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Abstract: We present a family of hypersurfaces of revolution distinguished by four parameters in
the five-dimensional pseudo-Euclidean space Eg The matrices corresponding to the fundamental
form, Gauss map, and shape operator of this family are computed. By utilizing the Cayley-Hamilton
theorem, we determine the curvatures of the specific family. Furthermore, we establish the criteria
for maximality within this framework. Additionally, we reveal the relationship between the Laplace—
Beltrami operator of the family and a 5 x 5 matrix.
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1. Introduction

Chen [1-4] initially introduced the concept of submanifolds with finite order immer-
sion in m-space E™ or pseudo-Euclidean m-space E}’ using a finite number of eigenfunc-
tions derived from their Laplacian. Since then, extensive research has been conducted in
this field.

Takahashi worked that a Euclidean submanifold is classified as 1-type if and only
if it is either minimal or minimal within a hypersphere of E™. Additionally, Garay [5]
extended the analysis of Takahashi’s theorem in E”'. Hypersurfaces with constant curvature
were the primary focus of Cheng and Yau [6], while Chen and Piccinni [7] specialized in
submanifolds with a Gauss map of finite type in E™. Dursun [8] introduced hypersurfaces
with a pointwise 1-type Gauss map in E**!, while Aminov [9] delved into the geometry of
submanifolds. In the realm of space forms, Chen et al. [10] dedicated a significant amount
of time to the thorough investigation of 1-type submanifolds and the 1-type Gauss map.

Within the framework of E?, Takahashi [11] extensively explored the realm of minimal
surfaces, revealing that spheres and minimal surfaces with Ar = Ar, A € R constitute the
exclusive surface types. Ferrandez et al. [12] made a noteworthy discovery, categorizing
surfaces AH = A3y 3H as either minimal sections of a sphere or right circular cylinders.
The properties of the minimal helicoid with a pointwise 1-type Gauss map of the first
kind were thoroughly examined by Choi and Kim [13]. Garay [14] developed a classi-
fication scheme for revolution-based surfaces of finite type. Dillen et al. [15] conducted
an in-depth investigation into unique surfaces characterized by Ar = A3z.3r + B3x1, en-
compassing minimal surfaces, spheres, and circular cylinders. Stamatakis and Zoubi [16]
established fundamental properties of surfaces of revolution determined by A!''x = Az, 3x.
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Kim et al. [17] directed their research towards the Cheng—Yau operator and the Gauss map
of surfaces of revolution.

In the context of E*, Moore [18,19] undertook two comprehensive investigations into
the properties of general rotational surfaces. Hasanis and Vlachos [20] directed their re-
search towards hypersurfaces featuring a harmonic mean curvature vector field. Cheng and
Wan [21] dedicated their efforts to studying complete hypersurfaces exhibiting constant
mean curvature. Arslan et al. [22] delved into the exploration of the Vranceanu surface,
with a specific focus on analyzing its pointwise 1-type Gauss map. Arslan et al. [23] con-
ducted studies on generalized rotational surfaces and introduced tensor product surfaces
characterized by a pointwise 1-type Gauss map [24]. Giiler et al. [25] conducted extensive re-
search on the properties of helicoidal hypersurfaces, while another work by Giiler et al. [26]
focused on the investigation of the Gauss map and the third Laplace-Beltrami operator of
rotational hypersurfaces. Giiler [27] further examined rotational hypersurfaces character-
ized by AR = Ay 4R. Additionally, Giiler [28] derived the fundamental form fourth and
curvature formulas for hyperspheres.

In Minkowski 4-space E?, Ganchev and Milousheva [29] investigated surfaces anal-
ogous to those studied in [18,19]. Arvanitoyeorgos et al. [30] conducted research on the
mean curvature vector field, establishing AH = aH with a constant value «. Arslan and
Milousheva [31] focused their attention on meridian surfaces of elliptic or hyperbolic type,
analyzing their pointwise 1-type Gauss map. Arslan et al. [32] examined rotational A-
hypersurfaces in Euclidean spaces. Giiler et al. [33-36] extensively explored the concept of
bi-rotational hypersurfaces. Li et al. [37-47] conducted a series of theoretical research and
development on singularity theory, submanifold theory, etc. Their work has contributed to
the advancement of related research areas. We can find more motivations of our work from
several papers (see [48-63]).

