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list of aggregation functions on the classical, well-known special functions to investigate the best
approximation error estimates using a different concept of perturbation stability.
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1. Introduction and Preliminaries

In recent years, one of the attractive fields of research in the area of functional equations
has been devoted to stability analysis. Stability analysis is a basic character of mathemati-
cal analysis and has paramount importance in different areas of science and engineering.
In the nineteenth century, Ulam [1] proposed the popular Ulam stability of functional
equations that was partially solved by Hyers in the Banach space setting [2]. The prob-
lem presented by Ulam inspired well-known mathematician such as Brzdek, Cieplinski,
Brillouét-Belluot, Gajda, Ger, Smerl, Sikorska, Fechner, Forti and others; for details and
further references see [3—14], in particular Bourgin, who presented in [15] some remarks
concerning approximately additive mappings.

In 1978, a new concept of Ulam stability was presented by Rassias which led to the
improvement of what is known as Hyers-Ulam—Rassias stability of linear mappings [16].
The results were then improved by Aoki who weakened the condition for the bound
of the norm of Cauchy difference [17]. As far as we know, works by Obloza [18,19]
were among the first contributions dealing with the Ulam-type stability of ODEs. Since
then, the stability results of different classes of ODEs and PDEs of fractional order were
explored by using a wide spectrum of methods, see [20-26]. There are now many re-
search papers in the literature which consider generalizations of Hyers—Ulam—Rassias
stability for different types of functional equations, functional inequalities and fractional
equations [27-31]. For example, in [32,33] Mittag-Leffler—Hyers-Ulam—-Rassias stability,
hypergeometric-Hyers-Ulam—Rassias stability, Wright-Hyers-Ulam—Rassias stability, and
Fox-Hyers-Ulam—Rassias stability are presented.

Hyers’s method, which was applied in [2], is usually named the direct technique, and
has been used for investigating the stability of functional equations. However, this tech-
nique sometimes does not work (see [34]). Nevertheless, there are other techniques proving
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DiagonalY, (D)

the stability results; for instance: the technique applying the notion of shadowing [35], the
technique of invariant means [36] and the technique according to sandwich theorems [37].
In this paper, we propose the fixed-point technique that is the most important technique
of proposing the stability of diverse mathematical equations. Although it was applyed
for the first time by J. A. Baker [38], who used this technique to gain the stability of a
functional equation, most authors follow Radu’s technique [39] and apply the Diaz and
Margolis theorem.

The major issue we are studying in this paper is that of aggregation maps which
play an important role in several technical tasks scholars are faced with nowadays. The
mentioned maps refer to the procedure of combining some inputs into one output. The
oldest example is the notion of arithmetic mean which has been used throughout the history
of empirical sciences. These maps are applied in both applied and pure mathematics (like:
probability,theory of means), social sciences (like: psychology), engineering sciences (like:
artificial intelligence, image analysis), as well as many other natural sciences [40,41]. In
this paper, we apply n-ary aggregation functions on special functions to define a class
of matrix-valued controllers which help us to present a concept of Ulam-type stability.
The aggregation functions allow us to obtain the best approximation errors [42]. Recently,
special functions like Mittag-Leffler function, hypergeometric function, Wright function,
Fox H-function, Fox-Wright function, Meijer G-function, G-function and others have
received a lot of attention because of their important roles in finding optimal solutions for
different types of mathematical equations and their close relations to problems which come
from applications [43].

In the present paper, we propose some novel notions concerning a new type of stability
of a tri-additive A-fuzzy operator inequality in the Mittag-Leffler—-Hyers—-Ulam—Rassias
sense using some special function which include the one-parameter Mittag—Leffler function,
the one-parameter pre-supersine function generated by the Mittag—Leffler function, the
one-parameter pre-superhyperbolic supersine function generated by the Mittag—Leffler
function, the one-parameter pre-supercosine function generated by the Mittag—Leffler
function, and the one-parameter pre-superhyperbolic supercosine function generated by
the Mittag-Leffler function. In particular, in this paper, we consider the tri-additive A-fuzzy
operator inequality

N (X()\l 4+ Ao, Az — Ay, Ag — )\6) + )((/\1 — Ao, Az + Ay, A5 — /\6) )

“2x(A, As As) + 2x (A1, Ag, Ag) — 2x(Aa, A3, Ag) + 2x(Az A, A5),T>

A+ Ay
2

A —A
/)\3—)t4,)\5+)t6)+27(( ! 2,)\34-)\4,)\5—)\6)

- w(uzx( .

—2x(A1,A3,A5) +2x(A1, Ay, Ag) — 2x (A2, A3, Ag) +2x (A2, Ag, /\5)},7)

where 0 # A € C s fixed and |A| < 1. Further, we get an estimation for permuting
tri-homomorphisms and tri-derivations in unital matrix FC-¢-algebras, associated with the
above inequality. As an application, we present a small list of aggregation functions to get
diverse estimates depending on the input values and to study optimum stability results
and minimal errors that provide a unique optimal solution.

Letn € N, ® := [0,1] and the following diagonal matrix defined by

g 0 - 0
0 ¢n» :

= Diagonal ({1, , Yun), $ii €D, i=1,--- ,np,

0 - 0 P
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where DiagonalY,, (®) is equipped with the partial order relation:

¢ := Diagonal[{n1, - - , Pnn), & := Diagonal[aqy, - - -, &nn| € DiagonalY,(®),
Y a=9; <wa; VieN

Also, P < a denotes that p < w and ¢ # «; P < a and ¢p; < a;;, for all i € N. We define
0 := Diagonal[o, - - - , 0] in DiagonalY,, (®) in which ¢ € ®. For example,

0 0 0

0=1|2 0 = Diagonal[0, - - - , 0], xn,
oo 0
o - 0 0 nxn

and

1 0 0]

1= (0 = Diagonal[l, - - -, 1]xn.
. T .-. 0
0 -~ 0 1
L - nxn

Here, we generalize the t-norm @y [44] on DiagonalY,(®).

Definition 1 ([45]). A generalized triangular norm (GTN) on DiagonalY ,(®) is an operation
Qgry : DiagonalY ,,(P) x DiagonalY, (®) — DiagonalY,(®) s.t.,

(1) (V¢ € DiagonalY,(®))(¢p Qery 1) = ) (boundary condition);

2)  (V(¢,a) € (DiagonalY ,(®))?) (¢ Qe & = & gy ¢) (commutativity);

3) (V(y,a,¢) € (DiagonalY,(P)*)(¢ Qern(d R ¢) = (¥ Rerw &) ey ¢) (associativ-
ity);

4) (Y, v, a,a') € (DiagonalY,(®)*(p < ¢ and a < &/ = P Qe = ¥ Rgy &’
(monotonicity).

For all ¢ := Diagonal[y1, - - - , Pun], & := Diagonal|ayy, - - -, ann| € DiagonalY, (P)
and all sequences {(¢;;)r} and {(a;;)¢}, with 1 <i < n and k > 0, converging to ¥;; and
i, suppose we have

lim (Diagonal[(lpll)k,- <, (Yun k] ® Diagonal[(a11)x, - - -, (“nn)k])

k—o0 GTN

= Diagonal[11, - - -, Pn] ® Diagonal[ayy, - - -, nnl,
GTN

then, @¢ry on DiagonalY,, (®) is a continuous generalized triangular norm (CGTN). Now,
we present some examples of continuous generalized triangular norms.

(1) Let @&y : DiagonalY, (®) x DiagonalY,(®) — DiagonalY, (®), such that,

P P
pQa = Diagonal[ip11,- -, Pun] Q) Diagonalay, - - -, a]
GTN GTN

= Diagonal[{11.011, " -, Pun-Cnn),

then, ®&py is a CGTN.
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(2) Let @21 : DiagonalY,(®) x DiagonalY,(®) — DiagonalY, (®), such that,

M M
pQa = Diagonal[(y, - - -, Puu] X) Diagonalayy, - - -, ]
GTN GTN

= Diagonal[min{ 411,211}, -, min{Wuu, aun }|,

then, @231y is a CGTN.
(3) Let @&y : DiagonalY, (®) x DiagonalY,(®) — DiagonalY, (®), such that,

L L
P ® a = Diagonal[$11,- -, Pun] ®Diagonal[zx11, ce O
GTN GTN

= Diagonal[max{¢1; + a1 — 1,0}, - -, max{Qn, + an, —1,0}],

then, @&y is a CGTN.

Here, we present some numeric examples:

1 3 r3 1
M = M| —= —
Diagonal E,O.Z, 1} ® Diagonal {%,0.7, 0} — |2 02 ® 10 07 _ |10 02
GTN 1 GTN 0 0
) 1 N [3 ]
5 n 20
Diagonal F, 0.2, 1} ® Diagonal {3,0.7, O} — |2 0.2 ® 10 0.7 = 1
2 QTN 10 ' 1| e ' 0 50 0
1 L 3 % L % 0
Diagonal [f, 0.2, 1} &) Diagonal {—, 0.7, 0] = 02 |® o7 |=1] ©
2 GIN 10 ’ 1| e ' 0 0
Then, we get
-1 - M - 3 -
Diagonal 5,0.2,1 ®Diagonal 1—,0.7,0
L J ey |10 .
-1 - P - 3 -
> Diagonal 5,0.2,1 ®Diagonal 1—,0.7,0
L d ety 110 .
-1 - L - 3 -
> Diagonal 5,0.2,1 ®Diagonal 1—,0.7,0 .
L d ety 110 .

