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Abstract: In the modern catering business model, restaurants usually use established platforms to
promote their food and use two channels to sell their food: online and offline sales. We construct
demand functions for online and offline, considering promotion and substitution relationships by a
revised Bertrand model. We first consider three classic models: the decentralized decision model,
the equilibrium decision model, and the centralized decision model. In the decentralized decision
model, the platform decides both the promotional effort and the online discount; in the equilibrium
decision model, the platform decides the online discount, while the food service provider decides the
promotional effort. In the centralized decision model, the takeaway platform and the food service
provider have maximized the overall profit as the decisive goal. We find that the online discount
decreases in price when the impact factor of the online promotion is high but increases in price when
the impact factor of the online promotion is low. Then, we analyze and compare the results under
three models. We find that when the substitution factor is low enough, or the impactor factor of
online promotion is low enough, the global optimal platform discount is higher than the equilibrium
platform discount and the decentralized online discount; otherwise, the results are the opposite. In
addition, the global optimal promotional effort is always higher than the optimal promotional effort
in the decentralized model. When the substitution factor is low enough, or the impactor factor of
online promotion is low enough, the global optimal promotional effort is higher than the equilibrium
optimal promotional effort; otherwise, the result is the opposite.

Keywords: platform operations; dual-channel; online promotion; price discrimination; supply chain

MSC: 91A10

1. Background

With the rapid development of the Internet, the O2O (Online To Offline) business
model has come into people’s daily lives, bringing great convenience to people. The O2O
model is a combination of the physical economy and the Internet. Consumers can buy
online and spend offline through the O2O platform. This business model can reduce the
waste of resources. Internet platforms can use the O2O model to sell products to consumers.
In this way, the platform uses its traffic to earn profits. Consumers can learn more about the
products and purchase from the O2O platform to get a better buying experience. Merchants
can also use the O2O platform to promote their products to increase sales volume and
gain higher profits. Zhao et al. [1] believe that the takeout O2O model is one of the better-
developed branches of the O2O business model. On the one hand, this is because the O2O
model brings great convenience to people, on the other hand, it is because the platforms
have attracted many consumers through price subsidies.

The takeaway O2O platform is developing rapidly while facing many problems. Zhao
et al. [1] point out that during the early development stages of the takeaway industry,
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most takeaway platforms expanded their markets by subsidizing them to attract customers.
The price subsidies of the takeaway platform have an impact on the offline sales of the food
service providers. Zhi-Wei et al. [2] point out that takeaway platforms will take away some
of the profits of the restaurant industry, which may lead to a decline in the profits of food
service providers.

Food service providers, represented by small and medium-sized food service providers,
cannot promote their products well because of the limitation of channels. Therefore, they
may need to rely on takeaway platforms represented by Meituan for promotion, and online
takeout sales can also generate additional revenue for food service providers. On the
other hand, there is some substitution between take-out and in-store dining, so there is
competition between online and offline sales. Moreover, service providers have to share a
portion of their online takeaway sales with the platform, which will also have an impact
on their profits. Takeaway platforms rely on food service providers to provide takeaway
goods. Likewise, takeaway sales are also affected by offline sales, so they also need to make
reasonable decisions to maximize their profits.

Therefore, the game between the takeaway platform and the food service provider is a
process that deserves in-depth study. In the modern catering business model, restaurants
usually use two channels to sell their food: online and offline sales. Some restaurants use
established platforms to promote and sell their food online. For example, the Meituan
platform helps great chain restaurants to sell their food online, but the great chain restau-
rants control the promotion of their brand. The Eleme www.ele.me (accessed on 6 August
2023) takeaway platform usually integrates small restaurants to promote and sell their food
online. Some restaurants build their platform to promote and sell their food online. This
situation also exists in reality, where many large food service companies have the ability
to advertise and build their own online takeaway sales platforms. KFC (Kentucky Fried
Chicken) www.kfc.com (accessed on 6 August 2023), for example, has its own takeaway
platform. In each case, what are the platform and restaurant’s optimal decisions to maxi-
mize their profits? In each model, how do the exogenous parameters, such as revenue share
and promotion impact factor, affect the platform and the restaurant’s optimal decisions?
How do the different models affect the platform and the restaurant’s optimal decisions and
profits? In this work, we will answer the above research questions. We use a methodology
that examines dual-channel decision models for the takeout industry.

In this paper, we first construct demand functions for online and offline, consider-
ing promotion as well as substitution relationships. The profit functions of food service
providers and takeaway platforms in partial cooperation situations are subsequently con-
structed. In the partially cooperative case, food service providers need to rely on the
platform to sell takeaways, after which they will share a portion of the revenue with the
platform. In this case, we consider two classic models: the decentralized decision model
and the equilibrium decision model. In the decentralized decision model, the platform
decides both the promotional effort and the online discount; in the equilibrium decision
model, the platform decides the online discount, while the food service provider decides
the promotional effort. After that, we consider the case of full cooperation (centralized
decision model), in which both the takeaway platform and the food service provider have
maximized the overall profit as the decisive goal. In this case, we find the global optimal
promotional effort and the global optimal platform discount. Then, we analyze and com-
pare the results under three models. Our main innovation includes promotional effort as a
decision variable and as a participant’s decision variable, along with the online discount.
At the same time, we compare three different models, the decentralized decision model,
the equilibrium decision model, and the centralized decision model, whereas other works
in the literature mostly compare only two of them.

In Section 2, we review some of the relevant literature from recent years. In Section 3,
we consider the case of a food service provider partially partnering with a takeaway
platform. We first assume that the food service provider operates an independent offline
channel while partnering with a takeaway platform to operate online sales. The takeaway

www.ele.me
www.kfc.com
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platform will decide on adjusting the online price and the promotional effort according to
its interests. We then consider the case that the food service provider chooses the level of
promotion to be purchased from the platform and the platform decides on the adjustment
of online prices. We calculate the optimal decision for these two scenarios and perform a
sensitivity analysis. Then, we consider the case where the food service provider is fully
partnered with an inside platform. This is where the food service provider and the platform
can be considered as a whole part. The firm decides on the true price online and how
much to advertise based on the total online and offline utility. Again, we find the optimal
decision and perform a sensitivity analysis. In Section 4, we compare the results under
partial cooperation with those under full cooperation. Conclusions are summarized in
Section 5. Proofs of all lemmas and propositions are provided in Appendix A.

2. Literature Review

There are two streams in the literature: dual-channel and catering supply chain.
The first stream is the dual-channel business model. A classic dual-channel business

model is the O2O or online-to-offline business model, which combines offline business
opportunities with the Internet and makes the Internet a platform for offline transactions.
Many scholars have studied group buying under an O2O model. Anand and Aron [3]
studied the online group-buying market. Kauffman and Wang [4] assess the effectiveness
of the group-buying business model and reveal the reasons why many group-buying sites
fail. Lai et al. [5] examine how the degree of market price dispersion affects consumers’
intention to join group-buying transactions. Recently, Kim et al. [6] explored whether
adopting the O2O model can effectively improve the competitiveness of small stores.
Their study found that the emergence of O2O business models is changing the business
environment in the retail industry and making companies more competitive. Qin and
Hou [7] analyzed the advantages of the O2O model in the fresh produce industry, pointed
out the problems of the domestic fresh produce O2O model, divided fresh produce into
four categories, and proposed the corresponding O2O model. Pei et al. [8] found that
the utility and ease of use of the O2O platform had a significant positive effect on user
experience, the user experience of the O2O platform had a significant positive impact on
user satisfaction, and the user satisfaction of the O2O platform had a significant positive
effect on user loyalty.