The main goal of this research is to present a new family of hypersurfaces of revolu-
tion in the five-dimensional pseudo-Euclidean space Eg This family, referred to as g, is
characterized by four distinct parameters. The central focus of the research revolves around
the computation of various matrices associated with r, which include the fundamental
form, Gauss map, and shape operator. The Cayley—Hamilton theorem is employed as a
tool to determine the curvatures of r. Furthermore, the paper establishes equations that
describe the relationship between the mean curvature and Gauss—Kronecker curvature
of r. Additionally, an investigation is carried out to explore the connection between the
Laplace-Beltrami operator of r and a 5 x 5 matrix, revealing intriguing interconnections.

In Section 2, we elucidate the fundamental principles of five-dimensional pseudo-
Euclidean geometry, providing a clear explanation of its key concepts.

Section 3 is dedicated to presenting the curvature formulas specifically tailored for
hypersurfaces in [E5, enabling a deeper understanding of their geometric properties.

In Section 4, we delve into a detailed exposition of the family of hypersurfaces of
revolution, meticulously examining their unique properties and characteristics.

In Section 5, we explore the Laplace-Beltrami operator of a smooth function in E3,
utilizing the aforementioned family to efficiently compute its corresponding values.

Lastly, we serve a conclusion in Section 6.

2. Preliminaries

In this paper, we use the following notations, formulas, equations, etc.
For clarity, E}f represents a pseudo-Euclidean m-space with coordinates denoted
as (x1,xy,...,%y) with index v. The canonical pseudo-Euclidean metric tensor on E}'
[4 m ~
is represented by ¢ and defined as § = (, ) = — Y dx?+ Y. dx?. Let M be an m-
i=1

i=v+1
dimensional semi-Riemannian submanifold, and is embedded in E}, and the Levi-Civita

connections [64] associated with M are denoted as 6, V, respectively. We utilize X, Y, Z,
and W to denote vector fields tangent to M, and ¢, ¢ to represent vector fields normal to M.
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The Gauss formula and the Weingarten formula are determined by the equations
VxY =VxY+h(X,Y), Vx&=—As(X)+ Dx¢,

where h represents the second fundamental form of M, A denotes the shape operator,
and D corresponds to the normal connection of M. The shape operator Az is a symmetric
endomorphism of the tangent space T, M at each point p € M foreach { € TPLM . The shape
operator and the second fundamental form are related by the equation

(W(X,Y),8) = (A:X,Y).
The Gauss equation is determined by
(R(X,Y,)Z,W) = (h(Y,Z2),h(X,W)) — (h(X, Z),h(Y,W)),

where R describes the curvature tensor associated with the Levi—Civita connection V, and h
denotes the second fundamental form of M. The Codazzi equation is given by

(Vxh)(Y,Z) = (Vyh)(X,Z),

where VI denotes the covariant derivative of i with respect to the Levi-Civita connection V,
and X, Y, Z represent tangent vector fields on M. The curvature tensor RP associated with
the normal connection D is not explicitly mentioned in the given equations. The covariant
derivative of  is defined by

(Vxh)(Y,Z) = Dxh(Y,Z) — h(VxY,Z) — h(Y, VxZ).

where D represents the normal connection of M.

Let M be an oriented hypersurface in E"*! with its shape operator S, position vector x.
Consider a local orthonormal frame field {ej, ey, ..., e, } consisting of principal directions
of M coinciding with the principal curvature k; fori = 1,2,...,n. Let the dual basis of this
frame field be { f1, fa, ..., fu}. Then, the first structural equation of Cartan is determined by

n
do; = Zej/\wi]‘, i,j=12,...,n,
i=1

where w;; indicates the connection forms coinciding with the chosen frame field. By the
Codazzi equation, we derive the equations

ei(ki) = wijley) (ki —k;),
wij(e)) (ki —kj) = wilej) (ki — ki)

for differenti,j,[ =1,2,...,n.
We let sj = O'J'(kl, ko, ..., ky), where 0 denotes the j-th elementary symmetric function

defined by
(Tj(al,az,...,an) = 2 aj,aj, ... aj,

]
1§i1<i2<...<ij§1’l

and consider the notation
1’; = U'j(kl,kz, .. -/ki—lrki+1rki+2/- . .,kn).

