. mathematics

Article

Mathematical Modeling of COVID-19 Dynamics under Two
Vaccination Doses and Delay Effects

Gabriel Sepulveda ¥(0, Abraham J. Arenas 't

check for
updates

Citation: Sepulveda, G.; Arenas, A.].;
Gonzélez-Parra, G. Mathematical
Modeling of COVID-19 Dynamics
under Two Vaccination Doses and
Delay Effects. Mathematics 2023, 11,
369. https://doi.org/10.3390/
math11020369

Academic Editors: Francisco
Rodriguez, Juan Carlos Cortés Lopez

and Marifa Angeles Castro

Received: 7 December 2022
Revised: 3 January 2023
Accepted: 7 January 2023
Published: 10 January 2023

Copyright: © 2023 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Gilberto Gonzilez-Parra 2*1

Departamento de Matematicas y Estadistica, Universidad de Cordoba, Monteria 230002, Colombia
Department of Mathematics, New Mexico Tech, New Mexico Institute of Mining and Technology,
Socorro, NM 87801, USA

Correspondence: gilberto.gonzalezparra@nmt.edu

t These authors contributed equally to this work.

Abstract: The aim of this paper is to investigate the qualitative behavior of the COVID-19 pandemic
under an initial vaccination program. We constructed a mathematical model based on a nonlinear
system of delayed differential equations. The time delay represents the time that the vaccine takes to
provide immune protection against SARS-CoV-2. We investigate the impact of transmission rates,
vaccination, and time delay on the dynamics of the constructed system. The model was developed for
the beginning of the implementation of vaccination programs to control the COVID-19 pandemic. We
perform a stability analysis at the equilibrium points and show, using methods of stability analysis
for delayed systems, that the system undergoes a Hopf bifurcation. The theoretical results reveal that
under some conditions related to the values of the parameters and the basic reproduction number,
the system approaches the disease-free equilibrium point, but if the basic reproduction number is
larger than one, the system approaches endemic equilibrium and SARS-CoV-2 cannot be eradicated.
Numerical examples corroborate the theoretical results and the methodology. Finally, conclusions
and discussions about the results are presented.

Keywords: mathematical modeling; delay differential equations; SARS-CoV-2 virus; vaccination;
stability analysis

MSC: 92-10; 37N25; 37MO05; 34K05; 34K60; 37G15

1. Introduction

Coronavirus disease 2019 (COVID-19) is a respiratory illness caused by severe acute
respiratory syndrome coronavirus 2 (SARS-CoV-2). SARS-CoV-2 moved rapidly around
the world since it was first identified in Wuhan, China. The world has been suffering one
of the worst pandemics in history, and how it will end is unclear at this time. Vaccination
programs to control the spread of SARS-CoV-2 started at the very end of 2020 in a few
countries [1,2]. Then, during 2021, more countries were able to implement vaccination
programs. The vaccines worked well for the SARS-CoV-2 variants that were circulating
at the beginning of the pandemic and mostly during 2021. However, in 2022, the efficacy
of the vaccines has decreased due to the appearance of new SARS-CoV-2 variants and the
effect of immune escape [3-8].

Many mathematical models have been used to study biological systems [9]. There are
many dynamical systems connected to biology phenomena that are described by PDEs that
involve dissipation actions [10,11]. In particular, some of them have been implemented for
COVID-19 pandemic dynamics with spatial effects [12,13]. Some models have been used to
investigate the impact of vaccines on the dynamics of the pandemic [2,14-18]. In addition,
a few of these models have included and analyzed the effect of time delays on the pandemic
dynamics [19-26]. For example, in [19], the authors proposed a model with a time delay in
order to take into account the delay before an exposed individual could become infected.
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Other work is presented in [21], where an SEIR model with a time delay was used to study
the COVID-19 pandemic. In [23], the authors presented a mathematical model based on a
set of coupled delay differential equations with extensive delays, in order to estimate the
incubation, recovery, and decease periods of COVID-19.

Different models have focused on different stages of the COVID-19 pandemic. Some
models were used in the investigation of the period before vaccines were available [25-34].
Others focused on the beginning of vaccine availability. These models, however, are not
applicable to the current situation where there are very different new SARS-CoV-2 variants
and where booster vaccination programs have been implemented. For instance, factors
such as variant competition, immune escape features, and cross-immunity are not present
in many of the models developed at the beginning of the COVID-19 pandemic.

In this work, we design a mathematical model to study the impact of transmission
rates, vaccination, and time delays on the dynamics of the COVID-19 pandemic. The model
was created for the stage in which the vaccination programs were just starting. We use
mathematical tools of dynamical systems and particularly from mathematical epidemiology
for our aims. It has been shown that mathematical models, together with computational
analysis techniques, have become important aids in testing hypotheses and analyzing the
impact of different factors on infectious disease processes.

Many mathematical models that deal with infectious diseases rely on systems of
differential equations to represent the dynamics of the disease at different levels, such as
within-host and between hosts [16,18,35-37]. For some epidemic scenarios, it is suitable
from a realistic viewpoint to include time delays into the models. Thus, to reflect dynamic
behaviors more realistically, it is reasonable to rely on differential equations with time
delays [26]. In this order of ideas, we use an SVEIR (susceptible, vaccinated, latent, infected,
and recovered)-type mathematical epidemiological model to represent the dynamics of the
COVID-19 pandemic for the beginning of the vaccination stage. The mathematical model
developed includes the application of a vaccine that requires two doses and two mutually
exclusive vaccinated subpopulations. The first subpopulation comprises individuals who
have received only one dose, and the second one is those who have received two doses.
The mathematical model constructed is based on a system of delay differential equations
with a discrete time delay, where the inclusion of the time delay allows us to take into
account that the vaccine does not provide immune protection instantaneously [22]. In addi-
tion, the model takes into account the possibility that individuals have only had one dose
of the vaccine [1,15,22,38-40].

We begin the study of the time-delayed model by first obtaining the disease-free equi-
librium point. Then, we find the basic reproduction number R using the next-generation
matrix method [41]. Then, we find the unique endemic equilibrium point and we investi-
gate the stability of the disease-free and the endemic equilibrium points. We also find the
conditions for the system to show a Hopf bifurcation. Finally, with the appropriate choice
of parameters, some numerical simulations are presented to check the effectiveness of the
theoretical results obtained using nonstandard stable numerical schemes.

The organization of this paper is as follows: In Section 2 we construct and present the
mathematical model. In Section 3 we study the existence and uniqueness, and positivity
of the solution. The stability of the equilibrium points and the computation of the basic
reproduction number R are presented in Section 4. In Section 5, the numerical simulations
of the mathematical model are presented. Section 6 is devoted to conclusions.

2. Construction of the Mathematical Model

The study population is divided into several subpopulations. S(t) denotes the pop-
ulation susceptible to the virus. If a susceptible individual comes into contact with an
infectious individual and becomes infected, it transits to the latent population E(t) as soon
as the incubation period of the virus elapses and there is no transmissibility of the virus.
When they can transmit the virus and show manifestations of the disease, we represent
them as infectious I(t), or if they infect without manifestations of the virus, we call them
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asymptomatic A(t). With the variable H(t) we denote hospitalized individuals, and in
this model we assume that hospitalized individuals H(t) cannot transmit the virus, as-
suming that conditions in hospitals are safe with respect to virus transmission. We denote
with V() and V;(t) the populations of susceptibles vaccinated for the first time and the
individuals who are vaccinated and receive a dose for the second time, respectively. Now,
with the variable R(t) we denote the recovered population. We also assume that only
susceptible individuals S(t) are those who can be vaccinated and obviously those who have
received the first dose of vaccination V; (t). This assumption may seem debatable, but in
view of the risks involved in receiving vaccination while latent, infected, asymptomatic,
or hospitalized, the viral load would increase in these populations and the consequences
could be unfavorable on the health of the patients.

