Jim 2% (53 )

and
0 5
p(x(01) ~ Q1)) <1ZC)(3@ (18)
forallvy € W.

Proof. Let us consider x(0) = 0 in view of ¢(0,0) = 0 along the convergence of
[ee] k5 i
Z(2> $(0,0) < o
i=1

We suppose v, = 01in (17) to have
0(2x(201) = 32x(01)) < ¢(v1,0)

1
forall v; € W. Because }_° 150 - < 1, by the A-condition of p, the next functional inequality

can be shown as

oo -22(3)) = o £ 3 2() -#(3)
< k141i:< ) ( )vmew

1

(19)

Now, replacing v, with 27Bp; in (19), we obtain the conclusion that the series of (17)
converges, and

4 01 4(B+ 1 4 4 01
o(2x(5) -2 n(5) ) < #el(a(z) -2a(5%))
&k : v v
4p—4 T 1 1
5 (5) ol 5
2’8 atp k5 i 01
Py (z) #(59)

2
for all v; € W, which tends to 0 as § — oo because % < 1. Because the space S, is

IN

p-complete, for all v; € W the sequence {24”‘ 7(( ;—i) } is a p-Cauchy sequence, and it is
p-convergent in S,. Then, we can define a mapping Q : W — S, as

p(im#x(2) = oo

n—r00

ie., hmp(24"‘ <2a>—Q(01)) =0

n—r00
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for all v € W. Therefore, we obtained the inequality without using the Fatou property
from the A,-condition that

p(x(01) — Qon) < 2p(2x(or) ~ 22 (21)) + 50 (22 (22) — 2Q(0n))

S%p(x( 1) — 24“%(;i))+§p(24“x(%)—Q(m))

<o () #(20) + So(2x(2) - oten)

holds for all v; € W and all natural numbers & > 1. Taking « — oo, we obtain the
estimate (18) of x as Q. Replacing (v1, vp) with (27%v1,27%0;) in (17), we see that

4 U1 D2 4 U1 02
(2 “Bx (5 2«)) <Kp(7ho2) = 0 as a—eo.
Therefore, it develops with the convexity of p that

1 6 4 4 24
p( Q201 +v2) + 11000 —02) + 5 0(e2) ~ 1Q(0r — v2) ~ Qo+ 92) ~ 3 Qo))

1 201 +0 1 201 — v
< TP<Q(201 +02) _ZMX( 1204 2)) + HP(Q(ZZ& — ) —24“7((%))

4
+gpp(Qen) - 62 () + pp( Qler v —a2n (M52
+f—1p<Q(v1 +02) —4(24“)x(”1;”2)) + 20(Q) - 2425 (D))

1 (o (201t 4o, (201 =02 day, (02

+41p<2 X<720c + 2%y — +6(2 )X<21x>
U1 — Up ’ U1 + Up U1

_4(24“)7((7) _4(24“)7((7) —24(24a)7((27))

for all v1,v, € W and all natural numbers a > 1. Therefore, the function Q is quartic as
X — 00,

To show the uniqueness of the function Q, we prove that there is a quartic mapping
Q' : W — S, satisfying

p(x(or) ~ Q' (o)) < ;{g(’f)}@,o)

for all v; € W. Then, we see from the equality Q(27%v1) = 27#*Q(v;) and Q'(27%0v;) =
274/ (vq) that

p(Q(v1) — Q'(v1))

< 5r(2"0(5) —2@n(3)) + g (2 (5) ~22490 (7))
4041 4n+1 -

< Lol -4(3) - () o ()
4o 5\ !

< S L(3) 00

IN
N
S
+|
N =~
7=
7N
N |7
~_
<
—~
RS
~—
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for all v1 € W and all sufficiently large natural numbers «. Taking the limit as & — oo, we
obtain our required result. [

Corollary 3. Suppose that S, satisfies the Ap-condition and let W be a normed space with a norm
Il If there is a real number 6 > 0, g > logzg and a mapping x : W — Sy such that

p(Ax(v1,02)) < O([[o1]|7 + [lo2]|7)
or all v1,vy € W, then there exists a unigue quartic mapping Q : W — S, satisfyin
queq ppimng P 8

(x(01) = Q01)) < 5k,
forallvy € W.

