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Abstract: The Theory of Complex Functions has been studied by many scientists and its application
area has become a very wide subject. Harmonic functions play a crucial role in various fields of
mathematics, physics, engineering, and other scientific disciplines. Of course, the main reason
for maintaining this popularity is that it has an interdisciplinary field of application. This makes
this subject important not only for those who work in pure mathematics, but also in fields with a
deep-rooted history, such as engineering, physics, and software development. In this study, we will
examine a subclass of Harmonic functions in the Theory of Geometric Functions. We will give some
definitions necessary for this. Then, we will define a new subclass of complex-valued harmonic
functions, and their coefficient relations, growth estimates, radius of univalency, radius of starlikeness
and radius of convexity of this class are investigated. In addition, it is shown that this class is closed
under convolution of its members.

Keywords: harmonic; univalent; starlikeness; convexity; convolution

MSC: 30C45; 30C80

1. Introduction

In this section, some definitions and necessary information that we will use in this
paper will be given. After these definitions, we will give some important properties about
harmonic functions and introduce the representations of a few subclasses.

When |z| < 1 for z € C, notation D is called open unit disk. Here, C is complex
number set and £ and ¢ are analytic in D. Let H be the class of complex-valued harmonic
functions f = i+ ¢ in the open unit disk D, normalized so that £(0) = 0 = ¢10), #(0) = 1.
From this point of view, we can give the definition of H = {{ = fi+ g€ H: g’ (0) = 0}
for the HV class. Every function | € H has the canonical representation of a harmonic
function f = fi+ ¢ in the open unit disk D as the sum of an analytic function £ and the
conjugate of an analytic function ¢ The power series expansions of £ and ¢ functions be
defined as follows:

ﬁ(%) = Z. + Z uILZ.IL/
n=2

J(z) = anzﬂ- (1)
n=2

In this case, the functions in Relation (1) are analytic on the open unit disk.
§ = fi+ ¢is locally univalent and sense-preserving in the open unit disk D if and only if
|97(z)| < |£i'(z)] in D. Denote by SH' the subclass of H” that is univalent and sense-
preserving in the open unit disk D (see [1,2]). Note that, with ¢1(z) = 0, the classical family
S of analytic univalent and normalized functions in the open unit disk D is a subclass of
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SHY, just as the class A of analytic and normalized functions in the open unit disk D is a
subclass of HC.

Let K, S* and CK be the subclasses of S mapping D onto convex, starlike and close-
to-convex domains, respectively, just as KH, SH*® and CKH? are the subclasses of SH?
mapping the open unit disk to their respective domains.

The classes introduced above have been studied and developed by many researchers.
One of these researchers, Ponussamy et al. [3], introduced the following class in 2013:

PHC = {; e H : Re[i'(z)] > |g"(x)| for 7 € ]D)}

and they proved that functions in PH? are close-to-convex. After this study, the following
subclass definition has been made using this class and some important features such as
coefficient bounds, growth estimates, etc., are examined by Ghosh and Vasudevarao [4]:

WH'(B) = {I €H:Re[f'(z) + Bzfi"(2)] > |g'(z) + Bzg " (z)|forz €D, p > 0}.

Nagpal and Ravichandran [5] studied a special version of subclass WHC of functions
J € HO which satisfy the inequality Re[£i’(z) + 24" (2)] > |¢"(2) + 29" (2)| for z € D
which is a harmonic analogue of the class W defined by Chichra [6] consisting of functions
fi € A, satisfying the condition Re[fi'(z) + 74" (z)] > 0forz € D.

In 1977, Chichra [6] studied the class G(«) for some « > 0, where G(«) consists of
analytic function 4(z) such that

Re{(l—cx)ﬁ(;)—i-ocﬁ’(q)} >0

for |z| < 1.
Recently, Liu and Yang [7] defined a class

G (cir) = {s € HO:Re (1 - ) "2 + g ()|

>0 -2 "2 4o

for |z| < r}

where x > 0,0 < r < 1.
Also, Rajbala and Prajapat [8] studied such properties of the class WH (8, A) of func-
tions € HO satisfies the following inequality:

Re[f'(z) + 674" (z) =N > |g'(2) + 829" (z)|for 7 € D,5 > 0,0 <A < 1.

