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Abstract: The semiconductor industry is a rapidly growing sector. As collection technologies for 
production data continue to improve and the Internet of Things matures, production data analysis 
improves, thus accelerating progress towards smart manufacturing. This not only enhances the pro-
cess quality, but also increases product lifetime and reliability. Under the assumption of exponential 
distribution, the ratio of lifetime and warranty has been proposed as a lifetime performance index 
for electronic products. As unknown parameters of the index, to use point estimates to assess life-
time performance may cause misjudgment due to sampling errors. In addition, cost and time limi-
tations often lead to small sample sizes that can affect the results of the analysis. Type-II censored 
data are widely applied in production and manufacturing engineering. Thus, this paper proposes 
an unbiased and consistent estimator of lifetime performance based on type-II censored data. The 
100(1 − α)% confidence interval of the proposed index is derived based on its probability density 
function. Overly small sample sizes not only make the length estimates of lifetime performance in-
dex intervals for electronic products too long, but they also increase sampling errors, which distort 
the estimation and test results. We therefore used the aforementioned interval to construct a fuzzy 
test model for the assessment of product lifetime and further help manufacturers to be more prudent 
and precise to evaluate the performance of product life cycles. A numerical example illustrates the 
applicability of the proposed model. 

Keywords: relative lifetime performance index; type II censoring data; unbiased estimator;  
consistent estimator; confidence-interval-based fuzzy testing method 
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1. Introduction 
The semiconductor industry is involved in the wafer manufacturing, integrated cir-

cuit (IC) design, packaging, and peripheral components necessary for end products such 
as smartphones, tablet computers, and smart internet end devices [1,2]. Industry clusters 
in Taiwan represent a crucial industry chain for consumer electronics worldwide [3–6]. 
Offering good product quality not only enhances its product lifespan and reliability, but 
also bolsters user satisfaction and willingness to use it [2,7]. As the collection technologies 
for production data continue to improve and the Internet of Things matures, production 
data analysis improves, thus accelerating progress toward smart manufacturing. This not 
only enhances the process quality, but also increases the product lifetime and reliability 
[8]. Furthermore, owing to the limitation of the cost and time, the estimation accuracy of 
the samples in the study leads to not being significant. Thus, in order to increase its esti-
mation accuracy and eliminate the uncertain measurement data, confidence interval-
based fuzzy evaluation models were built up via the confidence interval of indices in the 
study [9,10]. In order to prevent the risk of misjudgment caused not only by sampling 
errors but also by factoring in expert experiences and past data into consideration, it be-
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comes necessary to increase the accuracy of each case with smaller sample sizes and ana-
lyze data with confidence intervals. Constructing a fuzzy test model to evaluate the prod-
uct lifetime is also a way to compensate for sampling errors in small sample sizes [7,9]. 

As for product marketing, the term of warranty is shown to be a crucial index. Chen 
and Yu [11] indicated that whether customers feel satisfied with the products and be will-
ing to use them lies in the good quality of the product with longer product lifetime and 
its reliability. Many researchers have confirmed the convenience and efficacy of process 
capability indices (PCIs) for the assessment of process quality in practice [12]. PCIs have 
also been applied to the lifetime and reliability of electronic products [13]. On the basis of 
some studies shown, it has been proved that ameliorating the process of quality check is 
able to shun off some unnecessary cost caused by the rework and defective products. Fur-
thermore, it is also able to decrease energy consumption and carbon emissions [14,15]. It 
is of importance to manufacture all parts of the product with high quality. In order to 
make all the final products meet the quality standard, forming stringent requirements be-
comes necessary [16]. 

Additionally, in the industrial field, on account of the limitation of cost and time, 
noticing small-size samples implemented in the survey is not uncommon [17]. According 
to some previous studies conducted by the experts, it has been argued that utilizing the 
analyzing tool, fuzzy evaluation model, to analyze the sample with small data is able to 
make the result of the survey reach its reliability and validity [9,10]. Additionally, in order 
to lower the risk of misjudgment caused by sampling errors, putting interval estimates 
into practice has been proved to be much more accurate compared to the point estimates 
[7]. 