We are interested in defining a multi-control function using some known special functions,
and to achieve it, we apply diagonal matrices as the values of control functions instead of
finite sequences, because the value of a control function must be a member of a topological
monoid with a unit (i.e., 1) with the monotonicity property (Definition 1, (4)).

Let ¢ be a vector space and 7 > 0. We denote the set of a matrix valued fuzzy set by
A*. Now, 4" € A* denotes A" : { x (0,400) — DiagonalY, (®) s.t.,
e _/ is continuous;
e _¥({,.)is non-decreasing, for every { € &;
e limy, (0, 7)=1,forevery( €¢.

In A*, we denote “ < ” as follows:

N Ny = N (CT)2H4(,T), YT',T >0,and € ¢.



Mathematics 2023, 11, 3458 5 of 35

Definition 2 ([45]). Consider the CGTN @qry, a vector space ¢ and a matrix valued fuzzy set
N 2 € x (0,400) — DiagonalY, (P). In this case, we define a matrix valued fuzzy norm A as
follows:

(D-1) N (g, T)=1forany T > 0ifand only if { = 0;

(D-2) ¥/ (32, T) = /(é,%)forany@ €gT >0,and0#7€C;

(D-3) ¥+, T+T)=NCLT) QA (L, T") forall {,{' € Eand T, T' > 0;

(D-4) limy_, 100 A (L, T) =1, forall ¢ €.

Now, (&, A, Qqrn), is called a matrix valued fuzzy normed space (MFN-space).

For example, the matrix valued fuzzy set .4

A (¢, T) = Diagonal exp(—@), T_Z—M” ,

is a matrix valued fuzzy norm, where 7 > 0 and (&, ./, @¥y) is an MFN-space and
(&, |l - ||) is a linear normed space.

Definition 3 ([45]). Consider the MFN-space (G, ./, Qqry) and the CGTNs Qgry and Pgry. If
(D-5) ¥ (L, TT') = N(CT)@e A (L, T forany {,¢’ € Eandany T', T > 0,
then (&, A, Qarn, Dern) is called a matrix fuzzy normed algebra (MFN-algebra).

If
1< MG I+ TNg T +Thelh (&.¢ € @li-[I); 7,7 >0),
then,
N (L, T) =Di = .
(¢, T) = Diagona e‘@,@ ’

for any 7 > 0, is a matrix fuzzy normed algebra (&, .4, @y, Q&) and vice versa.
A complete matrix fuzzy normed algebra is called a matrix fuzzy Banach algebra (or
MEFB-algebra).

Let (¢, -4, Qarn, Dgrn) be an MFB-algebra. An involution on ¢ is a mapping { — {°
from ¢ into ¢, s.t.,
(1) g% ={forany €;
@) (T+¢0)° = @C°+¢C°, forany T € &;
@) (§Z')° ="m® forany 7, €¢.
Then, ¢ is called an MFB-¢-algebra. In addition, if 4 ({°C, T) = A({, T) forall { € ¢ and
T > 0, then ¢ is called an MFC-o-algebra.

Here, we denote the unital MFC-¢-algebra (&, 4, Qgrn, Pery) With unit e and the
unitary group U({) = {6 € ¢ : 6°0 = 00° = e}.

Definition 4 ( [45]). A mapping @ : v3 — v is called tri-additive, if
@(a+epy)=@p7)+olep ),

@(a,B+ey)=w(B,y) +@(aey),
@(a,B,7+€)=@(aB,y) +@apBe),

forevery a7y, B, € € v.

Definition 5 ([45]). Consider the ring v. A tri-additive mapping @ : v3

tri-derivation on v if we have

— v is a permuting

@(MAg, A3, Ay) = @(Aq, A3, A ) A + A@(Ag, Az, Ay),
w(fﬁ(l)'fﬁ(Z)'@%G)) = @(l, b, 03)
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for all permutations (B(1),B(2),B(3)) of (1,2,3), and for all Ay, - - - , Ay, €1, 02,03 € v.

Definition 6 ([45]). Consider two complex Banach algebras v and ©. A C—trilinear mapping
p : V3 — @ is a permuting tri-homomorphism if we have

P(/\l/\Zr /\3/\4/ A5A6) = p()\lr /\3/ AS)p(AZI /\4/ /\6)/
p(lpy Loy o) = ol o, l3)
for all permutations (B(1), B(2),B(3)) of (1,2,3), and for all Ay, - - - , Ay, €1, 02,03 € v.

Next, we propose vector valued generalized metric spaces.

Definition 7. Let h = (hy, ..., hy) and v = (1, ..., vm), m € N. Thus, we have

and also
h—=0<=h;j—0, j=1,---,m.

Definition 8 ([46]). Consider the nonempty set 3 and a given mapping h : 32 — [0, +o0]™,
m € N. A generalized metric hon J is a function s.t.,
(1) for all (e1,€2) € J%, we get

h(e1,e2) =0=(0,---,0) < €1 = €y,
A,—/
m

(2) for all (e1,€2) € J?, we get
h(e1, €2) = h(ey, €2) < €1 = €;
(3) forall €1, €3,1 € J, we get
h(er, 1) + A1, €2) = h(er, €2).

Theorem 1 ([46]). Let m € N and consider a function h : 3> — [0,+00]™, and a complete
generalized metric space (J, h). Consider a strictly contractive function T : J — J with Lipschitz
constant T < 1. Then, for any ¢ € J, either

AT, T"T19) = (+oo,- -, +00)
m

forall n € NU {0} or there exists an ng € N s.t.
(1) A(T"9, T"H19) < (+c0, -, +00),  Vn > ng;

m
(2) The fixed point «* of T is a convergence point of the sequence {T"9} and is unique in the
set 3 = {x € 3| h(I"8,x) < (40c0,--- ,+00)};
—_—

m

(3) A, x*) < t27h(x,Tk) for every x € J'.

Consider the MFN-space &, the MFB-space ‘3 and the MFB-algebras v and © and also
letA € Cs.t. |A] < 1.

2. Tri-Additive A-Functional Inequality (1)

Using Theorem 1, we study the multi stability of the functional Equation (1) in MFB-
algebras.
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Lemma 1. Let W be a linear space and x : W3 — W be a function satisfying (1), for any A; €
W,i=1,---,6.Let x(0,A3,A5) = x(A1,0,A5) = x(A1,A3,0) = x(A1,0,0) = x(A2,0,A5) =
X(A2,A3,0) =0, forany A; € W,i=1,2,3,5. Then, x : W — W is tri-additive.

Proof. Putting A; = A and Ay = Ag = 01in (1), we have

X(2A1,A3,A5) = 2x(A1,A3,A5), VA1, A3, A5 € W.

Thus,
Vs (X(/\l Ao, A3 — AgAs — Ag) + x(A1 — Az, As + Ag As — A) @)
—2x(A, A, As) + 2(M, Ag, As) — 2x(A2, As, Ag) + 2x(Aa, Aa, As),T>
% (A[X(Al 4 Ao, A3 — AgAs 4+ Ag) + x(A1 — Az As + A, As — Ag)
—2x(A1, A3, A5) +2x (A1, Ay, As) — 2x(@, A2, Az, Ag) + 2x(A2, Ag, As)], T) ,
and so

XA+ A2, A3 = Ag, As — Ag) + x (A1 — A, Az + Ay, As — Ag) (3)
—27(()\1, Az, /\5) + 2)(()&1, Ay, /\6) — 2}((/\2, Az, /\6) + 2)((/\2, Ag, )\5) =0,

forallA; e W,i=1,---,6. Now, putting Ay = A¢ = 0in (3), we have

X(A14+ A2, A3,A5) + x (A1 — Ap, A3, As) 4)
= ZX(Alr/\fir /\5)/

and so
XA, A3, A5) + x (4, A3, As) 5)

A+2
= ZX(T/ A3/)\5) = X(A + 'él A3/)\5)/

forall A = Ay + Ap, £ = Ay — Ay, A3, Ay, As, Ag € W. Since [A| < 1, x : W® — W is additive
in the second variable. In a similar way, we have that x : W3 — W is additive both in the
second and in the third variable. Thus, x : W3 — W is tri-additive. [

Theorem 2. Supposei =1,--- ,nandn € N. Let (&, 4, @y, @2y) be an MFB-algebra, and
E 8% x (0, +00) — D be a fuzzy control function s.t. there exists a 8; < 1 with