Apart from all these past studies, there are many ongoing studies today. For important
studies that we can use as references in this article, References [5,9-12] can be consulted.

Denote by WHC(«, B) the class of functions | = fi+ ¢ € HY, and satisfy the
following inequality:

Re{(ZB +1— oc)ﬁ(:“) + (a—2B)fi'(7) + Bk ”(4)}
(2)

> |26 +1- )72 1 (2 20)g"(2) + g (a)|

where &« > 3 > 0. When 3 = 0 and « > 0 are specially selected, previously studied
G%I(oc; 1) [7] and Q%(l — «, o, 0) [10] classes are obtained.
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Let us define class W, («, 3) as the class formed by the functions taken from class
f € A that satisfy the following inequality:

h(7)

Re (ZB+1—06)(7+(06—2B)ﬁ'(z,)+(54ﬁ"(4) >vy(x>p>0andy <1).

See References [6,13-19] for important major articles studied in this class.
Now, we will give some basic examples for [ € WHC(«, B).

ZS

14+2(x+B)

=3
=27+ % € WHO(%, %) Let us see where the function {(z,) defined here will map the unit disk.
See Figure 1.

Example 1. Let { = 7 + € WH'(«,B). And let x = 1/2, = 1/2. Then,

Figure 1. Image of the unit disk under the [ function.

Zz

) 1+
27 1

I=z+ % € W]HIO(E, B). Let us see where the function f(z,) defined here will map the unit disk.

See Figure 2.

Example 2. Let [ = 7 + € W]HIO(oc,[S). Andlet « = 1/2and 0 < B < 1/2. Then,

Figure 2. Image of the unit disk under the [ function.

2. The Sharp Coefficient Estimates and Growth Theorems of WH (x, 3)
In this section, we will examine the WH (e, B) class.
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The first theorem is about the conditions under which a given function will belong to
the WHC(«, ) class, and what properties a function in the WH'(«, ) class has.

Theorem 1. The function [ = fi+ ¢ defined in (1) is in class WH°(«, B) if and only if
Fo=fi+0gec Wy, B)foreacho(|o| =1).

Proof. Suppose xtupf = fi+ g € WH(«, B). Then, by using (2) for z € D, and also for
each complex number o with || = 1, we obtain

)5(4) +04(z) y

Re[(ZB t1-« a—2)("(z) +og'(2)) + Ba("(2) + 09" (2))

- Re[@rs 110 ) | (2B (2) + pah ”@)]

N

1 Re [a<(2[3 +1- a)‘ﬂf) + (o —2B)g"(7) + BM”(%))]
> Re[(ZB +1-— oc)@ + («—2p)fi'(2) + Bzh "(z)]

4,
~ |+ 1- 0T (a-26)g(2) + g (2]

>0, 7 €D.

Thus, F ¢ € Wy(, ) for each o(|o| = 1). Conversely, let F , = fi+cg € Wy(ex, B).
This implies that

7,

o((2p+1— )& + (a—2B)g" (1) + B1g"(2))]- o

Re|(2B +1— o) 2% 1 (x — 2B)6'(2) + Bzfi ”(z,)}
> —Re

Setting A = (2B +1 - )72 + (a ~ 28)g”(2) + g (), 9o = argl.A]. Therefore,
A = | Ale'?0. For each fixed 7 € Dy, r € (0,1) and arbitrarily chosen complex number ¢
with |o] =1, ie., 0= el(mt=go) (3) becomes

Re {(2[3 41— oc)ﬁ(j’) + (= 2B)fi'(7) + Bzhi ”(4)}

> —Re /(") A] = —Re[el" | AJe| = —Re(e™)|A| = | A| (7 € D).

This shows that { € WH(«, B). O

Now, let us examine the coefficient relation of the co-analytical part of a function f of
class WHC («, B).