Some scholars studied how to operate the dual-channel business model. Hsiao and
Chen [9] studied the introduction of the Internet channel by manufacturers and found
that manufacturers were more willing to use the Internet channel when it was either very
profitable or less profitable. Zhang et al. [10] examine the “order online, pick up in store”
strategy of a dual-channel retailer. In the monopoly case, it is found that this strategy
decreases the retailer’s market share and reduces its profits. In the competitive case, this
strategy increases the retailer’s market share and profits. Pei et al. [11] point out that due to
the growth of e-commerce, many manufacturers are opening their online channels, lead-
ing to intense channel competition with offline retailer partners. This study proposes an
innovative coordination mechanism where manufacturers’ rebates to offline consumers are
combined with volume discounts for retailers. This coordination mechanism can be used
to reduce channel competition and enhance profits for both parties. Govindan and Malom-
falean [12] demonstrates that the O2O business model using a coordination mechanism can
achieve the best results and highest earnings in the case of demand determination; the same
results were obtained in the case of random demand. Viswanathan and Wang [13] consider
a single-supplier, single-retailer distribution channel and find that offering discounts allows
perfect supply chain coordination. Lei et al. [14] analyze the effects of strategic consumer
behaviors on online retailers and offline retailers in a dual-channel supply chain and find
that a more patient consumer would not wait for a lower price in Period 2. Yi et al. [15]
study the differential pricing of a dual-channel supply chain. The results show that the
total profit of a supply chain under the centralized decision scenario is better than the de-
centralized decision scenario. Fang et al. [16] discuss a closed-loop supply chain composed
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of an OEM, an AR that is licensed by the OEM to carry out remanufacturing activities in
the presence of strategic consumers under carbon cap-and-trade regulations. The results
showed that optimal decisions are affected by the carbon price, carbon allowance allocation,
and consumer preferences for remanufactured products. Zhao and Zhou [17] explored the
impacts of two-sided market platforms on participants’ trading strategies and found that
the platform plays a crucial role in coordinating and guiding participants on both sides.

The second literature stream is the catering supply chain. The food service provider
industry is now an industry that commonly uses the O2O model, and due to the rapid
development of the take-out industry in recent years, there have been many related studies.
Zhao et al. [1] studied the development status of O2O takeaway industry in China. Chen
et al. [18] found that when a food service provider has many traditional customers, joining
a takeaway platform may simply change the composition of customers, at which point
take-out can hurt the food service provider. Food service providers and takeaway platforms
can coordinate to create a win-win situation. Du et al. [19] studied four takeaway models:
1. self-built platform and self-delivery, 2. self-built platform and third-party delivery,
3. third-party platform and self-delivery, and 4. third-party platform and third-party
delivery. Pei et al. [20] use a neural network model to evaluate the customer experience of
food service provider O2O take-out and conduct simulation training to obtain a model that
can evaluate the customer experience of food service provider O2O take-out. Yeo et al. [21]
studied the relationship between consumers’ attitudes and behavioral willingness to sell
services to others. Jun et al. [22] studied the factors influencing customers’ willingness to
use online meal delivery services during the COVID-19 epidemic.

Wang [23] constructs an onsite and offsite promotion decision model and compares
the results based on the decentralized decision situation, centralized decision situation,
and promotion investment sharing situation. The results show that centralized decision
makes the onsite promotion investment decrease. The food service provider industry
tends to offer discounts for online consumption in the O2O model. Zhang et al. [24] used
data from food service providers in Shanghai, China to conduct a new empirical analysis
on prices and coupons and found that the average price of food service providers that
provide coupons is higher than that of similar food service providers that do not issue
coupons. Luo and Ni [25] studied the problem of price subsidies in the take-out industry
and found that in the scenario with price subsidies, food service providers always raise
their sales prices; the price increase is proportional to the strength of the subsidies, and the
price subsidies can bring higher profits to both parties. Zheng and Guo [26] studied the
best pricing strategy for food service providers working with third-party websites in a
competitive environment. The results suggest that all food service providers should not
be encouraged to participate in online price discounts. This is especially true for food
service providers with fixed service capacity. When the number of offline loyal customers
is relatively small, participation and online price discounts are recommended.

The innovation of our study is that we consider the optimal promotional effort along
with the platform’s optimal online discount or surcharge. Tang et al. [27] investigates the
decision optimization problem of a manufacturer and a retailer in the wholesale and direct
selling dual channels under centralized and decentralized decision-making. Under cen-
tralized decision-making, the supply chain maximizes profits by optimizing prices in both
channels. Under decentralized decision-making, the manufacturer maximizes its profit by
optimizing the wholesale price and the direct selling price, and the retailer maximizes its
profit by optimizing the retail price. Dan et al. [28]’s study of the decision optimization
problem for dual channels under centralized and decentralized decision-making takes
into account the additional variable of service level, which affects the demand in both
channels. There are few studies in the literature that examine the impact of promotion on
the takeaway industry. We consider the discount or surcharge on the online price and the
variable of promotional effort. The promotional effort affects demand in both channels as
well. In addition, we consider the case where only the platform makes the decision.
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3. Model

There are three scenarios: decentralized decision model, separate decision model,
and centralized decision model. The main difference between the three scenarios is who
decides the platform’s discount and the promotional effort. In the decentralized decision
model, the takeaway platform decides both the platform’s discount and the promotional
effort; in the separate decision model, the platform decides the promotional effort while the
food service provider decides the platform’s discount; in the centralized decision model,
the platform and the food service provider are considered as a centralized whole and decide
both the platform’s discount and the promotional effort.

3.1. Decentralized Decision Model

First of all, let us consider the decentralized decision model.
In this model, we assume that there is only one platform and one food service provider

in the market. The food service provider operates offline sales, while online takeaways
are sold through the platform. In this section, we assume that the food service provider
relies on the platform to help promote its products. The promotion affects the number of
people who dine offline and order takeaway online. The offline sales price is p. The online
sales price is the same as the offline sales price. (See Figure 1). Usually, the platform will
either provide a discount or charge a surcharge for the online sales to differentiate pricing
from the offline sales, which we assume to be d. Note that d can be negative, indicating that
the platform will then choose to charge a surcharge instead of providing a discount, so the
actual online sales price for customers is p− d. The platform takes a percentage of revenue
from online sales as a revenue share, which is θ. The platform will promote the products
with a promotional effort of φ, which is determined by the platform, and we assume that
the cost is φ2. The magnitude of the impact of promotion on the online and offline markets
is different. We assume that the promotion with degree φ can increase the offline market
by φ and the online market by hφ, where h is the coefficient of the impact of promotion on
the online market. The degree of promotion online and offline will not differ much, and to
make the model meaningful, we assume that h < 2. The original market sizes online and
offline were a1 and a2. The definitions of the symbols can be found in Table 1.

