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Abstract: With regard to the study of the characteristics of electrovortex flows occurring indirect
current electric arcs and electroslag smelting furnaces, a method has been developed for calculating
the magnetic field in a current-carrying medium based on the calculation of the Biot-Savart-Laplace
integral. The developed technique is focused on the use of unstructured grids and does not require
a priori information about the shape of the computational domain. The technique has been tested
on problems that have an analytical solution, i.e., the calculation of the distribution of the magnetic
field in the cylinder and the calculation of the magnetic field of the ring with the current. The
distributions of the magnetic field are obtained for the two-dimensional and three-dimensional cases.
We used NVIDIA CUDA technology on graphic processor units (GPUs) to speed up calculations. A
comparison of the calculation times on various CPUs and GPUs is given.

Keywords: magnetic field; electric current; parallel calculations; Biot-Savart-Laplace integral;
CUDA; GPU
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1. Introduction

The problem of accelerating the calculation of the magnetic field is important for the
study of various natural and technical systems. Since the calculations of the magnetic field
are quite expensive, so far, despite the development of computer technology, researchers
prefer to find analytical algorithms for calculations [1], which indicates the relevance of
improving numerical methods. In our work, we are focused on the numerical calculation
of the magnetic field in relation to current-carrying systems that take place in various
problems of electrometallurgy, where the problems of electrodynamics must be solved
simultaneously with the problems of hydrodynamics [2,3]. There are also other areas
where the approach described below can be applied. In terms of technical applications,
for example, this includes the design and study of such a new object as a liquid metal
battery [4,5]. As for the problem of studying natural systems, one can indicate the problem
of studying the magnetic field in galaxies [6]. Moreover, the need to determine the magnetic
field occurs in the domain of physiology, and in particular, in neuroscience [7].

Let us consider the problem of the occurrence of a flow under the action of an electro-
magnetic force in a conducting medium.

The electromagnetic force arises as a result of the interaction of the electric current
passing through the molten metal with its own magnetic field (MF) in electrometallurgical
installations designed for melting metal via the electroslag or electric arc method. This
force causes an electrovortex flow (EVF), which significantly affects the hydrodynamics
and heat transfer in the system [8].

The problem of electrovortex flow has been studied in various formulations and in
many publications. The flow in a cylinder was extensively investigated in ref. [3]. A linear
problem in a hemisphere was considered analytically in ref. [9]. In refs. [10,11], the problem
in the hemisphere is considered both experimentally and numerically.
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The scheme of EVF formation is shown in Figure 1, where B denotes magnetic field; J,
the electric current density; U, the velocity; and F, the electromagnetic force.

Figure 1. Formation of the electrovortex flow in the electric arc furnace. I—furnace shell; 2—unmolten
metal; 3—molten metal; 4—electric arc; 5—electrodes.

In the numerical simulation of the hydrodynamics of EVF, it is necessary to solve the
equation of motion in the liquid metal volume:

ouU
p<at + (UA)U) =Vp+pvU+F, (1)
where p is pressure; v is the coefficient of kinematic viscosity; p is density; and F is the
electromagnetic force causing fluid movement: F =] x B. It is believed that the melt is not
magnetic.

The current density can be found from the solution of the Laplace equation:

V(6V®) = div(U x B), (2)

J=—-0VP+Jing ®)

where @ is the electrical potential; o is the electrical conductivity of the medium; B is the
total magnetic field in the liquid metal; J is the density of the electrical conduction current;
and Jinq is the electric current induced by the movement of the electrically conductive
medium (Jinq = o(U x B)). Note that the induced current should not always be taken into
account but only starting from certain values of the electric conduction current and the
external magnetic field, as is described in more detail in refs. [12,13].

In the simplest case, such a problem requires a single calculation of the magnetic field,
but taking into account the induced currents requires recalculating the magnetic field at
each iteration of the calculation of the hydrodynamic problem to ensure the consistency
of the current density field, magnetic field, and velocity. Since problems of this type are
usually significantly non-stationary, the calculation speed of the magnetic field requires
special attention.

A similar difficulty occurs in magnetohydrodynamic (MHD) problems with a de-
formable surface, when a change in the shape of the surface leads to a change in the
distribution of the current density and, accordingly, a change in the distribution of the
magnetic field (and, as a result, the acting electromagnetic force and the hydrodynamic
pattern that affect the shape of the surface).

