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Abstract: In this paper, we obtain weak convergence results for a family of Gibbs measures depending
on the parameter 6 > 0 in the following form dPy(x) = Zgexp(—Hjp(x)/60)dQ(x), where we show
that the limit distribution is concentrated in the set of the global minima of the limit Gibbs potential.
We also give an explicit calculus for the limit distribution. Here, we use the above as an alternative to
Lyapunov’s function or to direct methods for stationary probability convergence and apply it to the
repairman problem. Finally, we illustrate this method with a numerical example.
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1. Introduction

In this paper, we study the weak convergence of a family of Gibbs probability mea-
sures via Laplace’s method ([1-4]). This method is interpreted as a weak convergence
of probability measures, which was used by Hwang [5]. Yu. Kaniovski and G. Pflug [6]
investigated Laplace’s method to study the limit stationary distribution of the birth and
death process.

In this paper, we suppose that the Gibbs potential Hy depends on a parameter 6, and
Q is a probability measure on the Euclidean space R’, such that it dominates Py for any 0.
To show the tightness of the family

4P,
dQ

we give some additional conditions for the probability measure Q and for the limit Gibbs
potential H of Hy when 6 — 0. Under these conditions, the limit distribution P of P, as
6 — 0, is concentrated on the set of the global minima of the limit Gibbs potential, so we
give an explicit calculus for the limit probability P. We use these results to prove that the
stationary probability of the repairman problem converges to some probability measure as
its state space goes to infinity.

The repairman problem was introduced very early in queuing theory, and in the 1960s,
important results concerning stochastic approximations, in particular diffusion approxi-
mation, were given by Iglehart [7], and later on, more detailed results on averaging and
diffusion approximation were given by Korolyuk [8], see also [4,9,10]. The repairman prob-
lem is as follows. Consider 7 identical devices working independently and simultaneously
with lifetimes exponentially distributed with parameter A > 0. It is also supposed that we
have the possibility of repairing r < n failed devices at one time, where the service times
are independent and exponentially distributed with mean value 1/u. Suppose that we
have a stock of m separate devices of the same type assumed as not broken while waiting
for replacements. As soon as a device breaks down, we replace it with another identical

(x) = Zgexp(—Hy(x)/0), 6 >0, 1)
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one [7,8,11]. This is a special case of the birth and death process, but with interesting
features, see, e.g., [4,8,12,13].

The aim of this paper is to generalize the Hwang theorem [5] and apply it to ob-
tain the weak convergence of the stationary distribution of the repairman problem. The
method used here is that proposed by Kaniovski and Pflug in [6], where the stationary
distribution is written in Gibbs form, and then we apply the weak convergence of the last
stationary distribution.

Hence, we propose an alternative to Lyapunov’s function ([14]) or to direct methods ([11])
for stationary probability convergence in a series scheme (i.e., a functional setting). For
weak convergence, see, e.g., [1-3,15].

Section 2 presents the problem setting and notation. Section 3 presents the tightness
of the family of probability measures {P,, 6 > 0}, the limit probability concentration on
the set of global minima of the limit Gibbs potential, and the main results and an explicit
calculus of the limit distribution. Section 4 presents an application, where we study the
stationary distribution of the repairman problem with limited service and spare devices [8],
which has a Gibbs representation, using the results of Sections 3. It is proven that the
limit stationary distribution is concentrated and uniformly distributed on the set of global
minima of the limit Gibbs potential. Finally, in Section 5, we present some conclusions
and perspectives.

2. Problem Statement and Existence of the Limit Probability

Let Q be a fixed probability measure on (R’, B,), where r € N* = N\ {0}, and B, is
the Borel c—algebra of the Euclidean space R”, with the scalar product denoted by (-, )
and the induced Euclidean norm denoted by ||-|| . Let (Hg(-))g( be a family of real-valued
functions defined on R”, and H(-) be a real-valued continuous function defined on R" with
a finite global minimum denoted by

H* := min H(y).
yeR”