Product lifetime is exponentially distributed with mean λ . Tong et al. [18] proposed 
the following lifetime performance index LC : 

1T
L

T

L LC μ
μ λ

−
= = −  (1)

where L denotes the minimum number of time units that the lifetime of each electronic 
component is required to reach, and parameter λ  is the expected value Tμ  of the elec-
tronic component lifetime. We assume that the lifetime of the electronic component (T) 
follows an exponential distribution with the mean λ ; thus, the probability density func-
tion of T is as follows:  

1( )
t

Tf t e λ

λ
−

= , t > 0 (2)

As noted by Chen and Yu [19], when the mean lifetime of the electronic component
λ ≥ L, then the lifetime performance index LC  ≥ 0. Clearly, the greater the lifetime per-
formance index LC  is, the better its lifetime performance is. However, the warranty pe-

riod of a product is generally only three years (L = 3), yet only when the mean lifetime λ  
approaches infinity does the lifetime performance index LC  of the electronic component 
approach 1. This does not fit the conventions of the industry. Chen et al. [20] therefore 
proposed a relative lifetime performance index. This index is defined as follows: 

= =T
L L L

μ λβ  (3)

As noted by Chen and Yu [19], the lifetime performance index is the ratio of λ  and 
L. The one-to-one relationship between both index Lβ  and LC  is 1= (1- )L LCβ − . If the 
relative lifetime is X = T/L, then (1) when random variable X < 1, the lifetime of electronic 
component is denoted as equal to the warranty (T < L), (2) when random variable X = 1, 
the lifetime of the electronic component is denoted as equal to the warranty (T = L), (3) 
when random variable X > 1, the lifetime of the electronic component is denoted as longer 
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than the warranty (T > L). Thus, X is the only value required for managers to assess if 
product lifetime is sufficient. 

The probability density function of relative lifetime X is as follows:  

( )Xf x =
1
L L

xexp
β β

 
− 
 

, x > 0 (4)

Relative lifetime X is an exponential distribution with mean Lβ . Therefore, the fail-
ure rate is 1( )X Lr x β −=  and product reliability ( )1(1) expr X Lp S β −= =  where ( )XS x  is the 
survival function of relative lifetime X as follows: 

( )XS x  = ( )p X x>  = 
L

xexp
β

 
− 
 

, x > 0 (5)

As pointed out by Chen et al. [21], the unknown parameters in the index decrease its 
accuracy if the point estimates are simply utilized to evaluate the data with small-size 
samples [7,19,21–23]. As the results of statistical tests tend to vary with sample size, cen-
soring can be applied to achieve consistent results in a short time [22–26]. Type-II censor-
ing is widely applied in production and manufacturing data. Thus, this paper proposes 
an unbiased and consistent estimator for the lifetime performance index Lβ  based on 
type-II censored data. The 100(1 − α)% confidence interval of the index Lβ  is derived 
based on its probability density function. Using this interval and the method proposed by 
Chen and Yu [19], a fuzzy test model is constructed to assess whether product lifetime 
performance reaches the required level. The application of the model proposed in the 
study is demonstrated through a numerical example. The final section presents our con-
clusions. 

The rest of the present paper would be arranged as follows. In Section 2, we derive 
the estimator and find the confidence interval of the lifetime performance index. Section 
3 presents the fuzzy test method for lifetime performance index. We employ an applica-
tion to demonstrate the efficacy of the proposed approach in Section 4. Conclusions are 
given in Section 5. 

2. Estimation of Ratio for Lifetime Performance Index  
Incomplete data collection due to external or human factors during product develop-

ment can reduce the reliability of analysis results. Censoring type is a form of data collec-
tion that is accurate as well as cost-effective and quick [14]. Censoring type can be divided 
into three types: type-I censoring, type-II censoring, and random censoring [27]. Type-II 
censoring is the most widely applied in production and manufacturing engineering 
[14,27]. Furthermore, type-II progressive censoring has become a common approach to 
the analysis of lifetime data for highly reliable products [14,28–31]. 

The proposed index must be estimated based on sample data. The lifetime T follows 
an exponential distribution with mean λ, denoted as ( )~T exp λ . The relative lifetime X 
= T/L is an exponential distribution with mean Lβ  , denoted as ( )~ LX exp β  . 

( )1 2, ,..., nT T T   and ( )1 2, ,..., nX X X   are random samples of T and X, respectively. 

( )1 2, ,..., nY Y Y   is a sample set of the type-II censored data, jY = ( )( ),j rmin X X

( )( ),j rmin T L T L= , j = 1, 2, …, n, where the number of uncensored data is denoted by r and 

the order statistics are denoted by ( )rX   and ( )rT  . The estimator ˆ
Lβ   of Lβ   is as fol-

lows: 

ˆ
Lβ  

1

ˆ 1 n

i
i
YL r

λ
=

= =   (6)
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where 

1

ˆ =
n

i
i

L
Yr

λ
=
  (7)

If random variable W =  ˆ2 L Lrβ β , according to Chiou and Chen [14], W follows a 
chi-square distribution with 2r degrees of freedom, denoted by W ~ 2

(2 )rχ . Therefore, the 

expected value of the estimator ˆ
Lβ  is as follows: 

[ ] ( )ˆ 2
2 2
L L

L LE E W r
r r

β ββ β     = × = × =        
 (8)

ˆ
Lβ  is an unbiased estimator of the lifetime performance index Lβ . Its variance is 

calculated as follows: 

