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Abstract: The semiconductor industry is a rapidly growing sector. As collection technologies for
production data continue to improve and the Internet of Things matures, production data analysis
improves, thus accelerating progress towards smart manufacturing. This not only enhances the pro-
cess quality, but also increases product lifetime and reliability. Under the assumption of exponential
distribution, the ratio of lifetime and warranty has been proposed as a lifetime performance index
for electronic products. As unknown parameters of the index, to use point estimates to assess life-
time performance may cause misjudgment due to sampling errors. In addition, cost and time limi-
tations often lead to small sample sizes that can affect the results of the analysis. Type-II censored
data are widely applied in production and manufacturing engineering. Thus, this paper proposes
an unbiased and consistent estimator of lifetime performance based on type-II censored data. The
100(1 — @)% confidence interval of the proposed index is derived based on its probability density
function. Overly small sample sizes not only make the length estimates of lifetime performance in-
dex intervals for electronic products too long, but they also increase sampling errors, which distort
the estimation and test results. We therefore used the aforementioned interval to construct a fuzzy
test model for the assessment of product lifetime and further help manufacturers to be more prudent
and precise to evaluate the performance of product life cycles. A numerical example illustrates the
applicability of the proposed model.

Keywords: relative lifetime performance index; type II censoring data; unbiased estimator;
consistent estimator; confidence-interval-based fuzzy testing method

MSC: 62A86

1. Introduction

The semiconductor industry is involved in the wafer manufacturing, integrated cir-
cuit (IC) design, packaging, and peripheral components necessary for end products such
as smartphones, tablet computers, and smart internet end devices [1,2]. Industry clusters
in Taiwan represent a crucial industry chain for consumer electronics worldwide [3-6].
Offering good product quality not only enhances its product lifespan and reliability, but
also bolsters user satisfaction and willingness to use it [2,7]. As the collection technologies
for production data continue to improve and the Internet of Things matures, production
data analysis improves, thus accelerating progress toward smart manufacturing. This not
only enhances the process quality, but also increases the product lifetime and reliability
[8]. Furthermore, owing to the limitation of the cost and time, the estimation accuracy of
the samples in the study leads to not being significant. Thus, in order to increase its esti-
mation accuracy and eliminate the uncertain measurement data, confidence interval-
based fuzzy evaluation models were built up via the confidence interval of indices in the
study [9,10]. In order to prevent the risk of misjudgment caused not only by sampling
errors but also by factoring in expert experiences and past data into consideration, it be-
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comes necessary to increase the accuracy of each case with smaller sample sizes and ana-
lyze data with confidence intervals. Constructing a fuzzy test model to evaluate the prod-
uct lifetime is also a way to compensate for sampling errors in small sample sizes [7,9].

As for product marketing, the term of warranty is shown to be a crucial index. Chen
and Yu [11] indicated that whether customers feel satisfied with the products and be will-
ing to use them lies in the good quality of the product with longer product lifetime and
its reliability. Many researchers have confirmed the convenience and efficacy of process
capability indices (PClIs) for the assessment of process quality in practice [12]. PCIs have
also been applied to the lifetime and reliability of electronic products [13]. On the basis of
some studies shown, it has been proved that ameliorating the process of quality check is
able to shun off some unnecessary cost caused by the rework and defective products. Fur-
thermore, it is also able to decrease energy consumption and carbon emissions [14,15]. It
is of importance to manufacture all parts of the product with high quality. In order to
make all the final products meet the quality standard, forming stringent requirements be-
comes necessary [16].

Additionally, in the industrial field, on account of the limitation of cost and time,
noticing small-size samples implemented in the survey is not uncommon [17]. According
to some previous studies conducted by the experts, it has been argued that utilizing the
analyzing tool, fuzzy evaluation model, to analyze the sample with small data is able to
make the result of the survey reach its reliability and validity [9,10]. Additionally, in order
to lower the risk of misjudgment caused by sampling errors, putting interval estimates
into practice has been proved to be much more accurate compared to the point estimates
[7].