A Ay Az Ay As Ag 2
(21 22 28 74 75 26 - & =
51<2/ 2/ 2/ 2/ 2/ 2/T> gl()\lr/\Z/)\3/)\4r/\5//\6/l9iT> (6)
and
lim £ (M, Ay Ag Ay As Ao T,) 1, )
j—oo 2] 217217217217 217 2]
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forall \; € &,i = 1,...,6and T > 0. Let the fuzzy operator x : &> — ‘R satisfying

X(0,A3,A5) = x(A1,0,A5) = x(A1,A3,0) = x(A1,0,0) = x(A2,0,A5) = x(A2,A3,0) =0
and

N (X()\l 4+ Ap, Az — Ay, Ag — /\6) + X(/\l — Ay, A3+ Ay, A5 — )\6) (8)

—2x(A1,A3,A5) +2x (A1, Aa, As) — 2x (A2, A3, A6) +2x (A2, Ag, As), T)

A+ Ay
2

Al — A
A3 = Ag, As + Ag) +2x(FE 2 Ag + gy As — Ag)

= =/V<J[2x( 7

—2x(AM,A3,A5) +2x (A1, Aa, As) — 2x (A2, A3, Ag) 4+ 2x (A2, Mg, As)], T)

® Diagonal |:€l <A1/ AZ/ /\3/ A4/ A5/ /\6/ T> 7T gn <A1/ )\2/ /\3/ A4/ AS/ /\6/ T) :| .
GTN

Then, there exists a unique tri-additive mapping x' : &> — P satisfying

</V<X()‘1/)\3//\5) —X/()\ll)\s,/\S)ﬂ') 9)
A
> Diagonal {51 (Al,O, % 73,)\5,0, (1— 4191)T>
A A A 1—49
®gl (21/ ?1/ 73/0/)\5/01 (21)7—>
N
X & (M,O, A 0,25, 45 L4007 —4191)T>,_ -
™ 2 2 272 4
51’1 (/\1/0/ %/ %rA5/O/ (1 - 41971)T>
A AL A 1—49
®5n<1,1,3,0,)\5/0/(n)T>
™ 2272 2
M Az As As (1—48,)T
%gn(zlolzlolzlzl 4 7

forall A1, Az, A5 € &.
Proof. Letting Ay = Ag = 0and A, = A; in (8), we get
W(X(ZAL/\& As) = 2x(A1, A3, /\S)rT)
~ Diagonal [51 <)\1,A1, A3,0, 75,0, T) ,o . En <)\1, A, A3,0,A5,0, T) ] ,
and so
</V<X(2/\1,/\3,27t5) - ZX()\lr/\s,Z/\S)rT)
> Diagonal {6’1 (Al,/\l,)\3, 0,2As5,0, T),- -, En <A1,A1,A3,O, 2As5,0, 7') ] ,

for all A1, A3, A5 € &.
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Letting Ay = A4 = 0 and Ag = A5 in (8), we get
JV(X(/\l,)L3,2)L5) —2x(Aq1, A3, A5),7'>
» Diagonal [51 (Al, 0,A3,0, A5, As, T) PRI </\1/ 0,A3,0,As5, As, T) ] ,
and so
JV(X(Z)\L/\?:/Z/\S) - 4x(A1,A3,A5),T) (10)

~ Diagonal [51 <)\1,)\1,/\3, 0,25,0, T) ® & <)t1, 0,A3,0,As5,As, 72-) PEER
™

En ()\1, M, A3,0,2A5,0, 7') X &n (Al,O, A3,0, A5, As, Z)}
TN

for all A1, A3, A5 € &.
Letting Ay = Ag = 0 and A4 = A3 in (8), we get

o (x(00,228,05) = 20, 22,15), T
> Diagonal [51 (Al,O, Az, Az, As, 0, T> ,o . En </\1, 0,A3,A3, 75,0, 7') ] ,
and so
JV()((Z/\l,Z)L3,2)\5) - 2X(2)L1,)\3,2)\5),T> (11)
~ Diagonal {81 (2)\1,0, A3, A3,2A5,0, T>,- -, & <2/\1,0, A3, Az,2A5,0, Tﬂ,

for all A, A3, A5 € &.
According to (10) and (11)

w(x(zAl,zA3,2A5) —8x(Ar, As, As),fr> (12)
>~ Diagonal [51 <2)t1, 0,A3,A3,2A5,0, T)

® 51 (All Alr /\3/ 0/ 2/\5/ 0/ T)

TN 2

R & <A1,0,A3,0,/\5,A5,T>,...,

TN 4

gﬂ <2A1/ 0/ )\31 /\3/ 2/\5/ 0/ 7-)

® gn </\l/ )\1/ )\?)r Or ZAS/ 0/ Z)

TN
® gn </\1/ 0/ )\3/ O/ /\5/ /\5/ Z) :| ’

N
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and so
JV(X()\L/\s, As) — 8x</\21, % );5>T) (13)
> Diagonal {51 </\1, , );3 /\23 As, 0, T)
9a (44 Foro )
ge(4rbol i)
En </\1, ,);3 };3 As,0, T)
e, (3.3, 500 )

for all A1, A3, A5 € &.
Consider the set

n:={E:8% =P, E(A,0,A5) = E(0,A3,A5) = E(A1,A3,0) = 0}

and the following vector valued generalized metric /i : 7 x 1 — [0, +00]%" given by

hEq) = (m@,g),ﬁz@g),ﬁs(a,g)) 14)

= inf{(yl, ]/12,}13)71 c R?ﬂ : JV(E(/\l,)t3,)\5) — g()\l,)\g,/\5),7.>

Az A T
jgl<A1/ /73 73 /\5/ /‘u1>

®a (55 A; 05,0, )
™ 12
/\3 )L5 )\5 T
/\3 A3 T
51’1 ()\1/ ’ 2 2 )\Sr }1])
M M oAg
®5<2 2’ 2(”5” >
A5
2’7

TN
M A3 /\
®‘9"<2 0.5

)

2

VA1, A3, A5 € 6,

where, as usual, inf@ = (inf @, inf @, inf @) = (+o0, 400, +00). We prove that (1, k) is a
complete generalized metric space. We first prove the inequality /(Z, ¢) < A(E,Y) + k(Y ¢),

as follows:
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> Diagonal {51 ()\1,

> Diagonal {51 (/\1,

(M@0 m(Ee,mEe)

mf{(l"l/ ,1’12/ ]’l3)n S R:j:l : </V<E:’(/\l//\3/ AS) - G(/\ll )\3//\5)/ T)

A3 )\3/\ T
2 27 5,0 ,I/ll

MM As T
®g( OA’SI ’ )
< 2' 22" 1
)t5 A5 T
®‘€1( "2 ]43) ’

s T
& (1.0, 23 15,0, )

A Az A5 As T
210,23 0,25 25 1 Aa A
®gn<2/0/ 2/0/ 2/ 2,‘113 s V/\l, 3/ 566

= inf{(ﬂl, U2, #3)” € Riﬂ : JV(‘E(/\l/A3/ A5> - !(All )\3//\5)/ T>

®JV< )\1//\3/)L5) - Q(A11A3/A5) T)

Az Az T
7 /\5/ ’
2727 M1

M oA As T
®5(2 > o 0)\5,0,”2)

TN
)\5 As T
®5’1( 2727 Vs)

Az A T
gﬂ (/\1/ ’ 23 23 AS/ ,lfll)

M Ar Ay T

As As T
®5’n< 0,2 0, S 2#3)} VA1, A3, A5 € es}

j inf{(,ull ;’IZ/ I’l3)n S Riﬂ : JV(E(/\llAE’)/ )\5) - Y()\ll)\:‘;/ /\5)/ T)

Az A
> Diagonal {51 ()\1, B 23073 ,As,0, Z)
1

2727

A A1 Aj T
®51(2 57505, ,Vz)

®gn<)t1/ &/ )\3/0//\5/0/;—> (15)
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o As As T
®6n( 0,503, %, V) wl,A3,A5e®},

+inf{(ﬂl/ﬂzf us)" € R «/V<V (M, A3,A5) — g(A1, A3, )\5),T>

>~ Diagonal {51 <)\1, B );3 /\23 As,0, Z)
1

AM AL Aj T)
Q) & ( ,0, 5,0,
s 272727 12

A5 As T
®51( 2 2727 H3)

5”</\1/ ,k i /\5,0,:;>

2’2’
M oA As T
®gl’l<2 7 7 0 A5/ ,V2>
®5,1( 0, A T> VAl,Ag,/\5€Q§}
2’2"

= ﬁ(“/*)jLﬁ(*f )

We now prove (77, h) is complete. Let wy, be a Cauchy sequence in (7, ). Thus, for every
€1,€2,€3 > 0, there exists an R¢, ¢, ¢, € N such that h(wy,, we) =< (€1,€2,€3)" for every
m,w > Ve, ¢, e;- According to (14), we have

Ve (wmml,Ag, As) — wwml,Ag,As),T)

Az As T
5550 )

Mo A T
®51<2 50250, — &

> Diagonal [51 ()\1, ,

A3 A5 As T

®€1<0022€3)

Az Az T
7 2 2 )L5/O )

M oA Ag T
®5(2 5500

TN
M Az A5 A5 T
oo L 1
%En(zror 2/0/ 2/ 2’63 7 (6)

g}’l (A‘l/

for all A, A3, A5 € &. If Ay, A3, A5 are fixed, (16) implies that {w (A1, A3, A5) } is a Cauchy
sequence in &. Since & is complete, {wy (A1, A3, A5)} converges for any Aq, A3, A5 € 6.
Thus, we can obtain a function w by

w(A1, A2, A3) == uligc}oww()tl,)\& As), (A1,A3,A5 € 6). (17)
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It is straightforward to show w € 7. If we let m — oo we conclude from (16) that

N (w()\ll )\3/ /\5) - ww(/\]/AE% )\5)/ T) (18)

A3 A
> Diagonal [51 <)L1, B 23 23 As, 0, T>
€1

A A Aj T
®51<2 S ,0,15,0, =
M Az A5 As T
®51<2/012r0r2/2/€3 ’ ’

Az A T
571 (Al/ 23 23 )\5/ ’ 1)

@ (% 3 5050 L)

N €2
A o As As T
®‘€”(’0’20 22 ¢

Considering (14), we get

hw,wy) =X (e1,€2,€3)".