Theorem 2. Let [ be a function of type [ = fi+ ¢ in WH®(«, B) class. Then, for n > 2,

1
STr (It 2+ )]

|bx | 4)

1 _
e e R K

The result is sharp and equality applies to the function [(z,) = 7+ 1= 0

Proof. Let us assume that the function [ defined in type (1) belongs to class WHO(OC, B).
Using the series representation of g(pe'?), 0 < p < 1and ¢ € R, we derive

PP 2B+ 1 — o+ (= 2B)m + Br(—1+n)]|by|

27 .
1 1@ , ) ) , l
< o 0/ (2B +1- “>gn(pif¢) + (0= 2B)g" (pe'?) + Bpe'Pg " (pe'?) |

pe
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271 )
1 f( 06l / ' .
< 2710/Re[(2[5+1_a)(:;(19)+(“_26)ﬁ (06'?) + Bpe'fi (pe"’)]d(p

127'[
= — [ R

27T/e
0

= 1

1+ i (14 (=1+n)a+p(-2+ n)])anplmei(lm)rp] do
n=2

Allowing p — 17, we prove the inequality (4). Moreover, the equality is achieved for

Ia) = 5+ emrmreczm AT D

The following theorem, which allows us to understand the relationship between the
coefficients of the function J, also allows us to solve the problem of finding an upper bound
for the coefficients of the functions in the WHO(oc, B) class.

Theorem 3. Let [ be a function of type [ = fi+ ¢"in WH® («, B) class. Then, for n > 2, we have

2
ST (Cl+n)at b2+ )]

(i) lan | + [bn|

2

(ii) ||aIL| - |bIL|| < 1+(71+Q)[(x+ B(*2+Il)]

2
ST (et b2+ a)]

(i) |ay |

All boundaries are sharp here. Conditions of equality for all boundaries are satisfied if

Na)=a+ IEZ 1+(71+n)[§+ﬁ(72+n)] 4t

Proof. (i) Let us assume that the function f defined in type (1) belongs to class WH® (a, 3).
Then, from Theorem 1, F, = fi+cg € Wy(x, p) for each ¢ (|o| =1). Thus, for each
|o| =1, we have

fi(z) + od(z)

Re|(2p +1— ) ;

+ (x—2B)(f(z) + 0g(z)) '+ Ba(f(z) +cg(z))"| >0

for z € D. From here, we see that there exists an analytical function p of the type

(o)
p(z) =1+ Y pypz™, whose real part is positive, which satisfies Equation (5) in the open
n=1

unit disk D, such that

fi(z) +o
2 -+1- o ML | () ((s) + 010)) "+ Bislhila) + () " = () 9
If we equate the coefficients in Equation (5), we obtain the following relation

(T+ (=1+n)ec+B(=2+n)])(ay +0by) = p_14p forn > 2.

According to Caratheodory (for detailed information, see [20]), since |p,| < 2 for
n >1,and o (|o| = 1) is arbitrary, the proof of the first inequality is thus completed. The
proof can be completed by using the method used in the first proof in other parts of the theo-
rem. In all cases, the state of equality is provided by the function

[e9)

_ 2
Hz) =2+ 1122 1+(—1+11)[oc+[3(72+11)]%n' =
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Theorem 4. Let [ be a function of type [ = fi+ ¢ in HO class with

fzu (1)t B(-2+ ) (Jan| + Ibal) < 1, ©
L

then § € WHO (, B).

Proof. Let us assume that the function { defined in type (1) belongs to class HO. Then, using (6),
h
Re {(2(3 +1- OC)(Z) +(a—2p)4"(z) + Bzb "(%)}

Re

1+ f} (1+ (=14 n)[oc+B(—2+ n)])am—”’l]
n=2

> 1= Y (U (<14 ot B(=2+ n)])lag
n=2

Y%
agk

(14 (=1+n)[a+ B(=2+n)])[bn|

n=2

> | (1)t B2+ n)])baz R
n=2

= |ep+1- D2 (w2p)g(0) + Bag " ()]

Hence, [ € WH(«, B). O

The following theorem determines the lower and upper bounds for the modulus of
the function J.