Product lifetime is exponentially distributed with mean A . Tong et al. [18] proposed
the following lifetime performance index C,:

-L L
/uT =1__ (1)

C =
oo 7

where L denotes the minimum number of time units that the lifetime of each electronic
component is required to reach, and parameter A is the expected value g, of the elec-
tronic component lifetime. We assume that the lifetime of the electronic component (T)
follows an exponential distribution with the mean A ; thus, the probability density func-
tion of T is as follows:

£,(0) =%e’§, £>0 )

As noted by Chen and Yu [19], when the mean lifetime of the electronic component
A 2 L, then the lifetime performance index C, = 0.Clearly, the greater the lifetime per-

formance index C, is, the better its lifetime performance is. However, the warranty pe-

riod of a product is generally only three years (L = 3), yet only when the mean lifetime A

approaches infinity does the lifetime performance index C, of the electronic component
approach 1. This does not fit the conventions of the industry. Chen et al. [20] therefore
proposed a relative lifetime performance index. This index is defined as follows:

_ M _A

B="=7 ®)

As noted by Chen and Yu [19], the lifetime performance index is the ratioof 4 and

L. The one-to-one relationship between both index B, and C, is S,=(1-C,)". If the
relative lifetime is X = T/L, then (1) when random variable X < 1, the lifetime of electronic
component is denoted as equal to the warranty (T < L), (2) when random variable X =1,
the lifetime of the electronic component is denoted as equal to the warranty (T = L), (3)
when random variable X > 1, the lifetime of the electronic component is denoted as longer
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than the warranty (T > L). Thus, X is the only value required for managers to assess if
product lifetime is sufficient.
The probability density function of relative lifetime X is as follows:

1 X
Sy () =Fexp[—FJ,x>0 4)

Relative lifetime X is an exponential distribution with mean g, . Therefore, the fail-
urerateis r,(x)=/4," and product reliability p =S5, (I)=exp(B,') where S (x) isthe

survival function of relative lifetime X as follows:

S,(x) = p(X>x) = exp[—i],x>0 (5)
B,

As pointed out by Chen et al. [21], the unknown parameters in the index decrease its
accuracy if the point estimates are simply utilized to evaluate the data with small-size
samples [7,19,21-23]. As the results of statistical tests tend to vary with sample size, cen-
soring can be applied to achieve consistent results in a short time [22-26]. Type-II censor-
ing is widely applied in production and manufacturing data. Thus, this paper proposes
an unbiased and consistent estimator for the lifetime performance index f, based on
type-II censored data. The 100(1 — a)% confidence interval of the index g, is derived
based on its probability density function. Using this interval and the method proposed by
Chen and Yu [19], a fuzzy test model is constructed to assess whether product lifetime
performance reaches the required level. The application of the model proposed in the
study is demonstrated through a numerical example. The final section presents our con-
clusions.

The rest of the present paper would be arranged as follows. In Section 2, we derive
the estimator and find the confidence interval of the lifetime performance index. Section
3 presents the fuzzy test method for lifetime performance index. We employ an applica-
tion to demonstrate the efficacy of the proposed approach in Section 4. Conclusions are
given in Section 5.

2. Estimation of Ratio for Lifetime Performance Index

Incomplete data collection due to external or human factors during product develop-
ment can reduce the reliability of analysis results. Censoring type is a form of data collec-
tion that is accurate as well as cost-effective and quick [14]. Censoring type can be divided
into three types: type-I censoring, type-II censoring, and random censoring [27]. Type-II
censoring is the most widely applied in production and manufacturing engineering
[14,27]. Furthermore, type-II progressive censoring has become a common approach to
the analysis of lifetime data for highly reliable products [14,28-31].