Table 1. Definitions of Symbols.

Symbol Description

Parameters:
a1 The original market size offline;
a2 The original market size online;
q1 Offline sales volume;
q2 Online sales volume;
b Substitution factor;
p The price of producing products;
θ Platform’s revenue share of the online sales;
h Impact factor of promotion on online sales;

Decision variables:
d A discount (when d > 0) or a surcharge (when d < 0) for the online sales;
φ Promotional effort;

Revenue functions:
π1 The revenue of the food service provider;
π2 The revenue of the platform;
π Total revenue of the food service provider and the platform.
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(1− θ)pθpd

� Takeaway platform

� Online Customers

p

1 Restaurant

� Offline Customers

Figure 1. Cash flow of the online and offline sales of restaurants under decentralized decision model.

After determining the operational flow of the model, we can construct expressions
for the offline demand of the food service provider as well as the online demand of the
platform. We use a Bertrand model to construct the offline demand and online demand.
The offline demand is

q1 = a1 + φ− p + b(p− d), (1)

while the online demand function is

q2 = a2 + hφ− (p− d) + bp. (2)

Thus, the profit of the food service provider is

π1 = pq1 + (1− θ)pq2, (3)

where pq1 is the offline revenue while (1− θ)pq2 is the online revenue.
The profit of the platform is

π2 = (θp− d)q2 − φ2, (4)

where (θp− d)q2 is the revenue for the platform while φ2 is the promotional effort cost for
the platform.

Due to this, the platform may sell products from multiple food service providers
simultaneously, so the proportion of profits from the platform is generally fixed. In this
scenario, the platform maximizes its profit by determining both φ and d. The optimization
function is as follows:

max
d,φ

π2 = (θp− d)q2 − φ2. (5)

Solving the above optimization function, we obtain the following lemma.

Lemma 1. The optimal platform discount is

dc =
2(1 + θ − b)p− θh2 p− 2a2

4− h2 , (6)

and the optimal promotional effort is

φc =
h(θ + b− 1)p + ha2

4− h2 . (7)

The optimal platform discount dc and the optimal promotional effort φc are affected by
the exogenous parameters. Next, we analyze the impact of the parameters on the optimal
platform discount and the optimal promotional effort. We get the following proposition.
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Proposition 1.

(i) If b < 1 + θ − θh2

2 , dc increase in p, else decreases in p, and if b > 1− θ, φc increase in p,
else decreases in p;

(ii) dc strictly decreases b, and φc strictly increases b;
(iii) φc strictly increases in θ; If h >

√
2, dc decreases in θ, else increases in θ;

(iv) if b < 1− θ − a2
p , dc increase in h but φc decrease in h, else dc decreases in h but φc increase

in h.

For simplicity, the effect of each parameter on the optimal platform discount dc and
the optimal promotional effort φc is summarized in Table 2.

Table 2. The impact of parameters on the optimal platform discount dc and the optimal promotional
effort φc.

dc φc

Conditions Property Conditions Property

p b > 1 + θ − θh2

2 ↘ b > 1− θ ↗
b < 1 + θ − θh2

2 ↗ b < 1− θ ↘
b þ ↘ þ ↗

θ
h >
√

2 ↘
þ ↗

h <
√

2 ↗

h b > 1− θ − a2
p ↘ b > 1− θ − a2

p ↗
b < 1− θ − a2

p ↗ b < 1− θ − a2
p ↘

↗ : increase; ↘ : decrease; þ: without conditions.

The parameters b will affect online and offline sales. As substitution factor b increases,
both online and offline sales increase. As shown in Figure 2a, the platform will increase its
actual online price by reducing the online discount. The discount reduction increases the
actual online sales price such that the platform advances the promotion to increase its total
profit. Therefore, the profits of both the food service provider and the platform increase.
(See Figure 2b).

When the substitution factor b is low enough (b < min{1 + θ − θh2

2 , 1− θ}), the online
sales are low. In the Bertrand model, the increment in the sale price p significantly leads
to a decrement in the sale quantity. As shown in Figure 3a, the platform gives a higher
discount to online customers to increase online sales. At the same time, the platform
also decreases promotion to save promotional costs. Since the platform can adjust the
real price online by adding a surcharge or giving a discount, it is less affected by price
changes. The profit of offline sales will be affected by the price, and too-high or too-low
prices will make the profit of offline sales low. As shown in Figure 3b, the profit of the
food service provider first increases and then decreases in the sale price. The platform is
different; the increment of the online discount attracts some offline customers to buy food
online, so the platform’s profit is decreased in the sale price. When the substitution factor
b is high enough (b > max{1 + θ − θh2

2 , 1− θ}), the online sales are high. In the Bertrand
model, the increment in the sale price p insignificantly leads to a decrement in the sale
quantity. As shown in Figure 3a, the platform gives a higher surcharge to online customers
to encourage more profit. At the same time, the platform also increases promotion efforts
to attract more customers online and offline. Therefore, with the increases in both price
and sales (including online and offline), both the profit of the food service provider and the
profit of the platform are increasing.
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θ is the revenue share of the platform. As shown in Figure 4a, the increment in
platform revenue always motivates the platform to promote the product more. When
the impact factor of promotion on online sales is low (h <

√
2), the promotional effort

cannot significantly increase online sales, so a higher discount should be provided to
increase online sales such that the actual price for online customers is decreased. The food
service provider’s profit is decreased. However, when the impact factor of promotion
on online sales is high (h >

√
2), the promotional effort can significantly increase online

sales, so a lower discount should be provided to increase the platform’s revenue such that
the actual price for online customers is increased. The food service provider’s profit is
increased. (See Figure 4b). As the share ratio of the platform increases, the platform’s profit
is obviously increasing.
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A high impact factor of promotion on online sales h makes the promotional effort
significantly increase online sales. When the substitution factor is high (b > 1− θ − a2

p ),
online sales are large. When the impact factor of promotion increases, the platform should
decrease the discount dc to encourage more profit. (See Figure 5a,b). The decrement
of dc increases the platform’s unit revenue pθ − dc. Then, the platform should increase
the optimal promotional effort φc to increase the platform’s profit. However, when the
substitution factor is low (b < 1− θ − a2

p ), online sales are small. When the impact factor of
promotion increases, the platform should increase the discount dc to decrease the actual
online price to attract more online customers. (See Figure 5a,b). Then, the platform should
decrease the optimal promotional effort φc to save promotion costs. Then, as the impact
factor of promotion increases, the platform increases its profit by increasing the online
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discount and decreasing promotional efforts. However, increasing the online discount and
decreasing promotional efforts lead to a decrease in offline sales, which hurts the food
service provider’s profit. Therefore, the food service provider’s profit decreases in the
impact factor of online promotion.