Therefore, the Cauchy sequence {wy, } is convergent to w in (1, h). Hence, (1, ) is complete.
We now consider the linear mapping I' : # — 7 as follows:

A Az )\5>

T(2(A1, A3, A5)) = 8d(2, X A

for all A1, A3, A5 € &.
Let &, ¢ € 17 be given such that A(E, g) = (&1, €2,€3)". Then, we get

N (3(7\1,)\3,)\5) —6(A1, A3, /\5),7')

> Diagonal [51 ()\1, ,};3 /\23 As,0 T)
M AL Ag T
®51<2 X ,0,A5,0, — o

A3 A5 As T

®51<0022€3)

Az A T
g (All 7 23 23 )L5/ ’ 1)

M A Az

17'
®8( ,0,A5,0, — >
e 2°27 27 €
A3 A5 As T
@a(3050353)]

for all A1, A3, A5 € &.
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Thus, we have that
o (T(E0, 0 19)) = (el 40 19), T ) (19)
_ gM Az Asy o A A3 As

2727
> Diagonal {51 (251,0,)\3 ﬁ E 0,1T>
™

474727 881
M AL As - As 1
®Sl<4/ s 4ror 2/0/882T

M Ay As As 1
%5}’1(4/0/ 4/0/ 4/ 4,8€3T

) A3 Az 1
= D 1 A, 0,22 22 Ae 0, ———
> Diagona [&( 1,0, XX 5,0, 4191817')

A A Aj 1
%gl (2/ 7/ 7/0/ )L5/ O/ MT

TN
A3 As 1
571 (/\1101 2 /7/A5/0/ 4l9n€1 T)
M AL A 1 )
7 /7/0/)\ /0/ T
2%) ”(2 272 Anen
AM Az A5 As 1
%gn (2/0/2101272/419”837— 7

for all A, A3, A5 € &. So we have that A(TE, ['g) < (4191(81,82,83), e ,4z9n(sl,ez,s3)>.

This means that
WTE, Tg) X (404, --- ,49,)h(E,¢),

forall 5,¢ € 1.
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It follows from (13) that
M Az A
N (X()\l,)\g, As) — 8 (21 73 25>T) (20)

Az A
> Diagonal {51 ()\1, B 23 23 As, 0, 7')

A A Az

®51(2 5o 0A5,02T>

As As

A Az
®gl (2/0/ 7101 2r2/4T)/ ’

A3/\3
272

M A Ag
(%)5(2 5o 0A5,02T)
)L5 As
®gi’l( 7 / 2 2 4T):|/

forall Aq,A3,A5 € Band x € . So h(x, Tx) = (1,2, 4)
Based on Theorem 1, we can obtain a mapping x’ : 163 = Pt

En (Al, ,As5,0, ’T)

(1) ' isa fixed point of T, i.e.,

Al Az A
(0,43, 25)) = X (20,0 1= 83 5 52 F ) @

for all A1, A3, As € . The mapping x’ is a unique fixed point of I'. We conclude that x’
is a unique mapping satisfying (21) s.t. there exists (p1, pi2, u3)" € (0, 0)>" satisfying

JV(X(M,)\B,,/\S) - X’()\1/)\3,/\5),7->

A Ay ,As5,0 ,I
2727 M1

R (/\1 M A OAs,O,T)
N2 227 0
o A5 A T
®€1< 2727 Va)

Az A T
gn (/\]/ ’ 23 23 /\5/ ,]11)

™ VZ

> Diagonal {51 (/\1, ,

2727

for all Ay, A3, A5 € &;
() AT*L, L") — (0,0,0)" as k — oo. This implies the following equality

— 00

2K’ 2k’ 2k

for all Aq, A3, A5 € &;
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GB) i x) = (= —gy ﬁ)ﬁ(){, T'x), which implies that

N <X(/\1,/\3, As) — X' (A1, A3, A5), T)

> Diagonal [51 ()\1, ,/\23 );3 As, ,(1—4191)T>
MM As 1— 49,
®51(2 2 2,0,5,0, =T

M oAy - As As 1—4%
%51<2/0/ 2101 2/ 2/ 4 TI 7

Az A
5}’[ <A1/ 7 3 31A5/0/ (1_419H)T>
M A As 1-—-49, )
R & ( ,0, 15,0, T
™ 272727 2
1—

A A A
® S?l (211 0/ ?3/ 0/ 75/
TN

Asg 49,
7/ 4 T) :| 7
for all Ay, A3, A5 € &.

Now, let x” : &3 — 93 be another additive mapping satisfying (9). Thus, we get
,/V()("(Al,)\g,/\5) — X (A1, A3, A5, T)
(e (35 8) (5 347
(o (528) =3 52)7)

M Az A A Az A
g /(21 A3 A5 g (M A3 A5
®=/V<8x<2q,2q,2q> 8x(2q,2q,2q>,7)

GTN
M, A3 Az A5 o 1—-49
20 W’W’?’O’ 8 |

A M A3 As 1—49¢
%5 <2q+1’2q+1’2q+1’0 29’ 0, 4.87 T

As . As As 1—49
®gl< q+1’ / q+1/0/2q+1/2q+1/ 8.87 T 7t

M A3 Az As . 1—48
g"(Zq’O’ 211 5011 21' " g T

A A A As 1 —49
% S’rl (25]4’1, W! W! 0/ 271 Or WT

> Diagonal {51 (

M A3 As As  1—48
® En <2q+1 7Y 0g+1 0, 2q+17 2g+17 8 84 T

which tends to 1 as ¢ — oo, for all A, A3,A5 € &. Hence, we can infer x” (A1, A3,A5) =
X' (A1, A3, As) for all Ay, A3, A5 € &. This shows the uniqueness of x'.
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Making use of (8), we get
N <X/()\1 +A2,A3 — Ay, As + Ag) + X' (A1 — A2, Az 4 Ay, A5 — Ag),

—2x"(M1,A3,A5) +2x" (A1, Ag, Ag) — 2X" (A2, A3, Ag) 42X (A2, As, As), T)

AM+Ay A3—Ay As+A AM—A2 A3+ Ay As—A
:limJV(S"[)(( 1t 2 As— M4 514 11—z 3t 4 A5 — A6

i, o o o) a5 o o)
2 g ) 2 g g
2 )+ LT
iI}EYC}OJV(SW/\[ZX(A;,Z;\Z'%;M'/\5;1/\6)+2 (/\121;;\2,)\3;)\4’/\52;/\6)
(g ) + 2 g )

Ay Az Ag Ay Ay As
—ZX(27/27/27)+2X(27r27r27)LT

®Diaona1 lim & ﬂ&ﬁﬁkkz
e & nsee W\ n o o o pur o gn )T

A A A — A
= o (M (P2 2 = Ay s - 20) + 20 (1572, A g s = o)
_27(/(/\1/)\3/ /\5) + 2)(/()‘1//\4/ /\6)
“2x (A2, A3, Ag) + 20 (A, Au, A5)], T)

for all A, Ay, A3, Ay, A5, Ag € &. So, we have

/(X’(/\l 4+ Ap, Az — Ay, A5 + /\6) +X/()\1 — Ao, A3+ Ay, A5 — )\6)
—2x'(A1,A3,A5) +2x (M1, A, Ag)

_ZX/</\2/ )\3/ )\6> + ZX/ (/\2/ /\4/ )\5)/ T)

= (M2 (P2 A ha s+ 2a) 20 (P52 a4 2 s = o)

—2x"(A1,A3,A5) +2x" (A1, Ay, Ag)

“2x! (A2, A3, Ag) + 2 (A2, Ay As)], T)

for all A1, A, A3, Ag,A5,A6 € &. Using Lemma 1, we infer the mapping x’ : ®3 = Pis
tri-additive. O

Theorem 3. Supposei = 1,--- ,nand n € N. Let & : &° x (0,+0c0) — @ be a function
such that

& (2)\1,2/\2,2/\3,2/\4,2/\5,2/\6, T) =& </\1,A2, A3, A4, As, As, 2719-), (22)
;
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for all Ay, Ay, A3, Ay, A5, A6 € Gand 0 < O; < 1. Let x : &3 — B be a mapping satisfying (8)
and x(A1,0,A5) = x(0,A3,A5) = x(A1,A3,0) = 0 forall Ay, Ay, A3, Ay, A5, Ag € &. Then, we
can find a unique tri-additive mapping x' : &3 — B satisfying

L/V(X(M,/\s, As) — x' (A1, A3, /\5),T>
>~ Diagonal |:51 (/\1, 0, )L3, )\3,2)\5,0, (8 - 2191)T)

X & </\1, A, A3,0,25,0, (4 — 191)T>

TN

4-—-19
®€1 <A110/A3/0/)\5/A5/ 21T>/ Tty

TN

gi’l (Al/ 0/ )\3/ )\3/ 2)\5/ O/ (8 - 21911)7—)

® g?’l <)\1/A’ll /\3/ 0/ 2/\5/ 0/ (4 - 1-9}’1)7-)

TN

4-9
® gi’l (Alr O/ /\3/ 0/ AS/ A5/ = 7-) :| 7

TN 2

f07’ all A\, Az, As € 6.

