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1. Introduction

Define A as a class of analytic functions ¢ of the form

o(z) =z+ kf: oz*, (zeD), (1)
=2

whereD = {z € C: |z] < 1}.

Let S,S*, and K be the subclasses of A, which are composed of univalent functions,
starlike functions, and convex functions, respectively [1,2].

Let P denote the class of analytic functions p(z), Rep(z) > 0 (z € D) of the following
form: .

p(z) =1+ 21 piz. (2)
j=

The function p € P is called a Carathéodory function.

Suppose that the functions A and y are analytic in . The function A is said to
be subordinate to the function y if there exists a function ® satisfying ©(0) = 0 and
|©(z)] <1 (z € D),suchthat A(z) = u(0(z))(z € D). Note that A(z) < p(z). In particular,
if p is univalent in I, the following conclusion follows (see [1]):

Az) < u(z) <= A(0) = u(0) and A(D) C u(D).
In 1994, Ma and Minda [3] introduced the classes S*(8) and K(98) of starlike functions
20/ (z)
< 9(z2)

o(z)

and convex functions by using subordination. The function o(z) € S*(9) if

and the function o(z) € IC(9) iff 1 + Zg,/;iz)) < 9(z), whereo € Aand ¢ € P.
Let 8(z) = =% and —1 < b < a < 1. The classes S*(1=%) = S*(a,b) and
K( %L’jﬁ) = K(a, b) are the classes of Janowski starlike and convex functions, respectively

(refer to [4]). S *(%) = S* and IC(%) = IC are known for the classes of starlike and
convex functions, respectively.
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In 1959, Sakaguchi [5] introduced the class S; of starlike functions with respect to
symmetric points. The function o € S; if and only if

z0'(z)
Re| ——"F— .
(75 e(m) "
In 1987, El Ashwah and Thomas [6] introduced the classes S and S;. of starlike
functions with respect to conjugate points and symmetric conjugate points as follows:

/ /
aeS§<:>Re< 20 (2) )>0 and UGS:C@Re('Zv(Z)_Z))>O.

o(2) +7(@) o(z) —a(

Similarly to the previous section, the classes SF and S;. can be further generalized to
the classes Sg.(¢) and K. (9).

The function ¢ (z) belongs to S (¢) if and only if #,((Z)) < 9(z) holds true, and

o(z) belongs to s (9) if and only if % < 9(z) holds true, where ¢ € A and
¢ eP.

If the function o € A meets the following criteria—Re (Z‘;@)) > a(0 < w < 1)—then
0 is said to be in the class of the reciprocal starlike functions of order «, which is represented
by o € RS*(«).

In contrast to the classical starlike function class S*(«) of order a, the reciprocal starlike

function class of order « maps the unit disk to a starlike region within a disk with (i, 0)

as the center and i as the radius [7]. In particular, the disk is large when 0 < a < %

Therefore, the study of the class of reciprocal starlike functions has aroused the research
interest of most scholars [8-13]. In 2012, Sun et al. [8] extended the reciprocal starlike
function to the class of the meromorphic univalent function.

As a generalization of the analytic function, the harmonic function has become one
of the key branches in complex analysis because of the study of the minimal surface of
parameters in differential geometry. After more than 20 years of development, harmonic
function theory has been widely used in fluid dynamics, mathematical physics equations,
and image processing, and it is also a powerful tool for studying minimal surfaces in
differential geometry.

For the analytic functions o (z) and 7(z)(z € ), let Sy be a class of harmonic mappings
that has the following form (see [14-19]):

f(z)=0(z) +t(2z), z€D, (3)

where

o(z) =z+ Y oZF and (2 Zrkz | =p €10,1). (4)
k=2

Specifically, o is referred to as the analytical part, and T is known as the co-analytic
part of f.

It is known that the function f = ¢(z) 4 7(z) is locally univalent and sense-preserving
in D if and only if |0/ (z)| > |7/(2)]| (see [20]).

Based on these results, it is possible to obtain the geometric properties of the co-analytic
part by means of the analytic part of the harmonic function.

In the last few years, different subclasses of Sy have been studied by several authors.

In 2007, Klimek and Michalski [21] investigated the subclass Sy with o € K.

In 2014, Hotta and Michalski [22] investigated the subclass Sy with o € S.

In 2015, Zhu and Huang [23] investigated the subclasses of Sy with o € §* (M)
and o € K(M)
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Combined with the above studies, by using the subordination relationship, this pa-
per further constructs the reciprocal-structure harmonic function class with symmetric
conjugate points as follows.