The total magnetic field has the following form:

B = Bgelf + Bext + Bind, (4)
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where Bgjf is the magnetic field created by the conduction current J; Bex; is the external
magnetic field (which can include the Earth’s magnetic field [14], the magnetic field created
by current leads, and the field created by mixing devices); and By,4 is the magnetic field
created by the induced current Jjg.

The calculation of the magnetic field is an especially laborious task. At present,
there are several main approaches to the numerical calculation of the magnetic field.
These are differential methods that require solving the Laplace-Poisson equation and an
integral method based on the Biot-Savart-Laplace law. The first class of methods can be
more economical but more difficult to program, has difficulties in taking into account the
boundary conditions, and requires a significant increase in the size of the computational
grid. The fact is that differential methods require setting boundary conditions. A zero
magnetic field at infinity is known a priori, so we have to find the magnetic field not only
in the area under study but also in some part of space “to infinity”. To some extent, this
drawback of differential methods can be overcome by using absorbing boundary conditions,
when the area under study is surrounded by a wall of a specific anisotropic material at
some distance, and the magnetic field lines entering this wall behave as if the wall is at
infinity [15]. Perhaps the most efficient way can be as follows: using the integral method
to determine the magnetic potential (or field) at the boundaries of the region and then
solving differential equations inside the region within the found boundary conditions. This
approach requires further research.

Moreover, these methods require the solution of the linear system, and the solution of
the linear system is not parallelized very efficiently. Below, we present some comparisons
between the performance of the differential and integral methods.

The method based on the Biot-Savart-Laplace law, due to its integral nature, can be
parallelized to any number of threads (with corresponding proportional acceleration of
computation), which can significantly increase the calculation speed through the use of
parallel computing technology, for example, using graphics processors. Moreover, this
method allows one to find the magnetic field only in the required area, without requiring
the calculation of the magnetic field in the entire system of conductors that create a magnetic
field. Finally, the integral method is easier to implement on unstructured grids, which is
important because industrial devices usually have rather complex geometries.

Therefore, in this paper, we considered a method for calculating the magnetic field via
the Biot-Savart-Laplace method using NVIDIA CUDA technology.

2. Method for Calculating the Magnetic Field for a Three-Dimensional System

Let us write the Biot-Savart-Laplace law and the components of the magnetic field in
the Cartesian coordinate system:

_ & J % (RO - R)d
BRo) = | R — R v, ©®)
Bx (xo, 0, 20) = ZTOT / Jy(z0 —2) = J2(yo — ) v, ©)
7 (=20 + (v = y0)* + (- 20)°)
Er—x) k-2 )

By(x0,0,20) = %/
v

NIw

(x = %)+ (v = yo)* + (2 = 20)%)

B. (%0, yo,20) = +2 / Jx(yo —y) — Jy(xo — x) v ®)
v ((x— xo)2 +(y— yo)2 +(z— zo)z)

i~

NIw
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Passing from continuous to discrete values, we obtain the expressions for the magnetic
field for numerical calculation:

N Jyi(zi — Jz
BX(XO/yO/ZO) = ili:[ Z ' y] (2 ) ]( ) ) %A‘/]/ (9)
j=Li#j ((xl — x]) (yi y]) + (Zl Z]) )
N z [ X [
B, (0,0, 20) — %; Z ]](:‘ X)) — IJZ(Z zj) 2 %AV]» (10)
YA (5= %)+ (v — ) + (2 %))
N ]x I j
B:(x0,Y0,20) = i% )3 7 4) o~ ) 3 AV, (11)

P (= x) + (- )+ (- %))

where J is the electric current density in the volume element 4V; x, yo, zo, Rg, and i are
coordinates, the radius vector, and the index of the point (the center of the grid cell) where
the magnetic field is calculated; x, y, z, R, and j are similar values for an element with a
current that creates a magnetic field at the desired point; V and AV are the total volume and
volume of the computational cell; and N is the number of cells of the computational grid.