Thus, using the law of conservation of population and the law of mass action, the fol-
lowing equations are obtained:

e The change in S(t) at time ¢ is given by the inflow of new susceptibles A and outflow
of a proportion of first-dose vaccines at a rate v; of the form 11 S(t — 7), the propor-
tion infected due to the force of infection given by (B I(t) + pa A(t))S(t), and the
proportion of deaths naturally by the death rate which is d S(¢). It follows that

S(t) = A —dS(t) — <[311(t) +Ba A(t)) S(t) — vy S(t— 7).

e The variation of Vj(f) is given by the inflow of susceptibles vaccinated with the
first dose 11S(t — T) and the outflow of the proportion of first-time vaccinees when
there is the interaction with the force of infection e1 (B I(t) + Ba A(t))V1(t), plus the
proportion of those vaccinated with the second dose 1, Vi (t — ), and, in addition,
those vaccinated who die naturally at a rate d. One obtains

Vl(t) =1 S(i’— T) — € <ﬁ[1(t) +ﬁAA(i’)) Vl(t) — 1 Vl(i'—T) —dVl(t).

e The variation of V,(t) will consist of the entry of those vaccinated with the second
dose 1, V3 (t — T) and the exit of a proportion of individuals who have been given
the second dose but become infected due to interaction with the force of infection
e2(Br I(t) + Ba A(t))Va(t) and exit, and, also, people die naturally at a rate d. Thus,
we obtain the equation

Vz(t) =1 Vl(t —T)—€ (,31 I(t) +Ba A(t)) Vz(l‘) —dV,(t).

*  On the other hand, the variation of E(t) is given by the inflow of new infectees which
is represented by the expression

(BrI(t) +BaA())(S(t) +e1Vi(t) + e Va(t)),

while the outflow is given by individuals who transition to symptomatic or asymp-
tomatic infectious stages in which they can transmit SARS-CoV-2 virus to others.
The latent population transits to the infectious classes represented by the expression
«E(t) and another part of latents that die naturally at a rate d. In conclusion, we obtain
the equation

E(t) = (ﬁzl(t) +Ba A(t)) (S(t) +eVi(t) + e Vz(t)> — (d+a)E(t).

e Variations of I(t) and A(t), I(t), and A(t), respectively, will first consist of individuals
who are infected and initially remain in the latent stage E for a certain time with mean
«, and a proportion a of latent individuals enter the asymptomatic class A(t) in a
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proportion awE(t). The remaining proportion (1 — a) of latent individuals develop
the symptoms of the disease and pass into the infected class I(t) in a proportion of
(1 —a)aE(t). The population in the asymptomatic class A(t) transits at a rate y to
the recovered class R(t), that is, the factor yA(t) leaves and enters R(t). Similarly,
infected persons I can pass into the recovered class R at a rate -y in a proportion yI(t)
and enter R(t). Now, a part of the infected persons I can pass into the hospitalized
class H at a rate h in a factor hI(t). In addition, it is possible that infected I(t) and
asymptomatic A(f) die naturally at a rate d. Thus, we obtain the equations

A(t) =aaE(t) — (d +7)A(t), and

() = (1 —a)aE(t) — (d +h +7)I(b).

The variations of H(t) and R(t), H(t), and R(t), respectively, are given by the transi-
tion to class H of class I with a factor hI(t) of infected individuals who are hospitalized.
The yI(t) and yA(t) arefactors of infected and asymptomatic individuals who recover
enter the class R, that is, with a factor «y(I(t) + A(t)). Persons of class H hospitalized
die from the virus at a rate J, that is, they come out with a factor of 6H, as well as the
recovery of a percentage of those hospitalized at a rate p, that is, they enter the class R
with a factor pH. In addition, it is possible that they die naturally hospitalized H(t)
and recovered R(t) at a rate d. From all of the above, the equations are

H(t) =hI(t)— (d+6+p) H(t), and

R(t) = y(I(t) + A(t)) + pH(t) — dR(t).

The flows between the interacting subpopulations can be seen in Figure 1. The above

equations can be rewritten as the following system:

Y(t) = f(t,Y(t), t €[0,0), @

where Y(t) = (S(t), Vi(t), Va(t), E(t), A(t), I(), H(t), R(t))T, and

A= as(t)~ (Bi10) + pa A)) S~ w5~
2] S(f* T) — €1 (‘31 I(t) JF,BA A(t)) Vl(t) — 1y Vl(t — T) *dVl(f)
1%) Vl(f — T) — € (,BI I(t) +Ba A(t)) Vz(f) — dVQ(f)
(,BI I(t) + Ba A(t)> (S(t) +e Vi(t)+ e Vz(t)> —(d+wa)E(F)
awE(t) — (d+ v)A(t)
(1—a)aE(t) — (d+h+)I(t)

hI(t) — (d+ 6+ p) H(t)
v(I(t) + A(t)) + pH(t) — dR(t)

where t € [0, ), and with initial conditions given by

S(0) = C1(0) > 0, V1(0) = (2(0) > 0, V2(6) = ¢3(0) > 0,E(6) = {4(6) > 0,

A(0) = 5(0) =2 0, 1(0) = (6(0) = 0, H(0) = {7(6) = 0, R(0) = {5(0) >0,
for 6 € [—7,0]with ;(0),i = 1,---,8 continuous functions defined from the inter-
val [—7,0] to R} and with norm ||{;|| = sup [{;(0)],i = 1,---,8. Letb > 0 and

—71<0<0



Mathematics 2023, 11, 369

5 of 30

S = C([—T, b], Ri) be the Banach space of continuous functions defined on the interval
[—7,b] to RS with the norm

¥l = sup [x(O)], x €S,

—1<0<b

8
where [|x(0)|| = gl |x;(0)], [42].

Figure 1. Flow diagram of the transit of the subpopulations over time of the model (1).
To analyze the dynamics of the solutions of system (1), we assume that
N(t) = S(t) + E(t) + I(t) + A(t) + H(t) + R(t) + Vy(t) + Va(t), 2)
and the initial values are given by

S(0) = So >0, V4(0) = Vi >0, V5(0) = Vao >0, E(0) = Eg > 0,
A(0) = Ag >0, I(0) = I >0, R(0) = Ry >0, H(0) = Hy > 0; 3)

moreover,

So = ¢1(0)and V19 = {2(0) 4)

satisfy the compatibility conditions.

In this model, two vaccination rates, v; and v, are considered for the populations
S(t) and Vj(t), respectively, such that v, < v1, since the second dose has less demand
than the first one. We are interested in studying the impact of vaccination rates and
vaccine efficacies on the vaccination strategy [2,43,44]. For example, according to studies
by Elisabeth Mahase [45], the Pfizer-BioNTech vaccine reached an effectiveness of 52% after
the first dose (¢; = 0.52) and 95% after the second dose (¢, = 0.95). It is important to
highlight that despite the plans made by health institutions regarding vaccination, there
are many uncertainties present in the logistics. Therefore, here, we consider two different
vaccination rates in this study.

Regarding the parameters 4 and B, which represent the transmission rate between
A and S and the transmission rate between I and S, respectively, we vary them due to the
uncertainty of these rates. For instance, in [46], the authors concluded that asymptomatic
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carriers have a higher viral load and, taking into account that asymptomatic carriers may
have more physical contacts, it is possible to assume that g4 > B;. However, there are a
variety of results for each region or country, as can be seen in [47-51].

3. Existence and Uniqueness of the Model Solution

Here, we prove the existence and uniqueness of the solution of the model (1). We start
using the following theorem,

Theorem 1 (Theorem 2.2. [42]). Suppose (Y is an open set in R x S, f : QO — R" is continuous,
and f(t,¢) is Lipschitzian in ¢, on every compact set in Q). If (0,¢) € Q, then there exists a
unique solution of system (1) with initial value ¢ in 0.

To prove the existence of the solution through a point (¢, ¢) € [0,00) x S, we consider
ab > 0and all functions x on [0 — 7,0 + b] which are continuous and coincide with ¢ on
[c—1,0].

Theorem 2. Consider f as in (1) and suppose that () is an open set in R X S, such that f : 3 — R"
is continuous. Let Cy = [0,b] x S for every compact set in Q). If f(t,¢) is Lipschitzian in ¢, then

there exists a unique solution of system (1) with initial value ¢ in 0.