Define the set of points where the global minimum of H(+) is reached as
N={x|H(x)=H"},
and denote the neighborhood of the set N by
N’ :={x | H(x) — H* <6}, forall &>0.
In what follows, we suppose that for any § > 0, we have
Q{x|H(x) —H* <4} >0, ()

and H is continuous on some neighborhood of its global minimum.
The space of integrable and bounded functions is equipped with the uniform norm

|Ho — H]l., = sup|Ho(x) — H(x)].
X

Laplace’s method is used here to define a probability measure P on the set of the
global minima of the limit Gibbs potential as weak convergence of the family (P, 6 > 0),

defined as
dPg o Hg(x)
E(x) — ZG eXp( 9 7 6 > 0,

Zo = { [ew (— ng(x)>dQ(x)} -

where
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as 0 — 0. If Py converges weakly to P, then P is the searched probability measure. We
investigate this method with some additional conditions to show that the limit probability
P exists and is explicitly defined on the set of global minima of the limit Gibbs potential.
Subsequently, when the integration domain is not indicated, it is supposed to be the
whole space R’.
Let us suppose here that Hy converges uniformly to H, i.e.,

lim||Hy — H|| _, = 0. 3
lim||Hy — H|l, 3)

We have the following result, similar to Proposition 1 in [5], but here in a more general
setting where the Gibbs potential depends on a parameter.

Proposition 1. If Py is tight, then H has a global finite minimum.

Proof. We provide the proof by contradiction. We suppose that the minimum of H ex-
ists and it is equal to 0 (H* = 0), and that P, is not tight, i.e., there exists ¢y > 0, and
{Ps, k=0,1,2,...}, 6 — 0as k — oo, such that for any compact set K in R,

Py, (K°) > &g, forallk > 0. 4)

Since H is continuous on a neighborhood of its global minimum, then there exists
do > O such that for all 6 € (0,6), K = [H < ] := {x| H(x) < J} is a compact set. Hence,

Po,(K) = Py[H> 9]

= Zy /[H>5] exp(— Heglfx)>dQ(x)
< Z eXp(—;k) /Um] exp<—H"k(x)9kH(x)>dQ(x).

The uniform convergence (3) implies that for 6 > 0, there exists kg such that for all
k> ko

% < Hy ()~ H() <

Then, we obtain the following inequality

6 6
Po [H > 0] < Zg, exp<—9k) exp(zek)

N>,

< exp(—zzk) /Ng exp(—Hgk(x)/Hk)dQ(x)} B
< en(g) [+ (52 acrn]
ol () - ]

Again, assumption (3) implies that, for § > 0, there exists kj such that, for all k > kq,

2 <Hy()—H() <,

Finally, we obtain
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By assumption (2), we have
Q(N%) > 0.

Therefore, Py, (K®) = Py [H > 4] converges to 0 as k — +o0. Hence, a contradiction
arises with hypothesis (4). O

Remark 1. It is worth noting here that we cannot conclude from the above first inequality that

Zg, exp (*Tek> goes to zero, since Zg, can go to infinity, as 0y goes to zero.

In the following, we suppose that the minimum H* of the limit Gibbs potential H
exists and is finite.

Proposition 2. For all ¢ > 0, the following convergences hold
Py[|[Hg — H*| > €] — 0, and Py[H— H* >¢] — 0, as6 — 0 (5)
exponentially fast in 1/6.
To prove Proposition 2, we need the following lemma:

Lemma 1. Forall € > 0, there exists 8y such that for all 6 < 6

)

{x|H(x)fH*<2

}C{x||H9(x)fH*| <e}.

Proof of Lemma 1. Letx € {x|H(x) — H* < 5}, then
[Hp(x) — HY| < [Hp(x) — H(x)| + H(x) — H",
By the uniform convergence (3), there exists 6y such that for all 8 < 6, we have

|Ho = Hll < 5,
Hence,
|Ho(x) — H'| <&,
ie.,
£

{x|H(x)—H*<2

}C{x||H9(x)—H*| <el.
O]

Proof of Proposition 2. Owing to Lemma 1, there exists 6y such that for all § < 6y,

P9[|H9—H*| >€} < PQ[H—H* >€/2]
He(x)>
< Z - d
= [H-H*>e/2] exp( 0 Qx)
<

roe <_I_‘£> /[HfH*>e/2] P (_HQ(X)G_H(x))
X exp <—H(x)9H*) dQ(x),

By (3), there exists 6 such that for all 8 < 6y, we have

[Ho() = H()| < 3,
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Hence,

P[H—-H* >¢/2] < dexp<—1_é)exp(26€>exp(:6)

or(5) [ [ exp<_He«x>9—H*)dQ<x>]
< exp <;0£> exp(%)

< exp<;9£>.