According to the given definition, we have r? =1lands, 1 = Sy12 = --- = 0. The function
s is referred to as the k-th mean curvature of the oriented hypersurface M. The mean
curvature H = %sl is also defined, and the Gauss—Kronecker curvature of M is K = s,,.
If s; = 0, the hypersurface M is known as j-minimal.
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In Euclidean (n + 1)-space, to obtain the i-th curvature formulas KC; (see [65,66] for
details), where i = 0,...,n, we have the following characteristic polynomial equation
Ps(A) =00of S:

n

Y (—1)fspA" K = det(S — AZy) = 0. 1)

k=0
Here, 7, indicates the identity matrix. Hence, we reveal the curvature formulas as (’Z)ICi =s;.

Letr = r(u,v,a, B) be an immersion from M* C E*to Eg
Definition 1. An inner product of al = (a%,a%,...,aé),..., az = (a%, a%,...,a%) of Eg is
determined by
(a',a?) = ala? — a}ad + ala} — alaf + ala.

Definition 2. A quadruple vector product of a' = (al,al,...,al),..., a* = (a},a5,...,a) of

E3 is defined by

€1 —€ €3 —€4 65

ap ay a3 a4y al
1 2 3 4 2 2 2 2 2
a Xa“ xa’xa*=det a% a§ a% a% ag
g N T B S
1711 112 a3 114 115

Definition 3. The matrix (gj;) - (bij) determines the shape operator matrix S of hypersurface
v in pseudo-Euclidean 5-space B3, where, (g;;), , and (by;) . , describe the first and the second
fundamental form matrices, rzespectively, and gij = <;i,;j>, hij = <;ij,g>, ij=12,...,4,
= % wheni=1,r,, = % when i = 1and j = 2, etc., e denotes the natural base elements
of B2, and
o tu X Yo Xt XX
qu X Ly X Ty X Fﬁ”

@)
determines the Gauss map of the hypersurface .

3. Curvatures in Eg

In this section, we reveal the curvature formulas of any hypersurface r = r(u, v, «, )
in E3.
2

Theorem 1. A hypersurface x in E3 has the following curvature formulas, Ko = 1 by definition,

a0 =2, 6K, = 2,4k = -2 Ky =2, 6)
(] €4 C4 4

where cyA* + ¢3A3 + A2 + 1A + ¢ = 0 denotes the characteristic polynomial equation Ps(\) =

0 of the shape operator matrix S, ¢y = det(g;;), co = det(b;;), and (gi;), (bij) are the first and the
second fundamental form matrices, respectively.

Proof. The solution matrix (g;;) - (bij) gives the shape operator matrix S of hypersur-
face 1 in pseudo-Euclidean 5-space E5. We reveal the characteristic polynomial equation
det(S — AZy) = 0 of S. Thus, we obtain the curvatures
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4
=1
0 Ko ,
4 €3
Ki = ki+tky+ks+ky=—-—=,
1 C4

kiky + kiks + kiks + koks + koky + kaky = %2,
4

A
&
I

kikoks + kykoky -+ kikaky + koksky = — zi
4

~ W

kikokzky = Q,
4

i
e
B
I

NN OISR
NSNS AN NN
Q)

N
|

O
Definition 4. A space-like hypersurface v is called j-maximal if ;j = 0, where j =1,...,4.

Theorem 2. A hypersurface x = r(u,v,a, B) in E3 has the following relation
KoV — 411V + 6/CIIT — 4/CIT + Iyl = Oy,

where L1, ...,V determines the fundamental form matrices, and Oy represents the zero matrix
having order 4 of the hypersurface.

