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Abstract: In this paper, (1) We show that if there are not enough symmetries and λ-symmetries, some
first integrals can still be obtained. And we give two examples to illustrate this theorem. (2) We prove
that when X is a λ-symmetry of differential equation field Γ, by multiplying Γ a function µ defineded
on Jn−1 M, the vector fields µΓ can pass to quotient manifold Q by a group action of λ-symmetry X.
(3) If there are some λ-symmetries of equation considered, we show that the vector fields from their
linear combination are symmetries of the equation under some conditions. And if we have vector
field X defined on Jn−1 M with first-order λ-prolongation Y and first-order standard prolongations Z
of X defined on Jn M, we prove that gY cannot be first-order λ-prolonged vector field of vector field
gX if g is not a constant function. (4) We provide a complete set of functionally independent (n− 1)
order invariants for V(n−1) which are n− 1th prolongation of λ-symmetry of V and get an explicit
n− 1 order reduced equation of explicit n order ordinary equation considered. (5) Assume there is a
set of vector fields Xi, i = 1, . . . , n that are in involution, We claim that under some conditions, their
λ-prolongations also in involution.
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1. Introduction

Classical symmetry theory for general systems of differential equations was created
by Sophus Lie more than 100 years ago. It plays an important role in analyzing differential
equations. The geometric theory of symmetries makes it possible to understand and
generalize the standard procedures of the explicit integration of ODE and to obtain new
results. They are often used to reduce the order of ordinary differential equations and to
reduce the number of independent variables of partial differential equations. The method
of symmetry reduction for ODEs can be roughly described as follows: in Jn M, which is
the jet bundle of order n over the manifold M of independent and dependent variables,
if ODEs E of order n > 1 have a vector field X (on M) as a symmetry (generator), then E is
invariant under Y = X(n), which is the prolongation of X to Jn M. Thus, E can be expressed
in terms of the differential invariants of Y, which can be recursively generated starting from
those of orders 0 and 1 thanks to the “invariants by differentiation” property (see [1–7]).

Although the Lie symmetry theory is a good method for analyzing ordinary (and
partial) differential equations [4,5], not every technique can be based on symmetry anal-
ysis [8–11], thus people need generalizations of classical Lie methods. In past decades,
λ-symmetry was introduced by Muriel and Romero [12] based on a new method of prolong-
ing vector fields known as λ-prolongation, which strictly include symmetries. Generally
speaking, λ-symmetries may not be symmetries, as they do not map solutions into solu-
tions. The relationship between λ-symmetries and the first integral of ordinary differential
equations has been studied extensively [13–19]. Moreover, λ-symmetries have been ex-
tended to σ-symmetries [20,21] and to µ-symmetries [22,23], which are different from other
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analytical methods (such as the Kudryashov approach; see [24]) and can be used to derive
conservation laws of partial differential equations (PDEs). And the analogous theory of
symmetries of stochastic differential equations (SDEs) has also emerged in recent years
(see [25–30]). In a review of the group analysis methods, symmetries for discrete equations
were shown as well. Among the most complete and noteworthy works on this subject at
the moment, one can refer to Refs. [31,32]. In [18], the authors considered that if there are
not enough symmetries for ODE (4), one can use λ-symmetries to obtain some first integrals.
Here, we generalize this situation and show that if there are not enough symmetries and
λ-symmetries, some first integrals can still be obtained (see Theorem 2). Moreover, we prove
that when X is a λ-symmetry of the differential equation field Γ of (4), by multiplying Γ,
a function µ defined on Jn−1M, the vector fields µΓ can pass to quotient manifold Q by
a group action of λ-symmetry X, i.e., LX(µΓ) = λ̄X (see Theorem 3). If there are some
λ-symmetries of (4), we show that the vector fields from their linear combination are sym-
metries of (4) under some conditions (see Theorem 4). And if we have vector field X defined
on Jn−1M with first-order λ-prolongation Y and first-order standard prolongations Z of X
defined on Jn M, we prove that gY cannot be a first-order λ-prolonged vector field of vector
field gX if g is not a constant function (see Theorem 5). We provide a complete set of func-
tionally independent (n− 1)-order invariants for V(n−1), which are (n− 1)th prolongations
of λ-symmetry of V (see Theorem 6) and obtain an explicit n− 1-order-reduced equation of
explicit n-order ordinary Equation (4). Compared with [12], we deal with an n-order explicit
equation system that has a λ-symmetry V, and we just need to consider the invariants of
(n− 1)-order prolongation V(n−1) of V, but in [12], the authors dealt with implicit equation
with a λ-symmetry V, which need to consider the invariants of n-order prolongation V(n−1)

of V. At last, we consider that there is a set of vector fields Xi, i = 1, . . . , n that are in
involution and claim that under some conditions their λ-prolongations also in involution
(see Theorem 7).

This paper is organized as follows. In Section 2, we recall some basic notations we
need from the Lie group theory and give some definitions of the λ-symmetries of vector
fields, differential forms, distributions and λ-prolongations. In Section 3, we obtain the first
integrals of a system of ordinary differential equations by using λ-symmetries. In Section 4,
we obtain a quotient manifold and discuss the relationship between λ-symmetry and
symmetry. In Section 5, we obtain an explicit n− 1-order-reduced equation of the explicit
n-order ordinary equation by using a λ-symmetry. In Section 6, we discuss the involution
of λ-prolonged sets of vector fields.

2. Preliminaries and Geometric Properties for λ-Symmetries

Firstly, we give some basic notions that may be used later.

2.1. Equation, Solutions and Symmetries

In this paper, we only consider ordinary differential equations that have the inde-
pendent variable x ∈ R and the dependent one(s) y ∈ U = R or ya ∈ U ⊂ Rm in the
multidimensional case. Let M = X×U be a phase bundle and (Jk M, πk, M), or Jk M for
short, the associated jet bundle of order k.

A differential equation E of order n is a map F : Jn M → R and is identified with
the solution manifold S(E) = F−1(0) ⊂ Jn M. In the case of l-dimensional systems E , we
have l maps Fj : Jn M → R and a solution manifold S(E) = F−1(0) = (F1)−1(0) ∩ · · · ∩
(Fl)−1(0) ⊂ Jk M. If differential equation E has m-dimensional dependent variables, then
Jn M has dimension (m(n + 1) + 1), thus the dimension of a solution manifold of a system
of l independent equations is (m(n + 1) + 1− l).

For a smooth function vector y = f (x), we can obtain an induced function pr(n) f (x),
which is called the n-th prolongation of f and defined by the equations

dαya

dxα
=

dα f a

dxα
, a = 1, . . . , m, α = 0, . . . , n.
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Thus, pr(n) f (x) is a function vector from R1 to the space Jn M.
For the differential equation(s) E under study, a function vector f : R1 → U is a

solution if and only if its n-th prolongation lies entirely in the solution manifold S(E).
Now, consider a vector field Y on Jn M. We say that E is invariant under Y if and

only if its solution manifold has the property Y : S(E)→ TS(E). This is also equivalent to
condition [Y(E)]S(E) = 0.