0 1

0
−
3
.5
1

0
1
.4

0.
1
2

0.
7
3

d
c{h <

√
2}(0, −0.43)

(1, 1.4)

dc{h >
√
2}

D
isc

ou
nt

(+
d
c
)

or
su

rc
ha

rg
e

(−
d
c
)

a1 = 6; a2 = 2; b = 0.7; p = 4;h ∈ {0.56, 1.65};

⇝ Revenue share: θ

ϕ
c

(0, 0.12)

(1, 0.73)

Pr
om

ot
io

na
le

ffo
rt

:
ϕ
c

a1 = 6; a2 = 2; b = 0.7; p = 4;h ∈ {0.56, 1.65};

dc = 2(1+θ−b)p−θh2p−2a2

4−h2

ϕc = h(θ+b−1)p+ha2

4−h2

(a) θ 7→ dc(θ) & φc(θ)

0 1

1
8
.2
1

5
3
.9
3

0
1
8
.5

πc
1{h <

√
2}

(0, 22.64)

(1, 18.21)

π
c
1
{h >

√ 2}

R
ev

en
ue

of
th

e
fo

od
se

rv
ic

e
pr

ov
id

er
:
π
c 1 a1 = 6; a2 = 2; b = 0.7; p = 4;h ∈ {0.56, 1.65};

⇝ Revenue share: θ

π
c
2{h <

√
2}

(0, 0.17)

(1, 6.25)π
c
2
{h

>

√ 2}

R
ev

en
ue

of
th

e
pl

at
fo

rm
:
π
c 2

a1 = 6; a2 = 2; b = 0.7; p = 4;h ∈ {0.56, 1.65};

πc
1 = pq1 + (1− θ)pq2

πc
2 = (θp− dc)q2 − ϕc2

(b) θ 7→ π1(θ) & π2(θ)

Figure 4. Sensitivity analysis of θ.



Mathematics 2023, 11, 3610 11 of 33

0 2

−
0.
5
1

1
.6
3

−
1
.2
2

3
.1
8

dc{b = 0.1}
(0, 0.7)

(1.9, 1.63)

dc{b = 0.46}

1 − θ − a2
p

= 0.2
D

isc
ou

nt
(+

d
c
)

or
su

rc
ha

rg
e

(−
d
c
)

a1 = 6; a2 = 1; b ∈ {0.1, 0.46}; p = 2; θ = 0.3;

⇝ Impact factor h

ϕc{b = 0.1}

(0, 0)

(1.92,−1.22)

ϕ
c {b

=
0.
46
}

Pr
om

ot
io

na
le

ffo
rt

:
ϕ
c

a1 = 6; a2 = 1; b ∈ {0.1, 0.46}; p = 2; θ = 0.3;

dc = 2(1+θ−b)p−θh2p−2a2

4−h2

ϕc = h(θ+b−1)p+ha2

4−h2

(a) h 7→ dc(h) & φc(h)

0 2

5
.0
2

2
4
.9
1

0
0.
9
1

πc
1{b = 0.1}

(0, 8.12)
(1.89, 5.02)

πc
1{b = 0.46}

1 − θ − a2
p

= 0.2

R
ev

en
ue

of
th

e
fo

od
se

rv
ic

e
pr

ov
id

er
:
π
c 1 a1 = 6; a2 = 1; b ∈ {0.1, 0.46}; p = 2; θ = 0.3;

⇝ Impact factor h

πc
2{b = 0.1}

(0, 0.01)

πc
2{b = 0.46}

R
ev

en
ue

of
th

e
pl

at
fo

rm
:
π
c 2

a1 = 6; a2 = 1; b ∈ {0.1, 0.46}; p = 2; θ = 0.3;

πc
1 = pq1 + (1− θ)pq2

πc
2 = (θp− dc)q2 − ϕc2

(b) h 7→ π1(h) & π2(h)

Figure 5. Sensitivity analysis of h.

3.2. Equilibrium Decision Model

In this section, we consider the case where the food service provider determines the
promotional effort φ, and the platform determines the discount d.

The food service provider maximizes its profit by deciding φ, and the profit optimiza-
tion function of the service provider is

max
φ

πe
1 = pq1 + (1− θ)pq2 − φ2. (8)
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The platform maximizes its profit by deciding d, and the profit optimization function
of the platform is

max
d

πe
2 = (θp− d)q2. (9)

When both the food service provider and the platform maximize their profits, there is
an equilibrium. We show the equilibrium in the following lemma.

Lemma 2. The equilibrium platform discount is

de =
(2θ + 2− 2b + θh2 − h− h2)p− 2a2

4
, (10)

and the equilibrium promotional effort is

φe =
(h− θh + 1)p

2
. (11)

The equilibrium platform discount de and the equilibrium promotional effort φe. Next,
we analyze the impact of the parameters on the equilibrium platform discount and the
equilibrium promotional effort. We get the following proposition.

Proposition 2.

(i) de strictly decreases in b, h, but increases in θ;

(ii) if θ > h2+h+2b−2
2+h2 , de increases in p, else de decreases in p;

(iii) φe strictly increases in p and h, but decreases in θ.

For simplicity, the effect of each parameter on the equilibrium platform discount de

and the equilibrium promotional effort φe is summarized in Table 3.

Table 3. The impact of parameters on the equilibrium platform discount de and the equilibrium
promotional effort φe.

de φe

Conditions Property Conditions Property

p
θ > h2+h+2b−2

2+h2 ↗
þ ↗

θ < h2+h+2b−2
2+h2 ↘

b þ ↘ none none

θ þ ↗ þ ↘
h þ ↘ þ ↗

↗ : Increase; ↘ : Decrease; þ: Without conditions; none: Independent.

The parameter b will affect online and offline sales as when substitution factor b
increases, both online and offline sales increase. As shown in Figure 6a, the platform will
increase its actual online price by reducing the online discount de. Therefore, the profits of
both the food service provider and the platform increase. (See Figure 6b).
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Figure 6. Sensitivity analysis of substitution factor b.

The parameter p will affect the unit profit of the product. As prices increase, the food
service provider will try to increase the sales of its products. As shown in Figure 7a,
the food service provider will increase promotion to attract more customers to explore
more profit. When the platform’s revenue share is low (θ < h2+h+2b−2

2+h2 ), the impact of
price increment is low, so the platform should increase the actual online price θp− de by
increasing the online surcharge (−de) to increase profit. When the platform’s revenue share
is high (θ > h2+h+2b−2

2+h2 ), the impact of price increment is low, so the platform should attract
more online customers by increasing the online discount (+de) to retain online customers.
Therefore, as shown in Figure 7b, when the platform’s revenue share is low, the profits of
both the food service provider and the platform increase in price p. However, when the
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platform’s revenue share is high, since the platform increases the online discount to attract
more online customers, the offline customers are decreased. Therefore, the profit of the
food service provider first increases and then decreases in the sale price.