[ ] ( )
2 2 2

2
ˆ 4

2 4
L L L

LVar Var W r
r rr

β β ββ
    = × = × =       

 (9)

For large samples, 

( ) ( )
22ˆ ˆlim lim lim 0L

L LLE Var
rn n r

ββ ββ− = = =
→ ∞ → ∞ → ∞

 (10)

Based on Equations (8) and (10), ˆ
Lβ  is an unbiased and consistent estimator of the 

lifetime performance index Lβ . The 100(1 α− )% confidence interval of the lifetime per-
formance index Lβ  is derived as follows: 

1 α− { }2 2
(2 ), ( 2 ), 1 / 2/ 2r rp W αα

χ χ −= ≤ ≤
2 2
(2 ), (2 ), 1 /2/2

ˆ2 L
r r

L

rp αα

β
χ χ

β −

  = ≤ ≤ 
  

 

2 2
(2 ), 1 /2 (2 ), /2

2 2ˆ ˆ      L L L
r r

r rp
α α

β β β
χ χ−

     =   ≤ ≤         
 

(11)

where 
2
(2 ), /2r αχ   is the lower 2α   quantiles of 2

(2 )rχ   and 
2
(2 ),1 /2r αχ −   is the lower 1 − 

2α  quantiles of 2
(2 )rχ . Therefore, the lower confidence of the lifetime performance in-

dex Lβ  is 

LLβ 2
(2 ), 1 /2

2

r

r

αχ −

 
=   
 

ˆ
Lβ  (12)

Similarly, the upper confidence of the lifetime performance index Lβ  is 

LU β 2
(2 ), /2

2

r

r

α
χ

 
 =
 
 

ˆ
Lβ  (13)

The length of the 100(1 α− )% confidence interval of the lifetime performance index 
Lβ  is 

Llβ = LU β − LLβ =
2 2
(2 ), / 2 (2 ), 1 /2

2 2

r r

r r

α αχ χ −

 
 − 
 
 

ˆ
Lβ  (14)
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Since ˆ
Lβ  is an unbiased estimator of the lifetime performance index Lβ , the fol-

lowing defines the expected length of the 100(1 α− )% confidence interval Llβ : 

( )LE lβ =
2 2
(2 ), / 2 (2 ), 1 /2

2 2

r r

r r

α αχ χ −

 
 − 
 
 

Lβ  (15)

For fixed (1 − α) × 100% = 95%, sample n = 100, r = 10 (10) 100, and Lβ  = 1 (1) 5, the 
expected value ( )LE lβ  is shown in Figure 1, where r = 10 (10) 100 indicates that the value 
of r begins at 10 and increases by 10 each time until its value equals 100. Similarly, index 
Lβ  = 1 (1) 5 means that the value of the index Lβ  begins at 1 and increases by 1 each 

time until its value equals 5.  
Given confidence level ((1 − α) × 100%) and sample size n, the smaller the mean length 

of confidence interval ( )LE lβ  is, the better estimation of the index Lβ  under different 
numbers of uncensored data r is. As noted in Figure 1, when index Lβ  is fixed, the mean 
length of the confidence interval ( )LE lβ  is inversely proportional to the number of un-
censored data r. This means that the better the estimate of the index Lβ  is, the more un-
censored data have been collected. 

 
Figure 1. ( )LE lβ  curves for Lβ  = 1(1)5, r = 10(10)100, and α  = 0.05. 

3. Fuzzy Test Method for Lifetime Performance Index 
In this section, for the purpose of determining whether lifetime performance meets 

its requirement, a fuzzy test method is utilized. The hypothesis is 0H : Lβ  ≥ c vs. 1H :

Lβ  <  c [19], where c is the minimal value of relative lifetime performance index Lβ  re-
quired by customers. The following statistical testing rules are taken into consideration: 

(1) If ˆ
Lβ  <  RC , then Lβ  <  c (i.e., the null hypothesis is rejected). 

(2) If ˆ
Lβ  ≥ RC , then Lβ  ≥ c (i.e., the null hypothesis is not rejected). 