The following theorem gives an alternative stability of Theorem 3 in modular spaces
without using the Fatou property or the Ay-condition.

Theorem 4. Let there exist a mapping x : W — S, that satisfies (17), and suppose a mapping
¢ : W2 — [0, 00) exists such that

lim (P(ZIXUL 2“’02)

- ¢(2ivl,0)
a—co D4n 2 <

=0, 24i

i=1

forall v, v5 € W. Then, there exists a unique quartic mapping Q : W — S, satisfying

p((x(e) - 3100 - Q(en) ) < 5 L HZD 20

forallvy,vp € W.

Proof. Taking v, = 0in (17), one has
p(2x(201) — 32x(v1)) < ¢(v1,0),
x(0)

where x'(v1) = x(v1) — 5 Then, we obtain the following inequalities and also a

convexity of o, ) D) <

! (Hn 4 )i it
(X,(vl))((;lxvl)) = p<0<z;<—1<2)((2012)4(1+)i()(2 vl))>

< ¥ p(2*x (2'01) — X' (2" 10y))
- 0<iza—1 24(1+i)
- 24 y 24i

0<i<a—1

! (Hu
for all vy € W and all « € N. Then, one has a p-Cauchy sequence {X(;fl)} and the

mapping Q : W — S, is defined as
. X'(2%

ie. 1imp(7€'(22:;01)_Q(v1)) =0

n—r00
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for all v; € W, without using the Aj-condition and the Fatou property. Moreover, it is
obvious that the function Q satisfies the quartic functional equation in the proof that follows
using the ideas from Theorem 3.
Now, we prove that (20) holds with utilization of the Fatou property and the A,-condition.
By using the convexity of p and
1 1
Oggil i T <L

we obtain the below inequality:

, <“§ (24x'<ziv1> - x'<zf+lv1>) LX) Q(Zv1)>

p(x'(v1) — Q(v1)) = 24(i+1) a4

1 : - 1 (x(2 120
= 1;0 24(i+1)p(247f/(21”1) —x'(@"0) + ?P(% - QQUl))

11 1 (X' (2 120;)
S 274 1;0 ﬁ‘P(ZlUl/O) + 274 (W - Q(Zvl))

for all v; € W and all natural numbers & > 1. Taking the limit as « — oo, we obtain our
needed result. O

Corollary 4. Let there exist a mapping ¢ : W? — [0, c0) such that

lim 4)(2“’01, 2“02)

a—oo 24n

=0, ¢(201,0) <2%L¢(vq,0)

for all vi,v, € W and for some L € (0,1). If there exists a mapping x : W — S, satisfies (17),
then there exists a unique quartic mapping Q : W — S, satisfying

p (o) = 3100 - Q) < e 0(01,0)

forallvy € W.

Corollary 5. Suppose that W is a normed linear space with the norm || - ||. If there exists a real
number 6 >0, € > 0, q € (—00,2) and a mapping x : W — S, such that

p(Ax(01,02)) < 6([Joa|" + [[02]|7) + €
forall v, v, € W, then there exists a unique quartic mapping Q : W — S, satisfying

0
p (1) = 50~ Qlon) ) < 5l + 5

forallvy € W, where vy # 0ifq < 0.

2.3. Stability Results of Quintic Functional Equation

In this subsection, we investigate the refined stability and the Ulam stability of the
quintic functional equation

x(v1 +302) = 5x(v1 +202) + 10x (01 + v2) — 10x (v1) + 5x (01 — 02) — x(v1 — 202) — 120x(v2) = 0 (21)
in modular spaces S, without using the Fatou property.

Theorem 5. Let S be a linear space, and suppose that S, satisfies the Ap-condition with the mapping
¢ : W2 — [0, 00) for which a mapping x : W — S, exists such that
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p(x(v1 4 30v2) — 5x(v1 + 2v2) 4+ 10x (v + v2)

~10x(01) +5x(01 — v2) = x(v1 — 202) — 120;((@2))} < ¢(on02), (22)

and
i (5 52) <0 and ¥ (5 )o(5 ) <

n—r00

forall v, vy € W, then there exists a unique quintic mapping Q : W — S, defined as

Q(or) = lim 2%x (1)

n—r 00

and
1 & k6 i
plrten) - Q) < 52 Y- (5 ) o5 2) )
forallvy € W.