Proof. According to (12) we have

1
W(X(Al, )\3, /\5) — 8X(2/\1,2/\3,2/\5),T>

> Diagonal {El <2A1, 0,A3,A3,2A5,0, 8T)

® gl (/\1/ Al/ )\3/ 01 2)\5; Or 4T>

N

®gl (/\1/0/ )\3/ OI )\51/\5/2T>/ Tty

N

En (2/\1, 0,A3,A3,2A5,0, 87'>

) En ()\1, A, A3,0,215,0, 47')

N

® 5?1 ()\1/ Or /\3/ O/ )‘5/ )\5/ ZT) :| 7

N

for all A, A3, A5 € &.

By using a similar method as in the proof of Theorem 2, the proof will be com-
pleted. [

3. Permuting Tri-Derivations on MFB-Algebras

Here, we study the multi-stability of permuting triderivations on unital MFC-o-
algebras and complex MFB-algebras related to the functional Equation (1).

Lemma 2 ([47]). Let x : &% — P bea bi-additive mapping s.t. x(A1A1, AoA3) = AAxx (A, A3)
forall Ay, A3 € Jand Ay, Ay € AV := {0 € C : |C| = 1}. Then, x is C—bilinear.
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Lemma 3. Consider the tri-additive mapping x : &> — P s.t. x(AA1, Aoz, AsAs) =
A1A2A3x (A1, A3, As) for all Ay, A3, As € Uy and Ay, Ay, Az € AL Then, x is C—trilinear.

Proof. It follows from a similar method as in the proof of Theorem [47] (Lemma 2.1). O
Theorem 4. Supposei =1,--- ,nandn € N. Let €; : v° x (0, 4+00) — ® be a function such

that there exists a 0 < 9; < 1 with

M Ay As Ag As Ag 2
(2122 A3 M4 05 26 ) g A Ao, = 2
81(2/ 2/ 2/ 2/ 2/ 2/ _51 /\1//\2/ 3//\4//\5/ 6/19T (3)

andlet x : v® = vbea mapping satisfying x(A1,0,As5) = x(0,A3,A5) = x(A1,A3,0) = 0and

N (X(Al (A4 A2), A2(A3 — Ag), A3(As + A)) (24)

+xX(A1(A1 — A2), A2(Az + Ag), Az(As — Ag))
— A1 A A3(2x (A1, A3, A5) — 2x (A1, Ag, Ag)

+2X()\2/ /\3/ Aé) - 2)(()\2, )\4/ /\5))/ T>

A+ A

/\ —_
J A3 — Ay, As + Ag) + 2x( ! 2,/\3+/\4,/\5*/\6)

2

=N (A[Zx(
—2x (A1, A3, A5) +2x (A1, Ay, Ag)
~2x(ha 28, h6) + 2(haAa A5 T
® Diagomll |:gl (Alr /\2/ /\3/ )L4/ /\51 /\6/ T) 7y 571 </\lr /\2/ )\3/ A4/ /\5/ /\6/ T) :| ’
GTN

forall Ay, A, A3 € Al and all A\, Ay, A3, Aa, As, Ag € v. Then, we obtain a unique C—trilinear
mapping @ : v¥ — v satisfying

JV(X(ALA?)//\S) _(D(Al/)\3/)\5)/7-> (25)
> Diagonal {81 (/\1, ,% );3 As, ,(14191)T>
M M A (1—48y)
®éa (2 22 00 T

TN

A3 o As As (1 —41)
®&(Oz°zzzl77”"

Az A
gﬂ (/\1/ 7 23 23 AS/ /(1_41971)T>

R & <)\1 A Az 0, 75,0, (1—419n)7->
™ 272727

e (Va0

N

forany Ay, Az, As € v.
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Besides, if the mapping x : v3 — v satisfies x(A1, A3, As) = 2x(A1, A3, As) and
N (X(/\V\z, Az, As) — x(M, Az, A5)A2 — A x (A2, A, As), T) (26)

+ Diagonal [61 <A1,Az, Aay Aa As, As, T), G (Amz, Aoy Aa As, As, T) ]

( XLy L2y, Lp(3)) —x(£1,€2,£3),T> (27)
=& (51,51,52,52, 03,03, T)

for all permutations (B(1), B(2), B(3)) of (1,2,3), and for all Ay, Ay, A3, ¥y, 02,03, A5 € v, then,
the C—trilinear mapping @ : v> — v is a permuting tri-derivation.

Proof. Suppose A1 = Ap = Az = 1in (24). Theorem 2 and [48] (Theorem 3.3) establish the
theorem. [

Theorem 5. Supposei =1, ,nand n € N. Let & : v° x (0, +00) — ® be a function such
that there existsan 0 < ¥; < 1 wzth

gi (2)\1/ 2/\2/ 2)\3/ 2/\4/ 2/\5/ 2)\6/ 7—) - g (/\1/ A2/ )‘3/ /\4/ /\5/ )‘6/ 271; ) (28)

forall Ay, Ay, A3, Ay, As, Ag € v. Let x : v¥ — v be a mapping satisfying (24) and x(A1,0,As) =
Xx(0,A3,A5) = x(A1,A3,0) = 0 for all A, A3, As € v. Then, we obtain a unique C—trilinear
mapping @ : v¥ — v satisfying

o (x00,3,05) = @01, 0,05), 7 ) 29)
= Diagonal [51 <2/\1,0, A3,A3,2A5,0,2(4 — 191)T)
@41 (M1,01,0,0,215,0, (4 - 00)T )
X & ()\1,0,)\3,0,/\5,)L5,(42191)T>,- -,
En (2/\1,0, A3, Az, 2As5,0,2(4 — l9n>T)

® gn ()\1/ /\1/ )\3/ O/ 2)\5/ 0/ (4 - ﬁn)T)

®(€n (/\1,0, A3,0,As, As, (4 —21971) 7_>:|,

forall Ay, Az, A5 € v.
Also, if the mapping x : v3 — v, satisfies (26), (27) and x(2A1, A3, As) = 2x(A1, A3, As) for
all Ay, A3, As € v, then the C—trilinear mapping @ : v® — v is a permuting tri-derivation.

Proof. This follows from an analogous technique as in the proof of Theorem 4. [

Now, let v and U(v) be a unital MFC-o—algebra with unit e and unitary group,
respectively.

Theorem 6. Supposei =1,--- ,nand n € N. Consider a function & : v® x (0, +00) — @ which
satisfies (23) and a mapping x : v> — v which satisfies (24) and x(A1,0,As5) = x(0,A3,A5) =
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x(A1,A3,0) =0, forall Ay, A3, A5 € v. Then, we obtain a unique C—trilinear mapping @ : v
which satisfies (25).
Also, if the mapping x : v¥ — v satisfies (27), x(2¢, A3, As) = 2x(¢, A3, As) and

N (X((P/\z, A3, A5) — x(9, A3, As) A2 — px (A2, Az, As), 7') (30)
t Diﬂgonﬂl |:gl (¢/ )\Zr /\3/ )\3/ )\51 /\5> 7ty 51’1 (4)/ )\2/ )\37 /\3/ )\5/ )\5> :| ’

for all Ay, A3, A5 € vand every ¢ € U(v), then, the C—trilinear mapping @ : v°

permuting tri-derivation.

— v, isa

Proof. Theorem 4 and [48] (Theorem 3.7) establish the theorem. O

Remark 1. By a similar method as in the proof of the last theorem, we can conclude that if (30) in
Theorem 6 is replaced by

N (x(4>¢/ P1,92) — X (@, 1, 92) 9 — Px (9, 91, 4)2)/7)
> Diagonal [81 (gb, ®, 91, 91, P2, P2, T) oo En (47, @, 91, 91, P2, P2, T) } ,

forall ¢, @, p1, 92 € U(v), then, the C—trilinear mapping @ : v3 — v is a permuting triderivation.