RC  is the critical value determined by 
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{ }0
2ˆ = < R

L R L
r Cp C c H p W
c

β β α < ∈ = = 
 

 (16)

Hence, RC  can be calculated as follows: 

RC =
2
(2 ),

2
rc
r

αχ
 (17)

If we let 1 2, , ..., ny y y  be the observed value of 1 2, , ..., nY Y Y , then the observed value of 
the estimator is 

0
ˆ
Lβ  = 0̂

L
λ  

1

1 n

i
i
y

r =

=   (18)

where 

0̂λ  = 
1

n

i
i

L y
r =
  (19)

As noted by Buckley [32], the -cutsα  of triangular fuzzy numbers 0Lβ  are [19,22] 

0Lβ [ ]α  = 
( ) ( )

( ) ( )
01 02

01 02

ˆ ˆ, ,  for 0.01 1

ˆ ˆ0.01 , 0.01 ,  for 0 0.01

L L

L L

β α β α α

β β α

  ≤ ≤ 

  ≤ ≤ 

 (20)

where 

( )01
ˆ
Lβ α  = 2

(2 ),1 / 2

2

r

r

αχ −
0

ˆ
Lβ  (21)

and 

( )02
ˆ
Lβ α  = 2

(2 ), / 2

2

r

r

αχ 0
ˆ
Lβ  (22)

Obviously, the value of ( )01
ˆ
Lβ α  is not equal to the value of ( )02

ˆ
Lβ α  with <α  1. 

As =α  1, ( )01
ˆ 1Lβ  = ( )02

ˆ 1Lβ  = 
2
(2 ), 0.5

2
r

r
χ

 
  
 

 0
ˆ
Lβ  ≠  0

ˆ
Lβ . 

Therefore, this paper let 

*
0Lβ  = 

2
(2 ), 0.5

2
r

r
χ

0
ˆ
Lβ  (23)

Then, the -cutsα  of new triangular fuzzy numbers *
0Lβ  are 

*
0Lβ [ ]α  = 

( ) ( )
( ) ( )

* *
01 02

* *
01 02

, ,  for 0.01 1

0.01 , 0.01 ,  for 0 0.01

L L

L L

β α β α α

β β α

  ≤ ≤ 

  ≤ ≤ 

 (24)

where 

( )*
01Lβ α  = 

2
(2 ),0.5

2
(2 ),1 /2

r

r α

χ
χ −

0
ˆ
Lβ  (25)

and 
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( )*
02Lβ α  = 

2
(2 ),0.5

2
(2 ), /2

r

r α

χ
χ 0

ˆ
Lβ  (26)

Obviously, the value of ( )*
01Lβ α   is equal to the value of ( )*

02Lβ α   with α =   1 (

( )*
01 1Lβ  = ( )*

02 1Lβ  = 0
ˆ
Lβ ) and there is a new triangular fuzzy number, denoted as **

0Lβ  
=  Δ ( )0 0 0, ,L M Rβ β β , where 0Mβ  = 0

ˆ
Lβ , 

0Lβ  = 
2
(2 ),0.5

2
(2 ),0.995

r

r

χ
χ 0

ˆ
Lβ  (27)

and 

0Rβ  = 
2
(2 ),0.5

2
(2 ),0.005

r

r

χ
χ 0

ˆ
Lβ  (28)

The following defines the membership function of fuzzy number **
0Lβ : 

( )h x  = 

0

20
0 0(2 ),0.5

0

20
0(2 ),0.5

0                                    ,  
ˆ ˆ2 1  ,  

ˆ1                                   ,        
ˆ ˆ2          ,  

L

L
W L Lr

L

L
W Lr

if x

F if x
x

if x

F if x
x

β

β β βχ

β

β β βχ

<

  
 − ≤ <     

=

 
< ≤  

 
0

0

   

0                                   ,  

R

Rif xθ












 <


 (29)

where the cumulative distribution function of random variable W is denoted by WF . Sim-

ilarly to fuzzy numbers *
0Lβ , the -cutsα  of triangular fuzzy critical values RC  are 

RC [ ]α  = 
( ) ( )
( ) ( )

1 2

1 2

, ,  for 0.01 1

0.01 , 0.01 ,  for 0 0.01
R R

R R

C C

C C

α α α

α

  ≤ ≤ 

  ≤ ≤ 

 (30)

where 

( )1RC α  = 
2
(2 ), 0.5

2
(2 ),1 /2

r

r α

χ
χ −

RC  (31)

and 

( )2RC α  = 
2
(2 ),0.5

2
(2 ), /2

r

r α

χ
χ RC  (32)

Obviously, the value of ( )1RC α   is equal to the value of ( )2RC α   with α =   1 (

( )1 1RC   =  ( )2 1RC   =  RC  ) and the new triangular fuzzy number is 0C   =   Δ
( ), ,LR MR RRC C C , where MRC  = RC , 

LRC  = 
2
(2 ),0.5

2
(2 ),0.995

r

r

χ
χ RC  (33)

and 
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RRC  = 
2
(2 ),0.5

2
(2 ),0.005

r

r

χ
χ RC  (34)

The following defines the membership function of fuzzy RC : 

( )g x  = 

2
(2 ),0.5

2
(2 ),0.5

0                                    ,  

2 1  ,  

1                                    ,        

2          ,     

0         

LR

R
W LR Rr

R

R
W R RRr

if x C

CF if C x C
x

if x C
CF if C x C
x

χ

χ

<

  − ≤ <  
  

=

  < ≤ 
 

                          ,  RRif C x










 <

 (35)

As noted, the cumulative distribution function of random variable W is denoted by
WF . Membership functions ( )h x  and ( )g x  are presented in Figure 2: 

 
Figure 2. Membership functions ( )h x  and ( )g x . 