Let Y be the prolongation of a (Lie-point) vector field X on M, i.e., Y = X(n), then X
is called a symmetry for E (more precisely, X would be a symmetry generator. We will
adopt this standard abuse of notation for ease of language). Thus, X is a symmetry if
[X(n)(E)]S(E) = 0.

2.2. Local Coordinates

We will consider local coordinates (x, ya), a = 1, . . . , m in M = X × U, and corre-
spondingly local coordinates (x, y(k)a ) (with k = 0, . . . , n), where y(k)a := (∂kya/∂xk), in
Jn M.

A general vector field defined on Jn M will be written in local coordinates (in this
paper, we will use the Einstein summation convention in some places. The notation y(k)

denotes the k-order derivative of y) as

Y = ξ(x, y1, . . . , ym)
∂

∂x
+ ψa

k(x, y1, . . . , ym, y(1)1 , . . . , y(1)m , . . . , y(n)m )
∂

∂y(k)a

, (1)

which is the prolongation of vector field

X = ξ(x, y1, . . . , ym)
∂

∂x
+ φa(x, y1, . . . , ym)

∂

∂ya
(2)

if and only if the ψa
k satisfies the (standard) prolongation formula

ψa
k+1 = Dxψa

k − y(k+1)
a Dxξ, ψa

0 = φa.

We use Dx to denote the total derivative with respect to x, i.e.,

Dx =
∂

∂x
+ y(1)a

∂

∂ya
+ y(2)a

∂

∂y(1)a

· · · .

2.3. λ-Prolongations

After the work of Muriel and Romero [12,33], people also considered λ-symmetries of
ODEs. A vector field Y written in local coordinates in the form (1) is a λ-prolonged vector
field if its coefficients satisfy

ψa
k+1 = Dxψa

k − y(k+1)
a Dxξ + λ(ψa

k − y(k+1)
a ξ) (3)

with λ being a smooth function λ : J1M→ R. We also say that Y is the nth λ-prolongation
of X (see (2)) if ψa

0 = φa, i.e., if X is the restriction of Y to M.
We say that X is a λ-symmetry for E if the λ-prolongation Y of X leaves an equation

(or system) E invariant.

2.4. Explicit n-Order Equation

Consider the m-dimension system of nth-order differential equations

dnya

dxn = f a(x, ya, . . . , y(n−1)
a ) (4)
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where (x, y1, . . . , ym) ∈ M ⊂ Rm+1 denote (ya) = (y1, . . . , ym), a = 1, . . . , m. x, ya, y(1)a , . . . ,
y(n−1)

a for a = 1, . . . , m as natural coordinates on the (n − 1)th jet bundle Jn−1M. Put
σa

1 = dya − y(1)a dx, σa
j = dy(j−1)

a − y(j)
a dx. Then, {σa

1 , . . . , σa
n−1}m

a=1 is the natural basis for

the contact forms on Jn−1M, which are the forms on Jn−1M that are zero on curves or
surfaces lifted from J0M. Let f a ∈ ∧0 Jn−1M, then put σa

n = dy(n−1)
a − f adx. Then, the σa

ns
are the natural force forms for (4). Put

Ω = σ1
1 ∧ · · · ∧ σm

1 ∧ · · · ∧ σ1
n · · · ∧ σm

n ,

meaning the mn-fold wedge product, then Ω is the natural characteristic form for (4). Let

Γ =
∂

∂x
+ y(1)a

∂

∂ya
+ y(2)a

∂

∂y(1)a

+ · · ·+ f a ∂

∂y(n−1)
a

, (5)

then Γ is an (n− 1)th-order differential equation field. It is the characteristic vector field of
(4), tangent to the lifted solution curves, and represents differentiation along the solution
curves. For any p-form ω and vector field X, we denote iXω as the interior product of
X and ω [34] (the interior product of the vector field with a differential form reduces the
degree of the latter by one), so it is a vector field in the kernel of Ω normalized by iΓdx = 1.

Proposition 1. We can obtain that iΓσa
j = (dy(j−1)

a − y(j)
a dx)( ∂

∂x + y(1)a
∂

∂ya
+ y(2)a

∂

∂y(1)a
+ · · ·+

f a ∂

∂y(n−1)
a

) = 0, a = 1, . . . , m, j = 1, . . . , n, so iΓΩ = 0 and iΓΩV = Ω, where ΩV = dx ∧ dy1 ∧

dy2 ∧ · · · ∧ dym ∧ dy(1)1 ∧ dy(1)2 ∧ · · · ∧ dy(n−1)
m is the volume form of Jn−1M, here Jn−1M is the

(n− 1)th-order jet bundle.

Through the whole paper, all calculations involving differential forms such as Cartan’s
identity, one can see [34].

Let C(∆) := {(x, ya, y(1)a , . . . , y(n)a )|y(n)a = f (x, ya, y(1)a , . . . , y(n−1)
a )}, We know that a

λ-symmetry, or more precisely a Lie-point λ-symmetry generator of (4) is a vector field X
on M such that its n-order λ-prolongation Y satisfies that[

Y
(

dnyi
dxn − f i(x, ya, . . . , y(n−1)

a )

)]
C(∆)

= 0, i = 1, . . . , m. (6)

Lemma 1.

(1) We suppose that, for some λ ∈ C∞(J1M), the vector field X = ξ(x, ya)
∂

∂x + η

(x, ya)
∂

∂ya
is a λ-symmetry of Equation (4). Then,

[Y, Γ] = λ ·Y + µ · Γ

for some µ ∈ C∞(J1M), where Y is the n− 1-order λ-prolongation of X, and [·, ·] denotes
the Lie bracket.

(2) Conversely, if

X = ξ(x, ya)
∂

∂x
+ ηa(x, ya)

∂

∂ya
+ ηa

1(x, ya, y(1)a )
∂

∂y(1)a

+ · · ·+ ηa
n−1(x, ya, y(1)a , . . . , y(n−1)

a )
∂

∂y(n−1)
a

is a vector field defined on Jn−1M such that

[X, Γ] = λX + µΓ
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for some λ, µ ∈ C∞(J1M), then the vector field

v = ξ(x, ya)
∂

∂x
+ ηa(x, ya)

∂

∂ya
,

defined on M, is a λ-symmetry of the equation (4), and X is the n− 1-order λ-prolongation of v.

Proof. See [18].

Definition 1. A differential p-form is simple or decomposable if it is the wedge product of p 1-forms.

Definition 2. We call a set of vector fields D defined on manifoldM a distribution if it is a vector
subspace of TpM, ∀p ∈ M, and for any vector fields X, Y ∈ D, [X, Y] ∈ D.

Definition 3. We say a distribution D is a Frobenius integral if it is rank-invariant, which means
that for any point p ∈ M, dimD is a constant.