Theorem 5. Let [ be a function of type [ = fi+ ¢ in WHC (o, B) class for o > p > 0. Then,

() g 3 o
2| + zqu 1+(—1+TL)[0¢+[3ZE—2+11)] < Wa)] < lal + anzlz 1+(—1+IL)[ZL06+B(—2+IL)]

. oy . _ ® 2
The result is sharp and equalities apply to the function [(z) = 7z + ng (B ey | Y ) 7.

Proof. Let [ be a function of type [ = fi+ ¢'in class WH(«, ). Then, using Theorem 1,
Fo=h+0g € Wy(x p),and for each |o| = 1, we have Re{p(z)} > 0, where

pa) = (26 +1- )2

+ («=2B)F g(2) + BaF ;' (4).

If we then apply the method used by Rosihan et al. (Theorem 2.1 [16]), we get the
following result

_1.d 1 1.4 d 1_
p(z) = uvz! id%[%}‘ 11*1@(4; 1&(&))}

where 1 and v be two nonnegative real constants satisfying

u+v=o—fand uv = p.

Thus,
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zs" is written instead of w and, after a few operations,
1
%*%Jrli %71 — 1/ % u
4 i (4 Fa(a)) =5 /4 p(zs")ds
0
and
d 1]
“ v—l _ - %—1 u
¥ (% Fo(%)) 5 /4 p(zs")ds
0
and
) 11
- / / p(4t%s")dsdt @)
00

is obtained. We say that an analytic function f is subordinate to an analytic function g, and
write f < g, if there exists a complex valued function @ which maps D) into oneself with
@(0) = 0, such that f(z) = g(@(z)) (z € D). Where < shows subordination symbol, on

. 1+4 x 71
the other hand, since Re{p(z)} > 0, then p(z) < [2]. Let¢(z) =1+ rEl ((E=EE)

and p(z) = {2 =1+ Zl 27.. Using Equality (7), we obtain

Fv(%)
Z,

=< (¢*p)(2)

(1 E i)« (1 £2¢)
n=1 (1 + un,) (1 + Z)IL) n=1

1
dtds >

0/1 —qt”s“) * (1 + Z 2&4)

)3

I
—
o

n=1
= 1+ 2 7z
a1+ (=14 n)[x+B(-2+n)]
Since
’F«r(a)‘ _ ’ﬁ(%)+<fﬂa)'
7, 7,
< 1+2i 4l
"1+ na+B(=1+n)]
and
’Fa(a)’ _ 'ﬁ(z)+<fsf(4)’
7, 7,
> 1+2i (=1)|z|"

a1+ nfa+ B(=1+n))

’ﬁ(ﬁ)’+‘<¢(@’ : 1+2§11+n[0<4|r%f3’3?—1+n)]

and
(=1)"z|"

>1+221+n[0¢+6( =

e
4, 4

Then,
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H(z)] < [A(a)] +|g(a)]
Q\QH
< +2
S 2 L S s
2]
= +2
242 ) S T e B2 ]
and
H2) = (=) - g(z)|
(=1)%fal "
> +2
= Il Z,: 1+n[e+B(—1+n)]
(=1~ a)"
= |z|+2 :
“ 21+( L+ n)[a+ B(=2+n)]
Since o (|o| = 1) is arbitrary, we have
1)1+, 1 0 n
|Z»‘+221+ e I(Z“)lS|4|+2221+(—1+Q)‘[ZL0<+B(—2+IL)] % €D
IL:
O

3. Geometric Properties of Harmonic Mappings in WHC (o, 3)

In this section, we will examine the geometric properties of the functions in the
WHC(«, B) class. We shall provide the radius of univalency, starlikeness and convexity
for functions belonging to the class WH(«, ). Let us consider and remember the three
lemmas that will guide us in the theorems given in this section and shed light on the proofs.

Lemma 1 (Corollary 2.2 [21]). Let f = fi+ ¢ be a sense-preserving harmonic mapping in the
open unit disk. If for all o (|o| = 1), the analytic functions F , = A+ o4 are univalent in D, then
[ is univalent in D.