Since the order of summation does not matter, the method can be used on an unstruc-
tured grid when the grid is an array containing the coordinates of the vertices and centers
of the cells and, a priori, there is no information about their order, shape, and size. The
calculation of the magnetic field by the Biot-Savart-Laplace method on structured grids is
presented in ref. [16].

3. Method for Calculating the Magnetic Field for an Axisymmetric System

Let us consider the calculation of the magnetic field for the cases when the current
is distributed axisymmetrically, i.e., dJ;/d¢ =0, d],/d¢p = 0, d]./d¢ = 0. The J; and ],
components result from the axisymmetric current spreading between the electrodes, and
the ], component can be part of the induced current or the current specially created by the
ring conductor.

Let us derive expressions for calculating the MF in an axisymmetric system. The
expression for the magnetic field in an axisymmetric (cylindrical) coordinate system is easy
to obtain from the Maxwell equation. However, in numerical calculations, this method is
limited by the need to orient the sides of the cells along the coordinate axes; that is, it is
necessary to use a regular grid in at least one direction, which may be unacceptable for
solving other problems. Approximation of an irregular grid to a regular one results in a loss
of accuracy. The question of transferring values to a new grid with the implementation of
conservation laws also remains open. The method described below is relevant specifically
for an irregular grid.

The current density vector in cylindrical coordinates has the following components:
JUr, Jg, J2)- Let the radius-vector of the point A(r, o, zo) where the MF is searched for
be given: Ro(ry, ¢o, zo); the radius vector of the point (r, ¢, z), whose current element
creates the MF at the point Ayp: R(, ¢, z); and the vector directed from point A to point
Aoi R’ = RO —R.

When working with expression (5) (Biot-Savart-Laplace law), one should be careful
and remember that this form of notation is valid only in Cartesian coordinates.

We write the Cartesian components of the current density and vector R’ by expressing
them in terms of the variables of cylindrical coordinates:

J = (Jrcos ¢ — Josin @; J;sin ¢ + Jpcos ¢; J2), (12)

R’ = (rocos ¢g — rcos @; rosin @g — rsin @;zg — z), (13)
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By(ro,20) =

[RI| = \/r2 412 — 2rrocos (g0 — 9) + (—20)%, (14)

and we write expressions for each component of the magnetic field. The volume integral is
expressed in terms of repeated ones as follows:

}’(Z 7o 21

/ AV = / / ?f . dgdzdr, (15)

then:
1(z) Z 21 . .
By (1o, 20) — ZTOT/ // (Jrsingp(zp — z) + Jgcosp(zp — z) + ]Zrésmlp)rdlp, 16)
0 7 0 (1’2 + 15 — 2rrocosy + (z—zo)z) ’
VjOT 7/(2)7277T (7],cos1,b(zo —z) + Jpsinp(zo — z)+]z(1’0j rcosgb))rdlpl 17)
070 (r2 + 3 — 2rrocosy + (z—zo)z) ’

1(z) Zy 27 .
B (ro,z0) %/ // ](P (r = rocosy) — ]ﬂ’osml[))r sdpdzdr. (18)
0 7, 0 r2+r0 2rrocosy + (zfzo)2>2

Here, 1 is the difference between the angular coordinates of the radius vectors Ry and
R; ¢ = po — ¢, r(z) is the dependence of the current radius of the computational domain on
the axial coordinate; and Z; and Z, are the coordinates of the computational domain along
the z axis.

Let us represent the integral (15) as the integral over the surface of the integral over

the angle:
r(z) Z 27 27T
//y{...dq)dzdr:ff (f...rdlp)ds. (19)
0 00 5 \o

The integral over the surface can be calculated by sequential enumeration of all cells
of the surface, and, obviously, the order of summation does not matter, then:

f G(ro,zo,1,2)dS ~ 511 G;AS; (20)
5
21
Gi = f Ly, 1)
0

where AS; is the area of a cell in a two-dimensional grid; and G; is the value of the function
given in the center of the cell. This method of calculating the double integral is a two-
dimensional analogue of the method of central rectangles and does not require information
about the shape of the computational domain—the sum in formula (20) is, in fact, the
summation of the elements of a one-dimensional array.