0 40

−
3
.6
7

0
6

0
3
5

de{θ = 0.15}
(0,−1)

(40,−3.67)

d
e {θ =

0.5
2}

θ = h2+h+2b−2

2+h2 ≈ 0.2652

D
isc

ou
nt

(+
d
e
)

or
su

rc
ha

rg
e
(−

d
e
)

a1 = 6, a2 = 2, b = 0.87, h = 0.56, θ ∈ {0.15, 0.52}

⇝ price: p

ϕ
e

(0, 0)

(40, 29.52)

Pr
om

ot
io

na
le

ffo
rt

:
ϕ
e

a1 = 6, a2 = 2, b = 0.87, h = 0.56, θ ∈ {0.15, 0.52}

de = (2θ+2−2b+θh2−h−h2)p−2a2

4

ϕe = (h−θh+1)p
2

(a) p 7→ φe(p) & de(p)

0 40

0
8
0
0

0
5
0
0

π
e
1
{θ

=
0.1

5}

(0, 0)

(40, 797.57)

πe
1{θ = 0.9}

θ = h2+h+2b−2

2+h2 ≈ 0.265

R
ev

en
ue

of
th

e
fo

od
se

rv
ic

e
pr

ov
id

er
:
π
e 1 a1 = 6, a2 = 2, b = 0.87, h = 0.56, θ ∈ {0.15, 0.9}

⇝ price: p

π
e
2{θ = 0.15}(0, 1.01)

(40, 93.43)

π
e
2
{θ =

0.9
}

R
ev

en
ue

of
th

e
pl

at
fo

rm
:
π
e 2

a1 = 6, a2 = 2, b = 0.87, h = 0.56, θ ∈ {0.15, 0.9}

πe
1 = pq1 + (1− θ)pq2 − ϕe2

πe
2 = (θp− de)q2

(b) p 7→ πe
1(p) & πe

2(p)

Figure 7. Sensitivity analysis of price p.

θ is the revenue share of the platform. As shown in Figure 8a, the decrement in the
food service provider’s revenue share always makes the platform less motivated to promote
the product. As the revenue share of the platform increases, the unit profit of the food for
the platform is increased, so a higher discount should be provided such that the actual price
for online customers is decreased to increase online sales. Therefore, the platform’s profit
is obviously increasing. However, since the revenue share of the food service provider is
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decreased, and the offline sales are decreased due to the decrement of the actual price for
online customers, the food service provider’s profit is decreased.
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Figure 8. Sensitivity analysis of percentage θ.

A high impact factor of promotion on online sales h makes the promotional effort
significantly increase online sales, so the food service provider should increase the equi-
librium promotional effort φe to increase its profit. The increment of φe and h increases
online sales such that the platform decreases the online discount de to increase profit. (See
Figure 9a,b). Due to the increment of the actual online price p− de and the promotional
effort φe, the offline sales are increased such that the profit of the food service provider is
also increased.
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Figure 9. Sensitivity analysis of impact factor h.

3.3. Centralized Decision Model

In this part, we consider the case that the platform and the food service provider are
deeply cooperative, or the food service provider has and only uses its own online sales
platform. Then, the food service provider and the platform are considered as a whole.
The online and offline sales cash flow is shown in Figure 10. They are centralized to decide
on the promotional effort and the discount for online customers. Then, the supply chain
profit optimization function is

max
d,φ

π = π1 + π2 = pq1 + (p− d)q2 − φ2. (12)



Mathematics 2023, 11, 3610 17 of 33

pd

� Online Customers

p

� Offline Customers

� Supply Chain (Food Provider + Platform)

Figure 10. Cash flow diagram for online and offline sales of restaurants under fully cooperative.

The promotional effort φ and the discount for online sales d are decided simultaneously
to maximize the supply chain profit. We obtain the following lemma.

Lemma 3. The global optimal platform discount is

d∗ =
4− 4b− h− h2

4− h2 p− 2a2

4− h2 , (13)

and the global optimal promotional effort is

φ∗ =
2bh + 2
4− h2 p +

ha2

4− h2 . (14)

The global optimal platform discount d∗ and the global optimal promotional effort φ∗

are affected by the exogenous parameters. Next, we analyze the impact of the parameters
on the global optimal platform discount and the global optimal promotional effort. We
obtain the following proposition.

Proposition 3.

(i) d∗ strictly decreases in b and h;

(ii) If h >
√

17−16b−1
2 , d∗ decreases in p, else d∗ increases in p;

(iii) φ∗ strictly increases in price p, b and h.

For simplicity, the effect of each parameter on the global optimal platform discount d∗

and the global optimal promotional effort φ∗ is summarized in Table 4.

Table 4. The impact of parameters on the global optimal platform discount d∗ and the global optimal
promotional effort φ∗.

d∗ φ∗

Conditions Property Conditions Property

p
h >

√
17−16b−1

2 ↘
þ ↗

h <
√

17−16b−1
2 ↗

b þ ↘ þ ↗
θ none none none none

h þ ↘ þ ↗
↗ : Increase; ↘ : Decrease; þ: Without conditions; none: Independent

As shown in Figure 11a, when the substitution factor b increases, both online sales and
offline sales increase such that the platform reduces the discount and increases promotional
efforts to explore more profit. Therefore, the revenue of the supply chain will increase. (See
Figure 11b).
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Figure 11. Sensitivity analysis of substitution factor b.

The parameter p will affect the unit profit of the product. As prices increase, the supply
chain will try to increase the sales of its products. As shown in Figure 12a, the supply chain
will increase promotion to attract more customers to increase profit. When the impact factor
of promotion on online sales is high (h >

√
17−16b−1

2 ), the increment of promotional effort
can significantly increase online sales. Then, the supply chain should increase the actual
online price p− d∗ by decreasing the online discount to increase profit. When the impact
factor of promotion on online sales is low (h <

√
17−16b−1

2 ), the increment of promotional
effort cannot significantly increase online sales. Then, the supply chain should attract more
online customers by increasing the online discount to increase profit. Therefore, as shown
in Figure 12b, in both of the two situations, the supply chain profit increases in price.
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Figure 12. Sensitivity analysis of price p when h <
√

17−16b−1
2 .

A high impact factor of promotion on online sales h makes the promotional effort
significantly increase online sales, so the platform should increase the promotional effort φ∗

to increase the platform’s profit. The increment of φ∗ and h increases online sales such that
the platform decreases the online discount d∗ to increase profit. (See Figure 13a,b). Due to
the increment of the actual online price p− d∗ and the promotional effort φ∗, the supply
chain profit increases in the impact factor of promotion on online sales h.



Mathematics 2023, 11, 3610 20 of 33

0 2−
1
1
2
.4
6

0
.2
1

2
1
1
5
.5
4

d∗
(0, 0.23)

(1.95,−112.46)

D
isc

ou
nt

(+
d
∗ )

or
su

rc
ha

rg
e
(−

d
∗ )

a1 = 6; a2 = 2; b = 0.7; p = 4; θ = 0.65;

⇝ Impact factor h

ϕ
∗(0, 2)

(1.95, 115.56)

Pr
om

ot
io

na
le

ffo
rt

:
ϕ
∗

a1 = 6; a2 = 2; b = 0.7; p = 4; θ = 0.65;

d∗ = 4−4b−h−h2

4−h2 p− 2a2

4−h2

ϕ∗ = 2bh+2
4−h2 p+

ha2

4−h2

(a) h 7→ φ∗(h) and d∗(h)

0 2

2
6
.4
4

6
8
1
.6
2

π
(0, 26.44)

(1.95, 681.61)

To
ta

lr
ev

en
ue

:
π

a1 = 6; a2 = 2; b = 0.7; p = 4; θ = 0.65;

⇝ Impact factor h

π = pq1 + (p− d∗)q2 − ϕ∗2

(b) h 7→ π(h)

Figure 13. Sensitivity analysis of Impact factor h.