Proof. Initially, assume that x(0) = 0 in view of ¢(0,0) = 0 along the convergence of
K6
¥ (5 )ew00) <
i=1
We take v1 = v, in (22) to have

p(x(4v1) —5x(3v1) + 10x(201) — 10x(v1) — x(—v1) — 120x(v1)) < P(v1,v1).

By the A;-condition of p and )} % < 1, the next functional inequality can be

shown as
5a 1/ 65 (01 6i
(e =21(3) = o £ 3 (2 x(3%) -#4(3)))

i=1

< Lr(E)e@y)

i=1

(24)

forallv; € W. Now, replacing v; by 2Py in (24), we obtain the series of (22) converges and

o(#(3) -2 x()) < #eln(z) r(ze))
kS“E( ) o( )

a+pB
= kﬁ+4 Z( > +(53)

for all v; € W, which tends to 0 as  — oo because % < 1. Because the space S, is p-

complete, the sequence {2°*x(54)} is a p-Cauchy sequence for every v; € W, and it is
p-convergent in S,. Hence, we can define a mapping Q : W — S, by

Q(v1) = p(véli_1>1;1025“)((%)>, ie., lim p<25"‘ <2a> - Q(m)) =0

K—r00

IN

for all v; € W. Therefore, without using the Fatou property from the Ay-condition, we have
obtained that the inequality that

p(x(@1) — Q(on)) < 30 (2x(o1) ~ 22 (22)) + 20 (22%9x(2) ~2Q(0n))
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< Eo(xton -2 (22)) + Eo (2 (2) - o)
< 23 (5) (22 + Bo(n(2) - o)

holds for all v; € W and all natural numbers a > 1. Taking the limit « — co, we obtain the
estimate (23) of x by Q. Replacing (vq,v2) with (27%v1,27%0;) in (22), we see that

v1 + 307 v1 + 203 U1+ 03 U1
P(zsa?(<2a> —5(25a)7((2,x> +10(25a)7(( o ) 10(25a)X(2“>

5 01— 07 5 01 — 2?)2 5 (%) 5 01 02
+502 “”C(za) -2 X(z) — 1202 “>X(za)> <19 (50 50):

which approaches 0 as « — oo for all v1, v; in W. Thus, it develops from the convexity of
o that

<152Q(Ul +30;) — 122Q(01 +20,) + 11502Q(01 +1) — %Q(Ul) + %Q(Ul —12)

- 153001~ 20) - T30 )

IN

1 Su 01+3vz
15—2,0 Qv +3v) —2 ( o ))

+%p(@<v1 +20) - 5(25“)x(”1 ;27’2» + ﬁ%p(Q(vl +2) - 10(25“)x(”1;”2))

(00~ 102(5)) + e (01 e -2 () )

L _ _ »ba U1 — 20p @ Sa
+1529<Q(01 20p) —2 x( T >>+1529(Q( 2) =2 x(za))
1 v1 + 30 v1 +2v U1+ 0 v
g (2522 ) —s@n (522 ) 0@ (22 ) - 02 (3)
v — 0 v — 20
+5(25“)x<—12a 2) —25“;((71 5 2) 120(25“)x(2a)>

for all v;,v; € W and all natural numbers & > 1. Therefore, the mapping Q is quintic as
& — 0.

To prove the uniqueness of the function Q, assume that there is another quintic
mapping Q' : W — S, satisfying

[e) 6 i
p(x(o1) ~ Q' (@1) slkz(") o(%8) vuew

Then, we see from the equality Q(27%v1) = 275%Q(v;) and Q' (2 %v;) = 27*Q/ (1)

that

o = Loaama(2) -2n(E)) + () 2w (R)
< e(a3) () er(3) @)
< SRS oG
< fm B (5)e6 )
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for all v1 € W and all sufficiently large natural numbers «. Taking the limit # — oo, we
obtain our needed result. [

Corollary 6. Suppose that S, satisfies the Ay-condition, and let W be a normed space with a norm
of || - ||. If there exists a real number 6 > 0, g > logzg and a mapping x : W — S, such that

p(x(v1 +30v2) — 5x(v1 + 2v7) + 10x (v + v2) — 10x(v1) + 5x(v1 — v2) — x(v1 — 2v2) — 120x(v2))
<O(lo)|7 + llo2||7)

for all vy, vy € W, then there exists a unique quartic mapping Q : W — S, satisfying

k0
p(x(v1) — Q(v1)) < WIMII”

forallvy, v, € W.