Definition 1. Let f = 0+ T be in the class Sy of the Form (4) and let —1 < b < a < 1. We
define the class HRS! (a,b) as that of univalent harmonic reciprocal starlike functions with a
symmetric conjugate point; the function f = o +7T € HRS.f (a,b) ifand only if o € RS!.(a,b),
that is,

o(z) —o(-z) 1+az

2z07(z) 1+bz (5)

In addition, let HRKE, (a, b) define the class of harmonic univalent reciprocal convex functions
with a symmetric conjugate point. The function f = o +7T € HRKE(a,b) if and only if o €
RKc(a,b), that is,

(0(2) ~7(-2)) _ 1+az

2(zo'(z)) STy (6)

In this paper, we discuss the geometric properties of these classes, such as the integral
expression, coefficient estimation, distortion theorem, Jacobian estimation, growth estimate,
and covering theorem. In order to show the geometric properties of the function more
intuitively, we give the corresponding function image. The conclusion has enriched the
field of research on harmonic functions.

2. Preliminary Preparation

To obtain our results, we need the following Lemmas.

Lemma 1 ([24]). Let 7 be a complex number. If the function ©(z) is analytic in D, satisfies
|©(z)| <1, and is of the form ©(z) = co+c1z+ - - - +cpz" + - - -, then

lcn| <1—]coln=1,2,---,

and
’Cz - 76%‘ < max{1, |v[}.

According to the subordination relationship, we get the integral expression of the
classes RS} (a,b) and RK.(a,b) as follows.

Lemma?2. Let —1<b<a<l.
(1) Ifo(z) € RS;.(a,b), then
oz) = | x(©)de, )

where

1+ b@(Q) (b—a) (¢ ) @(—F)
X<5)_1+aw(g)e"p{ 2 /ot(l—i—aco(t))+t(1+ac@(—f))dt}’ ()

and @ is analytic in D, satisfying @(0) =0, |@(z)| < 1.
(2) Ifo(z) € RK!.(a,b), then

o) = [ 3 [ xoncae,

where x(() is given by (8) and @ is analytic in D, satisfying ©(0) =0, |@(z)| < 1.
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Proof. Let 0(z) belong to the class RS}, (a,b). According to Definition 1 and the subordina-
tion principle, there exists an analytic function @ in D that satisfies @(0) = 0, |@(z)| < 1

such that
o(z) —0(—z) 1+aw(z) )
2z0'(z)  1+ba(z)
By replacing z in (9) with —Zz, we get
o(=z)—0(z) _ 1+ad(-2)
2z0'(—z)  1+bo(=z) (10)
By combining (9) and (10), the following formula can be established:
22(0(z) —o(-2))  1+bo(z) 1+bd(-2) (1)
7(z)—o(-2)  1+4+aw(z) 1+ad(-z)

We integrate both sides of Equation (11) and make a simple calculation to get the
following result:

o(z) —o(-2) b—a) ;= o) B(—)
2 _ze"p{ 2 /ot(1+aa)(t))+t(1+aa')(—f))dt}' (12)

From (9) and (12), we have

o'(z) = 1+ bw(z) {(b —a) /OZ 1 @(t)

o(-1)
“ 1ta0i) *P 2 1+aco(t))+t(1+acf)(—f))dt}' (13)

We integrate both sides of Equation (13) again, and we get

214 ba(Q) (b—a) ¢ o) o(—F)
‘T(Z)_/o 1+aw(g)eXp{ 2 /0t(1+aw(t))+t(1+aa‘>(—f))dt}dg'

According to (7), we have 0 € RK(a,b) if and only if zo’(z) € RS%.(a,b). So, we can
easily get (8). O

Lemma3. Let —1<b<a<lando(z)=z+ Y o2~

(1) Ifo(z) € RSi.(a,b), then -
ol < 206, 1 an), (14
and
lo2n 1] < G b><21n+ i) Gu-1(a,b). (15)
In particular, |03| < 5% and |o3| < ) (1+a—b).

The estimate is sharp 1f
(a=b)
PO (1 a— b)) e
‘7(7‘)_/0 T—(1+a—b) a

(2) Ifo(z) € RKsc(a,b), then

oo | < (a 4;217) Gn_1(a,b), (16)

and
(a—b)(14+a—Db)

|0—2n+1‘ S 2n(2n+1) Gt’l—l(a/b)/ (17)




Mathematics 2023, 11, 3666 5o0f 21

where . ( \( )
2k+1)(a—"0
= — m _— >
Gm(a,b) = (14+a—b) E(H 5T ) m> 1. (18)
I : a—b (a*h) _
n particular, |op| < 472 and |o3| < “=(1+a —b).
The estimate is sharp if
1 Q- (e bR T
o(z)= [ — .
=) /017/0 - (1+a-b) 6
In particular, if a = 1 and b = —1, we get the following conclusion.
(1) Ifo(z) € RS, then
3n—1 n—1 3n n—1
|o2n| < — [1Gk+1) and |opq| < — [1Gk+1).
nl oo nt 5
2
(1+32)3

The estimate is sharp if 0(z) = - %, and a graph of this function is shown in

1
3(1-32)3
Figure 1. In the figure, the complea(c fun)ction 0(z) is represented by the three-dimensional
coordinate system plus color; the x-axis represents the real part of the variable z; the y-axis
represents the imaginary part of the variable z; the z-axis represents the real part of the function
0(z), and the color represents the imaginary part of the function o(z). In Figure 2, the range
of the function o (z) is shown, with the x-axis representing the real part of the function o(z)
and the y-axis representing the imaginary part of the function o(z).