The above inequality concludes the proof. [

-1

IN

Remark 2. Proposition 2 means that the limit probability P is concentrated on the set of global
minima of the limit Gibbs potential H(-).
3. Characterization of the Limit Probability

The uniform convergence in (3) implies that for any x, y € R’

Hy(x) — Hp(y) = H(x) = H(y) + Do (x,y),

with éirré Ag(x,y) = 0.
—
In this section, we suppose that

(Al)Forallx,y € N,lim lim Agy(x,y)=0.
6—=0 ||x—y| <o

A
(A2)Forallx, y € N, w is bounded as 8 — 0.

3.1. Case When Q(N) > 0

Theorem 1. If assumptions (A1) and (A2) are verified, then the limit probability P of Pgas 6 — 0
is concentrated on the set N and its density with respect to Q is

-1
f(x) [/N exp(—A(xy)Qdy)| . FxeEN,
x) =

0, otherwise,

where A(x,y) := limy_,o Ae(;f,]/)'

Proof. To prove Theorem 1, we must prove that the density

fo(x) = Zg eXP(—HGG(x)),

converged to f(x).

For x € N, we have

folx) = /exp<_H99(y)>Q(dy)

- /exp(_He(]/)gHe(va(dy). ©
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The denominator in (6) can be written as follows:

/exp<_H9(y>;fﬂ9(x>> Qdy) = /exp<_ H(y) — H(xe) + Ag(y, x) > ody)

= /N eXp<A9(Gy’x)> Q(dy)

+ /NC exp<—H(y>;H<x)) X
eXp(—AG(QM>Q(dy)-

Since %x,y) — A(x,y) as 8 — 0, then, by the dominated convergence theorem,

we obtain

/Nexp(‘Ae(g'x))Qw) ~ [ exp(=A(y,x)Q(dy),
and

[ s (H5H0) o (5)
as 8 — 0.

We can prove in the same way that forx ¢ N, f(x) =0. O

Corollary 1. If A(-,-) = 0, then the probability P is the uniform distribution on the set N, with
density 1/Q(N).

Example 1. Let Q(dx) = %I{MQ} be a probability measure on R and

Hp(x) =< 1—6x, |x|<1,

x> —0x, 1<|x|<2,
0, otherwise.

We observe that Hy converges uniformly to the function

X2, 1< x| <2,
1L, |x[<1,
0, otherwise.

The global minimum for H(-) is 1, and the set of its global minimum is
N={x eR||x| <1} =[-1; 1].

The Gibbs potential H is continuous on some neighborhood of the set of its global minima N
and forall x, y € N

Ax, y)=—(x—y),
Then,

© dy\ 4e*
fx) = </w€ ”{ly<1}4) Lij<1y = ;= Lim<ny-
3.2. Case When Q(N) =0

In the sequel, we denote by O(6), A(6, ) all quantities tending to 0 as @ — 0 or 6 — 0,
even if they are not equal, and by 0(9), all quantities such that 0(0)/6 — 0as 6 — 0.
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In what follows, we suppose that N = {xl, X2, } and there exists a continu-
ous positive real function ¥;(-) in the neighborhood of 0, with ¢;(0) = 0, such that in the
neighborhood of x?,

H(x) = H* + ¢j(x — x').

The measure Q is also supposed to be absolutely continuous with respect to the
Lebesgue measure, with continuous density f. We also define

Pé'e _ Pg(Vf),
where V) = {x € R" | ||x—«|| <6}, and V’ = {x € R" | [|x|| < J}.

Theorem 2. Let assumptions (A1) and (A2) hold, and for all i € N*, there exists a; > 0 such that

lim su
020 x| <5

¥ix) ’ o,

2 - i T
[l x|

Then, in the case of f (xi ) # 0, we obtain

pif 412
lim lim 61 L =0,
630 20 Og(ZG exp(—H*/G)f(xl)n7/291/2>

and, in the case of f (xi) = 0, we obtain

p{x} = 0.