The following theorem gives an alternative stability of Theorem 5 in modular spaces
without using the Ay-condition and the Fatou property.

Theorem 6. If there exists a mapping x : W — S, such that

p(x(v1 +3v2) —5x(v1 +202) + 10x (v + v2)

—10x(v1) + 5x(v1 — v2) — x(v1 —2v7) — 120?((02))} < ¢(v1,v2), (25)

and a mapping ¢ : W? — [0, oo) satisfies

< 00

. ¢(2%0,2%) (2! '01,2007)
:xlgl;lo 25a =0, Z 25i

for all vy, vy € W, then there exists a unique quintic mapping Q : W — S, satisfying

p(x(v1) - %x(o) <5 Z 92 0215’12 1) (26)

forallvy € W.

Proof. Taking v; = vy in (25), one has

p(x(4v1) — 5x(3v1) +10x(201) — 10x(v1) +5x(0) — x(—v1) — 120x(v1))
= p(x'(4v1) — 5x'(3v1) + 10x'(2v1) — 10x'(v1) + X (v1) — 120X’ (v1))
< ¢(v1,v1),

where x'(v1) = x(v1) — g(60) and then we obtain the convexity of p and Zl 0 25(,+1 <1

(V- X&) < (g (B Ezr ey

i=0
Z Yo%) (2'01) — X/ (271 0y))

<
= 25(i+1)
1% ¢(2'(01), 2 (1))
< ¥l 25i
i=0
x'(2%01)
for all v; € W and all natural numbers a. Then, one has a p-Cauchy sequence o

and the mapping Q : W — S, is defined as
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er er
p(im TE) —Qon), e, tim p (S5 - 0(en)) =0
for all v; € W without using the Fatou property and the Aj-condition. Moreover, it is
obvious that the function Q satisfies the quintic functional equation in the proof that follows
using the ideas from Theorem 5.

Now, we need to prove that (26) holds without using the Fatou property and the
Aj-condition. By using the convexity of p and

IN
=

ocil 1 N
= 25(1+l)
we obtain the next inequality

(Z (25 ’(2'01) 1 X (21'“01)) L @) Q(Zvl))

5(i+1) 25a 25

p(x'(01) = Q(v1))

. 5.0 (ni i+1 X' (2 120y)

< ; 0(2°x' (2'01) — X' (27 0y)) + 25p( S5 D) — Q(2v7)
111 . 1 /x (24 120)

< *5;*5 UlJW)"’f(W_Q(ZUl))

for allv; € W and all natural numbers « > 1. Taking « — oo, we obtain our needed result. [J

Corollary 7. Let there exist a mapping ¢ : W? — [0, c0) such that

lim (P(Z“Ul, 2“”02)
a—0o 25

=0, 47(201,201) < ZSL(P(Ul,Ul)
for all vi,v, € W and for some L € (0,1). If there exists a mapping x : W — S, such that

p(x(v1 +3v2) — 5x(v1 + 202) + 10x (01 + v2)

—10x(v1) 4+ 5x(v1 — v2) — x(v1 — 207) — 120%(02))} < ¢(v1,v2),

for all vy, vy € W, then there exists a unique quintic mapping Q : W — S, satisfying

p((x(on) = gx(0) = Qo)) < 5=y 0ton )

forallvy € W.