Proof. In particular for o = 0, we have that the function f : [0,c0) x S — R8 given by (1)
is continuous and satisfies the local Lipschitz condition. Indeed, for ¢y, ¢ € Co,

or(6) = (510, VI (0), VA (1), BV (1), A1 (6), 1 (6), HY (1), RA (1))

ia() = (S2(0), V2 (1), VA (1), E2(1), 42(0), P2(6), (1), RO (1))

and for f € [—T,b], one obtains

|£(t.92) = Flt.gn)]| <M sup {[2() = 8'()|+ [V(t) - Vi ()| + [VE(t) - V3 (1)

te[—1,b]
+ ‘Ez(t) - El(t)( + ‘Az(t) - Al(t)] + ‘Iz(t) - Il(t)‘ + ’Hz(t) - Hl(t)‘

+ R0 = R (0]} = M]g2 — 1]

ie.,

£ (t,d2) — f(t.p1)|| < M|[p2 — 1

7

where

M= max {d+2v1 +2[g1(8)], d + 2vs + 2e1|g1 (£)], d + 2e2)g1 ()], d + 2a,

te[—1,b]

d+2’y+2/3A\g2(t)|,d+2’y+2h—|—2/31|g2(t)’,d+5—0—p+’Y,d},

g1(t) = BiI%(t) + BaA%(t) and g (t) = S'(t) + &1 VI (1) +e2V3 ().
Then f(t,Y(t)) given by (1) is local Lipschitzian. Applying Theorem 1, it follows the
conclusion of the theorem. [

3.1. Positivity of Model Solutions

Since system (1) is a population model, the solutions must be positive. We reached the
following result.
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Theorem 3. The model (1) with initial conditions given by (3) has positive solutions
(S0, Va(0), Va(0), E(1), A1), 1(6), H(1), R(1))
forall t € [0,00), when T — 0.

Proof. For the proposed model, we have the following;:

e S(t) > 0,Vt > 0. Suppose that there existst; > 0 such that $(t;) < 0, S(¢;) = 0 and
S(t) > 0forallt € [0,t1), so that

S(t) = A —dS(t) — (/311(1‘1) +Ba A(tl)) S(t1) —v1S(t1 — 1)
S(t) = A= S(t — 1),

for all T > 0. Using the continuity of the solutions, it follows that A —v3 S(t; — 7) — A
as T — 0, therefore we have a contradiction. Thus, S(¢) > 0 for all £ > 0. In the same
way, it is verified that V;(t) > 0, Vo(t) > 0, Vt > 0.

e E(t),A(t),I(t) > 0Vt > 0. To show that E(t) > 0 for all t > 0, let us reason by
contradiction. We assume that there exists 4 > 0 such that E(t;) < 0, E(t4) = 0 and
E(t) > 0forallt € [0,f4). Thus,

E(t4) = <,B[ I(t4) +,BA A(t4)> (S(i’4) + €1 Vl(i’4) + €7 Vz(i'4)) — (d—l—D()E(t4)

E(ty) = p(ts)g(ta),

where p(ts) = BrI(ts) + Pa A(ts) and g(ts) = S(ts) + €1 Vi(ts) + €2 Va(ts). Now,
(i) g(ts) > Obecause S(t), Vi(t), Vo(t) > O forall t > 0.
(i) We affirm that p(t4) > 0. Indeed, from (1) it follows that

t
A(t) = A(0)e~ @+t +e_(d+7)t/ anel*3E(s)ds, (5)
0
and by the continuity of A(t),

t
A(ty) = lim A(t) = A(0)e @Mt 4 o=@+l / ! ane@3E(s)ds > 0,
0

t—ty

and for I(t),

t
I(ty) = lim I(t) = I(0)e~ @H+Mts 4 o= (dHhE)ty / (1 - a)ae @+ SE(s)ds > 0.
0

t—ty

Therefore, p(ts) = BrI(ts) + Ba A(ts) > 0 and from (i) and (ii)

0> E(ta) = f(ta)8(ts) >0,

which is a contradiction. Thus E(t) > 0 for all t > 0, and, as a consequence, I(t) > 0
and A(t) > 0 for all + > 0. In the same way, one obtains that H(t) > 0, R(t) > 0,
vt > 0.

O

Remark 1. This proof shows the positivity of the solution of model (1) when T approaches zero,
which still keeps system (1) as a system with a time delay. The theorem affirms that there is a T such
that the positivity of the solution of system (1) is guaranteed. It does not give an interval for T such
that the positivity can be guaranteed.
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3.2. Boundedness of the Solutions
Adding the equations of system (1) and using (2), one obtains that

N(t) = A—dN(t) —S6H(t) < A —dN(t),

and applying comparison theory for differential equations [52], it follows that

N(t) < N(0)e™ + % [1 - e*df]

In such a way,

e IfN(0) < %, then

>

A
e IfN(0) > 7 then

N(t) < N(0)e™ + N(0) [1 - e*dt], ie, N(t) < N(0).

For the above reasons, if = max %, N(0) }, then we have that all the solutions of

system (1) remain bounded in the region
Q= {(s, Vi, Va,E,A,I,H,R) € RS0 < S, V4, V5, E, A, IH,R < lc},

which is a positively invariant set.

4. Stability Analysis

The equilibrium points of system (1) are found by considering the final steady state,
i.e., the constant solutions Y(t) = 0. From system (1), we solve the following
algebraic system:

A—deﬁIIS—/%AAwaS:O, (6)
1/15—61[31“/1 —ELBAAvl —1/2V1 —dVl =0, (7)
1/2V1 — Gzﬁ[IVZ — €2,BAAV2 — dV2 = 0, (8)

B11S 4+ BAAS +€1B81IV] +€1BAAVI + €2B1IVa + €284 AV, — (d—FZX)E =0, 9)

anE — (d+9)A =0, (10)
(1—a)aE—(d+h+9)[ =0, (11)
Wl — (d+ 0+ p)H =0, (12)

vl +yA+pH —dR = 0. (13)
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4.1. Disease-Free Equilibrium Point

The disease-free point appears when the populations I, E, and A of infected, latent, and
asymptomatic individuals, respectively, are 19 = E% = A% = 0. Thus, from Equation (12),
H® =0, and, therefore, from Equation (13), R = 0. On the other hand, from Equation (6),

since I = 0 and A? = 0, then
A

0 _
5= d+uvy’
Thus, using Equation (7), it follows that

1/1/\

VW= ———
' d+n)d+n)
Finally, it is deduced from Equation (8) that

1/11/2/\
d(d+v)(d+vy)

1% .
= Eleo, ie, V)=

Therefore, the disease-free equilibrium is given by

L= (s°, v}, v3,E°, A, I°, HO, R?)
- ( A nA V1A
C\d+vn (d+v)(d+ve) d(d +vi)(d +v2)

(14)

,0,0,0,0,0).

4.2. Basic Reproduction Number

To identify the potential for contagion in a disease, we use a threshold called the basic
reproduction number, which is the average number of new infections produced by an
infectious element when it interacts in a population of susceptibles. To determine this
parameter, we use the methodology defined in [53]. Thus, we obtain the following result.

Theorem 4. The basic reproduction number for the epidemiology model given by system (1) is

. a(1—a)Kp; xaKp 4 (15)
PT W@ty n) @ty
where
d2+ e1v1 +1vo)d + ervqv
K:SO+€1V10+€2V20 =A< ;(;iv1)(2;+yz)2 : 2) (10

Proof. The basic reproduction number associated with the model (1) is obtained by calcu-
lating the spectral radius of the matrix FV 1, which is the next generation matrix (see [53]).
Indeed, we construct the next-generation matrix operator associated with the model, where
only the classes of the subpopulations where the disease is in progression initially and
the subsystems where the secondary infections enter are considered.Thus, we have the
following vectors:

(8110 +8a40)) (50 + e () + 2 a))

F = 0
0
0

(d+a)E(t)
—awE(t) + (d+7)A(t)
—(1—a)aE(t)+(d+h+)I(t)]|"
—hI(t)+ (d+ 6+ p)H(t)

V:
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Therefore, we obtain the matrices F and V as the Jacobian matrices evaluated at the disease-
free point (14), which are