4. The Comparison of the Three Scenarios

In this section, we first compare the profit of supply chain members under decen-
tralized and equilibrium decisions, then we compare the sum of supply chain members’
profits with the profit of the supply chain under centralized decisions, and finally, we
discuss the platform discounts d and the optimal promotional φ efforts among the three
different scenarios.

4.1. Comparing the Profit of Each Member under Different Scenarios

We explore the impact of the parameter h on the profitability of supply chain members
when they make either decentralized or equilibrium decisions. The results of the study
depicted in Figure 14 show that there exists a critical point for h. Once the value of h
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exceeds this crucial point, the supply chain members can obtain better profits by choosing
to decentralize their decisions. The opposite is true when h is below the critical point.
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π 1

πe
1

(1.2,29.54)

a1 = 6; a2 = 2; b = 0.7; p = 4; θ = 0.65;

⇝ Impact factor h

π1: decentralized decision
πe
1: equilibrium decision
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(1.87,22.97)

a1 = 6; a2 = 2; b = 0.7; p = 4; θ = 0.65;

⇝ Impact factor h

π2: decentralized decision
πe
2: equilibrium decision

Figure 14. Comparing profit of each member under different scenarios.

4.2. Comparing the Total Profits under Different Scenarios

We compared the total profits concerning parameter h under three different scenarios,
where the total profit under decentralized and equilibrium decisions is the sum of the
platform’s and restaurants’ profits. As shown in Figure 15, the supply chain profit is highest
under the centralized model.
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Figure 15. Comparison of total profits under different scenarios.

4.3. Comparing Platform Discounts and Optimal Promotional Efforts under Different Scenarios

In this section, we will compare the platform discounts d and the optimal promotional
φ efforts among the three different scenarios.

We first compare the platform discounts and the optimal promotional efforts between
the centralized decision model and the decentralized decision model.

Proposition 4. (i) φ∗ is always higher than φc; (ii) when b < 2−h−h2−2θ+h2θ
2 , d∗ is higher than

dc, else d∗ < dc.

The revenue under the centralized decision model includes online demand q1 and
offline demand q2, but under the decentralized decision model, since the platform decides
the promotion effort, its revenue only includes part of online sales. Consequently, the pro-
motional effort has a greater impact on sales under the centralized decision model than
that under the decentralized decision model. Then, the global optimal promotional effort is
always higher than the optimal promotional effort for the platform, i.e., φ∗ > φc. As shown
in Figure 16, when the substitution factor b is low (b < 2−h−h2−2θ+h2θ

2 ), under a centralized
decision model, the impact of d on offline demand is low, and the discount mainly increases
the online demand. However, when the substitution factor b is high (b > 2−h−h2−2θ+h2θ

2 ),
under a centralized decision model, the impact of d on offline demand is high as the online
discount mainly decreases the offline demand. Therefore, when the substitution factor b is
low, under the centralized decision model, a higher online discount is provided than that
under the decentralized decision model, i.e., d∗ > dc.

Proposition 5. (i) When b < −2a2h2+h4 pθ−h4 p−h3 p−2h2 pθ+2h2 p−8pθ+8p
2p(h2+4) , d∗ is higher than de, else

d∗ < de; (ii) when b > 1− θ − (1−θ)h2

4 − h
4 − a2

2p , φ∗ is higher than φe, else φ∗ < φe.

The revenue under the centralized decision model includes online demand q1 and of-
fline demand q2, but under the equilibrium decision model, since the food service provider
decides the promotion effort, its revenue includes offline sales and the part of online sales.

When the substitution factor b is low (b < −2a2h2+h4 pθ−h4 p−h3 p−2h2 pθ+2h2 p−8pθ+8p
2p(h2+4) ), under

a centralized decision model, the impact of d on offline demand is low, and the discount
mainly increases the online demand. However, when the substitution factor b is high
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(b > −2a2h2+h4 pθ−h4 p−h3 p−2h2 pθ+2h2 p−8pθ+8p
2p(h2+4) ), under a centralized decision model, the im-

pact of d on offline demand is high, and the online discount mainly decreases the offline
demand. Therefore, when the substitution factor b is low, under the centralized decision
model, a higher online discount is provided than that under the equilibrium decision
model, i.e., d∗ > de; else d∗ < de. (See Figure 17a).
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b = 2−h−h2−2θ+h2θ
2

Figure 16. Comparison of d in the case of the centralized and decentralized decision model.

As shown in Figure 17b, only when the substitution factor b is high enough (b >

1− θ − (1−θ)h2

4 − h
4 − a2

2p ), the promotional effort has a greater impact on the sales under
the equilibrium decision model than that under the decentralized decision model. Then,
the global optimal promotional effort is higher than the equilibrium promotional effort for
the platform, i.e., φ∗ > φc.

Proposition 6. (i) When b > h2θ
2 − h2

2 − h
2 − 3θ + 3 + 2

h −
a2
p , de is higher than dc and φc is

higher than φe, else , dc is higher than de and φe is higher than φc.

The only difference between the decentralized decision model and the equilibrium
decision model is who decides the promotional effort: the platform or the food service
provider. Under the equilibrium decision model, since the food service provider decides
the promotional effort, the equilibrium promotional effort is not related to the substitution
b since the platform can only control online discounts and can not control the promotional
effort. When the substitution factor is low (b < h2θ

2 − h2

2 − h
2 − 3θ + 3+ 2

h −
a2
p ), the impact of

discount on the offline sales is low; then, a lower online discount should be provided under
the equilibrium decision model. Under the decentralized decision model, the platform can
control both online discounts and promotional efforts. The benefit for the platform from
the promotional effort is smaller than that of the food service provider. Then, the platform
will set a lower promotional effort. At the same time, to retain more online customers,
the platform will set a higher online discount. Therefore, when the substitution factor
is low, the equilibrium platform discount is higher than the optimal platform discount,
i.e., de < dc, but the equilibrium promotional effort is higher than the optimal promotional
effort, i.e., φe > φc. (See Figure 18).
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Figure 17. Comparison of d and φ in the case of the centralized and equilibrium decision model.
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Figure 18. Comparison of d and φ in the case of the decentralized and equilibrium decision model.

5. Extension

In this section, we consider the optimal price under the three scenarios. Under the
decentralized decision model and the equilibrium decision model, the food service provider
decides the retail price. However, under the centralized decision model, the retail price
is decided to maximize the supply chain profit. Under the decentralized decision model,
the food service provider maximizes its profit by adjusting the retail price. Then, the profit
optimization function is

max
p

π1(dc, φc) = pq1(dc, φc) + (1− θ)pq2(dc, φc). (15)

Under the equilibrium decision model, the food service provider maximizes its profit
by adjusting the retail price. Then, the profit optimization function is

max
p

π1(de, φe) = pq1(de, φe) + (1− θ)pq2(de, φe). (16)

Under the centralized decision-making model, since the entire supply chain is consid-
ered as a whole when the supply chain decides on the optimal discount and promotional
effort, the price is decided to maximize the supply chain profit. Then, the supply chain
profit optimization function is

max
p

π = π1(d∗, φ∗) + π2(d∗, φ∗) = pq1(d∗, φ∗) + (p− d∗)q2(d∗, φ∗)− φ∗2. (17)

Then, we obtain the following proposition.