Corollary 8. Suppose that W is a normed space with the norm || - - - ||. If there exists a real number
6 >0, €>0,q¢c (—oo,2)and a mapping x : W — S, such that

o(x(v1 4+ 3vy) — 5x(v1 + 202) + 10x(v1 + v2)
—10x(v1) +5x(v1 —v2) — x(v1 — 202) p < O([[v1]|7 + [|02[|7) +€
—120x(v2))

forall v, vy € W, then there exists a unique quintic mapping Q : W — S, satisfying

p (o) = 410 - Qo) ) < 52 ol 4

forallvy € W.
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3. Stability Results in 2-Banach Spaces
Gabhler [22,23] developed the concept of linear 2-normed spaces in the 1960s.

Definition 3. Let W over R be a linear space with dim W > 1 and a mapping ||-,-|| : W? — R
such that
(a) ||p,a|| = 0ifand only if p and a are linearly dependent.
® p,all = lla,pll,
(© zp,all =[] [Ip,all,
) lp,a+bll <lpall+p0o|
forall p,a,b € Wand T € R.

Then, the function ||-, -|| is defined as a 2-norm on W, and the pair (W, ||-, -||) is defined as a
linear 2-normed space. A typical example of a 2-normed space is R? equipped with a 2-norm defined
as |p,q| = the area of the triangle with the vertices 0, p, and q.

A classical illustration of a 2-normed space is R? with the 2-norm defined as |p, a| =
the area of the triangle with the vertices 0, p, and a.
Because of (d), it is evident that

lp+a,bl < lp,bll + lla, bl and | [Ip,bll = lla,b]l | < p - a,b].
Thus, p — ||p, a|| are continuous mappings of W into R for any fixed a € W.

Definition 4. If there exists a, b in a linear 2-normed space that W satisfy the condition that a and
b are linearly independent, then the sequence {p;} in W is known as a Cauchy sequence.

ie, lim |p;—pjal =0
i,j—00
and )
lim |[p; — p;, bl| = 0.
i,j—o00
Definition 5. A sequence {p;} in a linear 2-normed space W is called as a convergent if there

exists an element p € W such that

lim [|p; —p,a| =0,

i,j—o00

foreverya € W.
If {p;} converges to p, then we denote pj — p as j — oo, and say that p is the limit point of
{pj} We also write in this case,

lim p; = p.
j—oo

Definition 6. Every Cauchy sequence is convergent in a 2-Banach space, which is a linear 2-normed space.

Lemma 1 ([24]). Let (W, ||-,-||) be a linear 2-normed space. If p € W and ||p, q|| = 0 for all
g€ W,thenp=0.

Lemma 2 ([24]). For a convergent sequence {p;} in a linear 2-normed space W,
lim [|pj,a|| = || lim pj al
] ]—00

foralla € W.

Choonkil Park studied approximate additive mappings, approximate Jensen map-
pings, and approximate quadratic mappings in 2-Banach spaces in their paper [24]. In [25],
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Choonkil Park examined the superstability of the Cauchy functional inequality and the
Cauchy-Jensen functional inequality in 2-Banach spaces under certain conditions.
In this section, we consider W to be a normed linear space and S to be a 2-Banach space.

3.1. Stability Results of Cauchy Additive Functional Equation
Theorem 7. Let there exist a mapping ¢ : W3 x S — [0, +o00) exist such that

lim 4)(3101,3’02,3 03, ) -0 27)

i—oo 3

forall v1,vy,v3 € Wand all s € S. If there exists a mapping x : W — S exists with x(0) = 0
such that

(01102/ 0315)/ (28)

HDX(Ul, v2,03),8

and
¢ (3v1,3v1,301,5) < o0 (29)

UJ‘H

o
01, Z

exist for all v1,vp,v3 € W, s € S, then there exists a unique additive mapping A : W — S satisfying

[x(@1) - A@),s| < dlons) (30)
forallvy € Wandall s € S.
Proof. Setting v1 = vy = v3 in (28), we have
|x@o) =3x(@1),5 01,01,5), (31)

forallv; € Wandall s € S. Replacing v, with 3ty in (31), we have

H : X(3i+1v)—l?€(3i01)15

1 ) . .
36D 7 ‘ < ﬁ¢(3101,3101,3%1,5), (32)

forallv; € W, s € S,and alli > 0. Thus,

1
3i+1

( i+1

1
v1) — 37196(3"101)15

i
< ) | @ o0 - Sao,s
= (33)

< - ( 3/01,3jvl,3j01,s)

Uﬁ\»—\

»

j=m

QJM—‘

forallv; € W, s € Sand all integersi > 0 and m > 0 with m <.