0 BaK BiK 0 d+ua 0 0 0
0 0 0 0 —an d+y 0 0
F: y V: 7
0 0 0 0 ~(1—-a)x 0 d+h+y 0
0 0 0 0 0 0 —h d+p+9

where K is defined by (16). Thus, the inverse of V is

(d+a)? 0 0 0 T
-1
. @) @) (d+7) 0 0
Yoo S G )L 0 d+h+9)7" 0
(@) ([d+h+y) v
h(—1+a)a h -1
L~ @@ ) @+ p10) 0 @A dte+o)
Next, one obtains that
PaKax  BiK(“lta)a  paK  BIK
@+a)(d+y) — [dra)d+hty) dry dthty
— 0 0 0 0
0 0 0 0
0 0 0 0

The characteristic polynomial of the above matrix is

adBy —adBs —ahPa+yapr — yapa —dp; — v pr)KaA®

(a+d)(d+y)(d+h+7) A%

p(r) =

Finally, the dominant eigenvalue is the basic reproduction number, represented by the
expression

Ro =R+ Ra, (17)
with
a(l—a)KB; aaKp 4
R, = , Ray=———+—"—- 18
b= @) d+y+h) " @+a)d+y) (18)
O

4.3. Endemic Equilibrium Point
The existence of the single endemic point is guaranteed by the following theorem.

Theorem 5. If Ry > 1, there is a unique positive endemic equilibrium point of system (1), given by

L* — (S*, Vl*, Vz*, E*, A*’ I*, H*,R*), (19)
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where
S§* = A
(d+V1)+9R01*,
V= A
1 ((d+V1)+9R01*)((d+1/2)+£197201*)l
v V1A
27 ((d+vy) +0RI*)((d +v2) + 10RoI*) (d + e20Ro %)’
_ <d+'y+h>
1—a
( a(d+vy+h) )I
1—a)d+7vy)) '
I" >0,
d+d6+p

« [ y@d+y+ah) ph .
R _[d(l—a)(d—i—’y) d(d+§+p)}1

Proof. Considering the existence of the infection vectors, i.e.,, A > 0,1 > 0,and E > 0, we
have from Equations (12) and (21) that

h
= (d+5+p> b 20
_(d+y+h
Using (10) and (21), it can be deducedthat
[ an [ a(d+vy+h)
- (55 )= (G Sz )

Next, from (13) and (20)-(22), it yields that

=2 P [ ad+y+ah ol }
R_d(I+A)+dH_|:d(1—a)(d+’)/) d(d+(5—|—p) (23)
However,
_ w
_ (d+7+h)(d+oc)[ waKp 4 a(1 - a)KB; }1
— (1—a)akK d+a)d+v) (@d+a)d+y+h)
that is,
BaA+ Bl = 0RyI, where 6 = (d +(’I J_r Z;g(+ ”‘). (24)
Moreover, from Equations (6)—(8) and (24), it follows that
A
" @) 1 ORI (25)
= . (26)

S,
(d+v2) + e10RoI
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V2

Vo = mvl. (27)
Next, from (6)—(13) one obtains
A—dN=0H <= A—-d(S+V1+V,+E+I+A+H+R)=/JH;
this is
A—d(S+Vi+Vp)=d(E+I1+A+H+R)+6H;
and using (20)—(23), we obtain
A—d(S+ V1 +Vp) =x5], x5=0K. (28)
With Equations (25)-(27), it is obtained that
S+ V4 1y = — RGL + xaRol £33 (29)

4RI + x5R312 + xRl + x7”
where

x1 = e162A602,

xp = [1ex +deq + (d + 12)ex] AB,

X3 = (d + U])(d + 1/2)[\,

X4 = 818293, (30)

x5 = [erea(d +v1) +dey + (d +12)e2]6?,

xXo = [d(d +v2) + (d +v1)(der + (d +12)€2)]6,

x7 =d(d+v1)(d+ ),
which are all positive terms. Thus, replacing relation (29) in Equation (28), we obtain for I
the following expression:

O+ BB+ BP+ERI+FE=0, (31)

with

Fy = x4x5Ry,

F, = (xsx3 — :4AR0)R{,

F3 = (xgxg + (dx1 — Ax5)Ro)Ro,
Fy = xyxg + (dxy — Axg) R,

Fs = dx3z — Axy,

and it is verified that

F = 81£2K94R8 >0,
Fy=d(d+v1)(d+17)0K(1 —Rp) <0,
F=dd+wv)(d+wn)A—Add+v)(d+1) =0,

provided that Ry > 1. This implies that Equation (31) reduces to
(AP + B2+ B+ F) =0,
Since we need I > 0, the roots of the following equation must be analyzed:

FIP+FI*+ Fl+ F; =0, (32)
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that is, a unique point I > 0. Now, if we assume that F, < 0 and F; > 0, then
x5xg — x4ARg <0 and xgxg + (dx1 — AX5)R0 >0,

thus,
X5x6Xg — X3X6 ARy < 0 and xs5xexg + (dx1x5 — Ax%)Ro > 0.

Hence,
X5x6Xg — X4 X6 ARy < X5x6X8 + (dx1x5 — Ax%)RO — —xx6ARp < (dx1x5 - Axé)Ro.
As Ry > 1 > 0, this implies that
0 < dxqxs+ Axgxg — Ax% = —A0* (dvlslzezz + 112612602 + dvye12en + dvrerer® + 11101622
+d%e1? + d%eqen + d?er? + diperen + 2 dvpen” + 1/22822) <0,

which is a contradiction. Consequently we conclude that F, > 0 or F3 < 0. Then, only the
following cases occur:

1. FF>0FK>0,F>0,F<0;
2. F1>0,F220,F3§0,F4<0,'
3. FF>0FE<0,FK<0,F<0

provided that Ry > 1. Finally, applying Descartes’ rule of signs [54] to the equation given
in (32), the existence of a unique positive root I* > 0 is deduced. O

Remark 2. For the case where Ry = 1, we can see that

F >0,

AG?
FE = (dzvsze + dv2eq2ey + duviveren? + 112 vre 602
2 dd+v){d+ ) 1€17€2 1°€17€2 1V2€1€2 1°V2€1€2

+ d?v1e1% + dPrre160 + 2 digvneren + digings® + vivaler® + doey
+ d3€2 + d21/2£1 + 2d21/2£2 + dll2282) >0,

A6?
d(d + 1/1)(d + 1/2)
+ dvi2vaeren + dvPvaer® + duvalen® + 11200260 + dPueq

F = (d31/1£12 + d?v1261% 4 dPvivae1 €0 4 dPvq 060>

+ d?1rvmeg + dPrivney + dvgvalen + d* + 2d%0, + d2V22) >0,
F, = 0.

Thus, Equation (32) reduces to

1(F112 LRI+ F3> — 0.
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Therefore, the discriminant D := 1-"22 — 4F; F3 is such that if

D = (K2d2€12€22 + 2 K%dve1%€0% 4+ K*17%e1%60% — 2 K2d%e1%ey — 2 K2d%e16,°
— 2K%dvie1%ey — 2 K2dvieqe0® — 2 K2dvaeqen® — 2 K21qineq €02
— 2KAder%e5” + 2 KA vpe1%e0% 4+ K2d%e1? — 2 K2d?eqe5 + K?d%e5?
— 2K%dvyeien + 2 K2dvaes? + K2102e5% + 2 KA deq ey + 2 KA deqey?
L2 KA vpeien? + Azslzszz) 65 > 0,

then the roots of equation F; I 2L BI+F; =0are negatives. Thus, the disease-free equi-
librium collides with the unique endemic point when Ry = 1. In fact, these equilibrium
points exchange stability as Ry smoothly varies, which is a transcritical bifurcation [55,56].