The proposed index must be estimated based on sample data. The lifetime T follows
an exponential distribution with mean A, denoted as T ~ exp(A) . The relative lifetime X
= T/L is an exponential distribution with mean S, , denoted as X ~exp(f,) .
(1,,T,,...,T,) and (X,,X,,..X,) are random samples of T and X, respectively.
(%.%,...Y,) is a sample set of the type-Il censored data, Y, = min(X;, X))

= min(T/. /LT, / L) ,j=1,2, ..., n, where the number of uncensored data is denoted by r and

the order statistics are denoted by X, and T, . The estimator BL of f, is as fol-

lows:

g _A_1
B, =7" >y (6)



Mathematics 2023, 11, 3686 4 of 13

where

| ~

g )

If random variable W = 28, / B, , according to Chiou and Chen [14], W follows a
chi-square distribution with 2r degrees of freedom, denoted by W ~ Z(zzy) . Therefore, the

expected value of the estimator ,BL is as follows:
Q ﬁL j [IBL j
E =F —
[8.]-E0mx{ 2 )= r)x( &)= 5, ®

,BL is an unbiased estimator of the lifetime performance index J, . Its variance is
calculated as follows:

Var[BLJ=Var[W]X(%] = (4r)x (f}}} ﬂTL 9)
For large samples,
lim E(/?L—ﬁL)Z: lim Var(B,)="lim B (10)
n— oo n— oo r—oo I

Based on Equations (8) and (10), ﬁL is an unbiased and consistent estimator of the
lifetime performance index /3, . The 100(1-&)% confidence interval of the lifetime per-
formance index /g, is derived as follows:

Zrﬁ

_ 2 L 2

l-a = P{me,,,,z W< Z(ZZr),l—a/z} = p{l’(mmz < 3 SXencan
L

(11)
i3

2r
=p ﬁL B, < 2
Z(Zr) 1-a/2 X(Zr), al2

2 . 2 .
where ¥, 4, is the lower /2 quantiles of g, and ¥, 4, is the lower 1 -

22 quantiles of ;((22” . Therefore, the lower confidence of the lifetime performance in-

dex B, is
LB, = ] IBL (12)
2’ (2r), 1-a/2
Similarly, the upper confidence of the lifetime performance index f, is
Up, = B, (13)
X @rean
The length of the 100(1—a)% confidence interval of the lifetime performance index
B, is

zﬂL=UﬂL—LﬂL={ A ]/’i (14)

Xenarn X i-an
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Since ,BL is an unbiased estimator of the lifetime performance index g, , the fol-
lowing defines the expected length of the 100(1-a)% confidence interval 14, :

E(ZIBL) :( 227 ) 2 J By (15)
Ko ar Xy i-an

For fixed (1 - o) X 100% = 95%, sample n =100, r = 10 (10) 100, and £, =1 (1) 5, the
expected value E(/f,) isshown in Figure 1, where r=10 (10) 100 indicates that the value
of r begins at 10 and increases by 10 each time until its value equals 100. Similarly, index
B, =1 (1) 5 means that the value of the index f, begins at 1 and increases by 1 each
time until its value equals 5.

Given confidence level ((1 — a) x 100%) and sample size n, the smaller the mean length
of confidence interval E(If,) is, the better estimation of the index /4, under different
numbers of uncensored data r is. As noted in Figure 1, when index f, is fixed, the mean
length of the confidence interval E(/f,) is inversely proportional to the number of un-
censored data r. This means that the better the estimate of the index J, is, the more un-
censored data have been collected.

Figure 1. E(If,) curvesfor B, =1(1)5 r=10(10)100, and & =0.05.

3. Fuzzy Test Method for Lifetime Performance Index

In this section, for the purpose of determining whether lifetime performance meets
its requirement, a fuzzy test method is utilized. The hypothesisis H,:8, = cvs. H,:

B, < c[19], where c is the minimal value of relative lifetime performance index f, re-
quired by customers. The following statistical testing rules are taken into consideration:
(1) If ,BL < C; ,then B, < c(i.e, the null hypothesis is rejected).
(2) If ,BL = C, ,then B, = c(ie., the null hypothesis is not rejected).