Proof. Let V?,i € N* be open neighborhoods of x,i € N*, with a radius less than ¢ > 0.
We have

P{;’,e _ P9<Vi5)
= Zp /\/‘5 exp(HGG(x>)f(x)dx

i

= ZyA;(0,9),

where

A:(6,6) = /vf exP(_Hee(x)>f(x)dx
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According to assumption (A1), the following estimation holds
Ag(x,x!
1-0() < exp(—e(;x)> <1+0(5).
It follows that

(1-0(6))Bi(6,0) < Ai(6,6) < (1+0(3))Bi(6,9),

where
Bi(6,6) = exp(g[*) exp<—H€(Xi)GH(Xi)> /V;’ exp(—H(x)GH*>f(x)dx.

Define also

Di(6,5) = /"/iéexP(_W)f(x)dx

/Vf exp (W)f(x)dx

Now, setting y = x — x!,i € N*, we obtain

Di6,0) = [ xp( 242 ) rty-+ 2y

/. exp(_al Iyl +o(l| >> fly 4 xiydy

and
(1-0(6%)/0) Fi(6,6) < Di(0,8) < (1+0(6%)/0) Fi(6,6),

where

. 2 .
F(6,6) = /\/5 exp (—alg/H)f(y—i-x’)dy.
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We have

F;(6,90)

/Wexp(—nynz)f(\/zyﬂl')\/zdy

= [ s ee(-lyP) (£ +a0.y) ﬁidy

I [ o exp(=lyiPay) + \/? [ 5 e(=1vI7)a0,)dy
F6) [ o exp(=IyIP)dy+a(0,0)

- \/Eﬂxi) [exp(=lyI)dy(1 = 0(0)) +(,6)

D%f(xi) </J:o exP(—M2>du)r(1 - 0(9)) +A(9/5)

= \/Ef(xi)nr/z(l —0(8)) +A(8,9).

If f(x') = 0, then

lim lim Pé’e =0,
—06—0

and if f(x') # 0, then

Pé’e wl/?
lim lim 61 L =0.
53060 og<Z9 exp(—H*/G)f(xl)nr/291/2>

O
Corollary 2. Under the assumption of Theorem 2, if for all x' € N, we have
Hy (xf) — H* = ;0 +0(0), @)

where a; € R, and if there exists x* € N such that f(x*) # 0, then

; f(x)a; V2 exp(—a;)
P = .
{x } Y f (ka2 exp(—ay)

Proof. According to the proof of Theorem 2, we obtain

By(V) = n22, \/Eif(x") exp( 5 ) exp(—H"(xi);H(xi)) ®)

exp(Hg(xi);H(xi)> = exp(—a;).

and by (7),

Then, we obtain that

%7, \/5exp<_H ) Y fR)a 2 exp(—ay) < 1,

0 k>1
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Hence,

Zy' < n’/zx/éexp<_H*> Y Fa)a 2 exp(—ay). )

0 k>1
Finally, (8) and (9) give

N fa)a 2 exp(—ay)
P{x } NS (ka2 exp(—ay)”

Now, suppose that the function H € C?(R"), with Hessian matrix

0’°H
0= sk )
<i,j<r

is invertible for all x € N, then we have the following result. [J
Corollary 3. If H € C?(R") and

sup|Hy(x) — H'| = o(6),
xeN

and there exists k € N such that f(x¥) # 0, then

’—1/2

N f)|det(A(x))
P} = Y% F(ak)|det(A(xk)) |7

Proof. To prove Corollary 3, it is sufficient to put in Corollary 2,

7

a; =0, and a; = ‘det(A (xi>)

for all x’ belonging to N. [J

Remark 3. Equation (9) implies that

Y f(ad)a 2 < oo
k>1
4. The Repairman Problem

Let us apply the previous results to obtain the limit distribution of the stationary one
in the repairman problem [7,8] in the averaging scheme. This is an alternative method to
Lyapunov’s function method in the diffusion approximation scheme to prove convergence
of stationary probabilities [11].

This system can be described by a Markov birth and death process x,(t), t > 0,
representing the number of failed components at time ¢, with state space [7,8,11]

E'"={0,1,...,m+n},
and jump intensities given by
nA, 0<i<m iy, 0<i<r
Ai = Hi =
(m+n—iA, m<i<m+n, ru, r<i<m+n.