Based on Chen and Yu [19], this paper let set TB  be the area under the graph of 
( )g x . That is, 

TB  = ( ) ( ) ( ){ }1 2, , 0 1R Rx C x Cα α α α≤ ≤ ≤ ≤  (36)

As noted by Chen and Chang [13] and Chen and Yu [19], it is difficult to use integra-
tion to calculate the area of a set TB . The approach, trapezoidal rule, is implemented in 
the study in order to build up the area of the block TB . The procedures are following: (1) 
we classify the block TB , n = 100, into several equal horizontal blocks. (2) Each section of 
the blocks would be calculated through the approximate trapezoid area. Then, (3) the sum 
of the areas for these 100 horizontal blocks is calculated. For this reason, i = [100 ×α ] 
is considered. Then, i = 0, 1, 2, …, 100 for 0 ≤ α  ≤ 1, where [100 × α ] represents 
the largest integer less than or equal to 100 × α . Similarly, α  = i × 0.01, i = 0, 1, 2, 
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…, 100. These 101 horizontal lines are cut TB  into 100 trapezoidal blocks. Then, the fol-
lowing denotes the ith block: 

TiB  ( ) ( ) ( ) ( ){ }1 2, 0.01 0.01 , 0.01 1 0.01R Rx C i x C i i iα α= × ≤ ≤ × × − ≤ ≤ × , i = 

1, …, 100 
(37)

The following definition for the length of ith horizontal line id  as follows: 

id  = 
2 2
(2 ),0.5 (2 ),0.5

2 2
(2 ), 0.005 (2 ), 1 0.005

r r

r i r i

χ χ
χ χ× − ×

 
 − 
 
 

RC , i = 1, 2, …, 100 (38)

Obviously, 0 1d d=  and 100d  = 0, so the area TB  is 

TB  = 
100

1

1
(0.01)

2
i i

i

d d−

=

+ ×  
 

  = 
99

1

1
0.01 +

2 i
i

d d
=

 
 
 

  (39)

If RB  denotes the area under graph ( )g x  to the right of x  = 0
ˆ
Lβ , then 

RB  ( ){ }0 2
ˆ, ( ), 0L Rx x C aα β α α= ≤ ≤ ≤ ≤  (40)

where aα =  such that 2 ( )RC a  = 0
ˆ
Lβ . Similarly TB , k = [100 × a]. Then, for 0 ≤ α  

≤ a, where [100 × a] represents the largest integer less than or equal to 100 × a. Obvi-
ously, a = 0.01 × k and α  = i × 0.01, (i = 0, 1, 2, …, k) horizontal lines cut RB  into 
k trapezoidal blocks. Then, the ith block can be expressed as follows: 

( ) ( ){ }0 2
ˆ, (0.01 ), 0.01 1 0.01Ri L RB x x C i i iα β α= ≤ ≤ × × − ≤ ≤ × , i = 1, 2, …, k (41)

The following defines the length of ith horizontal line ir : 

ir  = 
2
(2 ),0.5

02
(2 ), 0.005

ˆr
R L

r i

C
χ

β
χ ×

− , i = 1, 2, …, k (42)

This indicates that 0 1r r=  and 0kr = , so the area of RB  is 

RB  = 1

1
(0.01)

2

k
i i

i

r r−

=

+ × 
 

  = 
1

1

1
0.01

2

k

i
i

r r
−

=

 + 
 

  (43)

The ratio of RB / TB  can be usefully applied to fuzzy decision-making: 

RB / TB  = 

1
1

1
99

1

1

0.01
2

0.01
2

k

i
i

i
i

r r

d d

−

=

=

 + 
 
 + 
 




 (44)

However, calculation of RB / TB  is complicated.  
According to Equations (39) and (43), these have calculated that, respectively, obtain-

ing the block areas of TB  and RB  is extremely complicated. Therefore, for the purpose 
of simplifying the complicated calculating process of ratio RB / TB , the technique, mem-
bership functions ( )g x  and ( )h x  with asymmetry (in Figure 2), proposed by Chen and 
Chang [13] is utilized in the present study. The method suggested by Chen and Chang 
[13], to replace Rd  (the length of the base of the set RB ) with the area of RB , facilitates 
industrial applications. Similarly, Td  (the length of the base of the set TB  ) is replaced 
with the area of TB . As the membership functions are asymmetric, Td  = 2( RRC  −  RC
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) on the basis of Chen and Chang [13] and Chen et al. [20]. In Figure 2, by using the prin-
ciple of similar shapes, the square of the side length ratio is equal to the area ratio. Next, 
RB / TB  was replaced with Rd / Td  as the fuzzy evaluation tool, where Rd  and Td  are 

calculated as follows [13,20,33]: 