Proof. Regarding n = 41in (1), itruns. O

4. Hypersurfaces of Revolution Family in E5

In this section, we define the hypersurfaces of revolution family (HRF), then find its
differential geometric properties in pseudo-Euclidean 5-space E5. The HR in Riemannian
space forms were given in [67].

The HRF M of Euclidean (1 + 1)-space constructed by a surface -y around rotating axis
£ does not meet v is acquired by taking the orbit of £ under the orthogonal transformations
of (n+ 1)-space.

To construct the HRF, we start with the generating surface given by v = y(u,v) =
(f,0,,0,) and apply the rotation matrix £ = diag (£, £4,1) with the elements given by
¢ = ( cosht sinh t

sinht cosht
HRF given by r = £-9T when 7 rotates about axis ¢ = (0,0,0,0,1). Finally, we present
the following.

), t = w, B, respectively, and £-¢ = ¢, det £ = 1. Then, we state the

Definition 5. The HRF is an immersion ¢ : M* ¢ E* — Eg with rotating axis (0,0,0,0,1),
defined by
r(u,v,a,B) = (f coshu, f sinha, gcosh B, gsinh B, 1), 4)

where f, g, h denote the differentiable functions that depend on u,v € R, 0 < a, f < 271.

Taking the first derivatives of HRF given by Equation (4) with respect to u,v,«, B,
respectively, we obtain the first fundamental form matrix

fRrg+h  fufot+&ugethdn 00
N fltfv+gugv+huhv f3+g%+h22; 0 0 5
(037) = 0 0 P oo | (5)

0 0 0 —g?
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511

512

521

522

533

544

and f, = %, fo = %, f2 = 327{/ etc. Hence, g = det(g;;) = 2¢*W, where W =
(G1)* + (G2)* + (G3)*, and

G = hugv - hvgur

gz = fuhv - fvhu/

g3 = gufv - fugv~

Since g > 0, the HRF determined by Equation (4) is a space-like hypersurface.
Using (2), we obtain the following Gauss map of the HRF determined by Equation (4):

g = ﬁ (G1 cosha, Gy sinh &, Gy cosh B, Gp sinh B, G3). (6)

By taking the second derivatives with respect to ©, v, «, B, of HRF described by Equation (4),
and by using the Gauss map given by Equation (6), we find the second fundamental
form matrix

glfuu + g2guu + Gahuu glfuv + gzguv + G3hyw 0 0
(h) _ i glfuv + gzguv + g3huv glfvv + gzgvv + g3hvv 0 0 (7)
9w 0 0 fG 0 |
0 0 0 g%

and fy, = 32712, fuo = ;:va’ ect. By using (5) and (7), we compute the following shape
operator matrix of (4):
S = diag( (su)axp 533, Su ),

with the following components

(fz% +g§ + h%)(glfuu + gzguu + gahuu) - (fufv + Su8v + huhv)(glfuv + gzguv + g3huv)

Wa/2 ’
(fg + g% + h%) (glfuv + nguv + g3huv) - (fufv + gugv + huhv>(g1fvv + gzgvv + g3hvv)
W3/2 ’
(szl +g§ + h%,) (glfuv + nguv + g3huv) - (fufv + Su8v + huhv)(glfuu + gzguu + g3huu)
W3/2 4
(ff, + g%, + hﬁ) (glfvv + gzgvv + g3hvv) - (fufv + gu8v + huhv)(glfuv + gzguv + g3h1w)
W3/2 ’
g1
fwl/z’
%
gwl/z

Finally, using (3), with (5) and (7), respectively, we find the curvatures of the HRF defined
by Equation (4) as follows.

Theorem 3. Let ¢ be the HRF determined by Equation (4) in E3. ¢ contains the following
curvatures
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Ko = 1,
i, = (933944D22 + 920044033 + 92003304a) + 033044 (922011 — 2012012) — 97, (944h33 + 933044)
033044 (911022 — 93,)

{ 011 (922033044 + 933022044 + 044522033) — 2012012 (944b33 + 933044) }

6Ky — +11(933944h22 + 922044h33 + 922033044) — H3, 033944 — 93,D33044
2 = ,

933044 (011922 — 03,)
i = ((g11b22 + 2b12812 — 922011) b33 — 033011022) Das — 94411522033 + b7, (94433 + 933044)
933944 (911922 - 9%2) ,

7

(h11b22 — b3,) hazhas
(911922 - 9%2)933944

Here, KCq represents the mean curvature, and K4 denotes the Gauss—Kronecker curvature.