Theorem 7. Suppose i = 1,--- ,nand n € N. Let & : v® x (0,400) — ® be a function
satisfying (28) and x : v® — v be a mapping satisfying (24) and x(A1,0,As5) = x(0,A3,A5) =
X(A1,A3,0) = 0, for all Ay,A3,A5 € v. Then, we can find a unique C—trilinear mapping
@ : v® — v satisfying (29).

Also, if the mapping x : v3 — v satisfies (27), (30) and x(2¢, A3, As) = 2x(p, A3, As) for
all A3, A5 € v and every ¢ € U(v), then, the C—trilinear mapping @ : v¥ — v is a permuting
tri-derivation.

Proof. An analogous technique as in the proof of Theorem 6 proves the result. [

4. Permuting Tri-Homomorphisms in MFC-o-Aalgebras

Here, we prove the multi-stability results of permuting tri-homomorphisms in unital
MFC-o-algebras related to the functional inequality (1).

Theorem 8. Supposei =1, ,nand n € N. Let & : v° x (0, +00) — ® be a function such
that there exists a 0 < ¢; < 1 with

A Ay Az Ag As Ag

2
gi <2/ 7/ 7/ 7/ 7/ 7/ T) -~ gi ()\1//\2/ A3/ )\4/ AS/ AG/ 1917.> (31)

and let x : v3 — © be a mapping satisfying (24) and x(A1,0,As) = x(0,A3,A5) = x(A1,A3,0) =
0, for all A1, A3, Ay € v. Then, we obtain a unique C—trilinear mapping p : v3 — © satisfying
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JV(X()\l,)\g,/\5) —p()L1,)\3,A5),T> (32)
Az A
> Diagonal {51 (/\1,0, 73 73,A5,o, (1— 4191)7'>
A A1 A (1—48)
® gl (/ N A7 0/ )\5/0/ 77—
et 27272 2
M A3 As As (1 —40y) )
®gl (/0/ 710/ A A/ 77— 7
e 2 2 272 4
571 (Alror %/ %/ )\5/01 (1 - 4l9n)T)
A AL A 1—4¢
® g}’l (21/ 71/ 73/ 0/ /\5/ 0/ (271)T>
TN
M A3 L As As (1 —40,) )}
®gl’l (/0/ 7/0/ N A7 77. 7
et 2 2 272 4
forall Ay, A3, A5 € v, where &; is given in Theorem 2.
Also, if the mapping x : v> — © satisfies (27) and
‘/V <X(/\1/\2/ A3A4/ A5A6> - X(/\l/ )\3/ A5)X(/\2/ A4/ /\6)/ T> (33)

> Diagonal [51 (9\1, A2, A3, A3, As, As, T) oo En ()\1,/\2, A3, Az, As, As, T) ] ,

for all A1, Ay, A3, Ay, As, Ag € v, then, the C—trilinear mapping p : v> — @ is a permuting
tri-homomorphism.

Proof. Theorem 4 and [48] (Theorem 4.1) establish the theorem. [

Theorem 9. Supposei =1,--- ,nand n € N. Let & : v® x (0, +00) — ® be a function which
satisfies (28) and x : v® — @ be a mapping which satisfies (24) and x(A1,0,As) = x(0,A3,As) =
X(A1,A3,0) = 0 for all Aq,A3,A4 € v. Then, we can obtain a unique C—trilinear mapping
p : V3 — O satisfying

N (X(All/\3l )\5) - p()\ll/\?)/ A5)/ T) (34)
> Diagonal {51 <2/\1,0, A3, A3,2A5,0,2(4 — 191)T>

X & (MI M, A3,0,2A5,0, (4 — 191)7)

TN

®51 ()L1, Ol )\3r01/\5/ )LSI (4—191)T)I Tty

TN 2

En (2A1,0, As, A3,2M5,0,2(4 — ﬂn)T>

X &n ()\1,/\1, A3,0,2A5,0, (4 — 19,1)7')

TN

R & (Al, 0, 15,0, As, As, (4“9”)7) } , (35)

TN 2

fOl’ all A, Az, A5 € v.
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Also, if the mapping x : v® — © satisfies (27) and (33), then, the C—trilinear mapping
p :v® — @ is a permuting tri-homomorphism.
Proof. By using a similar method as in the proof of Theorem 8, we obtain the result. [

Now, let v and U(v) be a unital C* MFB-algebra with unit e and unitary group,
respectively.

Theorem 10. Suppose i = 1,--- ,nand n € N. Let & : v® x (0,+00) — ® be a function
satisfying (31) and x : v® — © be a mapping satisfying (24) and x(A1,0,As) = x(0,A3,A5) =
X(A1,A3,0) = O for all Aq,A3,A5 € v. Then, we can find a unique C—trilinear mapping
p v — O satisfying (32).

Also, if x : v® — © satisfies (27) and

JV<X(¢1<P1,4’2<P2,4’3<P3) = X(¢1, 92, 93) X (91, P2, 403),7) (36)

t Diﬂg(mﬂl |:51 (4)1/ ?1, ¢2/ $2, ¢3/ @3, T) A gn (4)1/ ¢1, ¢2/ @2, ¢3r @3, T) :| 7

for all ¢;, 9; € U(v),i = 1,2,3, then, the C—trilinear mapping p : v3> — © is a permuting
tri-homomorphism.

Proof. Theorem 4 and [48] (Theorem 4.5) establish the theorem. O

Theorem 11. Supposei =1, ,nand n € N. Let & : v® x (0, +00) — ® be a function which
satisfies (28) and x : v® — @ be a mapping which satisfies (24) and x(A1,0,As) = x(0,A3,As) =
X(A1,A3,0) = 0, for all A1,A3,As5 € v. Then, we can find a unique C—trilinear mapping
p : V3 — O satisfying (34).

Also, if the mapping x : v® — © satisfies (27) and (36), then, the C—trilinear mapping
p : v — @ is a permuting tri-homomorphism.

Proof. By using a similar method as in the proof of Theorem 10, we obtain the result. O

5. Application

First, we present the concept of aggregation functions. Next, we propose a small list of
aggregation functions on some special functions to obtain optimal stability and minimal
error which enable us to present a unique optimum solution. We refer to [49-57] for more
applications.

Letn € N,and [n] := {1,--- ,n}. We will use bold symbols to denote n—tuples. For
example Diagonal[yy, - - - , Yn|nxn Will often be written Y.

Definition 9 ([42]). A function A" : Diagonal[®, - - -, ®],xn — D is called an aggregation
function if it is nondecreasing in each variable and also fulfills the boundary conditions

inf A (Y)=inf®, and sup A" (Y) = sup®. (37)
Yedr Yedn

The n € N displays the arity of the aggregation function or the number of its variables.
Note that we will denote the aggregation functions as A instead of A",
We now give a common list of aggregation functions.
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The arithmetic mean function AM : Diagonal[®,
mean function GM : Diagonal[®,

-, @lyxn —> P and the geometric
-, @ xn —> P are respectively given by

AG1(Y) := AM(Y) := % iyi, (38)
KGa(Y) i= GM(Y) = ([ Twi)- 9)

For every k € [n], the projection function Py : Diagonal[®, - - - , ®],,x, —> P and the

order statistic function OSy : Diagonal[®, - - - , @],y — P associated with the Kkth

argument, are respectively given by

AG3(Y) == Py (Y) := yi, (40)
AG4(Y) == OSk(Y) == (¥)k, (41)

where (y)y is the k* lowest coordinate of , that is,

Yo S SYo S Yoy

The projections onto the first and the last coordinates are given by

AGs(Y) :=Pp(Y) :=P1(Y) = y1, (42)
8G6(Y) := PL(Y) i= Po(Y) = yn. 43)

Also, the extreme order statistics i1 and y, are the minimum and maximum functions,
respectively,

AGy(Y) := MIN(Y) := OS1(Y) = min{y1, - ,yn}, (44)
AGg(Y) := MAX(Y) := O0S,,(Y) = max{y1, - ,¥n}, (45)

which will sometimes be written by means of the lattice operations V and A, respec-
tively, that is,

MIN(Y /\ y;, and MAX(Y \/ Yi.
i=1

Note that OSy can be shown in terms of only minima and maxima as follows

OSk (Y /\\/]/z— \/ /\]/z

Cln ieK KC[n) i€k
|1<\ k |K|=n—k-+1

Similarly, the median of an odd number of values Diagonal[yy, - - -, Yk 1] (2k—1) x (2k—1)
is given by

MED (Diagonal[yl,- o /]/Zkl](Zkl)x(Zkl)) = Y(k)

that can be shown by

MED(Diagonal[}/lw . /kal](Zkl)x@kl)) = AN Vvi= V Auw

KC[2k—1] €K KC[2k—1] €K
|K[=k |K|=k
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For instance, we get

MED(Diagonal[y1,y2,y3]ax3) = (y1Ay2)V (y1Ay3)V (y2Ays3)
= (V) Ay Vys) A2 Vys).