Definition 4. We say a p-form ω is a Frobenius integrable if its kernel is a Frobenius integrable
and of maximal dimension everywhere.

Based on the properties of λ-symmetries for a system, we give three more general
definitions of λ-symmetries for vector fields, distributions and differential forms.

Definition 5. Let X and Y be vector fields, D be a distribution, and Θ be a simple differential form
defined on manifold Jn−1M.

1. X is called a λ-symmetry of Y if there exist functions λ ∈ C∞(J1M), µ ∈ C∞(J1M) such
that LXY = [X, Y] = λX + µY.

2. X is called a λ-symmetry of D if LXY− λX ∈ D, ∀Y ∈ D for some function λ ∈ C∞(J1M).
3. X is called a λ-symmetry of Θ if X is a λ-symmetry of kerΘ for some function λ ∈ C∞(J1M),

where kerΘ is the kernel or characteristic space of Θ defined by kerΘ = {Y : iYΘ = 0}.

Remark 1. A vector field defined on Jn−1M may not be an (n − 1)-order prolongation of any
vector field defined on M.

3. First Integral of System of Ordinary Differential Equation

Lemma 2. Given a natural number N, 3 ≤ N ≤ mn, let span{XN , . . . , Xmn, Γ} be a Frobe-
nius integral and Xj be a λj-symmetry of span{Xj+1, . . . , Xmn, Γ}, j = 2, . . . , N − 1 such that
X1, . . . , Xn and Γ are linearly independent everywhere. Then, iXj · · · iXmn Ω is a Frobenius integral
j = 2, . . . , N.

Proof. Since Xj is a λj-symmetry of span{Xj+1, . . . , Xmn, Γ}, the Lie bracket on
span{Xj, . . . , Xmn, Γ} = ker(iXj · · · iXmn Ω) is closed. Then, iXj · · · iXmn Ω is Frobenius in-
tegral j = 2, . . . , N − 1.

Lemma 3. If Xj, j = 1, . . . , mn, are vector fields and X1, . . . , Xmn, Γ are linearly independent,
then iX1 · · · iXmn Ω 6= 0.

Proof. Since X1, . . . , Xmn, Γ are linearly independent, we have iXj 6= 0. If iX1 · · · iXmn

Ω = 0, then ker(iX2 · · · iXmn Ω) =span{X1, . . . , Xmn, Γ}. On each point, p of M(n−1), Tp M(n−1)

=span{X1, . . . , Xmn, Γ}|p, thus iX2 · · · iXmn Ω = 0, so we know ker(iX3 · · · iXmn Ω) ⊃span
{X2, . . . , Xmn, Γ}. On the other hand, iX1 · · · iXmn Ω = 0 = iX2 iX1 iX3 · · · iXmn ,
ker(iX1 iX3 · · · iXmn Ω) =span{X1, . . . , Xmn, Γ}, thus iX2 · · · iXmn Ω = 0, so we know
ker(iX3 · · · iXmn Ω) ⊃span{X1, X3, . . . , Xmn, Γ}. Hence, ker(iX3 · · · iXmn Ω) =span{X1, . . . , Xmn,
Γ}, and we obtain iX3 · · · iXmn Ω = 0. Clearly the process is inductive, and finally, we can
obtain that iXmn Ω = 0, which contradicts the assumption, and the proof is complete.
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In [18], Zhang showed that λ-symmetries can be used to obtain some first integrals if
there are not enough symmetries, i.e., the following Theorem 1.

Theorem 1 ([18]). Given natural numbers N and k , 3 ≤ N ≤ mn, 1 ≤ k ≤ N − 1, suppose that
(1) span{XN , . . . , Xmn, Γ} is Frobenius integrable;
(2) Xj are λ-symmetries of span{Xj+1, . . . , XN−1, XN , . . . , Xmn, Γ}, j = k + 1, . . . , N − 1;
(3) Xl is a symmetry of span{X1, . . . , Xl−1, Xl+1, . . . , Xmn, Γ}, l = 1, . . . , k;
(4) X1, . . . , Xmn and Γ are linearly independent everywhere.
Put

σl = iX1 · · · iXl−1 iXl+1 · · · iXmn Ω, l = 1, . . . , k.

Then

ωl =
σl

iXl σ
l , l = 1, . . . , k,

are closed, and locally provide k functionally independent first integrals of (4).

Proof. From Lemma 2, we know that σl is a Frobenius integrable 1-form, because Xl is
a symmetry of span{X1, . . . , X̂l , . . . , Xk+1, . . . , Xmn, Γ} = kerσi, l = 1, . . . , k. This implies
that Xi is a symmetry of σi. By [35], we know that for a Frobenius integrable 1-form θ,
which is nowhere zero, if it has a symmetry Z /∈kerθ, then locally, there is an integrating
factor 1

iZΩ such that θ
iZΩ is a closed 1-form; therefore, ωl . So, by the converse of the

Poincaré Lemma, locally, ωl = dIl , where I1, . . . , Ik are functions. Next, we prove that
Il , l = 1, . . . , k are functionally independent first integrals of (4). Due to kerωl 6= kerω j as
l 6= j, where l, j = 1, . . . , k, we obtain that ωl , l = 1, . . . , k are linearly independent, which
implies that Il , l = 1, . . . , k are linearly independent. Moreover, by iΓΩ = 0, we know that

Γ(Il) = iΓdIl =
iΓiX1 ···iXl−1

iXl+1
···iXmn Ω

iXl
iX1 ···iXl−1

iXl+1
···iXmn Ω = 0, so Il , l = 1, . . . , k are functionally independent

first integrals of (4).

Here, we generalize the theorem above in [18] and show that if there are not enough
symmetries and λ-symmetries, some first integrals can still be obtained.

Theorem 2. Given natural numbers N1, N2 and k , 3 ≤ N2 < N1 ≤ mn, 1 ≤ k ≤ N − 1,
suppose that

(1) Span{XN1 , . . . , Xmn, Γ} is Frobenius integrable;
(2) Vector fields Xj, N2 ≤ j ≤ N1 − 1 satisfy

[Xj, Xk] ∈ span{XN2 , . . . , Xmn, Γ}, N2 ≤ k ≤ mn;

(3) Xi are λ-symmetries of span{Xi+1, . . . , Xmn, Γ}, i = k + 1, . . . , N2 − 1;
(3) Xl is a symmetry of span{X1, . . . , Xl−1, Xl+1, . . . , Xmn, Γ}, l = 1, . . . , k;
(4) X1, . . . , Xmn and Γ are linearly independent everywhere.
Put

σl = iX1 · · · iXl−1 iXl+1 · · · iXmn Ω, l = 1, . . . , k.

Then

ωl =
σl

iXl σ
l , l = 1, . . . , k,

are closed, and locally provide k functionally independent first integrals of (4).

Proof. Similar to Theorem 1.