2
1432)3 1

Figure 1. The graph of 0(z) = 3(

|

(1-3z)
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TS 7

e ami
VA
L

08— L -
1 \ \ \
(14323 1
Fi 2. Th f == — g
igure e range of 0 (z) B 3
(2) Ifo(z) € RKy, then
gn—1 n-1 3n n—1
< — k+1 d < — k+1).

The estimate is sharp if

— —dn.
0 3y(1—3p)s 31

2
. 2
oz _/ (1+437)3 1

oo
Proof. First, we prove the first part of Lemma 3. Let 0(z) = z+ Y. 032" € RS%.(a,b),
k=2

and there exists a positive real function p(z) = 1+ Y, p]-zf € P with [p;| < a— b that
j=1
satisfies the following condition:
o(z) —o(-z)
2z0'(z) p(z)

By comparing the coefficients of the two sides of the equation, the following conclu-
sions are drawn:

2109, = —Pan—1 — 202P2n—2 — 303p2u—3 — - - - — (2n — L)oo, _1p1,

and
2n0241 = —Pan — 200P2n—1 — 303P2n—2 — -+ — 2N02, P1-

It is easy to prove that

(a —b)

<
|(72n| — 2n

(14 2|on| + -+ - + (21 = 1)|o2p-1]), (19)
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and
(a—b)
2n

|02n+1| < (1+2|(72‘+"'+2n|0—2n|)- (20)

From (19) and (20), we have

142l + -+ (2n+1)|o241| < (1+a—b)”ﬁ<1+ (ZkH)(a—b)), (21)

P 2k
and )
n— 2k +1
1+ 2|op| + -+ (2n)|o2,| < (1+a—b)”]—[<1+ (;]:)(a—b)) (22)
k=1

According to (19)—(22), we can obtain (14) and (15), that is,

_ 1
|02n|§(a2nb)(1+a - 11_[(1+ 2k+1

and

o2n 1] < (az_nb) 1+a-— H( 2k+1 >
L

The second part of Lemma 3 is shown below. Let 0(z) = z + ¥ 03z" € Kyc(a,b).

Similarly to the previous proof, we can obtain

ot .
where p(z) =1+ ¥ p;z/ € P is a positive real function with [p;| < a —b.
j=1

By comparing the coefficients of the two sides of the equation, we can get the follow-
ing results:

220y = —P1,
3203 = —py — 2*;upy,
oy = —p3 — 2202y — 3Po3p1,
5405 = —py — 22 p3 — 3Po3pa — 22 0apy,
(2n)209, = —pan—1 — 2°0apan—2 — 3%03pan -3 — - -+ — (2n — 1)20m, 11,
(21 +1)(2n) 02511 = —paun — 2202p2n—1 — 3°03pan—2 — - - - — (2n)?C2up1.

It is easy to see that

’02n| <

(?zg)bz) (142%|0n| + - - - + (21 — 1)?|o2n1]), (23)

and

(a—Db)
< 7
lo2n 1] < 2n(2n + 1)

From (23) and (24), we have

(142%|oa| + - - - + (2n)?[02]). (24)

1+22|on] 4 - + (20)2] 02| < (1+ab)”ﬁ<1+ (Zkz;:l)(ab)) (25)
k=1
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and

1+ 22\02| +--+(2n+ 1)2|02n+1| <(1+a-b)" ]_[ <1 + (Zk;kr 1) (a— b)) (26)
k=1

According to (23)—(26), we can obtain (16) and (17), that is,

a— n—1
ool < g 1+ =0y T (14 2@,

and
o n—1

O

Lemmad4. Let -1 <b<a<1l,uecC.
(1) Ifo(z) =z+ Y5>, 012" € RS:.(a,b), then

‘03 - ‘u(722’ < aT max{l,

a+%(b—a)’}. (27)

The estimate is sharp if

b—3a

ofz) = [[+be)(1 - ag) 5 (14a2)'5" g,

or
b—3a

o(z) = '/0'2(1 + bgz) (1 +a§2) " ge.

2) Ifo(z) =z+ Y52, 012k € RKsc(a,b), then

3u(b —a)

—b
‘a;,—ya%’ < 116max{l, 8

a—+

b (28)

o@) = [ [ Q4800 —a0)'F (1-+02)'5 ded

The estimate is sharp if

or
b—3a

o(z) = /O ’17 /0" (1 + ng) (1 + a@z) 2 dedy.

