. mathematics

Article

Differential Properties of Jacobi-Sobolev Polynomials and
Electrostatic Interpretation

Héctor Pijeira-Cabrera *(7, Javier Quintero-Roba !

check for
updates

Citation: Pijeira-Cabrera, H.;
Quintero-Roba, ].; Toribio-Milane, J.
Differential Properties of
Jacobi-Sobolev Polynomials and
Electrostatic Interpretation.
Mathematics 2023, 11, 3420.
https://doi.org/10.3390/
math11153420

Academic Editor: Carsten
Schneider

Received: 6 July 2023
Revised: 29 July 2023
Accepted: 4 August 2023
Published: 6 August 2023

Copyright: © 2023 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://

creativecommons.org/licenses /by /
4.0/).

and Juan Toribio-Milane 2

1 Departamento de Matemadticas, Universidad Carlos III de Madrid, 28911 Madrid, Spain;
jaquinte@math.uc3m.es

Instituto de Matematicas, Facultad de Ciencias, Universidad Auténoma de Santo Domingo,
Santo Domingo 10105, Dominican Republic; jtoribio34@uasd.edu.do

Correspondence: hpijeira@math.uc3m.es

Abstract: We study the sequence of monic polynomials {S, },>0, orthogonal with respect to the Jacobi-
Sobolev inner product (f,g)s = fil Flx)g(x) duP(x) + Zjlil ZZJ:O /\j,kf(”(cj)g(k)(cj), where
N,dj € Zy, Ajg > 0, du*P(x) = (1 —x)*(1+x)Pdx, &, > —1,and ¢; € R\ (~1,1). A con-
nection formula that relates the Sobolev polynomials S, with the Jacobi polynomials is provided, as
well as the ladder differential operators for the sequence {S;;},>0 and a second-order differential
equation with a polynomial coefficient that they satisfied. We give sufficient conditions under which
the zeros of a wide class of Jacobi-Sobolev polynomials can be interpreted as the solution of an
electrostatic equilibrium problem of n unit charges moving in the presence of a logarithmic potential.
Several examples are presented to illustrate this interpretation.

Keywords: Jacobi polynomials; Sobolev orthogonality; second-order differential equation; electro-
static model
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1. Introduction

It is well known that the classical orthogonal polynomials (i.e., Jacobi, Laguerre, and
Hermite) satisfy a second-order differential equation with polynomial coefficients, and its
zeros are simple. Based on these facts, Stieltjes gave a very interesting interpretation of the
zeros of the classical orthogonal polynomials as a solution of an electrostatic equilibrium
problem of n movable unit charges in the presence of a logarithmic potential (see [1] Sec.
3). An excellent introduction to Stieltjes” result on this subject and its consequences can be
found in ([1] Sec. 3) and ([2] Sec. 2). See also the survey [3] and the introduction of [4,5].

In order to make this paper self-contained, it is convenient to briefly recall the Jacobi,
Laguerre, and Hermite cases. We begin with Jacobi. Let us consider # unit charges at
the points x1, xp, ..., x, distributed in [—1, 1] and add two positive fixed charges of mass
(0 4+1)/2and (B+1)/2 at1and —1, respectively. If the charges repel each other according
to the logarithmic potential law (i.e., the force is inversely proportional to the relative
distance), then the total energy E(-) of this system is obtained by adding the energy of the
mutual interaction between the charges. This is

1

E(wy,wy, ... ,wy) = 2 log —
1<i<j<n |wi — wj]
a+1 ¢ 1 B+1¢ 1
+——) log + log . 1)
> B g T 2 5 e
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The minimum of (1) gives the electrostatic equilibrium. The points x1, x2, ..., x, where
the minimum is obtained are the places where the charges will settle down. It is obvious

that, for the minimum, all the xj are distinct and different from +1.