Here, we give two examples to illustrate the utility of Theorem 2.
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Example 1. Consider the following second-order equation

y′′ = −
(

x2

4y3 + y +
1

2y

)
. (7)

In [12], the authors pointed out this equation has no nontrivial symmetries, and they give a
λ-symmetry X = y ∂

∂y , λ = x/y2. Now we know that Γ = ∂
∂x + y′ ∂

∂y −
(

x2

4y3 + y + 1
2y

)
∂

∂y′ ,

Ω = dy∧ dy′− y′dx∧ dp−
(

x2

4y3 + y + 1
2y

)
dx∧ dy. We can calculate W = cy ∂

∂y + c(y′+ x
y )

∂
∂y′

is a λ-symmetry of (7), for λ = x
y2 , c is some constant. It is easy to verify that Y = 2 ∂

∂x −
(

1
2y

)
∂

∂y′

is a symmetry of span {W, Γ}. Then, by Theorem 1 or 2,

ω =
iWΩ

iYiWΩ
= d

(
x + arctan

(
y′

y
+

x
2y2

))

is closed, and I = x + arctan
(

y′
y + x

2y2

)
is a first integral.

Remark 2. Although [18] showed that Theorem 2 can be used to obtain the first integral for
Example 1, here, we point out we can also use Theorem 2 to obtain the first integral for this equation.

Example 2. Consider system 
y′1 = xy1 + x2y2 + x3y3

y′2 = 2xy1 + 2x2y2 + 2x3y3

y′3 = xy1 + x2y2 + x3y3

(8)

so we can obtain Γ = ∂
∂x + (xy1 + x2y2 + x3y3)

∂
∂y1

+ (2xy1 + 2x2y2 + 2x3y3)
∂

∂y2
+ (xy1 + x2

y2 + x3y3)
∂

∂y3
, and Ω = iΓdx ∧ dy1 ∧ dy2 ∧ dy3. We can verify that the vector field set

{X1 = ∂
∂y1

+ ∂
∂y2

, X2 = ∂
∂y2

+ ∂
∂y3
} satisfies

[X1, Γ] = X1Γ− Γ X1

= (x + x2)X1 + (x + x2)X2,

[X2, Γ] = X2Γ− Γ X2

= (x2 + x3)X1 + (x2 + x3)X2,

[X1, X2] = 0.

Thus, X1 and X2 are not the λ-symmetries of (8). We can also verify that X3 = ∂
∂y1

+ ∂
∂y3

is a
symmetry of {X1, X2, Γ}; in fact, [X3, X2] = [X3, X1] = 0, [X3, Γ] = X3Γ− ΓX3 = (x + x3)
X1 + (x + x3)X2. Then, by using Theorem 2, we can obtain a first integral of (8). Calculate

iX2 iX1 iΓ(dx ∧ dy1 ∧ dy2 ∧ dy3) = dy3 − dy2 + dy1,

moreover, iX3 iX2 iX1 iΓ(dx ∧ dy1 ∧ dy2 ∧ dy3) = 2, so
iX2 iX1 iΓ(dx∧dy1∧dy2∧dy3)

iX3 iX2 iX1 iΓ(dx∧dy1∧dy2∧dy3)
= d y1−y2+y3

2 ,

and it is obvious d y1−y2+y3
2

dx = 1
2 (xy1 + x2y2 + x3y3 − (2xy1 + 2x2y2 + 2x3y3) + xy1 + x2y2

+x3y3) = 0. Thus, y1−y2+y3
2 is a first integral of (8).

4. Quotient Manifold, Relationship between λ-Symmetry and Symmetry

In [4], Olver stated that if X as a vector field defined on Jn−1M has the property
[X, Γ] = σX, then X is a symmetry of System (4), where Γ is the equation field defined as
(5), and σ is defined on Jn−1M. Thus, a quotient manifold Q by a group action of symmetry
X can be obtained, and we call the equation field Γ to pass to it. Here, we prove that when
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X is a λ-symmetry of Γ, by multiplying Γ, a function µ defined on Jn−1M, we can obtain a
vector field that passes to quotient manifold Q, i.e., we obtain a vector field µΓ that passes
to Q. Moreover, we also discuss the relationship between λ-symmetries and symmetries.

Theorem 3. Let Γ be the (n − 1)th-order equation field of (4). Let X be a λ-symmetry of (4),
and let Γ, X be two linearly independent vector fields. Assume Q is the quotient of Jn−1M by the
one-parameter group generated by X. Then, there exists a function µ defined on Jn−1M such that
µΓ passes to Q.

Proof. A vector field W passes to Q if and only if LXW = ρX for some function ρ. On the
other hand, we have LXΓ = λΓ + λ̄X, so we look for a multiple µΓ of Γ such that LX(µΓ) =
λ̄X. Because LX(µΓ) = (LXµ)Γ + µLXΓ = (LXµ + λµ)Γ + λ̄X = (X(µ) + λµ)Γ + λ̄X and
Γ, X are two linearly independent vector fields, µ must satisfy X(µ) + µλ = 0. If we
attempt µ = (iΓω)−1 in which ω satisfies iΓω 6= 0 for some appropriate 1-form ω, we
find that if iΓ(LXω) = 0, iΓω 6= 0 and ω(X) = 0 then µ = (iΓω)−1 satisfies the condition
X(µ) + µλ = 0, because

0 = iΓ(LXω) = iΓ(iXdω + diXω)

= iΓiXdω + iΓdiXω

= dω(X, Γ) + Γ(ω(X))

= X(ω(Γ))−ω([X, Y])

= X(ω(Γ))− λω(Γ)− λ̄ω(X)

= X(ω(Γ))− λω(Γ)

= −(iΓω)2
(
−X(ω(Γ)) + λω(Γ)

(iΓω)2

)
= −(iΓω)2(X((iΓω)−1) + λ(iΓω)−1).

For example, if g is a differential invariant of X, so that X(g) = 0, with Γ(g) 6= 0, then we take
ω = dg. Clearly, iΓ(LXω) = iΓ(iXdω + diXω) = iΓ(iX(d(dg)) + d(iXdg)) = iΓ(d(iXdg))
= iΓ(d(X(g))) = 0, so we know Γ̂/Γ(g) passes to the quotient manifold Q.

Example 3. As for ordinary equation {
du
dx = ev

dv
dx = 1

we have characteristic vector fields Γ = ∂
∂x + ev ∂

∂u + ∂
∂v . Given vector fields X = ∂

∂x + ∂
∂v and

Z = (1 + u2) ∂
∂u , let Q be the quotient of R3 by the one-parameter group generated by X. We can

compute that
[Γ, X] = ΓX− XΓ = −Γ + X, [X, Z] = 0,

thus, Γ does not pass to Q. That is to say X is a λ-symmetry of Γ, and Z passes to Q. According to
Theorem 3, let µ = e−v, then [e−vΓ, X] = e−vX, so e−vΓ passes to Q.

Recall that for vector fields X, Y defined on a manifoldM, we say X is a symmetry of Y if
we have

[X, Y] = gY,

where g is a function defined onM.