In particular, if a = 1,b = —1, we have the following results:
(1) Ifo(z) =z+ Y32, k2" € RS, then
‘(73 - ‘11(722' < max{1, |1 —u|}.
The estimate is sharp if 0(z) = 5 or o(z)
2) Ifo(z) =z+ Y52, 012k € RK, then

_ _z
14+22°

1 3
‘03 —y(fzz‘ < gmax{1,|1 - Zy”

The estimate is sharp if o(z) = log(1 + z) or 0(z) = arctanz.
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Proof. Leto(z) = z+ Y32, 03z € RS%.(a,b). According to Definition 1 and the subordina-
tion principle, there exists an analytic function @(z) = c1z + 2z + - - - in D that satisfies
@(0) =0,|@(z)| < 1 such that

o(z) —o(—z) 1+aw(z)
2z0'(z) 1+ bw(z)

(29)

By comparing the coefficients of the two sides of Equation (29), we get the follow-

ing results:

b—a b—a (b—a)a
5 ¢c1 and a3 = 5 cp — 5 c%.

a{cz - (a+y(bza)>c%}.

Applying Lemma 1, we get (27). The extremal function is as follows:

0y =

Therefore, we have

2
03 — po3 =

b—3a

ofz) = [+ be)(1 - ag) 5 (1 42) 5" g,

or
b—3a

o(z) = /Oz (1 + béz) (1 + aCz) e

Ifo(z) =z+ Y5, 02" € RKsc(a, b), then zo’(z) € RS:.(a,b). It is easy to obtain (28),
and the bound is sharp, as shown in the following;:

o@) = [ [ AR - a2) 5 (14 a) ' ded

or
b—3a

o(2) :/02117/0" <1+b§2) (1+a§2) ™ dedy.

O

Lemma5. Let —1 <b<a<land|z| =r€[0,1).
(1) Ifo(z) € RS*(a,b), then

my(r;a,b) < |o(z)| < My (r;a,b), (30)
and

my(r;a,b) < |0’ (z)| < Ma(r;a,b). (31)

(2) Ifo(z) € RK(a,b), then

m3(r;a,b) < |o(z)| < Mz(r;a,b), (32)
" (r;a,b) M (r;a,b)

mq\r,a, / 1\ a,

mlnab) ¢ g < Mlieb), (®3)
where

re= 7", a=0,

r(l4ar)a, a#0, (35)
re’’, a=0,

M (r;a,b) = { r(1 _Z];r)T' a 70, (34)
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b-2
_ 1—ar) s (1—br), a#0
My(r;a,b ( 36
2(ria,b) { (1—br)e a=0, (36)
b—2a
1+ar)a (14+br), a#0,
ja,b) = { 37
i b { oL, 220 @)
i1 1—ar)g a#0
Ms(r;a,b) = { 578l / / 38
3(r;a,b) { %—%eibr a=0 (38)
i 1—|—ar)g -1 a#0
,' ,b = b( b’ 4 39
ms{ri,b) { s el (®)
Proof. For o(z) € RS*(a,b), we let
o(z) 1+az

After a simple calculation, we can get
#1-P() ﬂ
0(z) =z -ex ———>-dC ) |.
@ == o ([ ey

0@ (o [F1=P(Q)
= 1= p(R 0 TPQ) dg)'

Substituting { = zt, we obtain

@) = Hlexp ([ Re ). (40)

Letting z = x + iy and |z| = r € (0,1], we get

Therefore,

(b—a)z, (b—a)(x+ar’t)
Red + azt =3 +a2r2t2 + 2axt "~ o).

It is easy to find that O(x) is decreasing with respect to x € [—r, r]. Therefore,

_(a—b)r<R(b—a)z<(a—b)r,
1+art =  14azt = 1—art

that is,

(a—Db)r 1—P(zt) _(a—b)r
— < < .
1+art — Re tP(zt) — 1—art

Integrating the two sides of the inequality for t above from 0 to 1, we get
(1 4 ar)'s" xp/ dt<( ar) ', (a #0), (41)

and

By combining inequalities (40)—(42), we can obtain (30) from Lemma 5.
On the other hand, for |z| = r, we have

1—ar

1+ ar
1or ° (43)

< 1+br

o(z)
20’ (2)
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From (41)—(43), we can obtain (31) from Lemma 5.

If o(z) € RK(a,b), then zo'(z) € RS*(a,b). According to the results in (30), we can
easily get (33), that is,
M;(r;a,b)

/
< |o'(z)] < P

m(r;a,b)
r
By integrating the two sides of the inequality from 0 to , we can get (32). O

Lemma 6. If 0(z) € RS%.(a,b), then 22 € RS*(a, b).

Proof. For convenience, we set Ac(z) = w and Do (z) = zo'(z).
Let o(z) € RS;.(a,b). According to Definition 1 and the relationship of subordination,
we have
o(z) —o(—2z) 1+4av(z)
2z0'(z)  1+bo(z)’

that is,
Ac(z)  14av(z)
Do(z) 1+ bo(z)’

where v(z) is analytic in U and satisfies v(0) = 0 and |v(z)| < 1.

Let p(z) = }izgg, and we have Rep(z) > 0. Thus, we get
Ao (z) _l1-a+ (14+a)p(z)
Do(z) 1-b+(1+b)p(z)’
that is,

(1-0)Ac(z)+ (1+b)p(z)Ac(z) = (1 —a)Do(z) + (14 a)p(z)Do(z).