Proof. By using the Cayley-Hamilton theorem, we reveal the following characteristic
polynomial equation Ps(A) = 0 of S:

JCoA* — 4K A3 + 6KoA% — 4K3A + Ky = 0.

The curvatures K; of ¢ are obtained by the above equations, where g33 # 0, gas # O,
011822 — 95, #0. O

Theorem 4. Let ¢ be the HRF described by Equation (4) in E3. ¢ has the following principal

curvatures
1
ki = > (511 + 52 — \/(511 —522)2 + 4512521)’
1
ky = 5 (511 + 522 + \/(511 - 522)2 + 4512521>'
o e G
3 = 33 — fwl/z’
b el B
4 = 4 = gwl/2

Proof. By using equation det(S — kZ,) = 0, the theorem is clear. [

Corollary 1. Let y be the HRF defined by Equation (4) in E3. ¢ is 1-maximal if and only if the
following partial differential equation appears

0 = g11(9330944h22 + 922044h33 + 922033044)
+033044 (922011 — 2912012) — 035 (044h33 + 9330 ).

Corollary 2. Let y be the HRF determined by Equation (4) in E3. y is 2-maximal if and only if the
following partial differential equation occurs

0 = g11(922h33ba4 + 933022044 + 944522033) — 2812012 (944b33 + 933044)
+b11 (933044022 + 922044533 + 922033041) — b3033044 — 07233044
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Corollary 3. Let ¢ be the HRF given by Equation (4) in E3. ¢ is 3-maximal if and only if the
following partial differential equation holds

0 = ((g11h22 +2b12812 — 922h11)b33 — 933h11H22) bag
— 94411022033 + b7, (944b33 + 933b44).-

Corollary 4. Let ¢ be the HRF described by Equation (4) in E3. ¢ is 4-maximal if and only if the
following partial differential equation determines

0= (hnf)zz - b%z) B33044.
Hence, we find the following.

Example 1. Let y be the HRF determined by Equation (4) in E3. When the profile hypersurface
of v is parameterized by the unit sphere: f = cosucosv, g = sinucosv, h = sinv, then S =1,
and the HRF has the following curvatures K; = 1, wherei =0,1, ... ,4.

Example 2. Assume r be the HRF denoted by Equation (4) in E3. While the profile hypersurface
1-u? 1-v2 _ 2u 1-7? _
1121402’ 8 = TrZ 1702 T = 102/

7 of v is parameterized by the rational unit sphere: f =
the HRF has the same results determined by Example 1.

Example 3. Let ¢ be the HRF defined by Equation (4 ) in E3. When the genemting hypersurface 0%

= |
u2+vz+1’ 8§ = u2+vz "= o2y the HRF

has S = —TI and has the following curvatures K; = (—1)', wherei =0,1,...,4.

of v is parameterized by the Riemann sphere: f =

Example 4. Considering the pseudo-hypersphere S5(p) := {q € E3 | (q, q) = p?}, radius p > 0,
parameterized by
p cos u cos v cosh
p cos u cos vsinh a
q(u,v,a,B) = | psinucosvcoshf |, (8)
o sinu cos vsinh
psinv

we compute S = %L;. Hence, we find the following curvatures K; = %, wherei = 0,1,...,4.

Then, the hypersurface q described by Equation (8) is an umbilical hypersphere (i.e., (KC1)* = Ky)
of E3.

5. Hypersurfaces of Revolution Family with Ar = Ay in E3

In this section, our focus is on the Laplace-Beltrami operator of a smooth function in
[E5. We will proceed to compute it utilizing the HRF, which is defined by Equation (4).

By using the inverse matrix of the first fundamental form matrix ( gij) we have
the following.