Rd  = RRC  −  0
ˆ
Lβ  = 

2
(2 ),0.5

2
(2 ), 0.995

r
R

r

C
χ

χ
 −  0

ˆ
Lβ  (45)

and 

Td  = 2( RRC  −  RC ) = 
2
(2 ),0.5

2
(2 ),0.005

2 r
R R

r

C C
χ

χ

 
 − 
 
 

 (46)

Based on their past experiences originating from other experts and the past data over 
the certain products [34], manufacturing engineers are allowed to define the values of 1δ  
and 2δ . The following two numbers 0 < 1δ  < 2δ  < 0.5 and δ  = Rd / Td , the fuzzy test 
rules are as follows [13,20,35]: 
(1) If δ  <  1δ , then conclude that Lβ  ≥ c (i.e., do not reject 0H ). 
(2) If 1δ  ≤ δ  ≤ 2δ , then make no decision; more information is needed. 
(3) If 2δ  <  δ  <  0.5, then conclude that Lβ  < c (i.e., reject 0H ). 

4. Practical Example 
This section presents a numerical example to demonstrate the proposed fuzzy test 

method. The required value of the lifetime performance index is at least 3; thus, the null 
hypothesis is 0H : Lβ  ≥ 3 vs. the alternative hypothesis 1H : Lβ  <  3 [19]. If 1 2 30, ,...,y y y  
is the observed value of 1 2 30, , ...,Y Y Y  with number of the uncensored data r = 18 (r/n = 
60%), then the observed value of the estimator is 

0
ˆ
Lβ  = 

1

1 41.6894
18

n

i
i
y

r =

=  = 2.316 (47)

The values of 0Lβ  and 0Rβ  are then calculated as follows: 

0Lβ  = 
2
(18),0.5

2
(18),0.995

χ
χ

 ×  2.316 = 1.329 (48)

and 

0Rβ  = 
2
(18),0.5

2
(18),0.005

χ
χ

 ×  2.316 = 4.576 (49)

Furthermore, the membership function of fuzzy numbers **
0Lβ  is 

( )h x =

2
(36),0.5

(36),0.5

0                                               ,  1.329

1.32902 1  ,  1.329 2.316

1                                                ,  2.316      
1.32902

W

W

if x

F if x
x

if x

F
x

χ

<

  − × ≤ <  
  

=

× 2            ,  2.316 4.576  

0                                                ,  4.576

if x

if x

χ







   < ≤   
 <

 (50)
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where 2
(36),0.005χ   = 17.887, 2

(36),0.995χ   = 61.581, and 2
(36),0.5χ   = 35.336. As the significance 

level is α =  0.05, then 

RC  = 
2
(2 ),

2
rc
r

αχ
 = 

2
(36), 0.053
36

χ
 = 1.939 (51)

The values of LRC  and RRC  are calculated as follows: 

LRC  = 
2
(36),0.5

2
(36),0.995

χ
χ

 × 1.9391 = 1.113 (52)

and 

RRC  = 
2
(36),0.5

2
(36),0.005

χ
χ

 ×  1.9391 = 3.831 (53)

Furthermore, the membership function of fuzzy number RC  is 

( )g x  = 

2
(36),0.5

2
(36),0.5

0                                          ,  1.113

1.93912 1  ,  1.113 1.939

1                                           ,  1.939     
1.93912      

W

W

if x

F if x
x

if x

F
x

χ

χ

≤

  − < <  
  

=

 
 
 

      ,  1.939 3.831   

0                                           ,  3.831

if x

if x








 < ≤

 <

 (54)

By Equations (50) and (54), we have the graphs of ( )h x  and ( )g x  in Figure 3. From 
Equation (54), we obtain α = ( )g x . When x = 0

ˆ
Lβ  = 2.316, α ∈ (0.46, 0.47), a = 0.468 could 

be obtained by interpolation method. 

 
Figure 3. Membership functions ( )g x  and ( )h x  for numerical example. 

The values of Rd  and Td  are calculated as follows [13,20,33]: 

Rd  = RRC  −  0
ˆ
Lβ  = 3.831 −  2.316 = 1.515 (55)
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and 

Td  = 2( RRC − RC ) = 2(3.831 −  1.939) = 3.784 (56)

Therefore, 

δ  = Rd / Td  = 1.515/3.784 = 0.4004 (57)

This leads to the conclusion that for 0
ˆ
Lβ  = 2.316 > RC  = 1.939, Lβ  ≥ 3 (i.e., the null 

hypothesis should not be rejected). However, 0
ˆ
Lβ  = 2.316 is far less than Lβ  = 3. Thus, 

for 1δ  = 0.2 and 2δ  = 0.4 [13], Lβ  < 3 (i.e., the null hypothesis should be rejected). This 
is the risk of misjudgment caused by sampling errors in small sample sizes [7,9]. The pro-
posed fuzzy method therefore provides a more reasonable conclusion. 