Since

we have
(1-0b)Ac(z) + (1 +b)g(z)Ac(z) = (1 —a)DAc(z) + (1 +a)q(z)DAc(z),

which is equivalent to
Ac(z) 1—a+ (1+a)q(z)
DAc(z)  1—b+(1+b)g(z)’

where q(z) = Ap(z).
Since Req(z) > 0, by combining this with the conclusion above, we get

Ao (z) 1+az
DAo(z) ~1+0bz’

that is, Ac(z) = ZE=02) € RS*(a, b).
Thus, we complete the proof of Lemma 6. O

Lemma 7. If0(z) € RKsc(a,b), then W € RK(a,b).

Proof. Similarly to the proof of Lemma 6, let Ac(z) = % and Do (z) = zo'(z).
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If 0(z) € RKsc(a,b), according to Definition 1 and the relationship of subordination,

we have
D(Ac)(z) _1—a+(1+a)p(z)
D(Do)(z) 1—-b+(1+b)p(z)’

where p(z) € P. Thus, we get

(1-b)D(A0)(z) + (1 +b)p(z)D(A0)(z) = (1 —a)D(Do)(z) + (14 a)p(z)D(Do)(z).

Since

we have

9
-]
>

2

z) 1-b+(1+b)g(z)
where q(z) = Ap(z).
Since Req(z) > 0, by combining this with the above conclusion, we get

D(A0)(z) 1+az
D(DA0)(z) " 140z’

that is, Ao (z) = 2202 € RK(a, b).
Thus, we complete the proof of Lemma 7. O

Lemma8. Let —1 <b<a<1land|z| =r € [0.1).
(1) Ifo(z) € RS;.(a,b), then

my(r;a,b) < |o’(z)] < Ma(r;a,b), (44)
(2) Ifo(z) € RKsc(a,b), then

my(r;a,b) , M (r;a,b)

—= <) < —=, (45)

where My (r;a,b), my(r;a,b), My(r;a,b), and my(r;a,b) are given by (34), (35), (36), and
(37) respectively.

Proof. (1) Suppose that o(z) € RS}.(a,b); then, we get

1+0br o(z)—d(-2) p 1—-br o(z)—0(-2)
. < < . .
1+ar | 2 |_’ZU(Z)’_1—W ‘ 2 | (46)
According to Lemma 5 and Lemma 6, we have
m(r;a,b) < |M\ < My(r;a,b). (47)
Equation (44) can be obtained by combining Equations (46) and (47).
(2) Suppose that 0(z) € RKsc(a,b); then, we get
/ / o
1+br < 2(zo (_z))_ 1—br (48)
1+ar = |o(z) —d(—2) 1—ar
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According to Lemma 5 and Lemma 7, we have

my(r;a,b) < <0’(Z) — (‘7(—2))/ < M (r; a,b)' (49)
r 2 r
With (48) and (49), we can obtain
b PN -b
mml(r;a,b) < | (2))] < r((ll_;r))Ml(r;a,b). (50)

By integrating the two sides of inequality (50) about r, we can get (45) after a simple
calculation. O

3. Main Results

First, we get the integral expression for functions of these classes as follows.

Theorem 1. If f =0+ T € HRS;gp(a, b), then we have

72 = [ o@iz+ [ w@e@z, (51)

where

14b0()  ((b—a) (£ o) o(—)
(”@):Haw(g)e’(p{ 2 /ot(1+aa’)(t))+t(1+acﬁ(—f))dt}’ (52)

and w and @ are analytic in D and satisfy |w(0)| = p,@(0) =0, |w(z)| < 1,|@(z)] < 1.

Proof. Suppose that f = ¢ + % € HRS;/ (a,b). According to Definition 1 and the relation-
ship of the analytic part and the co-analytic part of the harmonic function, we have

' (z) = w(z)d'(2), (53)

where w(z) satisfies |w(0)| = p and |w(z)| < 1(z € D).
By using Lemma 2, we get

CF1tbe@)  [B-a) £ o) o(-h)
‘T(Z)_/ouaw(g)e"p{ 2 /o(1—|—a(o(t))t+(1+a@(—f))tdt}d€' (54)

From (53) and (54), we obtain

_ FopBe@  [(k-a) ¢ oW a(-)
@) = [ w0 ep{ U5 [ 20 s S ki (s)

Therefore, we get the result of (51). O

Similarly to the proof of Theorem 1, we can get the integral expression of the function
in the class HRK%, (a, b) as follows.

Theorem 2. Let f € HRKgc(a,b); then, we have

_[FL Fw(n) 7
f) =[5 | e@dean+ [T [T o@)dcdn. (56)
where ¢({) is given in (52), and w and @ are analytic in D and satisfy |w(0)] = p,

@(0) =0,|w(z)| <1,|o(z)] <1
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Next, we will get the coefficient estimates for the function classes HRS! (a,b) and
HRK%(a,b).