Lemma 2 ([16]). Let F € Wy(«, B), with « > > 0. Then, F is univalent in |z| < ro, where
ro is the smallest positive root of the equation v(r) = 0 with

ffltllsll(z—1>dsdt «>0,B>0
00 (1 + str)? ’ ’ ’

o(r) = ) . 8)
2
Of(w—1>dt, «>0,B=0

This result is sharp.

Lemma 3 ([22,23]). Let { = fi+ ¢ be a harmonic mapping, where fi and ¢ have the form (1). If
Y n(|ag| + |by|) <1, then [ is starlike in D; if - n?(|ay| + |by|) < 1, then [ is convex in D.
n=2 n=2

Theorem 6. Let [ = fi+ g € WHO(a, ) be a sense-preserving harmonic mapping in I, then
{(z) is univalent in |z| < ro, where v(r), as given in (8), ry is the smallest positive root of the
equation v(r) = 0. This result is sharp.

Proof. Let [ = fi+ g€ WH®(a, B). Then, using Theorem 1, [, = fi+ oq € Wy(«, B) for
each o (|o| = 1). Referring to Lemma 2, we derive that functions f ; = i+ cg € Wy(«, B)
are univalent in |z| < rp for all ¢ (|o| = 1). Because of Lemma 1, we see that functions in
WH? («, B) are univalent in |7z| <rp. O
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Theorem 7. Let { = fi+ ¢ € WH (c, B) be a sense-preserving harmonic mapping in D with
3B <a<1+2Band0 < B <1, where fiand ¢ are the type in (1). Then, fis starlike in |z| < rq,
where 11 is the smallest positive root in (0,1) of the equation

1
v

7,/1 v(u— 1)17% —u(v—1)yt
0

1—ry di = !

where u+v = o — B, uv = B and (u—v)?> = (u+ )% — 4uv.

Proof. Let0 <7 < 1and

5(z) =717 (rz) = r i(rz) +r g(ra)
so that

F(z) =2+ Y agr 7+ Y byrilzn, z € D.
n=2 n=2

For convenience, we let

[ee]
= Z (|an |+ [br|)r™ .

According to Lemma 3, it suffices to show that & < 1 for r < rq. Using Theorem 3(i), &
gives that

= S n n-1
SRS DY b Ty

= 2 y 1 poitn
i (<1+n+1)(-1+n+1)
20u—1) &t 2u(v—1) &

u=v g SH-ldn+y  UTD m_—1+q+%

20(u 1 & _ 1 _ 1
-zl HZ/@ sty 200 1) vZ/é”vad@
29 n—2
2w(u—1) _1 [ i 2 1)
o(u—1) _1 u u(v—1) _1
 u-v ruol—g',‘dg u—ov ru/l— 4
1 1 1 1
_ 2v(u—1)r nu dﬂ_Zu(v—l)r ;7v dn
Uu—0 J 1—ry U—70 , 1—ry

1
2r /v(u—l)n; —M(Z)—l)ﬂ%
M—UO 1—ry

dy.

It is easily seen from the last two inequalities that & < 1if r <r;. O

Theorem 8. Let [ = fi+ ¢ € WH(«, ) with3p < o < 14 2B and 0 < p < 1, where fi and
g are the type in (1). Then, fis convex in |z,| < ra, where r is the smallest positive root in (0,1) of
the equation

1
r / uv —v) U%—(uv—u)zry%d 1
1—r uv(u—v / 1—ry T=7

where u+v = o — B, uv = B and (u —v)* = (u+v)? — duo.
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Proof. Let0 <7 < 1and

b(z) =r"Y(rz) = rhi(rz) +r'g(ra)

so that
o0 o0
(z) =2+ Za,lr“*lzﬂ + Z bpri—lzn. z € D.
n=2 n=2
For convenience, we let
(o]
Y = Y n?(|an|+[ba )
n=2