Thus, from (28) and (33) we conclude that the sequence { ASor) 3 vl } is a Cauchy sequence

in S for all v € W. We know that S is complete, which implies that the sequence {X?}
converges in S for all v; € W. So, we can define a mapping A : W — S by

Afor) = lim ;X(s ) (34)

for all v; € W. Therefore,

lim || =x(3'01) — A(v1),s

i—o00 H3

=0

forallv; € Wand all s € S. Replacing m = 0 and taking the limit i — oo in (33), we
obtain (30).
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Now, we want to prove that the function A is additive. From inequalities (27), (28),
(34), and Lemma 2 we can obtain that

1 . . .
< lim §¢(3101,3102,3lv3,s) =0.

i—oo

lim "Dx(3ivl,3ivz,3iv3),s

‘ 1—00

HDX(Ul/ 02, ’03)15

By Lemma 1,
DA(Z)1, 0y, 03) =0

for all v1,v,,v3 € W. Thus, the function A is additive.
To prove the uniqueness of the function A, we consider another additive mapping
A’ : W — S satisfying (30). Then,

1 . , . ,
|A) = A@s|| = lim ] AG) = x(Bo1) + x(Bor) - A'(Bo) s
< lim l,gf)(Bvivl,s) =0
i—o0 31

forallv; € Wand all s € S. By Lemma 1, A’(v1) — A(v1) = 0 for all v; € W, which
implies A’ = A. O

Remark 2. A Theorem analogous to 7 can be formulated, in which the sequence

— 1im 3y (&
A(vq) := ing;?) X(Bi )
is defined with appropriate assumptions for ¢.

Corollary 9. Let there exist a mapping T : [0,00) — [0, 00) exist such that T(0) = 0 and
@) t(rs) < t(r)T(s).
(i) T(r) <rforallr>1.

If a mapping x : W — S exists with x(0) = 0 and

| P12, 05), 5| < T(llonll + lloall + llesll) + <(lsl) (35)

forall vi,v3,v3 € Wandall s € S, then there exists a unique additive mapping A : W — S
satisfying
HX(Ul) —A(w),s

forallvy € Wandall s € S.

< |5 sy 6)

Proof. Let
@(v1,02,03,5) = T(|[v1]| + [|o2|| + [[vs) + T([[s]])

for all v1,v5,v3 € W and all s € S. From condition (i), we have

T(3) < (z(3))'

and
$(3'01,3'02,3'03,5) < ((3))(x(||oal| + [loal + llos]))) + T (lIs])-

By using Theorem 7, we reach (36). O
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Corollary 10. Let there exist an a € RT with a < 1 and a homogeneous mapping G : [0, c0) X
[0,00) — [0, 00) with degree a. If there exists a mapping x : W — S with x(0) = 0 and

| Pxcer,02,03), 5| < Glllonl, Iz, oall) + s

forall vi,vy,v3 € Wand all s € S, then there exists a unique additive mapping A : W — S
satisfying
G(l[oal, [o2ll, [[oa]]) + lIsll

34 (37)

[x@) = A1),

forallvy € Wandall s € S.

\ <

Corollary 11. Let there exist a homogeneous mapping G : [0, 00) x [0,00) — [0, 00) with degree
q. If there exists a mapping x : W — S with x(0) = 0 and

|Pac(er,02,03),5| < Glloill ozl sl sl

forallvy,vp,v3 € Wandall s € S. Then, there exists a unique additive mapping A : W — S satisfying

G(llvall, lloal, [loall)lls]]

330 (38)

[xen) = Ao <

orallvy € Wand all s € S, where g € withg < 1.
Il dall S, where g € R™ with q

Corollary 12. If there exists a mapping x : W — S with x(0) = 0 and

| P01, 02,03), 5| < lleall? + lleall? + lles1” + s

forall vy,v0,v3 € Wandall s € S, then there exists a unique additive mapping A : W — S satisfying

2[|o [P + |Is]]

| x(01) = Avr) s 5,

\ <

orallvy € Wandall s € S, where p € RT with p < 1.
p p

3.2. Stability of Quartic Functional Equation
For notational simplicity, we can define a mapping x : W — S by
Dx(v1,02) = x(201 + v2) + 6x(v2) + x(201 — v2) — 4x(v1 + v2) — 24x(01) — 4x (01 — v2),

for all v, v, € W.