Now, in the local stability analysis, the characteristic equation of system (1) must be
found. In this case, it is given by

detAI — ] —e . Jp] =0, (33)
where
—d — (Bl + BaA) 0 0 0 —BaS —B1S 0 0
0 —d— e (Bil+ BaA) 0 0 —e1BaVi —e1fiVi 0 0
0 0 7d7€2(ﬁ11+‘3AA) 0 762,BAV2 762,31‘/2 0 0
] _ Brl+BaA e1(Brl+Bal) e (Bil + BaA) —(d4+a) BalS+eaVi+eVs) Bi(S+eVi+eVr) 0 0
- 0 0 0 an —(d+1) 0 0 0
0 0 0 (1—a) 0 —(d+h+7) 0 0
0 0 0 0 0 I —(d+6+p) O
0 0 0 0 v v 14 —d
and
[—11 0 0 0 0 0 0 07
v —1v, 0 0 0 0 0 O
0 vp 0 0 0 0 0 O
Ip = 0 0 00 0 00O )
b1 0o o0 000000
0 0 00 0 O0O0O0
0 0 00 0 0 0O
L O 0 00 0 0 0 0]
Thus, the determinant is given explicitly by
Atd+my +vie T 0 0 0 BaS B1S 0 0
—11e AT A+d+eimg + 10N 0 0 €1BaVa 1BV 0 0
0 71/287/\.[ A+d+ em 0 ez,BAVZ €2ﬁ[V2 0 0
—mq —€11mq —€2M )\+ (d+06) —ﬁAmz —ﬁlﬂ’lz 0 0 _ 0 (34)
0 0 0 —au A (d+7) 0 0 0 -
0 0 0 (a—1a 0 A4 (d+h+7) 0 0
0 0 0 0 0 —h A+ (d+6+p) 0
0 0 0 0 —y —y —p A+d
where
my = Bl +PaA and my =S+ eV + eV, (35)

4.4. Local Stability in L°

The local stability at the disease-free point L? = (S°, Vlo, Vzo, E%, A%, 19, HO, R?) is ob-
tained by evaluating the determinant (34), obtaining

(/\3 T w0 A2+ Wl + W3) (M +d)2 (A +d+6+p) (/\3 Td+ vle—AsT) (/\4 td+ vze_/\”) -0, (36)
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with

w1 =3d+2y+h+ua,

wy = (d+y)d+y+h)+(d+a)d+y+h) {1 - (di%(_daﬁﬁih)}
axaKpB
+(d+a)(d+7) [1(d—l—oc)(dA+’y)]
=(d4+7)(d+7+h)+ (d+a)d+y+h) [1—7210} +(@d+a)(d+7)[1-Ra,,
B a(l—a)Kp aaKp
ws = (d+a)(d+7) {1‘ <(d+zx)(d+'y41—h) (d+zx)(dA+7)>}

= ([@d+a)(d+7)[1-Rol,

(37)
and R, Ry, and R 4,, as in (17) and (18). Now, we analyze the following cases:
* Case 7 = 0. Then, Equation (36) reduces to
QA (A +d)? (A +d+3+p) (A3 +d+v1)(Ag+d+12) =0, (38)
where
Q(A) = A3+ Wi A% + Wy + w3, (39)

and w1, wy, and ws, as in (37). Now, we first study the roots of the polynomial Q(A),
making use of Descartes’ rule of signs for polynomials [54]. The following theorem
shows this result :

Theorem 6. Let Ry be defined by (17). If Rg < 1, then the polynomial Q(A) given in (39)
has roots with negative real part.

Proof. Given Ry < 1, itis clear that Rjy < 1and R4, < 1. Therefore, using (37), it
follows that wy > 0, wp > 0 ,and w3 > 0. Thus, whenever R < 1, all the coefficients
of the equation

A3+ wi A% +wod + w3 =0, (40)

are positives. In this way, we see that there are no sign changes between the terms
of (40), and, making use of Descartes’ rule of signs, we conclude that there are no
positive roots. Now, if A is replaced by —A in (40), one obtains that

—A3 w2 — woA + w3 = 0. (41)

Then, if Ry < 1, Equation (41) has three sign changes between its terms, and by
Descartes’ rule of signs it can be concluded that there are three negative roots of
Equation (40), that is, the polynomial Q(A) given in (39) has roots with negative
real part. [

Thus, by Theorem 6, Q(A) has roots with a negative real part, and from Equation (38),

A =—-d<0,

Ay =—(d+d6+p) <0,
Az =—(d+1r) <0,
A= —(d+w1p) <O.

(42)

From the above, all the roots of Q(A) and Ay, Ay, A3, and A4 have negative real part.
Thus, we arrive at the following result:

Theorem 7. Let Ry be defined by (17). If Ro < 1, then the equilibrium point L is asymptot-
ically stable for T = 0.
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Case T > 0. From (36), we study the roots of the equations
As4+d+v1e™T =0 and Ay +d+ vpe™ ™7 =0 para T >0, (43)
and the results are summarized in the following theorem.

Theorem 8. Let R beasin (17)and d < v, < vq. If Rg < 1, then there exists T > 0 such
that the equilibrium point L given by (14) is asymptotically stable for all T € [0,7}) and
system (1) undergoes a Hopf bifurcation in LY when T = t;'. That is, system (1) has a periodic
solution branch that bifurcates from equilibrium L° near T = ;" .

Proof.  For this, we use the following lemma whose proof can be found in [57].

Lemma 1. Let p and q be real numbers. Then, all the roots of the equation A + p + ge =" = 0
have negative real part if and only if the following conditions are satisfied:

lal <p

or

lp| < g and 0 < T < 1arccos<—Z>.

qZ_pZ

. 1 1 .
Sinced < v < vy, then 0 < — < —, with
w; W,

w] = \/1/%—7512 and w; = \/ﬁ (44)

Since the arcsine function is decreasing and positive on the interval [—1, 1], then

0< arccos(—d) < arccos(—d).
V1 V2

Hence,

where

arccos| ——
K V1

(-3
arccos| ——
7 and © = —VZ, (45)

* *
wq Wy

and using Lemma 1, Equations in (43) have roots with negative real part if and only if
d<w,<wv and T € (0,7).

That is, L is locally asymptotically stable for T € (0,7} ), with the above considera-
tions. Now, if there exists a critical value T* such that a pair of roots of (43) cross the
imaginary axis, then the delay T* can destabilize the equilibrium L° (Hopf bifurcation).
Indeed, if the first equation in (43) has a pair of purely imaginary roots, say A = +iw;,
separating the real and imaginary parts gives us that

d + vy cos(wiT) =0,

wy — vy sin(wyT) = 0. (46)
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This yields that cos(wyT) = —Vi and sin(wqT) = % Squaring the previous equa-
1 1

tions, we arrive at w; = £wj as in (44), in such a way that from (46), there is a pair of
pure imaginary roots of (43) when

) arccos <d> 2 ,7_[
[P N VA L S (47)

Let A(T) = v(7) + iw(7) be a root of (43) such that v(7}) = 0, w(7) = wy. We

dRe(A)
d

deriving the first equation of (43) with respect to 7, it follows that

aA AT dA _
T +vie (TdT /\) =0.

need to verify that the derivative is always positive in T = 77". Indeed, when

However, iwq +d + vie ™17 =0 implies that v; e~ ™7 = —jw; —d, and this yields that

dA w? — iwyd

dA —iw T i :
= —T= - =0 —= —=—T
e Tar ™ it " 1+ tdtiwr

dt

finally,
A w% . dw1 + dzTZUl + w?
- = —1 ,
dt (14 td)? + wit? (14 td)?2 4 w32

and we see that

{ dReA } B w}’ .
dt . * 7)2 N
=T, (1 +7 d) +wi Y

O

The local stability in the endemic point is given by the following. The characteristic
equation obtained for the point
L* = (S, V|, V5, E*, A%, I",H",R")
is
(M+d+5+p) (A +d) (P(A) T R(A)eA + S(A)e_ZM) =0, (48)

where the roots of P(A), R(A), and S(A) are determined by the following parameters:

g1 =aafamiS*, g =vie181, $3 = €281, 84 = (1 —a)afymyS*, g5 = vie1g84,

2 Ky 7% € 2 K 7

S6 = €284, g7 = e1aafamiVy, gs = va 87 89 = e1(1 —a)apymiVy,
€ 2 * 17
810 = Vzgg% g1 = &aapamyVy,

812 = & (1 — a)apmiVy, g13 = —anPams, g1 = —(1—a)apyms;.

g1 =v1v2(g3 +86), 92 = q1(d + ) +viv2hgs, q3 = g2+ 85,

ga = q3(2d + v + eom]) + goh,

95 = (d+eamy)[qs(d +v) + &2h], 96 = g5+ &10, 97 = V196,

98 = q6(2d + v + my) + gsh,

o = q7(d + ) +vihgs, qi0 = (d+m7)[qe(d +7) +8shl, q11 = g1+ 84,
q12 = qu1(3d + v +mj(e1 +€2)) + g1h, q13 = 12411,
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q1a = (2d +my(e1 +€2))[q11(d +7) + g1h] + q11(d + e1m7) (d + eamy),