Consider the internal integrals (over the angle):

2 . B n B N .
Gr(i’o,zo,r,z)_/(]’smlp(zo z) + Jpcosyp(zg — z) + Jorsin)r

3
0 (r2 + 3 — 2rrocosy + (z—zo)z) ’

dip, (22)
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27 .
Golro 20,7 2) = / (—Jreosp(zo — z) + Jpsinp(zp — z)+]z(r()§— rcoqu))rdlp, 23)
0 (rz + 13 — 2rrocosy + (z—zo)z) ’
T (Jo(r—r ) — Jrrosiny)r
— rocosy) — Jyrosin
G.(ro,20,7,2) = .2 0cosy) — Jrrosing ~dyp, (24)
0 <r2 + 15 — 2rrocost + (z—zo)z) ’
and parts of integrals with factor sin(y) are equal to zero:
27 . 1 2
siny cdip = — = = 0. (25)
0 (7’2 + 7”% _ 21’1’0COSIP + (Z—Z0)2> 2 rro \/1’2 + 1’% — 21’7’0COS¢7 + (Z—Zo) 0

Here, we have discerned that only the g-component of the current density contributes
to the r and z components of the magnetic field, and the integrals are reduced to the
following form:

21

Gr(ro,z0,7,2) = Clocostez0))r__y,, (26)
0 (rz + 13 — 2rrocosy + (z—zo)2) ’
271

Gy (ro,20,7,2) = / (Jz(rg — rcosyp) — ]rcosw(z—zo))rdw, @)

3
0 <r2 + 12 — 2rrocosy + (2—20)2) ’

21
Gz(ro,20,1,2) = Uslr = rocosy))r . (28)

0 (r2 + 13 — 2rrocosy + (z—zo)z) :

In discrete form, the expressions for integrals have the following form:

Ho N

B (r0,20) = Eff Gr(ro,20,7,2)dS = 2 G;AS;, (29)
S i=1
Ho N

B(P(ro,zo) = ij Gq,(ro,zo,r,z)dS :Z G(piASi/ (30)
S i=1
Ho N

B=(r0,20) = '+ || Ga(ro,20,7,2)dS = ) GuiS;. (31)
S i=1

The calculation of integrals over the surface presents no particular difficulties, and
what is practically important does not require information about the shape of the computa-
tional domain.

The result of the analytical solution for the function G can be obtained using the elliptic
Legendre integrals of the first and second kind:

7
E(k) = / V1 - Ksin?gde, 0 < k < 1, (32)
0

%
K(k) = ;dé, 0<k<1, (33)
2 cin2
0 1 — k?sin“¢§,
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where

k= 7o :
2\/(1’+1’0)2+ (ZO—Z)Z (54)

Note that since only the j-component of the current density contributes to the r and
z components of the magnetic field, the solution completely coincides with the expres-
sions obtained in [17] for the magnetic field of the ring current. The expression for the
j-component is also integrated analytically, and the result can be represented through
special functions. Thus, the expressions for calculating the volume integrals over the angle
1 will look like the following:

2(zp — 2) r2 415+ (2o —2)?

Gr(ro, z0,7,2) =

Gz(ro0,20,1,2) =

4r ro\/(r + ro)2 + (20 — 2)2

: (—K(k(ro,zo, r,z)) + E(k(ro, zo, V/Z))> , (35)

(r— ro)z + (20 — z)2

Gy(ro,20,1,2) = fi((f2)r + f3]2)E(k(r0, 20,7, 2)) + (falr + f5]z)K(k(r0,20,7,2))),  (36)

2

4 \/(r +10)> + (20 — 2)°

(ZO_Z) . ro,20,7,2 ! _r%_(ZO_Z)z ro,Z0,7,2
(K(k( 0,40,7 ))+ (7—70)2+(ZO—Z)2E(k( 0,40, 7, )))/ (37)

where f1, f2, f3, f4, f5 are functions of ry, zg, 7, z:

A= 1 J (r —10)* + (20 — 2)2, 68)
(ro(r — r0)2 + (20 — 2)2) (r+ 7’0)2 + (20 — 2)2

3
2

fr=—@-2) (B +7+(@20-2°), (39)
fo=(rn=n(r =+ @-2°), (40)

fa=(o-2)((n =1+ (20-2)°), (41)
fs=r((r0 =+ (z0-2)). 42)

To calculate elliptic integrals, we used a method based on the expansion of integrands
in a series using Chebyshev polynomials [18] (according to our estimates, this method
provides somewhat greater accuracy than the arithmetic-harmonic mean method).