Theorem 8. Let there exist a mapping ¢ : W2 x S — [0, +00) such that

S P St _
lll}rglo ﬁcp(z 1,2 vz,s) =0 (39)

forall v, vy € Wand all s € S. Suppose that there exists a mapping x : W — S with x(0) =0
such that

HDX(ULUZ)/S ‘ < ¢(v1,02,8) (40)

and

1 .
55 9(2/01,0,5) < oo (41)

N gk

R 1
(P(Ulrs) = E

j=0
exists for all vi € Wand all s € S. Then, there exists a unique quartic mapping Q4 : W — S
that satisfies

HX(Ul) — Qa(v1),s

| < (o), 42)
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forallvy € Wandall s € S.

Proof. Replacing (v1,v) with (v1,0) in (40), we obtain

HZX 21}1 —32x(v1),s ‘ < ¢(v1,0,5)
: 13)

‘ < 2(24) ¢(Ulr0/s)

5G9 on) s

forallv; € Wand all s € S. Replacing v1 with 2/v; in (43), we obtain

1
< Wﬁ”(

H 1 i+1

X2 2'v1,0,5) (44)

1-X(2i771) s

01)—ﬁ

forallv; € W, s € S, and all integers i > 0. Hence,

1
H 24(i+1)

; 1
X(21+101) - 247)((2"101)/5

! 1 , 1 .
< X me(zﬁlvl) — ox(@o),s
j=m

(45)
1 o1
< Z 24]4>(2 v1,0,5s)

forallv; € W, s € S and all integers i > m > 0. Thus, it follows from inequalities (40)
and (45) that the sequence {M} is Cauchy in S for every v; € W. As S is complete,

the sequence {X } converges in S for all v; € W. Thus, we can define a mapping
Q4: W — Sby
i
Qu(or) = lim XCTV, )
iyoo 24

for all v; € W. Therefore,

. 2'v
tim | X220~ 0,(01) 5

| =0

1—00

forallv; € W and all s € S. Taking the limit as i — oo and setting m = 0 in (45), we
obtain (42). Next, we need to show that the function Q4 is a quartic function. From the
inequalities (39), (40), (46), and Lemma 2 we obtain that

R SIS
< lim @49(2101,2’02,5) =0

i—00

HDX(Z)1/UZIS)H = lim HDX(ZiUlIZiUZ/S

i—00

forallvy,v; € Wand all s € S. By Lemma 1,
DQ4(v1,v2) =0

for all v1,v, € W. Thus, the mapping Q4 : W — S is quartic.
To verify the uniqueness of the function Q4, consider that there exists another quartic
mapping Q; : W — S satisfying (42). Then,

Qs(2'01) — x(2'v1) + x(2'v1) — Q4(2'01), s

HQ4(01) —Qi(v1),s

’ 241
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forallv; € Wand all s € S. By Lemma 1, Q4(v1) — Q) (v1) = 0 for all v; € W. Therefore,
Q=Q; O

Corollary 13. Let there exist a mapping T : [0,00) — [0, 00) such that T(0) = 0 and

(i) t(ab) < t(a)T(b).
(i) t(a) <aforalla>1.

If there exists a mapping x : W — S with x(0) = 0 and

|Px(1,02), (| < T(lforll + lloall) + T(ls) 47)

for every vy, vz, € W, then there exists a unique quartic mapping Qa : W — S that satisfies

=[5

[x(o1) - Quo + (sl (48)

forallvy € Wandall s € S.