For an even number of values Diagonal[y;, - - - , y2k], the median is given by

. : Yk tYk+
MED <D1agonal[y1,~ .- ryzk}zlklek> = AM (Dlagonal[y(k),y(kJrl)]zXz) = %
For every ¢ € ®, we also define the g—median, MEED,, : Diagonal[®, - - - , ®];x —
D, by
AGy(Y) := MED,(Y) = MED (Diagonal[yl,- Y @, ) (2n_1)x(2n_1)>
N, e’

n—1

= MED(MIN(Y), g, MAX(Y)).

e Forevery @ # K C [n], the partial minimum MINy, : Diagonal[®, - - - , ®],xy — P
and the partial maximum MAX|, : Diagonal[®, - - - , ®],,xn —> P, associated with K,
are respectively given by

AG10( ) MHNk /\yu (46)
ieK

AG11(Y) := MAX(Y) := \/ yi. (47)
iekK

e For every weight vector V = Diagonal[vy, - - - , Uy|uxn € Diagonal[®,- -, ®],xn s.t.
Yo' 1 v;i = 1, the weighted arithmetic mean function WAMy : Diagonal[®, - - - , ®], x
— @ and the ordered weighted averaging function OWAy, : Diagonal[®, - - - , D], <
— @, associated with V, are respectively given by

AG12(Y) := WAMy (Y Z?Jzyu (48)
AG3(Y) := OWAy (Y Zv Y (49)

e Thesum} : Diagonal[®,: -, ®],x, — P and product IT: Diagonal[®, - - - , P],xx
— & functions are respectively given by

K614(0) 1= £0 = L )

AGy5(Y) = H]/z (51)

The main issue we are investigating in this section is that of aggregation which refers to the
process of merging and combining various values into a single one. Now, we apply the
above aggregation functions on Mittag-Leffler-type functions to present a class of controller
to study the multi stability for the governing model.

Assume the following Mittag-Leffler-type functions:

*  The one parameter Mittag-Leffler function [43]:

o

E(Y):=V,(Y)=), 1“(ibY—l|r1)’ (52)

=0
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where b, Y € C,i € N,and R(p) >0
*  The pre-superhyperbolic supercosine through (52) [43]:

&(Y) = precosh,(Y)
_ 0.5(Vb(Y)+Vb(Y))

Y2i
T(2)p 1 1)

|
I

where Y,b € C, and R(b) > 0.
*  The pre-supercosine function through (52) [43]:

&E(Y) = precos,(Y)
= E (Vb(lY) + Vb(—lY))
o )zyzz
N ; (2i)b +1)’

where Y,b € C,and R(b) > 0
¢ The pre-superhyperbolic supersine through (52) [43]:

Eq(Y) = presinh,(Y)
- 1(%&)—%(4))

Y21+1
(2i+1)p+1)

I
M

where Y,b € C,and R(b) > 0
*  The pre-supersine function through (52) [43]:

E(Y) = presin,(Y)
= 2<Vb(zY) Vb(—zY)>
B 00 )lYZH—l

N ; 21 +1)h+1)’

where Y,b € C, and R(b) > 0.
Now, we have the following results, for everyi =1,---,5.

Corollary 1. Let 7 > 0,7; > 3and ¥; > 0 be in R and x : &3 — B be a mapping satisfying
x(M1,0,25) = x(0,A3,A5) = x(A1,A3,0) = O and
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N ()(()Ll 4+ Ap, Az — Ay, A5 + )\6) + X(Al — Ao, A3+ Ay, A5 — )té) (53)
—2x(A1,A3,A5) + 2x(Aq, Ay, Ag)
72X(A21 /\3/ )\6) + 2)(()\2, /\41 /\5)/ T)

A+ A
2

—2x(A2, A3, Ag) +2x(A2, Ay, A5)], T)

A=A
Az — Ay As 4 Ag) 4+ 2x(FL2 A+ Ay, As — Ag)

= (M .

® Diagonal [AGl (Diagonal [

GTN

c (_ YAl + [[A2l" + A5 + [ Al + [[As]I™ + ||)\6||r1]) o

1 7— s s
& <_ Fs[llA ]l + A2 + [[As]I" + [[Aall™ + [|A5[]™ + [|A6]]"] )D

5 T sy

n 5} A=l AallT1 Asll"1 AcllT1
AGss (Diagonal [51(_ Fall[A ™+ A2 + [|As]] 7_+ A4l + [|As )" + [[Ael ]>,... ,
55< _ Ws[lA + ([A2fl™ A+ [[As]]™ 4 (Al + (A5 + [[Ae]]™5] )D ]
T 7

forall Ay, Ay, A3, Ay, As, A € ®. Then, we can obtain a unique tri-additive mapping x’ ®3 =P
satisfying

JV(X(/\LM/ As) — x' (A1, A3, )\5),7') (54)

> Diagonal[cy, - - -, 015),
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in which
Diagonal[oy, - - -, 015) (55)
1
#aaf +2 1280 gy
:= Diagonal {AGl (Diagonal [ & ( (1—46,)T )
2Aq " L [As)
s (™ Il ey
.
™ (1—4191)7-
2
Al [Asl, fAs]
Y (s e A WY
! (1—4191)7 T
1
A
W R el s
5(_ (1—4195)7
2Aq 5 [IAs])"
®5( s HzrlsH +2||23rl| 1A
(-
- (1—48) -
2
‘1,[||?t1\|’5 A3 IIAs\I“]
Q& - Lo 25 25
> (1-40) T
4
I e e
AGl5< 1agona{ 1( (1_4191)7, >
2A ) L lAsln
. (_w 2”1 o1l +|A5||f1]>
< (1-49))
2
Al lAs™, lAs)™
e Pty
! (1-48)) T
4
A3
sl +20221% gy
5<_ (1—405)T
2| A5 [As]l™
®g<_‘f5[ o T2 o +|)\5||’5]>
s (1—495) .-
2
Al lAs]s (1Al
Q& _TS[ 2’5 s T o ]
> (1-495) ’
1

where 0; = 2", forall Ay, A3, As € &.
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Corollary 2. Let T > Oandr; < 3,¥; > 0be in R, and x : &> — P be a mapping satisfying
x(A1,0,A5) = x(0,A3,A5) = x(A1,A3,0) = 0 and (53). Then, we can obtain a unique tri-
additive mapping x' : &3 — W satisfying

JV(X()\L/\?,, As) — X' (M, A3, )\5),7') = Diagonal[c’, . ..,0"]15415 (56)
in which
Diagonal|c’, ..., 0" |15x15 (57)
. ‘ alll + 20" + As]
:= Diagonal [AGl (Dzagonal [ & ( ®—20,)7
@ (- AL I 2l
(4-9)T
@ (- Tl 2L
G-, a
2
P (_‘1’5[||/\1|r5+2||/\3||r5+|)\5||’5]>
> (8—205)T
@es( - AT I 2l
(4—195)T
@~ Tl el 2] )
(4 195)7- 5x5
2
, YAl + 2] A5 ]I + [[As]]]
AGqs (Dzagonal [ & ( 8—20,)7
@ (- Bl I+ 20l
(4-9)T
@~ T 2L
G-, a
2
P (_‘i’5[||/\1|r5+2||/\3||r5+|)\5||’5]>
> (8= 205)T
@ (- Bl I+ 2l
(4—05)T
®g ( PslllA"™ + ||A3||r5+2||)t5|r5]>} ) ]
(4 195)7- 5x5/ J15x15
2

where 9; = 21, for all A1, A3, As € ®.
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Corollary 3. Let T > 0,7; > 4and ¥; > Obein R, and x : v3 — v be a mapping satisfying
X(/\],O, )L5) = X(O,/\:;, /\5) = X()\l,/\:;,()) = 0and
N (X(Al (M +A2), Ax(As — Ag), Az(As + Ag)) (58)

FX(A1(AM = A2), Aa(A3 + Ag), Az(As — Ag))
— AN AA3(2x (A1, A3, As5) — 2x (A1, Ag, Ag)

12x(A2, A3, Ag) — 2x (A2, Aay As)),s T)

A+ A A —A
= /V(/\[ZX( 1+ 2,)\3 — Ay, As +)\6) +2X(1Tz,/\3 4+ Ag, A5 — Ad
—2x(A1,A3,A5) +2x (A1, Ay, Ag)
—2x(Aa, A3, A6) + 2 (A2, Aa, As)], T)
&) Diagonal [AGl (Diagonal [
GTN
< (_ YAl + (A" + A5 + [[Aall™ + [[As]™ + ||A6||r1]>
1 T 7 7
£5<_ Fs[[[A1]" + [|A2]]"5 + [|A]I"5 + [[Aa]l™ + [[A5]]" + [[A6]|"™] ﬂ )
T 5x5
" 1 " 1 " 1
s Digonl  — Bl Dol I A+ sl P,
55( ¥s[[[A1]]" + [|A2]] + [[As]l™ + |44l + [[As]]™ + [|Ae]"] )} ) }
T 5x5 15%15

forall A1, Ny, A3 € Al and all Ay, Ay, A3, Aa, A5, € v. Then, we can obtain a unique
C—trilinear mapping @ : v¥ — v satisfying