According to Lemma 3, it suffices to show that Y <1 for r < rp. Using Theorem 3(i), Y

gives that

2
Y < 1 —l+n

= 2E21+(71+n)[“+f5(*2+’1)]r
20(u—1) & arttt Sz 1) g v

u—v = -l4+n+i u—0 =H-l+4n+1
/
20(u—1) i ri C2u(v—1) & ri
U—v Q:z—l+n+% u—v = -1+n+1
!/
r
20(u — -1 24n4l 2u(v—1) -1 > oupal
_ s\ id > +IZ_+.L,d
u—o Z‘/é’r ¢ u—v rLZ::z ¢ ¢

0
P! PR
_ 2 +20(u 1) f%/ dC—ZM(v 1) f%/ ¢ dz
1—r  u(u—o) 1-¢ v(u —v) / 1-¢
1)2 1 7 2 ol
- 12—rr r/1 fﬁf—x r/lzr a1
0 0 T
1
2r / uv —v) ﬂz«—(uv—u)ziy%
— dn.
1—r (u—v) J 1—ry

It is easily seen from the last two inequalities that Y < 1ifr <rp. O

4. Convex Combinations and Convolutions

In this section, we investigate that the class WH (e, ) is convolutions and closed
under convex combinations of its members.

Theorem 9. The class WHC («, B) is closed under convex combinations.

Proof. Suppose [; = fi; + ¢; € WH(«, B) fori = 1,2,...,n and E ¢ =1(0<¢ <1).
i=1
The convex combination of functions f; (i = 1,2,...,n) may be written as

n

Hz) =Y cifi(z) = (z) + (z),

i=1
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where
n

f(z) = Y. cii(z) and g(z) = Y cigila).

=1 i=1

Then, both £ and ¢ are analytic in the open wunit disk D with
£(0) = ¢(0) = £'(0) =1 =g'(0) =0and

Re [(zﬁ +1-0) "2 4 (w206 () + s ”@}

n

= Re| Yo (2p 1w Y +<a—zmﬁ/<a>+ﬁaﬁi"<m)]

i=1
n
> Z Ci
i=1

@6 +1- ) L2 1 (0= 28)g" () + B ()

(28 +1— «) gi;q) + (x—2B)gi(z) + BZJ/’(&)‘

showing that f € WH (e, ). [
A sequence {A }7”_, of non-negative real numbers is said to be a convex null sequence,

ifAp #0asn —o0,andAg—A > A =AM > A —A32>--- > A1 —Ay > --->0.The
following lemmas are needed to complete the proof.

Lemma 4 ([24]). If {An }7)_ is a convex null sequence, then function

}\ o0
q(Z,) = EO + Z )\QZ.IL
n=1

is analytic and Re[q(z)] > 0in D.
Lemma 5 ([25]). Let the function p be analytic in the open unit disk D with p(0) = 1 and

Re[p(z)] > 1/2 in the open unit disk D. Then, for any analytic function F in D, the function p * F
takes values in the convex hull of the image of D under F .

Lemma 6. Let F € Wy(ex, B), then Re {F(ZJ)] >
4,

NI~

Proof. Suppose /' € Wo(e, B) is given by f (z) = 7 + L;_» Ag2z™, then

Re|1+ iz(l +(=1+n)[a+B(—2+n))Agz | >0 (4 €D).
n=
This expression is equivalent to Re[p(%)] > % in D, where
pla) =1+ 3 (14 (Lot B2+ ) Ag 40
Now, consider a sequence {A, }7°_ defined by
A =2and A_1y, = 2 for n > 2.

14+ (=1+n)[a+B(—=2+n)]

It can be easily seen that the sequence {A, }}’_ is a convex null sequence. Using
Lemma 4, this implies that the function
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—l+n

o 2
a(z) :1+Q§21+(_1+Q)[oc+ B(—2+n)

is analytic and Re[q(z)] > 0 in D. Writing

F(z) _ = 2 _
T P <1+,§21+(—1+n)[“+ B(—2+n)] HIL)’

F(z)
4,

and making use of Lemma 5 gives that Re{ } > % forz e D. O

Lemma?7. Let F; € Wo(«, B) fori =1,2. Then, F 1% F» € Wy(x, ).