Theorem 3. Let f = o + T, where o and T are given by (4).
(1) Iff € HRS; (a,b), then

1-p* | (a=b)p —
—— + ’ n=1,
|Tan| < { 2 : (57)
n WGn_l(a, b), n> 2,
and 2 (ah)
1-a”  (a-0)p — —
|T2n+1| < 13 2 " (ﬂEb) )(1 e b)’ n=1 (58)
Ly et P)(1 +a—b)Gy1(a,b), n>2.
The above estimates are sharp, and the extremal function is
__(a=b) __(a=b)
_ (7 A=9)N-(1+a—b)?e?] 2(Fat) z (p+(1-p—p*)2)[1-(1+a—b)2¢?] 2(FaD)
f@)=J lf(qjhufb)cf dg+ Jo =5 17(1+afh)€ ag.
(2) If f € HRKS.(a,b), then
2(1= 2)+(ﬂ—l7)ﬁ' -
|Tan| < _ (59)
"= 5 P>(1+ y ! ;J“b)cml(a,b)) + 855G (a,b), n 22,
and
—p? , _
Tn+1| < 1—p? "= (a—b)(2+a—b b)[1-p*+p(1+a—b
e <1 T L it )Gml(”rb)> T )[(znf)y(z;ﬁn NG, 1(a,b), n>2,
where Gy, (a,b) is given by (18).
The estimates are sharp, and the extremal function is
_(a=b) _la=b)
— 71 (1=9)[1— (1+ b)2g?] 2(+ab) +( (1-O[1—(1+a—b)2g? 20+a—b)
z) = Jo 7 Jo (l;+11 b)¢ dgdn + fz g (1 ;7 = fO 1—({i+u—b)§ dédy

Proof. According to Definition 1 and the relationship of the analytic part and the co-
analytic part of the harmonic function, there exists an analytic function w(z) of the form
w(z) = co + 1z + 222 + - - - in D that satisfies |w(z)| < 1 such that

' (z) = w(z)o'(z),

where ¢ and T are given by (4).
By comparing the coefficients on both sides of the above equation, we get

2n
20y = Y kogeo—k, (1 =1,n>1),
k=1
and
2n+1
2n+ 1)1 = Y, koxaupr—k, (01 =1,n>1).

k=1
It is easy to show that

2n|n| < lean-1| +2|0allcan—2| + -+ + (2n = 1)[o2—1]|c1| + 2n|o2n||col,  (61)
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and

(2n +1)|T2n41] < |ean| 4 2]02]|con—1] + - - - 4 (2n) |o2n| 1] + (21 + 1) |o241]|co|.  (62)

Since ¢y = 71, with Lemma 1, it is easy to find that |c| < 1 — pz,k =1,2,---,2n.

Therefore,
o < 1;p2 + |0z, n=1, )
Tn| = 1-p2 B
O (14 225 K + plomal, 1> 2,
and ,
i + 2|on|) + |0 n=1
< {2+ sl o
2n+1 (1 +Zk:2k|ﬁ7k\> +ploznsal, n=2.

According to Lemma 3, (63), and (64), with a simple calculation, we can get (57)—(60).
Thus, the proof is complete. [

In particular, by lettinga = 1,b = —1,p = 0, we can obtain the following result.

Corollary 1. Let f = o + T be of the Form (4).
(1) If f € HRS},, then
3 n=1,
|T2n| < n-1

%H(%L%), n>2,

1, n=1,
T < n n—1
|Tons1] < 23+1 kH1<3+%)’ n>2.

and

The above estimates are sharp, and the extremal function is as follows:

g 438 1 7P R
@ 3(1-32)3 3+/0 (1-3¢)3(1+3¢8)3 2

(2) Iff € HRKy, then

1
27/ n=1,
‘72n| S 1 n-1 4.3m—1 m—1 g1 n—1

and

WIN

, n=1,

T < n—1 am—1 m—1
Izn+1|_{ 2n1+1<1+ 214?;1! kH1(3k+1)>, n>2.
i =

The above estimates are sharp, and the extremal function is as follows:

. :/z (1+35)3 1, +/z 1+3ps 1 i
0 3y(1-3y)3 3 Josa-pa-sps 31—

By applying Theorem 3, we arrive at the following conclusion.