For a minimum, it is necessary that % = 0(1 < k < n), from which it follows that the
j

polynomial P, (x) = [T/_; (x — x;) satisfies the differential equation
(1 - x2)p,';(x) F(B—a—(a+B+2)x)P.(x) = —n(n+a+p+1)P(x), ()

which is the differential equation for the monic Jacobi polynomial P, (x) = Py P (x) (see [6]
(Theorems 4.2.2 and 4.21.6)). The proof of the uniqueness of the minimum, based on the
inequality between the arithmetic and geometric means, can be found in [6] (Section 6.7).
In conclusion, the global minimum of (1) is reached when each of the n charges is located

on a zero of the nth Jacobi polynomial P, b (x).

For the other two families of classical orthogonal polynomials on the real line (i.e.,
Laguerre and Hermite), Stieltjes also gave an electrostatic interpretation. Since, in this
situation, the free charges move in an unbounded set, they can escape to infinity. Stieltjes
avoided this situation by constraining the first (Laguerre) or second (Hermite) moment of
his zero-counting measures (see [6] (Theorems 6.7.2 and 6.7.3) and [1] (Section 3.2)).

The electrostatic interpretation of the zeros of the classical orthogonal polynomials,
in addition to Stieltjes, was also studied by Bocher, Heine, and Van Vleck, among others.
These works were developed between the end of the 19th century and the beginning of
the 20th century. After that, the subject remained dormant for almost a century, until it
received new impulses from advances in logarithmic potential theory, the extensions of the
notion of orthogonality, and the study of new classes of special functions.

Let ¢ be a finite positive Borel measure with finite moments whose support supp(yt) C R
contains an infinite set of points. Assume that {P, },>¢ denotes the monic orthogonal
polynomial sequence with respect to the inner product

(.80 = [ Flgx)dp(x). ©

In general, an inner product is referred to as “standard” when the multiplication operator
exhibits symmetry with respect to the inner product, i.e., (xf, g), = (f,xg) . As (3) is a stan-
dard inner product, we have that P, has exactly n simple zeros on (a,b) = C(supp(1))° C R,
where Cj(A) denotes the convex hull of a real set A and A° denotes the interior set of A.
Furthermore, the sequence {P, },>( satisfies the three-term recurrence relation

xPn(x) = Pn+1(x) + 71,npn(x) +72,npn71(x)} PO(x) =1, Pfl(x) =0,

where 7, = ||PnHy2/HPn—1||y2 forn>1,7,, = <Pn/xpn>y/||PnH2/ and || - Hy = <'r'>#
denotes the norm induced by (3). See [6-8] for these and other properties of { P, },,>0.

Let (a,b) be as above, N,dj € Zy, Ajx 2 0, forj =1,...,N, k =0,1,...,d,
{er,c0,...,ent C R\ (a,b), where ¢; # c;ifi # jand I+ = {(j, k) : Ajx > 0}. We
consider the following Sobolev-type inner product:

N 4
(f.8)s = (f8hu+ Y Y Ainf P (eg™(e)

j=1k=0

— [Fg@dux) + ¥ A W(e)s ), @

(jhyels
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where f() denotes the kth derivative of the function f. We also assume, without restriction
of generality, that {(j, d]-) ]-lil Clyandd; <dy <--- <dy.Letusdenoteby S, (n € Z,)
the lowest degree monic polynomial that satisfies

(xk,8,)s =0, for k=0,1,...,n—1. (5)

Henceforth, we refer to the sequence {5}, of monic polynomials as the system
of monic Sobolev-type orthogonal polynomials. It is not difficult to see that foralln > 0,
there exists a unique polynomial S, of the degree n. Note that the coefficients of S, are
the solution of a homogeneous linear system (5) of n 4 1 unknowns and n equations. The
uniqueness is a consequence of the required minimality on the degree. For more details on
this type of nonstandard orthogonality, we refer the reader to [9,10].