Proof. Suppose [ 1(7) = 7z + L7 »,Agz" and [2(z) = 7+ L7 _, Byz™. Then, the
convolution of f 1(z) and F »(z) is defined by

F(2)=(FisFa)(z) =4+ Y. ApByal
n=2

Since F '(z) = F{(z) * FZT(ZL), we have

(2B +1-— cx)% + (x—=2B)F '(z) + Bar "(z)
9
Fz(Zu)' ©)

= (2B +1— )8 4 (w—28)F{(2) + BaF {'(2)] +

Since f1 € WO((X/ B)/

Re {(2(5 +1-«) Fala) (x=2B)F1{(z)+ ﬁqFl”(q)] >0(z €D)
. Fa(z) 1 . . .
and, using Lemma 6, Re . > 5 in D. Now, applying Lemma 5 to (9) yields
Re[(zfs +1— ) B2 4 (a—2p)F '(2) + BzF ”(4)} > 0 in D. Thus,

F=Fi1xF2eWy(a,p). O

Now, using Lemma 7, we give the following theorem.
Theorem 10. Let [; € WHO (&, B) for i = 1,2. Then, f; * f, € WHO(«, B).

Proof. Suppose [; = fij + ¢; € WH (e, B) (i = 1,2). Then, the convolution of f; and J, is
defined as {1 * f, = f * fiy + g7 * 5. In order to prove that f; [, € WH? («, B), we need
to prove that f , = fiy x iy + 0(¢ * ¢») € Wo(«, B) for each o (|o| = 1). By Lemma 7, the
class Wy («, B) is closed under convolutions for each o (|| = 1), f; + 0¢; € Wy(e, B) for
i = 1,2. Then, both /1 and [ ; given by

F1= (i —g1)* (fip —0g>) and [ = (i + ¢1) * (o +09g>3),

belong to Wy (e, B). Since Wy (e, 3) is closed under convex combinations, then the function
1
Fo=5(F1+F2)=fhxlh+0o(di+9>)

belongs to W (e, ). Hence, WH'(«, B) is closed under convolution. [
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Let us remember the following Hadamard product explained by Goodloe [26]:

Ixp=lix¢+g*¢,

where [ = fi+ ¢'is harmonic function and ¢ is an analytic function in D.

Theorem 11. Let [ € WH(«, B) and ¢ € A be such that Re {(P(Z“)] > %for 7, € D, then
4

SFp € WH (o, B).

Proof. Suppose that f = fi+ ¢ € WH(«, B), then [, = fi+0q € Wo(«, B) for each ¢

(lc] = 1). By Theorem 1, to show that [ ¥¢ € WH’(«, ), we need to show that
T=fhxp+o(g*¢) € Wo(x, ) foreach o (o] =1). Write T as T = F ¢ * ¢, and

2 +1- 0 % ¢ (a—28)7 " (4) + BT ()
= <<2f3 +1-0) F”f) + (o —2B)F o (2) + B%Fa”(%)) . 4’(;).

Since Re [q)(j)} > % and Re[(2[3 +1-— oc)% +(x—2B)F J(z) + BZJFU”(ZJ)} >0
in D, Lemma 5 proves that 7 € Wy(e, ). O

Corollary 1. Let f € WH(«, B) and ¢ € K, then [ ¥¢ € WH(«, B).

Proof. Suppose ¢ € K, then Re {(P(Z“)} > % for 7 € . As a corollary of Theorem 11,
4,

[%p € WHY(a, B). O

5. Discussion

In this research, we examine some specific properties for harmonic functions defined
by a second-order differential inequality. First, we gave the necessary definitions and
preliminary information. Then, we define and prove the coefficient relations and growth
theorems for the WHO(«, B) class. Then, we examined the geometric properties of the
harmonic mappings belonging to the WH'(«, ) class. Finally, we proved the theorems
about convex combinations and convolutions. Today;, it is known that harmonic functions
have a very wide field of study. Moreover, it is known that application areas are used by
different disciplines. With this study, we aim to shed light on studies in other disciplines.
We think that the results of this study, which will be used by many researchers in the future,
will connect with different disciplines. In addition to all these, this study will act as a bridge
between the articles written in the past and the articles to be written in the future.
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