C

. is the critical value determined by
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N 2rC
p{ﬂL<CR ﬂL_CEHo}:p{W<TR}:a (16)
Hence, C, can be calculated as follows:
cxe
c, =2 (17)
2r

If welet y.,»,,...,y, betheobservedvalueof Y,7,,....Y,, then the observed value of
the estimator is

A

Bo =2 =13, (18)

i=1

where
. L&
/10 = 72 Vi (19)
i=l
As noted by Buckley [32], the a-cuts of triangular fuzzy numbers ,BLO are [19,22]

|:BL01 (a)aBLOZ (0!):|, for 0.01<a <1

Buolel =1 . (20)
| B0 (0:01), B, (0.01) ], for 0< < 0.01
where
N 2 R
B (0!) = —— b (21)
X eni-ai2
and
A 2r ~
B ((Z) = Bro (22)
Ko, an

Obviously, the value of /3, (@) is not equal to the value of B () with a< 1.

2r

Z(ZZ)'), 0.5

As o= 1, ,Bwl(l) = BLOZ(I) = [ ] 'BLO # ﬁLO'

Therefore, this paper let

2
_ Xen,os

3 23
2 By 23)

By
Then, the «a-cuts of new triangular fuzzy numbers BZO are

[Bio (). B0 ()], for 0.01<ar<1

BZO [0{] = {

. . (24)
[ B4 (0.01), 5,5, (0.01)], for 0 <2 <0.01
where
IZ
« 2,05 A
Bro (0{) = B (25)
Xoni-an

and
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* (2,05 5
B (0{) = IBLO (26)
Xor), an

Obviously, the value of £, () is equal to the value of f,,(a) with o= 1 (

Bio() = Bi(1) = B,)and there is a new triangular fuzzy number, denoted as 5,

= A(ﬂLO’ﬂMO’ﬂRO)’Where Buo = IBLO/

2
Xomos 5
ﬁLO 2 ﬁLO (27)
X 21,0995
and
ZZ
2,05  »
Bro = — B (28)
Z (2r),0.005

The following defines the membership function of fuzzy number A, :

0 Lif x< B,
2[1 -F, [%Z?zm,o.s}] Af B <x< By
h(x) = 41 Jif x= By, (29)
2F, [%zé,.),o_sj Af By <x< By
0 Lif Opy <X

where the cumulative distribution function of random variable W is denoted by F,, . Sim-

ilarly to fuzzy numbers f;,, the a-cuts of triangular fuzzy critical values C R are

. [Cu(@).Cpy (@)], for 0.01< <1
C, le] = (30)
[ i (0.01),C,, (0.01) ], for 0<r<0.01
where
IZ
Cule) = 570, (31)
Z(Zr),l—a/Z
and
ZQ
Cule) = 57, (32)
Xer, an

Obviously, the value of Cp (@) is equal to the value of Cp, (@) with a= 1 (

Cu(l) = Cn(1) = C,) and the new triangular fuzzy number is G, = A
(CLR’CMR’CRR)’Where CMR = CR’
2
X omo0s

Cin = — Cr (33)
V4 (2),0.995

and
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2
Xomos

Crn = Cr (34)

2
X 21,000

The following defines the membership function of fuzzy C R

0 ,if x<Cpp
CR 2 . <
211-F, 71(%),0,5 Jf Crsx<Cy
g(x) =41 Jif x=Cy (35)
C .
2F, (TRl(zzy),o.sj Jf Cp < xS Cpy
0 Lif Cop <X

As noted, the cumulative distribution function of random variable W is denoted by
. Membership functions 4(x) and g(x) are presented in Figure 2:

ax)
038

0.6

04

0.2

Figure 2. Membership functions A(x) and g(x).