In what follows, suppose that m =: mon and r = ron, where my and r( are constants.
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Now, consider a Markov process v, (t) with state space E, = {v; = i/n |0 <i < n+m}
and intensity functions given by

A, 0 <o <my vip, 0<v;<rg
AMo;) = u(v;) =

(mo+1—0v))A, my<v; <mg+1 rou, ro<v<mp+1
where v; = i/n.

Then, we have
X (t) = nvy(nt).

Consider now the normalized process defined by
Cn(t) == vn(nt) = x,(t)/n,

with the velocity of jumps defined by

This function enables us to classify the repairman problem depending on the position
of the equilibrium point p defined by

C(p) =0. (10)

Under the condition rg = A/ < my, the interval V* = [rg, m] is an equilibrium set
of a repairable system. Our main objective is to describe the stationary distribution of this
repairable system on the equilibrium set V*.

4.1. Gibbs Potential for the Stationary Distribution

The stationary distribution p" of the process x,(t),t > 0, may be written as follows:

k
p"(k) = oo [ TA(via) /()] 1<k<m+n, (11)
i=1
where
N k -1
o5 = |14+ Y [ TIA(wiza) /()] | - (12)
k=1i=1

By using the Gibbs potential, the stationary distribution (11) is represented as follows
(see [6]):

p"(v) = poexp[=NHu(vg)], 1<k<r,
with N = m 4 n and where H,, is the Gibbs potential determined by the following relation

k

Hy (o) = =+ 3~ In[F(o))],

i=1
where a = n/N = (mg +1)~! and F(v) := A(v)/u(v) is the kernel of the Gibbs poten-
tial H,,.
Then, the limit Gibbs potential is represented as
v

H(v) = —a'/o In[F(u)]du, 0<wv<1+my. (13)
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Therefore, in what follows and in the case when ro = A/, we will use the Gibbs poten-
tial for a stationary distribution with the kernel represented on the interval

(0, 1+Tl’l0} by
r0/v, 0<vs.>rg
Flv)=1«¢ 1, ro < vs. < my (14)
1+myg—ov, my<wvs. <1+ my.

Alternatively, in explicit form on the left interval [0, 7]
H(v) = av[ln(v/ry) — 1],
and on the right interval [mg, 1 4 my)]
H(v) =a(mg+1—0v)In(my+1—0) —a(mg+ro—v), my<ov<my+1.
Owing to (10), on the interval, V* = [rg, mg]
H(v) = H(rg) = —arg = —ro/ (1 + myp),
It is easy to verify that the set V* is an equilibrium set for the limit Gibbs potential (13)

H* = i H(v) =H = —ary.
o in (v) = H(ro) = —arg
4.2. Limit Stationary Distribution

The stationary distribution of a repairable system induces a stationary distributed
random variable x;;, with

P{x;, =k} =p;, 0<k<N.

In this example, Q is the probability measure and Q(dx) = p_ll[ro,mo] (x)dx on [rg, mg),
where p = mg — ry.
We can show that

C
Balt,y)] < 5,
which means that

lim nA,(x,y) =0.

n——+o0

Then, the random variable x;; converges weakly to some random variable uniformly
distributed on the equilibrium set V* with density f(x) = (my — rO)_ll[ro,mo] (x).

Finally, we give the following numerical example (see Figure 1), which clearly shows
that the limit stationary distribution is uniformly distributed on the equilibrium set V*.
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Figure 1. Convergence of the stationary distribution density for the repairman problem (with A = 0.5,
u=1r9=A/pu=05and my = 0.75).

5. Concluding Remarks

We have presented the use of Gibbs distributions as a way to prove the convergence
of the stationary distribution of the repairman problem in the averaging series scheme.
The key contributions of this work are the weak convergence Gibbs distribution when the
potential depends on a parameter ¢ and the transformation of the repairman stationary
probabilities to Gibbs distributions. It will be of interest, on the one hand, to try to establish
the same kind of results in a diffusion approximation scheme. Beyond the repairman
problem, it would be of interest to apply this method to other similar problems. This
problem must be rescaled in time when the finite state space becomes infinite. On the
other hand, other work of interest can be performed in the direction of large deviations to
provide a rate of convergence to the stationary distribution, see, e.g., [16].
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