715 = q13(2d + v + eamy) +v2hg1, q16 = va(d + eamy)[q11(d + ) + g1h],

qi7 = (d +eymy)(d + eam7) g1 (d + ) + g1h], 918 = g7 + 8o,

q19 = q18(3d + v +mi(1 +e2)) +g7h, q20 = V1418,

qo1 = (2d + mi(1+¢2))[q18(d + ) + g7h) + qr1s(d + m7)(d + eam7),

022 = 420(2d + 7y + e2my) +v1hg7, o3 = v1(d + eom7)[q1s(d + 7) + g7h,

q2a = (d+m7)(d + eam7)[q18(d + ) + g7h], q25 = g1 + 812,

026 = 925(3d + v +mj(1+e1)) +guth, q27 = (v1 +v2)q05,

28 = f25(d + my)(d +exmy) + (2d + m7 (1 + 1)) [q25(d + ) + guihl,

q29 = V112425,

30 = qo5[p2(2d + 7v) +mj(vie1 + €2)] + p2hg11, 931 = gao(d +7) +v1vahgy,

932 = [q25(d + v) + guih][dp2 + m7 (vie1 + €2)],

q33 = (d +m7)(d + exm])[q25(d + ) + gu1h].

p1=3d+mi(14+¢e1+e), pp=v1+1a,

p3 = p2(2d + exm]) + mj(v1€1 + €2), pa = ViV,

ps = (d+my)(d+exmy) + (d + eamy)(2d + my(1+ 1)), pe = pa(d + eamy),

p7 = (d+eamy)[dps +mi(vier +e2)], ps = (d+m7)(d+exmy)(d + eomi),

po=3d+2y+h+a, po=d+a)d+y)+d+h+7y)2d+v+a),

p=(d+a)d+y)d+h+7).

034 = 13 + 814, 935 = Ga4(d + v+ p1) + 8131, 936 = q34P2, 37 = G3aP4,

q38 = qaa(dp2 + yp2 + p3) + hpagis, G390 = qaaldpr + vp1 + ps) + hpagis,

a0 = q34(dpa + vpa + pe) + hpagis, 9a = qaa(dps + vps + p7) + hpagis,

Ga2 = 934(dps + yps + ps) + hpsg13, 943 = q3a(dps + Yps) + hpsgia,

Gaa = 934(dp7 + vp7) + hp7813, qas = qaa(dps + vps) + hpsgis,

Ja6 = P7 + P3P9 + P2P10, Ga7 = Ps + P11+ P5po + P1P1o, G48 = PeP9 + Papio,

q49 = p7P9 + p3pio + P2P11, 450 = P8pP9 + P5pP10 + P1P11, 451 = PeP10 + P4P11,

g52 = p7p10 + P3p11, 953 = Psp1o + P5P11, G54 = PeP11, G55 = P7P11, 956 = P8P1l
with

my =m] =PI + BaA*, my=m; =S "+ Vi +e V5.

Therefore, we obtain that

81,82,---,812>0, 91,92,...,933 >0, qa6,947,--.,956 >0, p1,p2,...,p11 >0

and
813,814 <0 = (g34,935,---,q45 < 0.



Mathematics 2023, 11, 369 19 of 30

Otherwise,

by =p1+ps>0,

by = by +q34, box = p5+ pro+ p1p9 >0,

by = bz« +q35, bz« = q11 +q18 + 925 + 47 > 0,
by = by +q39, ba = g12 + 19 + 26 + q50 > 0,
bs = bs« + qa, b5 = q1a + g1+ qas +q53 > 0,
be = bex + qa5, bex = q17 + 24 + 433 + g56 > 0,

b7 =p2 > 0,
bg = p3 + pape > 0,
by = bosx +q36, box = qae >0, (49)

bio = b1o« + 438, bio« = g6 + 913 + G20 + 927 + a9 > 0.

b1r = b1« +qa1, b1« = qa + g8 + 915 + 922 + 30 + g52,

b1 = b1ox +qaa > 0, b1 = q5+q10 + 916 + 23 + q32 + 955 > 0,
biz =ps >0,

bia = pe + pape > 0,

bis = bis« +q37, bis« = q3+4q48 > 0,

bie = b16x + qao, biex = g1+ q7 + q29 + 451 > 0,

bi7 = b7« + qa3, b1z« = G2+ 99 +q31 + 951 > 0.

Finally, the expressions for P, R, S are given by

P(A) = A 4+ 1A + bpA* + b3A3 + byA? + bsA + b, (50)
R(A) = byA® 4+ bgA* + bgA® + bigA” + by A + by, (51)

and
S(A) = bisA* + baA® + bysA? + bigA + by (52)

The following cases are analyzed:
— Case T = 0. Equation (48) can be reduced to

()\1 —|—d+(5+p)(/\2+d)W(A) =0, (53)
with
W(A) =PA)+R(A) +S(A),
that is,
W(A) = A 4+ a1A% + apA* + a3A3 + agA? + asA + g, (54)
where

ay =by +b7 >0,

ap = by +bg + b1z = (box + bg + b13) + q34,

03 = b3 + by + b1y = (b3« + bos + b14) + g35 + q36,

g = by +b1o + b1s = (bas + brox + b15+) + 937 + 938 + 939,
a5 = bs + b1y + b1g = (bs« + bi1s + b16x) + qa0 + qa1 + qa2,
ag = be + b1a + b17 = (b6« + b1ox + b174) + 443 + G4 + 5.

(55)
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Now, first, we study the roots of the polynomial W(A) given by (54). Indeed, if we
suppose that

(bas + bg + b13) 4+ q3a > 0, (b4 + box + b1a) + q35 + q36 > 0,
(bas + b1os + b1s) + 937 + q3g +q39 > 0, (baw + b1gs + b1si) + 37 + q3g +q30 > 0, (56)
(bs« + b11s + b16x) + a0 + a1 +qa2 > 0, (bex + brox + bi7s) + a3 + Gaa +q45 > 0,

then the coefficients of the equation
A8+ g A% + oAt 4+ a3 A3 + agA? + asA +ag = 0 (57)

are positives. In this way, we see that there are no sign changes between the terms
of (57) and, by Descartes’ rule of signs, we conclude that there are no positive
roots. Now, if A is replaced by —A in (57), one obtains that

A8 — a A5 + oAt — a3A3 + wyA? — asA 4 ag = 0. (58)

Then, Equation (58) has six sign changes between its terms and, by Descartes’ rule
of signs, it is concluded that there are six negative roots of Equation (57), that is,
the polynomial W(A) given in (54) has roots with negative real part, and, from
Equation (53),

A= —(d+5+p) <0,

59
A= —d <0. ( )

Therefore, the equilibrium point L* is asymptotically stable for T = 0.
Case T > 0. From (48), it is clear that (59) holds. Therefore, it is enough to study
the roots of the equation

P(A)+R(A)e AT +S(A)e 2 =0 for T >0, (60)

or

PA)eM +R(A) +S(A)e T =0 for 7> 0. (61)
Suppose that Equation (61) has a pair of purely imaginary conjugate roots
iw (w > 0). Substituting A = 7w into (61) and separating the real and imaginary
parts, one obtains that

(Pr(w) — Sp(w)) sin(wt) — (Pr(w) + Sr(w)) cos(wt) = Rr(w),

—(Pr(w) — Sp(w)) sin(wt) — (Pi() + (@) cos(wr) = Ri(w), OO

where Pr(w), Rr(w), and Sg(w) are the real parts of P (i), R(iA), and S(iA),
respectively, and P;(w), Rj(w), and Sj(w) are the imaginary parts of P (iA), R(iA),
and S(iA), respectively. Therefore, the existence of purely imaginary roots of
Equation (61) is equivalent to the existence of solutions of the equations in (62).
Let

G(w) = [P(iw)* — |S(iw)* = Pk (w) + Pf(w) — Sg(w) - St(w).  (63)
If G # 0, by combining the equations in (62) appropriately, it is verified that

—Ri(w) (Pr(w) + Sg(w)) + Re(w) (Pr(w) + Si(w))
G(w) ’

Ri(w)(Pr(w) — Si(w)) + Rr(w)(Pr(w) — Sr(w))
G(w) ’

sin(wt) =
(64)

cos(wt) = —
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Squaring both sides of the equations in (64) and adding them,we obtain that

GX(W) = [Rr(w)(Pr(w) + Si(w)) — Ri(w)(Pr(w) + Sg(w))]?