5. Conclusions 
This paper proposes an evaluation approach for product lifetime performance under 

type-II censoring. This evaluation enables the improvement of lifetime performance, 
which enhances the value of products as well as attains green goals such as energy effi-
ciency and waste reduction. The proposed index is easy to use as its value increases with 
performance. Examination of the probability density function, cumulative distribution 
function, and reliability function of relative lifetime X indicated that reliability increased 
with the value of the index, as did the probability of the product lifetime surpassing the 
minimum with value L. An unbiased consistent estimator of the proposed index is also 
presented alongside a fuzzy test model based on the derived confidence interval. This 
model reduces the probability of misjudgment caused by sampling errors [7,9]. Addition-
ally, many benefits will be gained by seizing the chance to improve, such as decreasing 
the testing cost and meeting the certain requirements in a short time. Furthermore, doing 
so is said to expand the possibility of using less paper, saving social resources, decreasing 
the carbon footprint and so forth [36]. In the electronics industry, passive components 
have long been indispensable parts that stimulate peripheral equipment industries. The 
proposed model thus focuses on passive components, with applicability demonstrated 
through a numerical example. 

Funding: This research received no external funding. 

Institutional Review Board Statement: Not applicable. 

Informed Consent Statement: Not applicable. 

Data Availability Statement: Not applicable. 

Conflicts of Interest: The author declares no conflict of interest. 

References 
1. Huang, C.F.; Huang, D.H.; Lin, Y.K. System reliability analysis for a cloud-based network under edge server capacity and 

budget constraints. Ann. Oper. Res. 2022, 312, 217–234. 
2. Lin, K.P.; Yu, C.M.; Chen, K.S. Production data analysis system using novel process capability indices-based circular economy. 

Ind. Manag. Data Syst. 2019, 119, 1655–1668. 
3. Suppipat, S.; Hu, A.H. Achieving sustainable industrial ecosystems by design: A study of the ICT and electronics industry in 

Taiwan. J. Clean. Prod. 2022, 3691, 133393. 
4. Borazon, E.Q.; Huang, Y.C.; Liu, J.M. Green market orientation and organizational performance in Taiwan’s electric and elec-

tronic industry: The mediating role of green supply chain management capability. J. Bus. Ind. Mark. 2022, 37, 1475–1496. 
5. Chen, K.S.; Yu, C.M.; Huang, M.L. Fuzzy selection model for quality-based IC packaging process outsourcers. IEEE Trans. Sem-

icond. Manuf. 2022, 35, 102–109. 
6. Wang, C.T.; Chiu, C.S. Competitive strategies for Taiwan’s semiconductor industry in a new world economy. Technol. Soc. 2014, 

36, 60–73. 
7. Chen, K.S.; Yu, C.M. Fuzzy test model for performance evaluation matrix of service operating systems. Comput. Ind. Eng. 2020, 

140, 106240. 



Mathematics 2023, 11, 3686 13 of 13 
 

8. Wang, G.; Shao, M.; Lv, S.; Kong, X.; He, Z.; Vining, G. Process parameter optimization for lifetime improvement experiments 
considering warranty and customer satisfaction. Reliab. Eng. Syst. Saf. 2022, 221, 108369. 

9. Yu, C.M.; Chen, K.S.; Lai, K.K.; Hsu, C.H. Fuzzy supplier selection method based on smaller-the-better quality characteristic. 
Appl. Sci. 2020, 10, 3635. 

10. Chen, K.S. Fuzzy testing of operating performance index based on confidence intervals. Ann. Oper. Res. 2022, 311, 19–33. 
11. Chen, K.S.; Yu, C.M. Special Issue: Smart service technology for industrial applications. Appl. Sci. 2022, 12, 10259. 
12. Wu, J.W.; Hong, C.W. The assessment of quality performance of lifetime index of exponential products with fuzzy data under 

progressively type ii right censored sample. ICIC Express Lett. Part B Appl. 2018, 9, 1101–1107. 
13. Chen, K.S.; Chang, T.C. Fuzzy testing model for the lifetime performance of products under consideration with exponential 

distribution. Ann. Oper. Res. 2022, 312, 87–98. 
14. Chiou, K.C.; Chen, K.S. Lifetime performance evaluation model based on quick response thinking. Eksploat. I Niezawodn. 2022, 