We express the elliptic integrals in terms of the hypergeometric function:

K(k) = 5 F(; ; 1, k2> (43)

(1 1 2
where

F(a,b,c,d) =

a+1)(b+1 ab z 1 ala+1)b(b+1) 2 (45)
1+ X 1(1_[k ) (111) Jz?)z =147 42 —ic—(c)+(1)7+ SR

=
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With the introduction of a new variable n=1 — k?, the integrals turn into expressions

of the following form:

1
K(k) = K1(n7) + Ka(17)In e 0<y<1,

1232.. —1)?
=In4+
falm) 21 242 (2 n)?
1 * 1232... (2n —1)?
K(n) = = |1+

Expansion for the integral E(7):

j—1

1n4f222ni n
N s

n

1
E(k) = Ea(17) +E2(17)1n5' 0<p<1

o 222 .. _2\2 _1)2
Ei() =1+ L[In4—1] + py 123242,9(’;”3)2)(3(’;”)12 .
'[ln‘}_%*'i_"'_2n—3+2n—2_2nl—1"‘%]’7”3
poo1& 1232 (2n—3)*2n—1)* ,
E =+ = )
21 =4 2,1;2 2242... (2n —2)*(2n)*

The approximation form looks like this:

Zun +1n172b777—1n4+2a17+1n

i=0

Bl

)=1+Y., 617+1n< >{ +Y o, d;y]

The accuracy increases as the number of terms 7 increases. We have programmed

an algorithm with ten terms: 1 = 10. The error in this case is about 1018

(46)

(47)

(48)

(49)

(50)

(51)

(52)

(53)

; such accuracy

allows us to integrate the original function with sufficient accuracy for our problem. The

coefficients a;, bj, c;, and d; are given in the Table 1.

Table 1. Coefficientsof the approximation form.

i a; bi

1 1.494662175718133 x 10 3.185919565550157 x 10>
2 0.002468503330460723 9.898332846225385 x 104
3 0.008638442173604074 0.006432146586438302

4 0.01077063503986646 0.01680402334636338

5 0.007820404060959554 0.02614501470031388

6 0.007595093422559433 0.03347894366576163

7 0.0115695957452954 0.0427178905473831

8 0.02183181167613048 0.05859366125553149

9 0.05680519456755916 0.09374999972120314

10 0.4431471805608895 0.2499999999999018

i Ci d{

1 1.393087857006647 x 10 2.970028096655561 x 10>
2 0.002296634898396959 9.215546349632498 x 10~*
3 0.008003003980649986 0.005973904299155429

4 0.009848929322176894 0.0155309416319772

5 0.006847909282624506 0.02393191332311079

6 0.006179627446053318 0.03347894366576163

7 0.01493801353268717 0.03012484901289893

8 0.030885146271305198 0.0373777397586236

9 0.09657359028085626 0.0488280419068624

10 1.386294361119891 0.07031249973903836
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Further, the obtained expressions for the magnetic field were used when writing the
program code using the NVIDIA CUDA technology.

4. Verification of Expressions for Magnetic Field on a Graphics Accelerator
4.1. Calculation of the Magnetic Field in a Cylinder and a Ring

CUDA is a software and hardware architecture that allows for parallel computing us-
ing graphics processors (GPU—Graphics Processing Unit). The calculations used NVIDIA
GeForce RTX 3080 and RTX4090 video cards with a performance of 25067.5 GFLOPS and
75000 GFLOPS, respectively. We used CUDA ver. 10.1.105.

For verification, the magnetic field was calculated in a cylinder with finite dimensions—
radius R = 0.01 m and length L = 1 m (Figure 2)—while an electric current with density
J. = 10° A/m? flowed through the cylinder. This current created a magnetic field with
components By, By in the Cartesian coordinate system (or B; in the cylindrical coordinate
system). To verify the magnetic field B, and B; created by the current ], in the cylindri-
cal coordinate system and the currents Jy, J; in the Cartesian coordinate system, a ring
with a current located in the z = 0 plane with a radius Ryjng = 0.05 m was placed in the
computational domain; the current density in the ring was equal to 10° A/m?2, and the
cross-sectional area S =107% m?.