Lemma 4. Let X, Γ be defined as Theorem 3 and g be some function defined on Jn−1M. Then, gX
is a symmetry of (4) if and only if

λg = Γg.
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Proof. Because

[gX, Γ] = gXΓ− Γ(gX)

= gXΓ− Γ(g)X− gΓ X

= g[X, Γ]− Γ(g)X

= g(λX + λ̄Γ)− Γ(g)X

= (λg− Γ(g))X + gλ̄Γ,

we know that if λg = Γg, then gX is a symmetry of (4) and vice versa.

If there are l λ-symmetries, similar to Lemma 4, we show that under some conditions,
the vector fields from their linear combination are symmetries.

Theorem 4. Let Xi be the λ-symmetries of (4), i = 1, . . . , l, Yi := AijXj, i, j = 1, . . . , l, Aij be
functions defined on Jn−1M, Γ be the equation field as Lemma 3. Then, Yi are the symmetries of (4)
if and only if

Aijλj = Γ(Aij). (9)

where λj are functions defined on J1M. Moreover, if g is the common first integral of Xi, i = 1, . . . l,
then Yi is the symmetry of gΓ.

Proof. These follow from explicit computation. In fact,

[Yi, Γ] = [AijXj, Γ]

= AijXjΓ− Γ(Aij)Xj − AijΓ Xj

= Aij[Xj, Γ]− Γ(Aij)Xj

= Aij(λjXj + λ̄jΓ)− Γ(Aij)Xj

= (Aijλj − Γ(Aij))Xj + Aijλ̄jΓ,

which implies (9). Also,

[Yi, gΓ] = [AijXj, gΓ]

= AijgXjΓ− gΓ(Aij)Xj − gAijΓ Xj

= gAij[Xj, Γ]− gΓ(Aij)Xj

= gAij(λjXj + λ̄jΓ)− gΓ(Aij)Xj

= g(Aijλj − Γ(Aij))Xj + Aijλ̄j(gΓ),

which completes the proof.

If we have vector field X defined on Jn−1M with first-order λ-prolongation Y defined
on Jn M, then we want to find the connection between first-order standard prolongations Z
of X and their first-order λ-prolongation Y. It clearly suffices to discuss the situation n = 1.

Lemma 5. Let X be a vector field in M and Y be its first-order λ-prolongation. Then, gY coincides
with the standard prolongation Z of vector field W := gX with g smooth function on M satisfying

Dxg = gλ. (10)

Proof. We will work in local coordinates and write

X = ξ
∂

∂x
+ φa ∂

∂ya
, Y = X + ψa ∂

∂y(1)a

,
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with
ψa = (Dxφa − y(1)a Dxξ) + λ(φa − y(1)a ξ),

and
W = gX, Z = W + Θa ∂

∂y(1)a

,

where (standard prolongation formula)

Θa = Dx(gφa)− y(1)a Dx(gξ)

= Dx(g)φa + gDx(φ
a)− y(1)a ξDx(g)− y(1)a gDx(ξ).

Now, requiring that Z = gY amounts to requiring that Θa = gψa, this is written as

g(Dxφa − y(1)a Dxξ) + gλ(φa − y(1)a ξ) = Dx(g)φa + gDx(φ
a)− y(1)a ξDx(g)− y(1)a gDx(ξ).

Eliminating the equal terms on both sides yields

(gλ− Dxg)(φa − y(1)a ξ) = 0,

which implies (10).

Example 4. Let us consider M = R2 with coordinates (x, y). We now take the vector fields
X1 = y ∂

∂u and λ = yx, g = ey, then we can compute that

Dxg = gλ = yxey.

The 1-order λ-prolongation Y of X1 and standard prolongation Z of gX1 are equal. And
Y = (yx + yxy) ∂

∂ , Z = yx(eyy + ey) ∂
∂y , clearly, gY = Z.

Inspired by Lemma 5, we prove that gY cannot be a first-order λ-prolonged vector
field of the vector field gX if g is not a constant function.

Theorem 5. Let X = ξ(x, ya) ∂
∂x + φa ∂

∂ya be vector field defined on M and Y = X + ψa
1

∂
∂ya(1) be a

first-order λ-prolonged vector field of vector field X. There is no nontrivial function g defined on M
that makes gY be the first-order λ-prolonged vector field of vector field gX.

Proof. In fact,

(Dx + λ)(gφa)− y(1)a (Dx + λ)(gξ) = (Dxg)φa + gDxφa + λgφa − y(1)a ((Dxg)ξ + g(Dxξ) + λgξ)

= (Dxg)(φa − y(1)a ξ) + g((Dx + λ)φa − y(1)a (Dx + λ)ξ)

= (Dxg)(φa − y(1)a ξ) + gψa
1,

which implies that gψa
1 = (Dx + λ)(gφa)− y(1)a (Dx + λ)(gξ) if and only if Dxg = 0. So, gY

is the 1-order λ-prolonged vector field of vector field gX if and only if Dxg = 0, i.e., g = C, C
is a constant.

5. Reduction of System of Explicit Ordinary Differential Equations

In this section, we consider the reduction of the system of explicit ordinary differential
Equations (4). Let V be a vector field defined on M.

Definition 6. A function ζ defined on J j M is a j-th-order invariant of V if V(j)(ζ) = 0, where
V(j) is the j-order λ-prolongation of V.

Clearly, a j-th-order invariant is a (j + 1)-th-order invariant.
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Lemma 6. If V(k) is a k-order λ-prolonged vector field, then it satisfies

[V(k), Dx] = λV(k) − [(Dxξ) + λξ]Dx.

Proof. This follows from explicit computation. In fact,

Dx =
∂

∂x
+ y(1)a

∂

∂ya
+ y(2)a

∂

∂y(1)a

+ · · ·+ y(n+1)
a

∂

∂y(n)a

+ · · · ,

by (1) and (3), we have immediately

[V(k), Dx] = V(k)Dx − DxV(k)

= (ψa
k+1 − Dxψa

k)
∂

∂y(k)a

− (Dxξ)
∂

∂x

= (−y(k+1)
a Dxξ + λ(ψa

k − y(k+1)
a ξ))

∂

∂y(k)a

− (Dxξ)
∂

∂x

= −(Dxξ)Dx + λ(V(k) − ξ
∂

∂x
)− λξ(Dx −

∂

∂x
)

= −[(Dxξ) + λξ]Dx + λV(k). (11)

Lemma 7. Assume that if ξ and ζ are j-th-order invariants of a (k)-order λ-prolonged vector field
V(k), then Θ := Dx(ζ)/Dx(η) is a (j + 1)-th-order invariant of (k + 1)-order λ-prolonged vector
field V(k+1).