Based on Chen and Yu [19], this paper let set B, be the area under the graph of
g(x). That s,

B, = {(x,a)|CR] (a)sxsch(a),OSaSI} (36)

As noted by Chen and Chang [13] and Chen and Yu [19], it is difficult to use integra-
tion to calculate the area of a set B, . The approach, trapezoidal rule, is implemented in

the study in order to build up the area of the block B, . The procedures are following: (1)
we classify the block B, , n =100, into several equal horizontal blocks. (2) Each section of
the blocks would be calculated through the approximate trapezoid area. Then, (3) the sum
of the areas for these 100 horizontal blocks is calculated. For this reason, i = [100 X ]
is considered. Then,i = 0,1,2, ...,100 for 0 < & < 1, where [100 X ] represents
the largest integer less than or equal to 100 X & . Similarly, & =i X 0.01,i = 0,1,2,
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..., 100. These 101 horizontal lines are cut B, into 100 trapezoidal blocks. Then, the fol-
lowing denotes the ith block:

B, ={(x.@)[Cp (0.01xi) < x < Cp, (0.01xi),0.01x (i=1) S & € 0.01xi} , i =

(37)
1,...,100
The following definition for the length of ith horizontal line d, as follows:
X X
d = { ¢ @n.os : @),05 ] C,,i =1,2,..,100 (38)
K, 0005 X @2r), 1-0.005xi
Obviously, dy=d, and dy00 =0, so the area B, is
100 99
B, = 2(0.01){%] = 0.01(%+Z d,.j (39)
i=1 i=l
If B, denotes the area under graph g(x) totherightof X = ﬁw, then
B, ={(x.@) B <x<Cp(@),0<a<al (40)

where &¢=a such that C,,(a) = ,BLO . Similarly B,,k = [100 X g]. Then, for 0 < «
< a, where [100 X a] represents the largest integer less than or equal to 100 X a. Obvi-
ously,a = 001 X kand @ =i X 001, (i = 0,1,2, ..., k) horizontal lines cut B, into
k trapezoidal blocks. Then, the ith block can be expressed as follows:

By ={(x,@)| B,y € x < Cry(0.01%),001x(i-1) S @ <0.01xi}, i = 1,2, ...,k (41)

The following defines the length of ith horizontal line », :

2
Xeno. Ao
o= —2( 103 CR_ﬂLO/l = 1,2,...,k (42)
X (), 0.005xi
This indicates that 0 =’ and "+ = 0, so the area of By is

i=1 i=1

k k-1
B, = Z(O.Ol)x(rf“TJrr"] - 0.01(%+Zr,} (43)
The ratio of B, /B, can be usefully applied to fuzzy decision-making:
7 k=1
0.01(1 +> r,.j
=
d 99
0.01] -+ ) d,
S

i=1

B,/B, = (44)

However, calculation of B,/B, is complicated.

According to Equations (39) and (43), these have calculated that, respectively, obtain-
ing the block areas of B, and B, is extremely complicated. Therefore, for the purpose

of simplifying the complicated calculating process of ratio B,/ B, , the technique, mem-
bership functions g(x) and p(x) with asymmetry (in Figure 2), proposed by Chen and
Chang [13] is utilized in the present study. The method suggested by Chen and Chang
[13], to replace d, (the length of the base of the set B, ) with the area of B, , facilitates
industrial applications. Similarly, d, (the length of the base of the set B, ) is replaced

with the area of B, . As the membership functions are asymmetric, d, = 2(C,, - C,
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) on the basis of Chen and Chang [13] and Chen et al. [20]. In Figure 2, by using the prin-
ciple of similar shapes, the square of the side length ratio is equal to the area ratio. Next,
B, /B, was replaced with d,/d, as the fuzzy evaluation tool, where d, and d, are

calculated as follows [13,20,33]:

2
PN Xeno0s ~
dp = Cpe = IBLO = G - ﬁLO (45)
X 2r), 0995
and
/?,’2
dT = 2(CRR - CR) = 2( 2(2")‘0.5 CR_CR] (46)
X (2r),0.005

Based on their past experiences originating from other experts and the past data over
the certain products [34], manufacturing engineers are allowed to define the values of &,

and &, . The following twonumbers0< 6, < §, <05and 6 = d,/d,, the fuzzy test
rules are as follows [13,20,35]:

(1) If 6 < &,,thenconcludethat g, = c(i.e, donotreject H,).

(2 If 6, < d < J,,then make no decision; more information is needed.

3) If 6, < & < 05, thenconclude that B, <c(ie,reject H,).