Figure 2. Scheme of the cylindrical computational domain.

The results obtained were compared with the analytical solution for the magnetic field
in an infinite cylinder: By, = poJ.r/2, and the analytical expressions from ref. [17] for the
ring current were used for the B, and B, components.

4.2. Calculation of the Magnetic Field in a Frustrum

Let the current be injected into a truncated cone of height L through a platform with
radius r;. The current density distribution inside the cone can be found from geometric
considerations (see Figure 3), we need only ], component:

o= —2) (54)
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T
Z 7
Figure 3. Scheme of the conical computational domain.
Using Maxwell’s equation,
curl B = ugJ, (55)
we can write:
1(9(rBy)
(Curl B)Z = ; (81’ = ,uO]z, (56)
and then the expression for the magnetic field has the following form:
0 IZ/Z
By(r,z) = # (57)

2mr2(2 4 2)°

4.3. Calculation of the Magnetic Field in a Hemisphere

Now, let us consider magnetic fields in the hemisphere. This geometry is very popular
to consider because it is similar to the shape of molten metal in an electric arc furnace. We
consider two concentric hemispheres and current I propagating from the inner hemisphere
with radius R; to the outer hemisphere with radius R; (see Figure 4) Obviously, the current
has a single component J; (in spherical coordinates) and creates a single field component B,,.

Z

Figure 4. Scheme of the hemispherical computational domain.
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The distribution of the magnetic field in a hemisphere is also very easy to find. Let us
take Equation (55); in a spherical coordinate system, taking into account axial symmetry,
this equation will look like:

1 (a,. . I
Rsin @ (ae(B ‘Psme)> = 27R2 8

Given that the field is zero on the axis, we obtain the following;:

Hol(1 —cosf)
Bp(R,0) = 27tRsinf &9)

This expression reaches its maximum at g =7t/2, so we will use it for validation.

In all cases, the magnetic field of the current leads should be added to the field
numerically calculated directly inside the region of interest according to the Biot-Savart-
Laplace law. In the case of the cylinder, a sufficiently long one can be taken. In such
cases, it should be clearly understood that in the contact zone of the supply wire and the
computational domain, it may also be necessary to calculate the current density field.

5. Results of Calculations for a Three-Dimensional System
5.1. Results of Calculations in 3D-Cylinder with Ring
The verification of expressions for the three-dimensional cylinder is shown in Figure 5

(see Figure 5a). Component By, (corresponding to component By, in cylindrical coordinates)
is created by the current ], in the cylinder.

1.0x102{ B,, T . 1 w10l Br T = 1
e 2 o 2
8.0x10-3 4 3 a3
4 2x108 4
u | ]
6.0x10- ? - "aoam
0.0ty
[ L1} o @
4.0x103
—2x104
2.0x103
— -84
X, m 410 X, m
0.000 0.002 0.004 0.006 0.008 0.010 0.000 0.002 0004 0.006 0.008 0.010
(a) (b)
Bz, T LI | 1x107 Bx, T s ]
4.44x1075% = o 2 o 2
4 3 8x10" s 3
4.42x10-6] 4 4
4.40%10-+ 61071 .
4.38x1076 4x10H
4.36x10- 210
4.34x10-6 X, m X, m
0000 0.002 0004 0.006 0.008 0.010 0.000 0.002 0004 0.006 0.008 0.010
(0) (d)

Figure 5. The distribution of the different components of the magnetic field along the radius
(z=0.5m) in the calculation on grids of different sizes: (a) field from J;— By; field from the ring:
(b) By, (c) Bz, (d) By. 1—244k cells; 2—2.5M; 3—10M. 4—analytical solution.