Proof. It is obvious that Θ is a function defined on Jk+1M. To show that it is invariant
under the (k+ 1)-order λ-prolonged vector field V(k+1), we just proceed by straightforward
computation. First of all, by

V(k+1)(Θ) =
(V(k+1)(Dxζ)) · (Dxη)− (Dxζ) · (V(k+1)(Dxη))

(Dxη)2 :=
χ

(Dxη)2 ,

it is clear that we just have to show that the numerator χ vanishes. On the other hand, we
have (recalling that by assumption V(k)(ζ) = V(k)(η) = 0, and using Lemma 6)

χ = (V(k+1)(Dxζ)) · (Dxη)− (Dxζ) · (V(k+1)(Dxη))

= (Dx(V(k+1)ζ) + [V(k+1), Dx]ζ) · (Dxη)− (Dxζ) · ((Dx(V(k+1)η)) + [V(k+1), Dx]η)

= ([V(k+1), Dx]ζ) · (Dxη)− (Dxζ) · ([V(k+1), Dx]η)

= ((λV(k+1) − [(Dxξ) + λξ]Dx)ζ) · (Dxη)− (Dxζ) · ((λV(k+1) − [(Dxξ) + λξ]Dx)η)

= 0.

This shows indeed χ = 0 and hence the lemma.

Remark 3. Let Vk
i be k-th λi-prolonged vector fields i = 1, . . . , l, and let η, ζ be independent

common differential invariants of order k for all of them. Then, by using the same method as
Lemma 7, we can know that

Θ := Dx(ζ)/Dx(η)

is a common differential invariant of order k + 1 for all of them.
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Suppose we have find a zero-th-order invariant u and m independent first-order invari-
ants z1, . . . , zm for λ-symmetry V. Define z(0)a = za, a = 1, . . . , m and z(j)

a = Dx(z
(j−1)
a )/Dxu

for j = 1, . . . , n− 2 so that z(j)
a are (j + 1)th invariants of V.

Remark 4. Because Γ = ∂
∂x + y(1)a

∂
∂ya

+ · · ·+ y(n−1)
a

∂

∂y(n−2)
a

+ f a ∂

∂y(n−1)
a

= ∂
∂x + y(1)a

∂
∂ya

+ · · ·+

y(n−1)
a

∂

∂y(n−2)
a

+ y(n)a
∂

∂y(n−1)
a

and z(j)
a is defined on J j+1M, j = 1, . . . , n− 2, z(j)

a = Dx(z
(j−1)
a )/Dxu

= Γ(z(j−1)
a )/Γ(u), j = 1, . . . , n− 2.

Theorem 6. Suppose u and za, a = 1, . . . , m are functionally independent zero-order and first-
order invariants, respectively, of the λ-symmetry V, that is V(u) = V(1)(za) = 0, a = 1, . . . , m,
and assume that Γ(za) and Γ(u), a = 1, . . . , m are nowhere zero. Put z(0)a = zlinebreak and
z(j)

a = Γ(z(j−1)
a )/Γ(u) for j = 1, . . . , n− 2. Then, u, za, z(1)a , . . . , z(n−2)

a , a = 1, . . . , m provide a
complete set of functionally independent (n− 1)th-order invariant for Vn−1.

Proof. We use induction by assumption, [V(n−1), Γ] = λΓ + λ̄V(n−1), and suppose that
z(j)

a is an invariant of V(n−1). Because V(u) = V(1)(za) = 0, we can obtain V(n−1)(u) = 0,
V(n−1)(z(j)

a ) = V(j+1)(z(j)
a ) = 0, j = 0, . . . , n− 2. Then, we prove that z(j+1)

a is an invariant
of V(n−1),

(Γ(u))2V(n−1)(z(j+1)
a ) = (Γ(u))2V(n−1)

(
Γ(z(j)

a )

Γ(u)

)

= (Γ(u))2 Γ(u)V(n−1)(Γ(z(j)
a ))− Γ(z(j)

a )V(n−1)(Γ(u))
(Γ(u))2

= Γ(u)V(n−1)(Γ(z(j)
a ))− Γ(z(j)

a )V(n−1)(Γ(u))

= Γ(u)(V(n−1)(Γ(z(j)
a ))− Γ(V(n−1)(z(j)

a )))− Γ(z(j)
a )(V(n−1)(Γ(u))− Γ(V(n−1)(u)))

= Γ(u)[V(n−1), Γ](z(j)
a )− Γ(z(j)

a )[V(n−1), Γ](u)

= Γ(u)(λΓ(z(j)
a ) + λ̄V(n−1)(z(j)

a ))− Γ(z(j)
a )(λΓ(u) + λ̄V(n−1)(u))

= Γ(u)λΓ(z(j)
a )− Γ(z(j)

a )λΓ(u)

= 0,

hence V(n−1)(z(j)
a ) = 0 for j = 0, . . . , n− 2, a = 1, . . . , m.

To see the functional independence, we note how Γ acting on a function effectively
increases the order of derivatives, which it depends on by one. Because u is a zero-order
invariant with no y(1)a , a = 1, . . . , m dependence and za, a = 1, . . . , m must have nowhere
zero y(1)a dependence, u and za, a = 1, . . . , m are functionally independent. Similarly,
we know Γ(za) will have nowhere zero y(2)a and only z(1)a depends on y(2)a , a = 1, . . . , m,
for instance, only z(1)1 depends on y(2)1 . From here, the result follows by induction.

Proposition 2. Denote f̂ a = Γ(z(n−2)
a )/Γ(u), a = 1, . . . , m, then f̂ a is also a first integral

of V(n−1).



Mathematics 2023, 11, 4113 13 of 18

Proof.

(Γ(u))2V(n−1)( f̂ a) = (Γ(u))2V(n−1)

(
Γ(z(n−2)

a )

Γ(u)

)

= (Γ(u))2 Γ(u)V(n−1)(Γ(z(n−2)
a ))− Γ(z(n−2)

a )V(n−1)(Γ(u))
(Γ(u))2

= Γ(u)V(n−1)(Γ(z(n−2)
a ))− Γ(z(n−2)

a )V(n−1)(Γ(u))

= Γ(u)(V(n−1)(Γ(z(n−2)))− Γ(V(n−1)(z(n−2)
a )))− Γ(z(n−2)

a )(V(n−1)(Γ(u))− Γ(V(n−1)(u)))

= Γ(u)[V(n−1), Γ](z(n−2)
a )− Γ(z(n−2)

a )[V(n−1), Γ](u)

= Γ(u)(λΓ(z(n−2)
a ) + λ̄V(n−1)(z(n−2)

a ))− Γ(z(n−2)
a )(λΓ(u) + λ̄V(n−1)(u))

= Γ(u)λΓ(z(n−2)
a )− Γ(z(n−2)

a )λΓ(u)

= 0.