Proposition 7. In the decentralized decision model, the food service provider’s optimal price is

pc =
a1h2 − a2h− 4a1 − 2(1− θ + b)a2

4b2 + 2(1− θ)bh2 + 2bh + 8b(1− θ) + 2h2 − 2h(1− θ)− 4(1− θ)2 − 8
; (18)

in the equilibrium decision model, the food service provider’s optimal price is

pe =
2a1 + (1 + b− θ)a2

3 + 2(1− θ)2 − bh2(1− θ)− 4b(1− θ)− h(1− θ)− bh− 2b2 ; (19)
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the supply chain’s optimal price is

p∗ =
a1h2 − 4a1 − 4a2b− a2h
2(4b2 + 2bh + h2 − 3)

. (20)

Next, we compare the prices among three scenarios. Furthermore, we analyzed the
effect of the impact factor of promotional on online sales h on optimal pricing under three
decision scenarios. As shown in Figure 19, under all three scenarios, the optimal price
increases with h. Because of the competition between online and offline sales under the
decentralized decision and the equilibrium decision models, the decentralized optimal
price and the equilibrium price are always lower than the centralized optimal price. The
increment of h leads to a higher promotional effort, and the higher promotional effort leads
to a higher retail price. In addition, because the food service provider’s revenue is from
online and offline sales but the platform’s revenue is only from online, the impact of the
promotional effort on the service provider’s sales is more sensitive than on the platform’s
sales. Since the platform decides on the promotional effort under equilibrium but the food
service provider decides on the promotional effort under the decentralized decision model,
the impact of h on the retail price is more sensitive under the decentralized decision model
than under the equilibrium decision model. Then, as h increases, the price comparison
result between the decentralized decision and the equilibrium decision models is different.
In particular, there exists a threshold within the two decentralized models. When h is less
than the threshold, the equilibrium price is higher than the decentralized price. However,
when h is higher than the threshold, the equilibrium price is lower than the decentralized
price. (See Figure 19).
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Figure 19. A comparison of optimal pricing under different scenarios

6. Conclusions

We construct demand functions for online and offline sales, considering promotion
as well as substitution relationships. The profit functions of food service providers and
takeaway platforms in partial cooperation situations are subsequently constructed. In the
partially cooperative case, food service providers need to rely on the well-established
platform to sell takeaways, after which they will share a portion of the revenue with the
platform. In this case, we consider two classic models: the decentralized decision model
and the equilibrium decision model. In the decentralized decision model, the platform
decides both the promotional effort and the online discount; in the equilibrium decision
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model, the platform decides the online discount, while the food service provider decides
the promotional effort.

6.1. Results Summary

In the decentralized decision model, we find that the online discount decreases in
price when the substitution factor is high but decreases in price when the substitution
factor is low. The promotional effort increases in price when the substitution factor is
high but decreases in price when the substitution factor is low. The online discount de-
creases in the platform’s revenue share when the impact factor of the online promotion is
high but increases in the platform’s revenue share when the impact factor of the online
promotion is high. As the impact factor of the online promotion increases, when the substi-
tution factor is high, the online discount decreases, and the promotional effort increases,
but when the substitution factor is low, the online discount increases, and the promotional
effort decreases.

In the equilibrium decision model, the online discount increases in price when the
platform’s revenue share is high but decreases in price when the platform’s revenue share
is low.

After that, we consider the centralized decision model, in which both the takeaway
platform and the food service provider have maximized the overall profit as the decisive
goal. We find that the online discount decreases in price when the impact factor of the online
promotion is high but increases in price when the impact factor of the online promotion
is low.

Then, we analyze and compare the results under three models. We find that when
the substitution factor is low enough, or the impactor factor of online promotion is low
enough, the global optimal platform discount is higher than both the equilibrium platform
discount and the decentralized online discount; otherwise, the results are the opposite.

The global optimal promotional effort is always higher than that in the decentralized
model. When the substitution factor is low enough, or the impactor factor of online promo-
tion is low enough, the global optimal promotional effort is higher than the equilibrium
optimal promotional effort; otherwise, the result is the opposite.

6.2. Managerial Implications

We have found that the entire supply chain is most profitable under the centralized
decision model, so those large restaurants that have the ability to build their own online
takeaway platform should build their own takeaway platforms. In addition, we find that
under the decentralized decision model, when promotion works well in the takeaway chan-
nel, the takeaway platform reduces the online discount as the platform’s share percentage
increases and spends the saved money on promotion. When the promotion does not work
well in the takeaway channel, as the platform share percentage increases, the takeaway
platform will increase both promotion and discount. So, a takeaway platform, when the
takeaway market is better, can charge a higher revenue share, reduce the online subsidies,
and increase promotion. Food service providers’ profits will increase as they face less
competition offline due to the increase in takeaway prices, and the increased promotion
will bring more customers offline. In addition, when the takeaway market is bad, food
service providers should strive for a lower revenue share.

6.3. Limitations and Further Study

In this paper, only two variables are selected as decision variables in order to get
more intuitive results. More decision variables can be added in the future, such as price p.
This paper only studies the case of a single food service provider and a single takeaway
platform, and in future research, we can consider studying the case of multiple food service
providers or multiple takeaway platforms competing with each other.
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Appendix A

Appendix A.1. Proof of Lemma 1

Find the partial derivatives of π2 with respect to φ, d, respectively, and make the
partial derivatives equal to zero to obtain

∂π2

∂φ
= hpθ − hd− 2φ = 0, (A1)

∂π2

∂d
= pθ − d− a2 − hφ + p− d− bp = 0. (A2)

Solving the system of equations yields

φc =
h(θ + b− 1)p + ha2

4− h2 , (A3)

dc =
2(1 + θ − b)p− θh2 p− 2a2

4− h2 . (A4)

Since ∂2π2
∂φ = −2, ∂2π2

∂d = −2, ∂2π2
∂φ∂d = −h, so in the case of h < 2, the Hesse matrix is a

negative definite matrix, so the equation π2 is maximum at the point (φc, dc).

Appendix A.2. Proof of Proposition 1

∂dc

∂p
=

2(1 + θ − b)− θh2

4− h2 . (A5)

So when b < 1 + θ − θh2

2 , ∂dc

∂p > 0, dc increases in p when b > 1 + θ − θh2

2 , ∂dc

∂p < 0, dc

decrease in p.
∂dc

∂b
=
−2p

4− h2 < 0, (A6)

dc decreases in b.
∂dc

∂θ
=

(2− h2)p
4− h2 . (A7)

https://github.com/iihciyekub/Mathematics-figtexdata-230629
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So when h <
√

2, ∂dc

∂θ > 0, dc increases in θ when h >
√

2, ∂dc

∂θ < 0, dc decreases in θ.

∂dc

∂h
=

4h[(1− θ − b)p− a2]

(4− h2)2 . (A8)

So when b < 1− θ − a2
p , ∂dc

∂h > 0, dc increases in h when b > 1− θ − a2
p , ∂dc

∂h < 0, dc

decreases in h.
∂φc

∂p
=

h(θ + b− 1)
4− h2 . (A9)

So When b > 1− θ, ∂φc

∂p > 0, φc increases in p when b < 1− θ, ∂φc

∂p < 0, φc decreases in p.