The magnetic field of the ring is shown in Figure 5b. The By component (corresponding
to the B, component in cylindrical coordinates) is calculated as a test; it is equal to zero
since the azimuthal current should not create an azimuthal field component. Figure 5¢
presents the B, component and Figure 5d presents the By component (corresponding to the
B, component in cylindrical coordinates).
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Calculations were performed on three different grids (244,000 cells; 2.5 million cells;
and 10 million cells), and the calculation results agree satisfactorily. The discrepancy can be
explained by the fact that the size of the computational domain along the z-axis is 100 times
larger than along the x—y axes, which leads to a significant increase in the size of the grid,
with an increase in the number of cells due to the requirement that the dimensions of the
cell faces should be approximately equal. It is impossible to build a grid of cubic elements
in a round cylinder; however, the situation was improved by using square cells on the
surface of the cylinder evenly distributed along the axis and increasing the number of cells
to 10 million.

5.2. Results of Calculations in 3D-Frustum

Here we present the results of calculating the magnetic field for a three-dimensional
frustum. The small radius of the cone was 0.01 m, the large radius of the cone was 1 m, and
the height of the cone was 1 m. Moreover, thin current wire was attached from the side of
the small radius cone. For analysis, a region of about 10 cm is used. The rest of the cone is
needed for the problem to be formulated close to the analytical one.

Figure 6 shows the dependence of the calculated magnetic field in the cone on the
radius and comparison with the analytical dependence. We pay attention to the following
point, in a three-dimensional system, the points in which the field was calculated do not lie
exactly on the output line, so the field values must be approximated, and the accuracy of
the approximation depends on the number and size of cells. The analytical dependence
was also calculated from the coordinates of the center of the cells, as a result of which
sections of convexity and concavity are observed on the curve.

8x10° o Bo, T

6x107°

4x10

2x1073 1

T ; T ; T ; T ; T
0.00 0.01 0.02 0.03 0.04

Figure 6. The distribution of the component B, of the magnetic field in the 3Dfrustum along the

radius at different distances from the small cone base: (a) 0.03 m; (b) 0.05 m; (c) 0.07 m. Grid sizes:

1—250k cells; 2—900k; 3—2.5M. 4—analytical solution.

5.3. Results of Calculations in 3D-Hemisphere

We considered a hemisphere with a radius of 1 m. A current lead with a radius of
0.005 m enters the hemisphere.

Figure 7 shows the dependence of the calculated magnetic field in the hemisphere on
the radius and comparison with the analytical dependence. The data are plotted along the
radius at g = 71/2 where the magnetic field is maximum.
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Figure 7. The distribution of the component B, of the magnetic field in the 3D-hemisphere along the
radius at 8 = 7r/2. Grid sizes: 1—250k cells; 2—900k; 3—2.5M. 4—analytical solution.

5.4. Perfomance in 3D-Cases

Figure 8 shows performance histograms (acceleration) for various devices, where a
performance factor of 1 corresponds to an Intel Core i5-12400f CPU when computed in
12 threads. The graph shows that using the Intel 19-13900k CPU (32 threads) allows you
to increase performance by 4 times, and using NVIDIA RTX 3080 and RTX 4090 GPUs
allows you to increase performance by 40-50 and 130 times, respectively. When we plotted
the diagrams, we used the time to calculate the magnetic field in the cylinder; it does not
matter what geometry is used; only the number of calculation cells is important.

128 Acceleration,

times

64

32

16

244k Cells 2500k Cells 10,000k Cells

Figure 8. Comparison of performance of the 3D problem on different CPUs and GPUs on the different
grids. 1—Intel Core i5-12400f; 2—Intel Core i9-13900k; 3—NVIDIA GTX 3080; 4—NVIDIA GTX 4090.

6. Results of Numerical Calculations for an Axisymmetric System

The verification of expressions for the axisymmetric case in the cylinder and the ring
is shown in Figure 9. Calculations were performed on three different grids (53 thousand
cells; 250 thousand cells; and 1 million cells), and the results are in good agreement. The
good agreement can be explained by the use of completely square cells and sufficiently
large mesh sizes for the two-dimensional case.
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Figure 9. The distribution of the different components of the magnetic field along the radius in
the calculations on grids of different sizes:(a) By; (b) B;; (c) By. 1—53k cells; 2—250k; 3—1M. 4—
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Figure 10 presents the distribution of the magnetic field in the 2D frustum.
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Figure 10. The distribution of the component B, of the magnetic field along the radius in the frustum
at different distances from the small cone base. (a) 0.03 m; (b) 0.05 m; (c) 0.07 m. Grid sizes: 1—53k

cells; 2—250k; 3—1M; 4—analytical solution.