JV(X()\l,/\g,, As) — w()\l,Ag,/\5),T> > Diagonal[cy, . ..,015)

where Diagonal[o, . . ., 015] satisfies (55) for all A1, A3, A5 € v.
In addition, if the mapping x : v3 — v satisfies x(2A1, A3, As) = 2x(A1, A3, As) and

N (X(/\l/\Z/ A3, A5) — x(A1,A3,A5) A — A1x (A2, A3, A5), T) (59)

> Diagonal {AGl (Diagonal [

& ( _ FalllAall™ + A2l + f[Asf™ + (144l + [[As]™ + ||A6||”]>

T
55(_ Fs[llAa ™ + A2 + [1As [ + [1Aa]l™ + [1As]]™ + IIA6II’5]>} )
T 5x5
n 1 & 4] r 7
AGﬁ(Dmgml{ 51(_‘P1HA1|| + sl + ol + Al + sl + e ])

gy~ Yol + Wl il + > + sl 1AL Y ]
T 5x5 15x15
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and

N (X(fﬁ(l)ffﬁ(z)/f,s(s)) - X(flrfz&)rT) (60)

> Diagonal {AGl (Diagonal [

& ( _ FalllAal™ + A2l + f[As[™ + (A4l + [[As]™ + ||A6||”]>

=
gy - TelMl+ Vel + Pl Wl + Vel + WAl
T 5x5
n r n 1 n 1
AGys (Dz’agonal[& ( A+ A2l + (|2 7_+ [Aa]l + [[A5]]" + ([ A6l ])/. .
gy (- Tl Dl Al Ao i+ i)Y ]
T 5x5 15x15

for all permutations (B(1),B(2),B(3)) of (1,2,3), and for all A, Ay, A3, 01,03, 03, A5 € v, then,
the C—trilinear mapping @ : v> — v is a permuting tri-derivation.

Corollary 4. Let T > 0,r; < 3and ¥; > 0bein R, and x : v¥ — v be a mapping satisfying (58)
and x(A1,0,As5) = x(0,A3,A5) = x(A1,A3,0) = 0, for all A, A3, As € v. Then, we can find a
unique C—trilinear mapping @ : v — v satisfying

JV(X()\l,)\g, As) — (D()\l,)\3,)\5),7'> = Diagonal[o7, . ..,015], (61)

where Diagonal|cy, . . .,0;] satisfies (57), for all A1, A3, A5 € v.
Also, if the mapping x : v3 — v satisfies (59), (60) and x(2A1, A3, As) = 2x (A1, Az, As) for
all Ay, A3, As € v, then the C—trilinear mapping @ : v® — v is a permuting tri-derivation.

Corollary 5. Let T > 0,7; > 4and ¥; > 0be in R, and x : v¥ — v be a mapping satisfying (58)
and x(A1,0,A5) = x(0,A3,A5) = x(A1,A3,0) = 0 forall Ay, A3, A5 € v. Then, we can find a
unique C—trilinear mapping @ : v> — v satisfying (59).

Also, if the mapping x : v3 — v satisfies (60), x(2¢, A3, As) = 2x(¢, A3, As) and

N (X(4’/\2, A3, A5) = x(¢, A3, A5) A2 — px (A2, A3, A5), T) (62)

r " "
iDz.agml{ml<Dmgml[gl<_*munw +202ol" + 210s] J)

55(_ ¥s[1 + [[ A2 4 2([As]]"5 + 2[|As]|"5] )} ) .
T 5x5

Y1 "T4+2 4+2 &
AG15<Dmgml[5l(_ L+ el + 212" + 20| 1)
55<_‘Ps[1+||Az|’5+zr|A3||f5+2||A5|f51>} ) ]
T 5x5 15x15

forany ¢ € U(v) and all Ay, A3, As € v, then the C—trilinear mapping @ : v3 — v is a permuting
tri-derivation.

Corollary 6. Let T > 0,r; < 3and ¥; > 0be in R, and x : v> — v be a mapping satisfying (58)
and x(A1,0,A5) = x(0,A3,A5) = x(A1,A3,0) = 0 forall A, A3, As € v. Then, we can obtain a
unique C—trilinear mapping @ : v — v satisfying (61).
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In addition, if the mapping x : v3 — v satisfies (60), (62) and x(2¢, A3, As) = 2x(¢, A3, As)
forall ¢ € U(v) and all A3, As € v, then the C—trilinear mapping @ : v® — v is a permuting
tri-derivation.

Corollary 7. Let T > 0,r; > 6and ¥; > Obein R, and x : v> — © be a mapping satisfying

(58) and x(A1,0,A5) = x(0,A3,A5) = x(A1,A3,0) = 0 forall Ay, Ay, A3, Ay, As, Ag € v. Then,
we can find a unique C—trilinear mapping p : v¥ — © satisfying

JV(X(/\ll)\sl As) —p(A1, A3, )\4),7) = Diagonal[oy, . .., 015] (63)

in which Diagonal|oy, . . ., 015 satisfies (55), for all A1, A3, A5 € v.
Also, if the mapping x : v® — © satisfies (60) and

«/V(X()\szf\sf\z;,/\s/\é) — X(A1,A3,A5)x (A2, A, )\6),7) (64)

> Diagonal {AGl <Diagonal [

& ( _ FalllAal™ + A2l + f[Asf™ + 1Al + [[As]™ + ||/\6||”]>

17'
gy (- Tl o Al P+ Pl W]
T 5x5
2! 21 71 r r "
AG15(Diag0nal[51<—Tl[H/\lH + 12" + [[A5]] 7_+H7\4|| + [1As]" + [[Asll ])
gy (- Tl sl o il + Wl Y )
T 5x5 15x15

for all A1, Ay, A3, Ay, As, Ag € v, then, the C—trilinear mapping p : v3 — @ is a permuting
tri-homomorphism.

Corollary 8. Let T > 0,r; < 3and ¥; > Obein R, and x : v3> — © be a mapping satisfying
(58) and X(/\l, O, )\5) = X(O, /\3, )\5) = X()Ll,/\:;, 0) = OfOV all )\1//\2/ )Lg,, /\4, )L5, /\6 c . Then,
we can find a unique C—trilinear mapping p : v¥ — © satisfying

</V<X()l1/7\3,/\4) —p(A1, A3, )\4),T> = Diagonal[c7, . ..,01]15x15 (65)

where Diagonal|c}, . .., 01 |15x15 satisfies (57), for all A1, A3, As € v.

Besides, if the mapping x : v3 — © satisfies (60) and (64), then the C—trilinear mapping
p : V3 — @ is a permuting tri-homomorphism.
Corollary 9. Let 7 > 0,7, > 6and ¥; > 0bein R, and x : v3 — @ be a mapping satisfying
(58) and X()Ll, 0, )\5) = X(O, /\3, )\5) = X()\l,}\g, 0) = 0f01’ all )\1,/\2, )\3, /\4, )\5, /\6 € v. Then,
we can find a unique C—trilinear mapping p : v¥ — © satisfying (63).

Also, if the mapping x : v® — © satisfies (60) and

</V<X(<P1(P1,<P2(P2, $393) — x(P1, P2, $3) X (@1, P2, 903),7) = Diagonal[6T, ...,6T |15x15, (66)

for all ¢;, 9; € U(v), i = 1,2,3, then, the C—trilinear mapping p : v¥ — © is a permuting
tri-homomorphism.
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Corollary 10. Let T > 0,7; < 3and ¥; > 0bein R, and x : v> — © be a mapping satisfying
(58) and X(/\l, O, )\5) = X(O, /\3, )\5) = X()Ll,/\:;, 0) = OfOV all )\1//\2/ )Lg,, /\4, )L5, /\6 c . Then,
we can find a unique C—trilinear mapping p : v3 — © satisfying (65).

Besides, if x : v> — © satisfies (60) and (66), then, the C—trilinear mapping p : v> — @ isa
permuting tri-homomorphism.

6. Conclusions

The main goal of the paper is to propose a new concept of Ulam-type stability, i.e.,
multi-stability, through the classical, well-known special functions and aggregation maps,
and to gain the best approximation error estimates by a diverse concept of perturbation
stability in fuzzy spaces. This stability allows us to get various approximations depending
on the different special functions and aggregation maps that are initially chosen and to
evaluate optimal stability and minimal error which enable us to obtain a unique optimum
solution of functional equations. Stability analysis, in the sense of Ulam and others, has
received considerable attention from researchers. However, the effective generalization
of Ulam stability problems and evaluating optimized controllability and stability are new
issues. The multi-stability covers not only the previous concepts, but also considers the
optimization of the problem. Multi-stability provides a comprehensive discussion of
optimizing the different types of Ulam stabilities of mathematical models used in the
natural sciences (like: physics, earth science, biology, chemistry), social sciences (like:
psychology, economics, political science, sociology) and engineering sciences (like: electrical
engineering, computer science). This stability allows us to obtain the best approximation
results of optimal control problems through classes of special functions.
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