By Theorem 6, V(n−1) has a complete set of functionally independent invariants
{u, za, z(1)a , . . . , z(n−2)

a }. And on the set S(∆) := {(x, ya, y(1)a , . . . , y(n)a )|y(n)a = f a(x, ya, y(1)a , . . . ,
y(n−1)

a ), a = 1, . . . , m}, z(n−1)
a = Dx(z

(n−2)
a )/Dxu = dn−1za/dun−1 = Γ(z(n−2)

a )/Γ(u) =

f̂ a, which is also a first integral of V(n−1), so it depends on functions u, za, z(1)a , . . . , z(n−2)
a ,

i.e., f̂ a = f̂ a(u, za, z(1)a , . . . , z(n−2)
a ). Thus, we obtain the (n− 1)th-order equation

dn−1za/dun−1 = f̂ (u, za, z(1)a , . . . , z(n−2)
a ). (12)

We can recover the general solution of the original equation from the general solution
of (12) and the corresponding system of the first-order auxiliary equation

za = za(x, ya, y(1)a ), a = 1, . . . , m. (13)

In fact, as for Equation (12), if we obtain the solution za(u), together with (13), we only
need to solve system of the first-order equation za(u(x, ya)) = za(x, ya, y(1)a ) to obtain the
solution ya(x) of (4).

Remark 5. In [12], the authors studied ordinary differential equations (4) with m = 1. Here, we
discuss the system of ordinary differential equations (4) with m ≥ 1, and our method states that if
we deal with an n-order explicit equation that has a λ-symmetry V, then we just need to consider the
invariants of (n− 1)-order prolongation V(n−1) of V. In [12], the authors only dealt with implicit
equation with a λ-symmetry V, which needs to consider the invariants of n-order prolongation
V(n−1) of V.

On the other hand, putting θaj = dz(j)
a − z(j+1)

a du for j = 0, . . . , n− 3, a = 1, . . . , m and
θan−2 = dz(n−2)

a − f̂ adu, we have m(n− 1) independent 1-forms.

Proposition 3. On S(∆), iΓθaj = 0, iV(n−1)θaj = 0, j = 0, . . . , n− 2, a = 1, . . . , m and iV(n−1)

Ω = α ∧ θa0 ∧ · · · ∧ θan−2, α is a some function defined on Jn−1M.

Proof. Because z(j+1)
a = Γ(z(j)

a )
Γ(u) = dz(j)

a (Γ)
du(Γ) , j = 0, . . . , n − 3, f̂ a = Γ(z(n−2)

a )
Γ(u) = dz(n−2)

a (Γ)
du(Γ) ,

V(n−1)(z(j)
a ) = 0, V(n−1)(u) = 0. We have (dz(j)

a − z(j+1)
a du)(Γ) = iΓθaj = 0, j = 0, . . . , n-3,

(dz(n−2)
a − f̂ adu)(Γ) = iΓθan−2 = 0, and iV(n−1)θaj = Vn−1(z(j)

a ) − z(j+1)
a V(n−1)(u) = 0,

j = 0, . . . , n − 3, iV(n−1)θan−2 = Vn−1(z(n−2)
a ) − f̂ aV(n−1)(u) = 0, thus iV(n−1)(θa0 ∧ · · · ∧
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θan−2) = iΓ(θ
a0 ∧ · · · ∧ θan−2) = 0, moreover, we know that keriV(n−1)Ω =span{V(n−1), Γ},

hence iV(n−1)Ω = α ∧ θa0 ∧ · · · ∧ θan−2.

Example 5. Let M = R2 with coordinate (x, y), and consider the equation

y′′ = y + xy′. (14)

Then, Γ = ∂
∂x + y′ ∂

∂y + (y + xy′) ∂
∂y′ , and we can also compute that X = ∂

∂y is a λ-symmetry of
(14), λ = x. In fact, using the λ-prolongation formula (3), we obtain the 1-order λ-prolongation Y
of X, i.e., Y = X + (Dx + x)1 ∂

∂y′ =
∂

∂y + x ∂
∂y′ . Then,

[Y, Γ] = YΓ− ΓY = YΓ− Γ Y

=
∂

∂y′
+ x

∂

∂y
+ x2 ∂

∂y′
− ∂

∂y′

= x(
∂

∂y
+ x

∂

∂y′
)

= xY.

X(x) = 0, Y(y′ + x2 − xy) = 0, u := x, z := y′ + x2 − xy are 0-order and 1-order invariants of
X, respectively. So, we obtain an explicit order equation

z′ =
Γ(z)
Γ(u)

= 2x = 2u, (15)

thus, we can obtain a solution z = u2 + C, C as a constant. Together with z = y′ + x2 − xy, we
have y′ + x2 − xy = x2 + C, i.e.,

y′ = xy + C.

Hence, we have reduced Equation (14) to the first-order Equation (15).

6. Involution of λ-Prolonged Sets of Vector Fields

Assume there is a set of vector fields Xi, i = 1, . . . , n that are in involution, and all of
them have the form Xi = φa

i
∂

∂ya
, i = 1, . . . , n. We will give a theorem that claims under

what conditions are their λ-prolongations also in involution.

Theorem 7. Assume vector fields Xi = φa
i

∂
∂ya

, i = 1, . . . , n defined on M are involution, with

[Xi, Xj] = µk
ijXk for µk

ij smooth functions on M. Then, their λ-prolongations Yi, i = 1, . . . , n

satisfy the same involution relations, i.e., [Yi, Yj] = µk
ijYk, if

(1) Yi(λj) = 0 for i, j = 1, . . . , n, i 6= j;
(2) Dx(µk

ij) + λiµ
k
ij + λjµ

k
ij + λkµk

ij = 0, for i, j, k = 1, . . . , n.

Proof. This follows from an explicit computation. We proceed by induction on the or-
der of the prolongation. Denoting by Zi the (q − 1)th λi-prolongation of Xi, we have
Yi = ∑

q
k=0 ψa

i,k
∂

∂y(k)a
+ Zi + ψa

i,q
∂

∂y(q)a
, thus
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[Yi, Yj] = [Yi, Zj + ψa
j,q

∂

∂y(q)a

]

= [Yi, Zj] + [Yi, ψa
j,q

∂

∂y(q)a

]

= [Zi + ψa
i,q

∂

∂y(q)a

, Zj] + [Yi, ψa
j,q

∂

∂y(q)a

]

= [Zi, Zj]− Zj(ψ
a
i,q)

∂

∂y(q)a

+ Yi(ψ
a
j,q)

∂

∂y(q)a

− ψa
j,q

∂ψa
i,q

∂y(q)a

∂

∂y(q)a

= [Zi, Zj] + (Yi(ψ
a
j,q)−Yj(ψ

a
i,q))

∂

∂y(q)a

.