Theorem 4. Let f = o +Tbeof the Form (4), u € C,-1<b<a <1
(1) Iff € HRS.f (a,b), then
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w-pdl < S {1 Bl )+ Bl o)+ S max ({1l + 0 -a)l},  (65)
31— %)+ (1+ 50, n=1,
o)+ o(a— _
Ton — Ton_1| < %ﬁ“’)(ua_b)(u ( Dy 4 (L2 4 @beyq ), n=2, (66)
2
UG, (a,b) + (525 + ) 1 +a—b)Gua(a ), n>3,
and
1—p? (1—p*)+p(a—b) -
1 — e e =1,
i1 — Ton| < ( 13 0 ( )2)( N (1fp2%+p(a*h) ! (67)
[(2n+1 + )1 +a—0b)+ o :|Gn—1(a,b), n>2.
(2) If f € HRKE (a,b), then
7y g < U {14 BlO=p) (o=l | bl {3 g 4 ) (68)
06 4 p(1 4 232), n=1,
2y( 1 1 "2 G,_1(ab)
(1= ) g+ mp)l+@-b)2+a—-b) ¥ 5]+
Ton — 72n71| < m=1 (69)
(1-p*)(a—b)(2+a—b)Gy_2(a,b)
2n(2n—2)
[(1—p? )+p8:flf)b()2]7(1ﬂ:2f)i)(3n72(ﬂ,b) + P(ﬂ*b()z(i;agl(ﬂ/b)l n>?2,
and
S04) 4 D p(seb] | plab)) "
n—1
Tt =Tl <9 (=) + F)1+ (2= D)2 +a—b) T Sugietl) (70)
[0=?) +p0+a-b))(a—b)Gy 1 (ah) , pla=b)Gy_y(wh) n>2

(2n)(2n+1) (2n)2 ’ =
where Gy, (a,b) is given by (18).

Proof. Let f € HRS;/ (a,b) be of the Form (4). By using the relation T/ = w¢”, (59), and

(60), we have
27 = ¢ + 207¢9, 313 = ¢ + 202¢1 + 3030,
and
2n 2n+1
20Ty = Y kOkeonk, (2n+1)Tup1 = Y kogcouy1k (01 =1,n>1).
k=1 k=1

According to Lemma 1, we have

1 3lul(1 — p?
13— ut5| < 3'0 {1+M+|ffz||2—31m|}+p‘ffs—uwzz,

2
| 0209 4 o(1 + |oa)), n=1,

Ton — Ton—1| < 2n-1
T <1—p2>(2,}1 5 E k|ak|)+p<|am|+o-zn_1|>, "2,
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and
) 1 2n—1 1 2n
[T2n1 =] < (1= p7) | 5 Y. Kokl + 57— 2011 Y klowl | +p(loansa| +lo2a]), n>1.
k=1 -1

According to (14), (15), (25), and (26) of Lemma 4, we can complete the proof of part
(1) of Theorem 4.

Similarly to the previous proof, let f € HRKE.(a,b) be of the Form (4). Accord-
ing to (16), (17), (25), and (26) from Lemma 4, we can complete the proof of part (2) of
Theorem 4. O

In particular, if we seta = 1 and b = —1, we get the following result.

Corollary 2. Let f = o + T be of the Form (4) for y € R.
(1) If f € HRS.Z, then

1-p? 3|pl(1—p?
|1'3—y7722| < ( 3P ){1+ 110 —p7) +|2—3y71|}+pmax{1,|1—y11|}, (71)

4
%(1—(32)‘1‘2(3, n=1,
Ton — Top—1] < 4(1—p 2) +9p, n=2, (72)
%G”* +3<2n 1 + 2n— Z)Gi’l 2, n 2 3/

and

3(%&) +4p n=1
et = Tl < 2 20y, (=) , (73)
{3(27”1 + E) + T] Gy_1, n>2.

(2)If f € HRK,, then

_ 2
5 — | < p){1+3|y|( _ )4 223 3VT1}+ max{1,|1—3”T1|}, (74)

3 4 2 3 4
1-
4 )Jr%p =1,
(11 )+5 1’1—2,
Top — Toan—1| < 4G,,, 4(1—p2)Gp_ 75
" w1l (1= (35 + 7)1+ Z t) + (n(zpn)J) + 7
[(1-p%)+3p]Gy Gy
(npl)(zf 1)2+pnzlf n=3,
and
1-
| < e+ g, ! o (76)
TQn+1 — Tn| S =l 4G,_ 1— 30]G, Gn
SRl T L )+ g+ 05, n22
m=
where G, = ,H(3k+1)
=1
Theorem 5. Let f =0+ T € Sy, |z| =7 € [0,1).
(1) If f € HRS; (a,b), then
max{p =10} ab) < 17 (2)| < OF7) po(rsa ). (77)

(1—pr) (1+pr)
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In particular, let a = 1,b = —1,p = 0; then, we have
1+7)
o < TET)
17'(2)| < (S (78)
(2) If f € HRKE (a,b), then
max{p —r,0} / (p+7)
. < < ; .
(1 —pr) my(r;a,b) < |7'(2)] < r(1+pr)M1(r,a,b) (79)
In particular, let a = 1,b = —1,p = 0; then, we have
/ < _r
17'(2)| < A (80)

where My (r;a,b), my(r;a,b), Ma(r;a,b),my(r;a,b) are given by (34), (35), (36), and (37),
respectively.

Proof. According to the relation " = w¢’, |w(0)| = |7/(0)| = |71| = p, it is not hard to see
that there is w(z) such that (see [25]):

w(z) —w(0) <2l (81)
1 - w(0)w(z)
namely,
w(0)(1=7r2)| _ r(1—]w(0)])

“‘“Z) T WP | = 1= PR (52)

From (82), it is easy to find that

0/ —
m"l{_’;rr} < |w(z)| < %,z eD. (83)

By combining (83) and (44), we get (77). Similarly, combining (83) and (45) gives (80).
So, the proof is complete. [

By using the same method as that used in the proof of Lemma 5, the following results
are easily obtained.