(65)
+ [Rr(w) (Pr(w) — Sg(w)) + Ri(w)(Pr(w) — S(w))]>.
Next, let
F(w) = G2(w) — [Rr(w)(Pi(w) + Si(w)) — Ry(w)(Pr(w) + Sr(w))]? (66)
— [Rr(w)(Pr(w) — Sg(w)) + Ry (w)(Pr(w) — Sy(w))]?,
that is,
F(w) = 0. (67)
On the other hand, using (50)—(52), and A = iw w > 0, we have
Pr(w) = —w® + byw* — byw? + bg, Pr(w) = byw’® — bzw® + bsw,
RR(ZU) = b8w4 — b]()ZUZ + blzr R[(ZU) = b7w5 - b9w3 + bnw,
and
Sr(w) = bizw* — bisw® + biy, Si(w) = —bw’ + biw.
Next, with the parameters given in (49), we obtain the following constants :
e1 = bip —biz, ey = bis — by, e3 = bg — b1y, ey = bgey + bio, es = bgeo — byper — b,
e¢ = bges + biper — bipez, ey = biper — biges, eg = bipes, eg = by — b3, eyg = bs — be,
e11 = biby, ep = byeg — bibg, e13 = byeig + bib11 — boeg, e14 = byieg — boeqo, e15 = biyeqo,
e1p = e11 —bg, ey =ey+ep, eig=e5+e13, €9 =ec+ e, e =ey+eps, e = —b3— by,
e = bs + by, ex3 = bibs, exn = b5+ big, ex3 = bibg, exq = bgear — bibyp,
ep5 = bgeoy + b1b1p — biper1, exs = bineor — bigexn, €7 = bipex, ey = by + b1z, ex9 = —by — bys,
e30 = b + b1y, es1 = —by, e3p = b7+ by, e33 = byepg — boeog — b1y, ezs = byezo + bi1exg — boeoo,
e3s = bi1exg — boezo, €3 = briesp, €37 = —e31, e3g = €3 — €32, €39 = €4 — €33, €40 = €25 — €34,
€41 = €26 — €35, €42 = €27 — €36-
r = b% — sz, rp = b% + 2b4 - b%g, — 2b1b3, r3 = b% + 2b1b5 + 2b13b15 - bi} - 2b6 — 2b2b4,
rg = bi + 2b2b6 + 2b14b16 — b%S — 2b3b5 — 2b13b17, rs = b% + 2b15b17 — b%é — 2b4b6,
re = b — b;.
,31 = 27’1 — 657,
,32 =2+ 7‘% - 6%6 - 2637638,
Bs = 2r17y + 2r3 — €35 — 2e14e17 — 2e37€39,
Ba =13+ 2ry + 2r173 — €3, — 2eq6e18 — 2e37e40 — 2€38€39,
Bs = 2r5 + 2r1r4 + 2113 — €39 — 2e16€19 — 2€17€18 — 2637641 — 2638640,
Be = 21 + 27175 + 2rary + 13 — €15 — 2e16e20 — 2e17€19 — 2e37€47 — 2€35641 — 2€39€49, (68)

2
B7 = 2r1re + 2rors + 2131y — egy — 2ege1e — 2e17e20 — 21819 — 2e38€42 — 2€39€41,

,88 = ri + 2ro16 4 21315 — 6%9 — 2ege17 — 2618620 — 2e39e4p — 2640841,
,39 = 27’47‘5 + 21’37‘6 + 27‘47’5 — 621 - 268618 - 2619620 — 2640642,

,310 = 1’% + 27‘41’6 — 6%0 - 268619 - 2641642,

B11 = 2rsr6 — €3y — 2egex,

2 2
P12 =15 — ez,
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and one obtains that

F(w) = w** + ,Blw22 + ,Bzwzo + ,B3ZU18 + /34w16 + ,351014 + ﬁ6w12 + ‘37"6010
+ Bsw® + Bow® + Brow* + Briw® + P, (69)

and substituting z = w? in (69), with (67), it can be concluded that

712 + ﬁ1211 + ,82210 + ,3329 + ﬁ428 + ,5527 + ,3626
+ B7z° + Psz* + Poz° + P10z” + P11z + P12 = 0. (70)

Finally, given the ;,i = 1,...,12in (68), if

B1,B2,---,p12 >0, (71)

we see that there are no sign changes between the terms of (70), and, by Descartes’
rule of signs, Equation (70) does not have positive roots, concluding, then, that the
defined endemic equilibrium point in (19) is asymptotically stable for all T > 0.
On the other hand, without loss of generality, assume that Equation (70) has
12 positive roots, say zx, k = 1,2,...,12. Let wy = /z, k = 1,2,...,12. Thus,
fork=1,2,---,12 of system (64), one can obtain the corresponding Tli > 0 such
that equation (61) has a pair of purely imaginary roots, +iwy, given by

(RI(W)(SI(W) —Pi(w)) + Rr(w)(Sr(w) — PR(W))) L ur
G(w) Wy

7

T,i = — arccos
Wi

j=01,....
Now, consider A(T) = v(T) + iw(T) aroot of (61) such that v (Té) =0,w (T]i) = Wy.
Deriving Equation (61) with respect to 7, it follows that

P’(A)e“i% +P(A)eM (A + r%) + R’(A)% + 5’(A)e*“l’% —S(A)e™ (A + r%\) =0.
Thus,
dr A(S(A)e=AT — P(A)elT)
dt — P/(A)erT + R/(A) + S/ (A)e AT — T(S(A)e AT — P(A)elT)’
so that
(M)l P )T RN+ S (MM T
dt  A(S(A)em AT —P(A)elT) A
We denote . .
= Tk(o) = min {Tk( )}, Wy = W,- (72)

ke{1,..,12}

After performing some algebraic manipulations (see [58]), we obtain

dReA ! F'(wy}
sgn{ } :sgn{Re<) } :sgn{ (-
At f dt - G(wy)

For all of the above, we have the following result.

Theorem 9. Consider the given conditions in (56) and (71).

1. If Equations (57) and (70) do not have positive roots, the endemic equilibrium point
defined in (19) is asymptotically stable for all T > 0.
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G(w) > 0, then the endemic equilibrium point is asymptotically stable for
w

0
T € (0,13), and system (1) undergoes a Hopf bifurcation at L* when T = t;; that
is, system (1) has a periodic solution branch that bifurcates from equilibrium L* near
T="1;.

2. Ifsgn{ Flw) }

4.5. Local Stability in L*
The local stability of the endemic point was analyzed in Theorem 9.

5. Numerical Solutions

In this section, we present some numerical results for different qualitative scenarios
that allow us to obtain deeper insight of the impact of the basic reproduction number
Ro. These numerical results corroborate and show good agreement with the theoretical
results obtained in the previous sections. We compute the numerical solutions of the
nonlinear delay differential equations usingthe numerical routine dde23 from the Matlab
software routine [59,60]. Unless stated, we use the values of the parameters listed in Table 1.
Some of these values were reported in the scientific literature, and demographic ones are
related to Colombia [61]. Regardless of the accuracy of these values, the theoretical results
are corroborated.

Table 1. Symbols and average values of the parameters used in the model of (1) to carry out

numerical simulations.

Parameter Symbol Value
Incubation period « % year~! [62-64]
Infection period % 25 year~! [62]
Hospitalization rate h (%) X 365 year*1 [47,62,65]
[
0
a

262 year~1 [47,62,65]
(%% ) x 365 year 1 [66,67]
[0.2-0.8] [68,69]

Hospitalization period
Death rate (hospitalized)
Probability of being asymptomatic

Vaccine efficacy (first dose) €1 0.52 [45]
Vaccine efficacy (second dose) & 0.95 [45]
Transmission rate between I and S B1 varied
Transmission rate between A and S Ba varied
Vaccination rate (first dose) 2 varied

Vaccination rate (second dose) %) varied
Delay for immune protection T varied
Recruiting rate A 649,742 year 1 [61]
Death rate d varied (yearfl) [61]

For the numerical simulations we use the following initial conditions and we vary
them without affecting the main qualitative outcomes:

S(0) = 46.054.839, V;(0) =10.500, V»(0) =3.000, E(0) = 52.005,

A(0) = 35.005, I(0) =52.005 H(0) = 2.589, R(0) = 4.160.000,

which were normalized with respect to the total population to delimit the behavior of the
solutions, and we show the graphs of S, V3, V,, E, A, I, H, and R as a function of time.
These simulations are presented below.