Proof. Let
¢(v1,02,8) = T([lo1|| + [[v2l]) + T([Is]]),

for all v1,v, € Wand s € S. As a result of (i), that

T(2) < (z(2))¥
and o '
9(2'v1,2'0,5) < ()" (x(or ]l + o2]))) + z([Is]).
By utilizing Theorem 8, we obtain (48). [J

Corollary 14. Let there exist a homogeneous mapping G : [0,00) x [0,00) — [0, 00) with degree
q. If there exists a mapping x : W — S with x(0) = 0 and

|Px(er,02),5]| < GCloall, lfo2l) + sl

forallvy, v € Wandall s € S, then there exists a unique quartic mapping Q4 : W — S satisfying

(o1 I, lo21l) + [Is]]
2—yq

(49)

HX v1) — Qa(v1), ‘<

forallvy € Wand s € S, where g € RT with q < 1.

Proof. Let
¢(v1,02,5) = G(|[v1 ], [[o2]]) + [Is]],

forall v;,v, € Wand all s € S. By using Theorem 8, we have (49). [

Corollary 15. Let there exist a homogeneous mapping G : [0, 00) x [0,00) — [0, 00) with degree
q. If there exists a mapping x : W — S with x(0) = 0 and

| Pxtero2,s]| < Glllenll, o2l s

forallvy, v € Wandall s € S, then there exists a unique quartic mapping Qa4 : W — S satisfying

G ,0
[xo) - Qu(on), o] < CUEL O]

orallvy € Wand all s € S, where g € with g < 1.
Il dall S, where g € R™ with q

(50)
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Corollary 16. If there exists a mapping x : W — S with x(0) = 0 and

D@1 v2), 5| < leall? + lleall? + sl

forall vy, v € Wandall s € S, then there exists a unique quartic mapping Q4 : W — S satisfying

[o1]1” + [Is]

HX(Ul)*QAL(Ul)rS 2=

\ <

7

orallvy € Wandall s € S, where p € RT with p < 1.
p p

4. MMustrative Examples

The functional Equations (1) and (16) are shown to be unstable in the singular condition
using a relevant example. We provide the following counter-examples to Gajda’s excellent ex-
ample in [26], which illustrates the instability in Corollaries 2 and 3 of Equations (1) and (16),

5
respectively, under the conditions g # 1 and q # log 2%, respectively.
Here, R denotes the real space and we can prove the below counter-examples as
in [27,28].

Remark 3. If a mapping x : R — W satisfies the functional Equation (1), then the following
conditions hold:

(1)  x(nvy) =nx(vq1), forallvy €R,c € Zandn € Q.
2)  x(v1) = v1x(1), for all v; € R if the mapping x is continuous.

Example 1. Let there exist a mapping x : R — R defined by

0 3i
xton = 3 £, 6
i=0

where

6(?]1) _ {évl, -1<v <1

Z, else.
Suppose that there exists a mapping x : R — R defined in (1) such that
[Dx (01,02, w)| < 6Z (|01 + [02] + [w]), (52)

for every vy,vy,w € R. We prove that there does not exist a additive mapping A : R — R
which satisfies

x(01) = A(01)| < 6w, (53)

forall vy € R, where 6 and  are constants.

Remark 4. If there exists a mapping x : R — W satisfies the functional Equation (16), then the
following assertions hold:

(1) x(n*vy) = n°x(vy1), forallvy € R, c € Zandn € Q.
(2)  x(v1) = vix(1), for all vy € R if the mapping x is continuous.

Example 2. Let there exist a mapping x : R — R defined by

x(oy) = 3 E20), 69
i=0
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where

el —1<ov<1
flr) = {g, else.

Suppose that there exists a mapping x : R — R defined in (16) such that

[Dx(e1,02)] < 402 (Jon* + foa*), (55)
forall v1,v, € R. We prove that there does not exist a quartic mapping Q4 : R — R that satisfies

x(v1) = Qa(o1)] < 8vn|*, (56)
forall vy € R, where 6 and  are constants.

5. Conclusions

Many mathematicians have obtained the stability results of various kinds of additive,
quadratic, and cubic functional equations in various spaces. In our investigations, we
investigated the stability results of additive, quartic, and quintic functional equations in
the setting of modular space using Hyers” method without using the Ay-condition. In
addition, an appropriate counter-example is provided to demonstrate the non-stability of
the singular case.
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