24, 1–6. 
15. Yang, C.M. An improved multiple quality characteristic analysis chart for simultaneous monitoring of process mean and vari-

ance of steering knuckle pin for green manufacturing. Qual. Eng. 2021, 33, 383–394. 
16. Wu, M.F.; Chen, H.Y.; Chang, T.C.; Wu, C.F. Quality evaluation of internal cylindrical grinding process with multiple quality 

characteristics for gear products. Int. J. Prod. Res. 2019, 57, 6687–6701. 
17. Chen, K.S.; Wang, C.H.; Tan, K.H.; Chiu, S.F. Developing one-sided specification six-sigma fuzzy quality index and testing 

model to measure the process performance of fuzzy information. Int. J. Prod. Econ. 2019, 208, 560–565. 
18. Tong, L.I.; Chen, K.S.; Chen, H.T. Statistical testing for assessing the performance of lifetime index of electronic components 

with exponential distribution. Int. J. Qual. Reliab. Manag. 2002, 19, 812–824. 
19. Chen, K.S.; Yu, C.M. Lifetime performance evaluation and analysis model of passive component capacitor products. Ann. Oper. 

Res. 2022, 311, 51–64. 
20. Chen, K.S.; Wu, C.F.; Tsaur, R.C.; Huang, T.H. Fuzzy evaluation and improvement decision-making model for machining op-

eration Performance. Appl. Sci. 2023, 13, 1430. https://doi.org/10.3390/app13031430. 
21. Chen, K.S.; Yu, C.M.; Hsu, T.H.; Cai, S.R.; Chiou, K.C. A model for evaluating the performance of the bearing manufacturing 

process. Appl. Sci. 2019, 9, 3105. 
22. Chen, K.S. Two-tailed Buckley fuzzy testing for operating performance index. J. Comput. Appl. Math. 2019, 361, 55–63. 
23. Chen, K.S.; Yu, C.M.; Chang, T.C.; Chen, H.Y. Fuzzy evaluation of product reliability based on ratio-based lifetime performance 

index. Ann. Oper. Res. 2022. https://doi.org/10.1007/s10479-022-04988-7. 
24. Wu, S.F.; Wu, Y.C.; Wu, C.H.; Chang, W.T. Experimental design for the lifetime performance index of weibull products based 

on the progressive type i interval censored sample. Symmetry 2021, 13, 1691. 
25. Krishna, H.; Kumar, K. Reliability estimation in generalized inverted exponential distribution with progressively type II cen-

sored sample. J. Stat. Comput. Simul. 2013, 83, 1007–1019. 
26. Tong, L.I.; Chiou, K.C. Estimating the censored observations under random censoring model for the Exponential distribution. 

J. Chin. Inst. Ind. Eng. 1999, 16, 85–92. 
27. Miller, R.G. Survival Analysis; John Wiley and Sons: New York, NY, USA, 1981. 
28. Shafay, A.R. Step-stress partially accelerated life tests with progressive type-II censored sample from two-parameter inverted 

exponential distribution. J. Stat. Appl. Probab. 2022, 11, 981–990. 
29. Salem, M.; Amin, Z.; Ismail, M. Progressively censored reliability sampling plans based on mean product lifetime. Sankhya B 

2020, 82, 1–33. 
30. Mondal, S.; Kundu, D. On the joint type-II progressive censoring scheme. Commun. Stat.—Theory Methods 2020, 49, 958–976. 
31. Aslam, M.; Yen, C.H.; Chang, C.H.; Al-Marshadi, A.H.; Jun, C.H. A multiple dependent state repetitive sampling plan based on 

performance index for lifetime data with type II censoring. IEEE Access 2019, 7, 49377–49391. 
32. Buckley, J.J. Fuzzy statistics: Hypothesis testing. Soft Comput. 2005, 9, 512–518. 
33. Chen, K.S.; Liu, C.C.; Chen, C.H. Fuzzy evaluation of process quality with process yield index. Mathematics 2022, 10, 2514. 
34. Chen, K.S.; Lai, Y.L.; Huang, M.C.; Chang, T.C. Fuzzy judgement model for assessment of improvement effectiveness to perfor-

mance of processing characteristics. Int. J. Prod. Res. 2023, 61, 1591–1605. 
35. Chen, K.S.; Huang, T.H.; Tsaur, R.C.; Kao, W.Y. Fuzzy evaluation models for accuracy and precision indices. Mathematics 2022, 

10, 3961. 
36. Chen, K.S.; Wang, C.H.; Tan, K.H. Developing a fuzzy green supplier selection model using six sigma quality indices. Int. J. 

Prod. Econ. 2019, 212, 1–7. 

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual au-
thor(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to 
people or property resulting from any ideas, methods, instructions or products referred to in the content. 