∂φc

∂b
=

hp
4− h2 > 0, (A10)

φc increase in b.
∂φc

∂θ
=

hp
4− h2 > 0, (A11)

φc increase in θ.
∂φc

∂h
=

(4 + h2)[(θ + b− 1)p + a2]

(4− h2)2 . (A12)

So when b > 1− θ − a2
p , ∂φc

∂h > 0, φc increases in h when b < 1− θ − a2
p , ∂φc

∂h < 0, φc

decreases in h.

Appendix A.3. Proof of Lemma 2

Find the partial derivatives of π1 with respect to φ, and make the partial derivatives
equal to zero to obtain

∂π1

∂φ
= p + (1− θ)hp− 2φ = 0. (A13)

Solving the equation yields

φe =
(h− θh + 1)p

2
. (A14)

Find the partial derivatives of π2 with respect to d, and make the partial derivatives
equal to zero to obtain

∂π2

∂p
= −a2 − hφc + (p− d)− bp + (θp− d) = 0, (A15)

de =
(2θ + 2− 2b + θh2 − h− h2)p− 2a2

4
. (A16)

Appendix A.4. Proof of Proposition 2

∂de

∂p
=

2θ + 2− 2b + θh2 − h− h2

4
. (A17)

When θ > h2+h+2b−2
2+h2 , ∂de

∂p > 0 means that de increases in p, else ∂de

∂p < 0, means that de

decreases in p
∂de

∂b
=
−2p

4
< 0, (A18)

de decrease in b.
∂de

∂θ
=

2 + h2

4
p > 0, (A19)
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de increase in θ.
∂de

∂h
=

2θh− 1− 2h
4

p < 0, (A20)

de decrease in h.
∂φe

∂p
=

(h− θh + 1)
2

> 0, (A21)

φe increase in p.
∂φe

∂θ
=
−hp

2
< 0, (A22)

φe decrease in θ.
∂φe

∂h
=

(1− θ)p
2

> 0, (A23)

φe increase in h.

Appendix A.5. Proof of Lemma 3

Find the partial derivatives of π with respect to φ and d, respectively, and make the
partial derivatives equal to zero to obtain

∂π

∂φ
= p + hp− hd− 2φ = 0, (A24)

∂π

∂d
= p− bp− d− (a2 + hφ− (p− d) + bp) = 0. (A25)

Solving the system of equations yields

φ∗ =
2bh + 2
4− h2 p +

ha2

4− h2 , (A26)

d∗ =
4− 4b− h− h2

4− h2 p− 2a2

4− h2 . (A27)

Since ∂2π
∂φ2 = −2, ∂2π

∂d2 = −2, ∂2π
∂φ∂d = −h, so in the case of h < 2, the Hesse matrix is a

negative definite matrix, so the equation π is maximum at the point (φ∗, d∗).

Appendix A.6. Proof of Proposition 3

∂d∗

∂p
=

4− 4b− h− h2

4− h2 . (A28)

If h >
√

17−16b−1
2 , ∂d∗

∂p < 0, so d∗ decreases in p. If h <
√

17−16b−1
2 , ∂d∗

∂p > 0, so d∗

increases in p.
∂d∗

∂b
=
−4p

4− h2 < 0, (A29)

d∗ decrease in b.
∂d∗

∂h
=
−h2 p− 4p− 8bhp− 4ha2

(4− h2)2 < 0, (A30)

d∗ decrease in h.
∂φ∗

∂p
=

2bh + 2
4− h2 > 0, (A31)

φ∗ increase in p.
∂φ∗

∂b
=

2hp
4− h2 > 0, (A32)
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φ∗ increase in b.

∂φ∗

∂h
=

2bp + a2

4− h2 +
4bh2 + 4h
(4− h2)2 p +

2h2a2

(4− h2)2 > 0, (A33)

φ∗ increase in h.

Appendix A.7. Proof of Proposition 4

dc − d∗ =
p(2b− h2θ + h2 + h + 2θ − 2)

4− h2 , (A34)

when b > 2−h−h2−2θ+h2θ
2 , dc− d∗ > 0, dc is greater than d∗, else, dc− d∗ > 0, dc is no greater

than d∗.

φc − φ∗ =
(θ − b− 1)hp− 2p

4− h2 < 0, (A35)

φ∗ is greater than φc.

Appendix A.8. Proof of Proposition 5

d∗ − de = 8p− 8bp− 8θp− 4θh2 p + 2h2θp + 2h2 p− 2bh2 p + h4θp− h3 p− h4 p− 2h2a2 > 0, (A36)

b <
−2a2h2 + h4 pθ − h4 p− h3 p− 2h2 pθ + 2h2 p− 8pθ + 8p

2p(h2 + 4)
. (A37)

When b < −2a2h2+h4 pθ−h4 p−h3 p−2h2 pθ+2h2 p−8pθ+8p
2p(h2+4) , d∗ is greater than de, else, d∗ is no

greater than de.

φ∗ − φe = 4bhp + 2ha2 − 4hp + 4θhp + h3 p− h3θp + h2 p > 0, (A38)

b > 1− θ − (1− θ)h2

4
− h

4
− a2

2p
. (A39)

When b > 1− θ − (1−θ)h2

4 − h
4 − a2

2p , φ∗ is greater than φe, else, φ∗ is no greater than φe.

Appendix A.9. Proof of Proposition 6

de − dc = 6θhp− 4hp− 6h2 p + 2bh2 p− θh4 p + h3 p + h4 p + 2h2a2 > 0. (A40)

b >
h2θ

2
− h2

2
− h

2
− 3θ + 3 +

2
h
− a2

p
. (A41)

When b > h2θ
2 − h2

2 − h
2 − 3θ + 3 + 2

h −
a2
p , de is greater than d∗, else, de is no greater

than d∗.

φe − φc = 6hp− 6θhp + 4p− h3 p + θh3 p− h2 p− 2ha2 − 2hbp > 0. (A42)

b <
h2θ

2
− h2

2
− h

2
− 3θ + 3 +

2
h
− a2

p
. (A43)

When b h2θ
2 − h2

2 − h
2 − 3θ + 3+ 2

h −
a2
p , φe is greater than φc, else, φe is no greater than φc.
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Appendix A.10. Proof of Proposition 7

Based on (15), taking the first-order derivative of π1 with respect to p and making it
equal to 0, we obtain

pc =
a1h2 − a2h− 4a1 − 2(1− θ + b)a2

4b2 + 2(1− θ)bh2 + 2bh + 8b(1− θ) + 2h2 − 2h(1− θ)− 4(1− θ)2 − 8
. (A44)

Based on (16), taking the first-order derivative of π1 with respect to p and making it
equal to 0, we obtain

pe =
2a1 + (1 + b− θ)a2

3 + 2(1− θ)2 − bh2(1− θ)− 4b(1− θ)− h(1− θ)− bh− 2b2 . (A45)

Based on (17), taking the first-order derivative of π with respect to p and making it
equal to 0, we obtain

p∗ =
a1h2 − 4a1 − 4a2b− a2h
2(4b2 + 2bh + h2 − 3)

. (A46)
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