Figure 11 presents the distribution of the magnetic field in the 2D hemisphere.
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Figure 11. The distribution of the component B, of the magnetic field in the 2Dhemisphere along the
radius at q = 7t/2. Grid sizes: 1—53k cells; 2—250k; 3—1M. 4—analytical solution.

Figure 12 shows performance histograms for various devices. From the graph, it can
be seen that using the Intel i9-13900k CPU allows for a 3.5 increase in performance, and
using NVIDIA RTX 3080 and RTX 4090 GPUs allows for a 173-216x and 270-530x increase
in performance, respectively. The greater increase in the performance factor for the GPU
relative to the 3D case (24 times faster) is most likely due to the features of the compiler.

512
256
128
64
32
16

Acceleration,

53k Cells 250k Cells 1000k Cells

Figure 12. Comparison of performance of 2D problems on different CPU and GPU on the different
grids. 1—Intel Core i5-12400f; 2—Intel Core i9-13900k; 3—NVIDIA GTX 3080; 4—NVIDIA GTX 4090.

Let us discuss possible ways to further increase productivity. The most obvious way is
an extensive increase in hardware capacity. The use of multiple video cards should increase
the effect of acceleration, while the complexity of programming will increase slightly. It
also makes sense to use specialized accelerators such as specialized multicore processors
such as NVIDIA Tesla (and the like). Intensive acceleration paths involve algorithmic
optimization, and in particular, in our case, the most time-consuming operation is the
calculation of the elliptic integral. Perhaps the use of new algorithms [19] can improve
this situation. It is also possible to optimize other calculations; however, for example, our
experiments have shown that using the “fast inverse root” operation does not speed up
calculations with the compiler used (Microsoft Visual C++). Maybe modifying this method
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will help [20]. Moreover, the choice of compiler and operating system is a possible way to
increase performance [21].

7. Notes on Using Commercial Codes

It is also interesting to compare the performance of our technique with some commer-
cial code (see Table 1).

We calculated the magnetic field in a 2D cylinder with 232,000 cells in COMSOL 6.1
and compared the calculation time. Calculation times are presented in Table 2. Taking into
account the quadratic law of the dependence of the solution time on the number of cells,
for a similar number of cells (232 thousand), the calculation time using our method should
be 16% less. COMSOL uses a differential method. This approach is faster than the integral
method when using the CPU but much slower than our integral method on the GPU. Note
that even the latest version of COMSOL does not support GPU calculations. Moreover,
since, when using differential methods, we have to solve systems of linear equations, and
parallel algorithms for them are much less efficient than for integrals, the prospects for
significantly speeding up calculations when using GPUs are not so obvious. Moreover, the
question of the equality of computational grids (in evaluating calculation performance) is
not obvious, since COMSOL requires the calculation of an unnecessary magnetic field “in
the air”, and the integral method must take into account the magnetic field of current leads.

Table 2. Comparison of the calculation time according to our method and in COMSOL.

Used Method Time, s
Intel 12400f 415
Intel 13900k 125
AMD RTX 3080 24
AMD RTX 4090 0.84
COMSOL (12400f) 7

Finally, we will touch upon the issue of heterogeneous computations. For example,
when using ANSYS FLUENT for the calculation of hydrodynamics, it is impossible to
effectively use the results found in other software products; thus, it is necessary to adapt
ANSYS FLUENT by writing our own programs in C (for example, a program for calculating
the magnetic field). In the latest versions of ANSYS, it is possible to exchange data between
the Maxwell (electromagnetic module) and the FLUENT (hydrodynamic module), but this
solution is also not efficient enough.

8. Conclusions

We have developed a method for the numerical calculation of the magnetic field on
unstructured grids and adapted it for use in multithreaded calculations. The developed
technique makes it possible to calculate stationary magnetic fields in relation to various
industrial problems. For example, this is a study of electrovortex flows in electric welding
processes, as well as in such devices such as a DC electric arc furnace, an electroslag melting
furnace, and a liquid metal battery.

It has been found that modern graphic processors provide a significant increase in the
speed of calculations on problems of this type (related to the calculation of integrals), even
in comparison with the latest central processors (Intel i9-13900K).
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