4x4’

Definition 6. The Laplace-Beltrami operator of a smooth function ¢ = ¢(x',x%,x3,x*) |p

(D C R*) of class C* depends on the first fundamental form ( gij) of a hypersurface x, is the operator

defined by
0
1/2 1] P
1/2 1]21 oxi ( ax]> (9)

where (g) = (gi) ™" and g = det(g;).
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Therefore, the Laplace-Beltrami operator of the HRF given by Equation (4) is deter-
mined by

L [o /g nndr) 9 ( 1/ 120t 9 ( 1,5 n0r
Ar = g1/2[8u<g 8 5u) Tau\8 5 ) T \8 T o (19

9 ( 12 »or 9 [ 12 330¢ 0 ( 172 440r
+av<g 950 ) Taa\® 8 e ) Top\8 9 55 )|

By using the derivatives of the functions in (10), with respect to u, v, &, B, respectively, we
obtain the following.

Theorem 5. The Laplace—Beltrami operator of the HRF ¢ denoted by Equation (4) is given by
Ay = 4K1 G, where Ky describes the mean curvature and G represents the Gauss map of r.

Proof. By direct computing (10), we obtain Ay. [

Theorem 6. Let ¢ be the HRF defined by Equation (4). Ax = Mg, where M represents the squared
matrix of order 5 if and only if ¢t has Ky = 0, i.e., it is a 1-maximal hypersurface.

Proof. We find 4K1G = My, and then we have

my1f cosha + mq, f sinha + my3g cosh B+ a14g sinh B + ajsh
= ®&fg(h,go — hogu) coshua,

my1 f cosha + mpy f sinh o + mp3g cosh B + apeg sinh B + apsh
= Ofg(hygo — hogu)sinha,

ma1 f cosha + m3y f sinh a + m33g cosh B + azeg sinh B + azsh
= ®fg(fuho — fohu) cosh B,

myy f cosha + myp f sinha + mg3g cosh B+ ageg sinh B + agsh
= Ofg(fulto — fohu)sinh B,

ms1 f cosha + ms, f sinh a + ms3g cosh B+ as4g sinh B + assh

= ®fg(gufo — fugv)-

Here, M = (mif)st' and ® = 4K,g /2, where g = f2¢>W. Derivativing above ODEs
twice with respect to &, we obtain the following m;5; = 0, & = 0, wherei = 1,2,...,5.
Then, we obtain (m;; cosha + mj; sinhw)f = 0, where i = 1,2,...,5. The functions cosh
and sinh are linear independent on «, then all the components of the matrix M are 0. Since
o = 4IC1g’1/2, then IC; = 0. This means that ¢ is a 1-maximal HRF. [

Hence, we obtain the following.

Example 5. Let ¢ be the HRF given by Equation (4). When the generating hypersurface <y of ¢ is
parameterized by the unit sphere determined by Example 1, then, HRF ¢ supplies Ax = Ay, where
A = —51,, and I, denotes the identity matrix.

Example 6. Let ¢ be the HRF denoted by Equation (4). While the generating hypersurface vy of ¢ is
parameterized by the Riemann sphere defined by Example 3, HRF ¢ has the same results denoted by
Example 5.

6. Conclusions

In conclusion, this research has introduced a novel and distinct family of hypersurfaces
characterized by four parameters in the five-dimensional pseudo-Euclidean space E3.

By performing comprehensive computations, we have determined the fundamental
form, Gauss map, and shape operator matrices associated with this family, enabling a
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comprehensive understanding of its geometric attributes. The application of the Cayley—
Hamilton theorem has allowed us to ascertain the curvatures of these hypersurfaces, pro-
viding crucial information about their intrinsic geometry. Furthermore, we have identified
the conditions for maximality within this specific context, shedding light on the behavior
and potential optimality of these hypersurfaces. Notably, we have uncovered a captivat-
ing connection between the Laplace—Beltrami operator of this family and a 5 x 5 matrix,
enhancing our comprehension of their intricate relationship.

The findings presented in this study contribute significantly to the field of five-
dimensional pseudo-Euclidean geometry, expanding the existing knowledge and paving
the way for further exploration and advancements in this area of research.
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