Denote Fa
ij,q = Yi(ψ

a
j,q)−Yj(ψ

a
i,q), because by induction [Zi, Zj] = µk

ijZk (i.e., the involution

relations are satisfied for (q − 1)th prolongations), the requirement that [Yi, Yj] = µk
ij

Yk = µk
ijZk + µk

ijψ
a
k,q

∂

∂y(q)a
is equivalent to the requirement that

Fq
ij,q = µk

ijψ
a
k,q. (16)

Fa
ij,k needs to be rewritten for easier comparison with the rhs of (16), so by Xi = φa

i
∂

∂ya
, we

can write (16) as

Fq
ij,q = µk

ij(Dxψa
k,q−1 + λkψa

k,q−1). (17)

Using Lemma 6, Condition (1) and Yiψ
a
j,q−1 = Ziψ

a
j,q−1, with standard computation, we obtain

Fa
ij,q = Yi(ψ

a
j,q)−Yj(ψ

a
i,q)

= Yi((Dx + λj)ψ
a
j,q−1)−Yj((Dx + λi)ψ

a
i,q−1)

= YiDxψa
j,q−1 −YjDxψa

i,q−1 + ψa
j,q−1Yi(λj)− ψa

i,q−1Yj(λi) + λjYi(ψ
a
j,q−1)− λiYj(ψ

a
i,q−1)

= DxYiψ
a
j,q−1 + λiYiψ

a
j,q−1 − DxYjψ

a
i,q−1 − λjYjψ

a
i,q−1 + λjYi(ψ

a
j,q−1)− λiYj(ψ

a
i,q−1)

= Dx(Yiψ
a
j,q−1 −Yjψ

a
i,q−1) + λi(Yiψ

a
j,q−1 −Yjψ

a
i,q−1) + λj(Yiψ

a
j,q−1 −Yjψ

a
i,q−1)

= (Dx + λi + λj)(Yiψ
a
j,q−1 −Yjψ

a
i,q−1)

= (Dx + λi + λj)(Ziψ
a
j,q−1 − Zjψ

a
i,q−1)

= (Dx + λi + λj)(µ
k
ijψ

a
k,q−1)

= (λi + λj)(µ
k
ijψ

a
k,q−1) + Dx(µ

k
ij)ψ

a
k,q−1 + µk

ijDxψa
k,q−1

= (Dx(µ
k
ij) + λiµ

k
ij + λjµ

k
ij)ψ

a
k,q−1 + µk

ijDxψa
k,q−1.

Comparing this with (17), we must require

Fa
ij,q = (Dx(µ

k
ij) + λiµ

k
ij + λjµ

k
ij)ψ

a
k,q−1 + µk

ijDxψa
k,q−1 = µk

ij(Dxψa
k,q−1 + λkψa

k,q−1).

Eliminating equal terms on both sides, we obtain

(Dx(µ
k
ij) + λiµ

k
ij + λjµ

k
ij + λkµk

ij)ψ
a
k,q−1 = 0,

which holds under Condition (2), so the involution properties holding up to order q− 1
are also holding at order q.

Remark 6. Noting that in Condition (2) of Theorem 7, λkµk
ij is not the Einstein summation.
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Remark 7. If vector fields Xi = φa
i

∂
∂ya

, i = 1, . . . , n defined on M commute, i.e., [Xi, Xj] = 0,

µk
ij = 0, and their λi-prolongations Yi, i = 1, . . . , n satisfy Condition (1) of Theorem 7, then

Yi commute i = 1, . . . , n.

Remark 8. If λi is a common first integral of Xj, j 6= i, j = 1, . . . , n. It is natural Yi(λj) = 0 for
i, j = 1, . . . , n, i 6= j.

Example 6. Let us consider X = R, with coordinate x and U = R2 with coordinates (u, v). We
now take the vector fields

X1 = u
∂

∂u
, X2 = −u

∂

∂v
,

these are in involution, in fact,

[X1, X2] = X1X2 − X2X1 = −u
∂

∂v
= X2,

thus µ1
12 = µ1

21 = 0, µ2
12 = 1, µ2

21 = −1, µk
ii = 0, i, k = 1, 2. We take λ1 = 2x, λ2 = −x, so

Dx(µ
k
ij) + λiµ

k
ij + λjµ

k
ij + λkµk

ij = 0,

and
Y1 = u

∂

∂u
+ (ux + 2xu)

∂

∂ux
, Y1(λ2) = −Y1(x) = 0,

Y2 = −u
∂

∂v
− (ux − xu)

∂

∂vx
, Y2(λ1) = 2Y2(x) = 0.

Hence, by Theorem 7, we know [Y1, Y2] ∈span{Y1, Y2}. In fact,

[Y1, Y2] = [u
∂

∂u
+ (ux + 2xu)

∂

∂ux
,−u

∂

∂v
− (ux − xu)

∂

∂vx
]

= −u
∂

∂v
+ xu

∂

∂vx
− ux

∂

∂vx

= Y2.

Example 7. Let us consider X = R, with coordinate x and U = R2 with coordinates (u, v). We
now take the vector fields

X1 = u
∂

∂u
, X2 = v

∂

∂v
,

these are in involution, i.e., [X1, X2] = 0, by Remark 8. Just take λ1 = v, λ2 = u. We know that
X1(v) = X2(u) = 0, so for n-order λ1-prolongations Y1 and λ2-prolongations Y2 of X1, X2, we can
obtain [Y1, Y2] = 0. For instance, Y1, Y2 are 1-order λ1-prolongation and 1-order λ2-prolongation
of X1, X2, i.e.,

Y1 = u
∂

∂u
+ (ux + vu)

∂

∂ux
,

Y2 = v
∂

∂v
+ (vx + vu)

∂

∂vx
.

It is clear that [Y1, Y2] = 0. Moreover, we can also compute the 2-order λ1-prolongations and
2-order λ2-prolongation of X1, X2, i.e.,

Ỹ1 = u
∂

∂u
+ (ux + vu)

∂

∂ux
+ (2uxv + uxx + v2u)

∂

∂uxx
,

Ỹ2 = v
∂

∂v
+ (vx + vu)

∂

∂vx
+ (2vxu + vxx + vu2)

∂

∂vxx
,

it straightly follows that [Ỹ1, Ỹ2] = 0.
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7. Conclusions

In this paper, we generalize a theorem in [18] and show that if there are not enough
symmetries and λ-symmetries, some first integrals can still be obtained. Moreover, we give
two examples to illustrate this theorem. Secondly, we prove that when X is a λ-symmetry of
differential equation field Γ of (4), by multiplying Γ, a function µ defined on Jn−1M, and the
vector fields µΓ can pass to quotient manifold Q by a group action of λ-symmetry X. Thirdly,
if there are some λ-symmetries of (4), we show that the vector fields from their linear
combination are symmetries of (4) under some conditions. And if we have vector field X
defined on Jn−1M with first-order λ-prolongation Y and first-order standard prolongations
Z of X defined on Jn M, we prove that gY cannot be first-order λ-prolonged vector field of
vector field gX if g is not a constant function. Fifth, we provide a complete set of functionally
independent (n − 1)-order invariants for V(n−1), which are n − 1th prolongations of λ-
symmetry of V, and obtain an explicit n− 1-order-reduced equation of explicit n-order
ordinary Equation (4). Finally, assume there is a set of vector fields Xi, i = 1, . . . , n that are
in involution and all of them have the form Xi = φa

i
∂

∂ya
, i = 1, . . . , n. We give Theorem 7 to

claim under what conditions are their λ-prolongations also in involution.
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