4. Practical Example

This section presents a numerical example to demonstrate the proposed fuzzy test
method. The required value of the lifetime performance index is at least 3; thus, the null
hypothesisis H,:f, 2 3vs.the alternative hypothesis H,: 3, < 3[19].1f y,»,,-. 13
is the observed value of Y,,7,,...,Y,, with number of the uncensored data r = 18 (r/n =
60%), then the observed value of the estimator is

1& 41.6894
Z i =

By = - = 2316 47)

i=l1

The values of f,, and f,, are then calculated as follows:

2
B, = ZW 9316 = 1329 (48)
Z(IS),O‘99S
and
/1/2
By = S5 x 2316 = 4576 (49)
I(IS),0.00S

Furthermore, the membership function of fuzzy numbers A, is

0 ,if x<1.329
Z[I—FW (@x éwD ,if 1.329<x<2.316

h(x) =41 ,if x=2.316 (50)
2F, (@x ;5(236)’05] ,if 2316 <x<4.576

0 ,if 4.576<x
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where Joo0ms = 17:887, Zigoss = 61581, and x5, ,s = 35.336. As the significance
levelis a= 0.05, then

2
Cc = CXona _ 3/1/(236),0,05
R = 2 -
r 36

= 1.939 (51)

The values of C,, and C,, are calculated as follows:

2
Co = ZB9 10301 = 1113 (52)
/,{(36),0.995
and
12
Cow = 522 % 19391 = 3.831 (53)
Z(36),0.005

Furthermore, the membership function of fuzzy number C, is

0 Lif x<1.113
Z(I—FW [nglemﬁﬁ Lif 1.113<x<1.939

g(x) = 41 ,if x=1.939 (54)
2F, (@ ;[(236),05] ,if 1.939<x<3.831
0 ,if 3.831<x

By Equations (50) and (54), we have the graphs of 4(x) and g(x) inFigure 3. From

Equation (54), we obtain « = g(x). When x = B, =2.316, a € (0.46, 0.47), a = 0.468 could
be obtained by interpolation method.

08 g(x)
06 -

0.468

04 1

02

>
< ©Z“ ~~O =

. e

1113 1.329 1.939 2316 3.831 4.576

Figure 3. Membership functions g(x) and #/(x) for numerical example.

The values of d, and d, are calculated as follows [13,20,33]:

d, = C,, - B, =3831 - 2316 = 1515 (55)
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and
d, =2(Cp -C,) = 2(3.831 - 1.939) = 3.784 (56)
Therefore,

0 = d,/d, = 1515/3.784 = 0.4004 (57)

This leads to the conclusion that for ﬁLO =2316> C, =1939, B, 2 3(i.e., thenull

hypothesis should not be rejected). However, ,BLO =2.316 is far less than S, =3. Thus,
for o, =0.2and &, =0.4[13], B, <3 (i.e., the null hypothesis should be rejected). This

is the risk of misjudgment caused by sampling errors in small sample sizes [7,9]. The pro-
posed fuzzy method therefore provides a more reasonable conclusion.

5. Conclusions

This paper proposes an evaluation approach for product lifetime performance under
type-II censoring. This evaluation enables the improvement of lifetime performance,
which enhances the value of products as well as attains green goals such as energy effi-
ciency and waste reduction. The proposed index is easy to use as its value increases with
performance. Examination of the probability density function, cumulative distribution
function, and reliability function of relative lifetime X indicated that reliability increased
with the value of the index, as did the probability of the product lifetime surpassing the
minimum with value L. An unbiased consistent estimator of the proposed index is also
presented alongside a fuzzy test model based on the derived confidence interval. This
model reduces the probability of misjudgment caused by sampling errors [7,9]. Addition-
ally, many benefits will be gained by seizing the chance to improve, such as decreasing
the testing cost and meeting the certain requirements in a short time. Furthermore, doing
so is said to expand the possibility of using less paper, saving social resources, decreasing
the carbon footprint and so forth [36]. In the electronics industry, passive components
have long been indispensable parts that stimulate peripheral equipment industries. The
proposed model thus focuses on passive components, with applicability demonstrated
through a numerical example.
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