In Figures 2 and 3, it can be seen that under the conditions stated in Theorem 8,
system (1) approaches the disease-free equilibrium. Thus, the latent E(t), infected I(f),
and asymptomatic A(t) subpopulations decrease and approach zero when t — co. On the
other hand, the susceptible 5(t), vaccinated with one dose V;(t), and vaccinated with two
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doses V;,(t) subpopulations approach values different than zero, which is an ideal public
health situation.

7 7
10
50 - - - - : 20

. %107 ‘ ‘ ‘ ‘ i %104

0 10 20 30 40 50 80 0 10 20 30 40 50 60
t t

Figure 2. Numerical simulation of system (1) with the following values for the parameters:
Br=1x10"% g4 =1x1076,v; = 0.15,1, = 0.1, T = 0.1 < 7}, and Ry ~ 0.87 < 1.

4 4
10
40 - - - - : pyad

3000
2500
2000
% 1500

1000

0 W‘D Z‘D 3‘0 4‘D 5ID 60 0 ‘WID Z‘D :l‘D 4‘D E‘D 60

t t
Figure 3. Numerical simulation of system (1) with the following values for the parameters:
Br=1x107°%84=1x10"%v; =0.15,1, = 0.1, T = 0.1,and Ry ~ 0.87 < 1.

Figure 4 shows that under the conditions stated in Theorem 9, the solution of system (1)
approaches the endemic equilibrium point. In this case, the latent E(t), infected I(t), and
asymptomatic A(t) subpopulations do not approach zero when t — oo. The susceptible
S(t), vaccinated with one dose Vi (t), and vaccinated with two doses V;(t) subpopulations
also approach values different than zero. This scenario is a public health concern since there
are people permanently spreading SARS-CoV-2 despite the vaccination of some proportion
of the susceptible population and the fact that the model assumes lifelong immunity.
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Figure 4. Numerical simulation of system (1) with the following values for the parameters:
Br=016x10"% B4 =016 x 1074 v; =0.15,1p = 0.1, T = 0.1 < 7/, and Ry ~ 14 > 1.

The following isthe last scenario that we consider when we obtain periodic solutions
of system (1). Figures 5 and 6 show that under the conditions stated in Theorem 9, the
solution of system (1) undergoes a Hopf bifurcation where a periodic solution arises for a
threshold time delay T = 7. Figure 5 shows the susceptible S(t), vaccinated with one dose
V1 (t), vaccinated with two doses V;(t), and latent E(t) subpopulations. Note that these first
three aforementioned subpopulations oscillate, as the theoretical results proved. However,
notice that in order to obtain conditions such that periodic solutions arise, the time delay
must satisfy Equation (45). This threshold time delay depends on parameters v; and d. One
way to increase the time delay is by decreasing the proportion of first-vaccinated people,
i.e., decreasing v1. However, when the time delay is large there is no guarantee that the
solutions of the delayed differential equation system are positive. In reality, the time delays
are small since they represent the time it takes to obtain some immune protection from the
vaccine. Thus, in the real world, the Hopf bifurcation scenario is unfeasible. We presented
this unrealistic scenario with a large time delay in order to show that, mathematically, the
system undergoes a Hopf bifurcation. Finally, Figure 5 shows the phase-space plot for
three state variables (S(t), V1 (), and V,(t)), where the periodic behavior for these three
subpopulations can be observed. These results are in good agreement with the theoretical
results presented in the previous section.

By analyzing the influence of various parameters in the simulations in the vaccination
model, we can conclude that

*  From Figure 2, it can be seen that when R < 1, that which is established in Theorem 7
is verified. In this case, the solutions tend to the equilibrium point L? defined in (14),
and the behavior is stable. From a biological point of view, based on the chosen
parameter values, if the susceptible population is subject to the vaccination process,
growth is noted in the vaccinated subpopulations.

¢ InFigure 3, the validity of Theorem 9 is verified. In this case, the solutions tend to the
equilibrium point L* and the behavior is stable.

e From Figures 4 and 5, it can be seen that for the parameters established with Ry < 1,
that which is established in Theorem 8 is verified.In this case, the solutions S(t), V4 ()
and V;(t) are periodic when 7 is around the threshold value ;. Therefore, system (1)
has a periodic solution branch that bifurcates from equilibrium L near T = ;.
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Figure 5. Numerical simulation of system (1) with the following values for the parameters:
Br=002x1075 B4 =002x107°,v; =151, =21, =31~ 1, and Ry ~ 0.17 < 1.
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Figure 6. Numerical simulation of system (1) with the following values for the parameters:
Br=002x107% B4 =002x107>, 1y =151, =21, 71 =31~ 1, and Ry ~ 0.17 < 1.

6. Conclusions

Using mathematical tools, it is possible to obtain information about the dynamics of
many infectious diseases. This mathematical approach also helps to assess the possible
effects of health policies on the evolution of infectious disease processes. Mathematical
models provide information that is often difficult to anticipate due to the complexity of the
spread of viruses in a population.

In this work, we constructed a new COVID-19 mathematical model that includes
individuals that have been vaccinated with different number of doses. The model devel-
oped is based on a system of delay differential equations and takes into account the time
it takes for the vaccine to provide immune protection against SARS-CoV-2. This delay
time is included in the system as a time-discrete delay in the equations of susceptible
individuals and for people who have been vaccinated with one dose. First, we obtained
the disease-free equilibrium point and studied the local stability analysis by computing
the basic reproduction number Ry. This crucial secondary parameter depends mainly on
the transmission rate of SARS-CoV-2, the vaccine efficacy, and the vaccination rates for
first and second dose. We found that if Ry < 1 and the time delays are less than some
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critical threshold 7*, then the disease-free equilibrium is locally stable. Thus, if public
health authorities are able to reduce transmission rates and increase vaccination rates, the
burden of the COVID-19 pandemic can be reduced. We also show that the model has a
unique endemic equilibrium point when Ry > 1. We find a critical value 7" where the
disease-free equilibrium point loses stability and the time delay of the system induces
the appearance of a Hopf bifurcation. Finally, with the appropriate choice of parameters,
numerical simulations were presented to provide further corroboration of the theoretical re-
sults. From a real-world viewpoint, it is important to remark that periodic solutions arising
from the Hopf bifurcation would not occur since the threshold value T* is much larger than
potentially realistic values of the time delay for the vaccination against SARS-CoV-2. In
addition, it is important to mention that in reality, the time delay is relatively small since it
represents the time that it takes for the vaccine to start providing immunity against SARS-
CoV-2. The numerical simulations of the considered scenarios here show positive solutions,
but under different unrealistic conditions, such as large time delays, the solutions can be
negative. In summary, we can conclude that the model provides a reasonable realistic
scenario for the beginning of the COVID-19 pandemic when vaccines became available.
However, similar to any mathematical model related to the full real-world situation, there
are limitations. One important limitation of our model is the assumption that the vaccines
as well as the natural infection provide lifelong immunity. The model for a short time
period provides a good approximation regarding immunity since there is some period of
full immunity. The proposed model can be adapted for other diseases where vaccine and
natural infection provide lifelong immunity. Future work can be envisioned considering the
loss of immunity. Additionally, different SARS-CoV-2 variants could be included as well as
cross-immunity. This work could also be extended by including populations with booster
doses against SARS-CoV-2. Furthermore, the inclusion of several time delays would entail
a greater difficulty of solution of the mathematical model. In this article, we leave an open
problem. We proved the positivity of the solution of the mathematical model when T
approaches zero, which still deals with a delayed system; however, finding an interval
for the time delay such that the positivity can be guaranteed would be very interesting
and challenging.
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