Theorem 6. Let f =0+ T € Sy, |z| =7 € [0,1).
(1) Iff € HRS.F (a,b), then

" max{0,p — t}
0 (1—at)

ma(ta,b)dt < |7(z)] < /0 ' g’j;t))MQ(t;a,b)dt. (84)

In particular, leta = 1,b = —1,p = 0 for f(z) € HS.; then, we get

)< [ Egljtg dt = —log(1— 1) + M (85)

(2) If f € HRKE (a,b), then

7 max{0,p — t}

Jo THI=pB) ml(t;ﬂ,b)dtﬁIT(Z)IS/'rMMl(t;a,b)dt. (86)

o t(1+pt)
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In particular, let a = 1,b = —1,p = 0 for f(z) € HRK,,; then, we get

[7(2)] <log(1—r1) + (87)

(1—r)’

where My (r;a,b), my(r;a,b), Ma(r;a,b),my(r;a,b) are given by (34), (35), (36), and (37),
respectively.

Below, we show how we can obtain the Jacobian estimate and growth estimate of f.

Theorem 7. Let f =0+ 7T € Sy, |z| =r € [0,1).
(1) Iff € HRS.' (a,b), then

2V (1 2 (1= (1) 3 2.
wmar;a,b) <J(z) < Tz~ Ma(r;a,b), 1 <p, (88)

(1+pr) M3 (r;a,b), r>op.

(2) Iff € HKE.(a,b), then
1Lp2) (1) v

1-p)(1-r) , ) 2) M2 (ry0,b), 1< p,
O ) 2(ra,b) < <] P

21+ pr)2 mi(r;a,b) < Jp(z) < M%(rrz;u,b), o (89)

where My (r;a,b), my(r;a,b), Ma(r;a,b),my(r;a,b) are given by (34), (35), (36), and (37),
respectively.

Proof. The Jacobian of f = ¢ + T is of the following form:
@) = o' @) - [ @)
Because 7/(z) = ¢/(z)w(z), we have
J5(2) = ') (1= |w(2)1). (90)
Let f € HRS; (a,b); by applying (44) and (83) to (90), we obtain

(1 B pZ) (1 — 1,2) 2(7,,. a, b)

Jf(z) = 1+ or)? my
and
(max{(p =), 002\ o, [EEE ey <y,

Therefore, the proof of (1) is complete. By applying (45) and (83) to (90), (2) of
Theorem 7 can be proved in the same way as before. [

Theorem 8. Let f =0+ 7T € Sy, |z| =r € [0,1).
(1) Iff € HRS.' (a,b), then

[ g m@ana <15 < [ S @m0y
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(2) If f € HRKE,(a,b), then

[ e m @b < s < [ UEO0E Do bz, o2)
Proof. Suppose that z = re’? is any pointin D and let D, = {z € D : |z| < r} and
a = min|f(D,)]; then, By C f(Dy) C (D)

So, there is z, € 0D, such that d = |f(z,)|. Let L(t) = tf(z,;),t € [0,1]; then,
0(t) = f7Y(L(t)), t € [0,1] is a well-defined Jordan arc. By applying (44) and (83) for
f=0+7%¢cHRS;(a,b), we have

d:qf@a|=/me Jlafl =
> [0/~ o)l
zéﬁliii——ﬁﬁ 2(7l;a,b)\dy|

o (n)dn + 7' ()d7

1+p|17|
t-p)(A-|eb)]) _
_/ 1+p|g Il ma([€(t)|;a,b)d t
1-p(-8 .
Z/o W’“z@/a,b)dé‘-

The right side of Equation (91) can be obtained after a simple calculation by using
Equations (44) and (83). The rest is similar to that in (91) and is omitted.
By combining (91) and (92), we get the covering theorem of f. O

Theorem 9. Let f =0+ T € Sp.
(1) If f € HRS:f(a,b), then D,, C f(D), where

_ 1A= =0)
n= [ L s Eia vy

(2) If f € HRKE (a,b), then Dy, C f(D), where

_rA-p=28
= S e

In particular, if a = 1,b = —1, p = 0, then we obtain the following results.

Corollary 3. Let f =0+ T € Sg.

(1) Iff € HRS,, then D,, C f(D), where ry = —% + log2.
(2) If f € HRKq, then Dy, C f(ID), wherer, =1 —log 2.

4. Conclusions

In this paper, by means of subordination, we introduce some classes of univalent
harmonic functions with respect to the symmetric conjugate points, the analytic parts
of which are reciprocal starlike (or convex) functions. Further, we discuss the geometric
properties of the classes, such as the integral expression, coefficient estimation, distortion
theorem, Jacobian estimation, growth estimate, and covering theorem, which can enrich
the research field of univalent harmonic mapping.
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