It is not difficult to see that, in general, (4) is nonstandard, i.e., (xp, q)s # (p, xq)s. The
properties of orthogonal polynomials concerning standard inner products are distinct from
those of Sobolev-type polynomials. For instance, the roots of Sobolev-type polynomials
either can be complex or, if real, might lie beyond the convex hull of the measure y support,
as demonstrated in the following example:

Example 1. Let

1
(fg)s = [ Flagladx+f(-2)'(-2) + F 2)g @),
then the corresponding third-degree monic Sobolev-type orthogonal polynomial is S3(z) = 2% —

1832, whose zeros are 0 and £/ 83, Note that /18 ~ £3 ¢ [-2,2].

We will denote by P the linear space of all polynomials and by dgr(p) the degree of
p € P. Let

pe0) =TT (=) TT(;— 2% and  dup(x) = p(x)dp(x).

cjga cj>b

Note that p(x) > Oforall x € (a,b) and dgr(p) =d = Zjlil (dj +1). Additionally, for
n > d, from (5), we have that {S, } satisfies the following quasi-orthogonality relations:

(Sus Flug = (Suifhy = [ SuF©P)N(x) = (Sw,pF)s =0,

for f € P,_;_1, where PP,, denotes the linear space of polynomials with real coefficients
and degree less than or equal to n € Z... Thus, S, is a quasi-orthogonal of order d with
respect to the modified measure 5. Therefore, S, has at least (n — d) changes of sign in
(a,b).

Taking into account the known results for measures of bounded support (see [11]
(1.10)), the number of zeros located in the interior of the support of the measure is closely
related to d* = #(I. ), where the symbol #(A) denotes the cardinality of a given set A. Note
that d* is the number of terms in the discrete part of (-, -)s (i.e., Ajx > 0).

From Section 3 onward, we will restrict our attention to the case when in (4) the
measure dy is the Jacobi measure du®f(x) = (1 — x)*(1 + x)Pdx (¢, > —1) on [~1,1].
Some of the results we obtain are generalizations of previous work, with derivatives up to
order one. For more details, we refer the reader to [12,13] and the references therein.

The aim of this paper is to give an electrostatic interpretation for the distribution of
zeros of a wide class of Jacobi-Sobolev polynomials, following an approach based on the
works [4,14,15] and the original ideas of Stieltjes in [16,17].

In the next section, we obtain a formula that allows us to express the polynomial S,
as a linear combination of P, and P,_1, whose coefficients are rational functions. We refer
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to this formula as “connection formula”. Sections 3 and 4 deal with the ladder (raising
and lowering) equations and operators of {S; },>0. We combine the ladder (raising and
lowering) operators to prove that the sequence of monic polynomials {S,(x)}, o satisfies
the second-order linear differential Equation (35), with polynomial coefficients.

In the last section, we give a sufficient condition for an electrostatic interpretation of
the distribution of the zeros of {5, (x)},>0 as the logarithmic potential interaction of unit
positive charges in the presence of an external field. Several examples are given to illustrate
whether or not this condition is satisfied.

2. Connection Formula

Let y be a finite positive Borel measure with finite moments, whose support supp() C R
contains an infinite set of points. Assume that {P, },>0 denotes the monic orthogonal
polynomial sequence with respect to the inner product (3). We first recall the well-known
Christoffel-Darboux formula for K, (x, y), the kernel polynomials associated with { P, },,>0.

Pa()Pra(y) = Pa(@)Pua(x) v,

n—1 2 7
_ v B()P(y) _ [Paallfi (x =)
Ky_1(x,y) = Z Pz P! (x)Py_1(x) —Pn(x)P/,l(X) ‘ 6)
=T R ()
IPu—1ll5
. j+k
We denote by Kfj'k)(x,y) = aaKji'é(i’y) the partial derivatives of the kernel (6).
xoy

Then, from the Christoffel-Darboux Formula (6) and the Leibniz rule, it is not difficult to
verify that

n=1p.(y pﬁk)
i=z0 [Pl

_ KN Qk (s Pa1) Pu(x) = Qu(x, 3 Pu) Py (%)) @
1Paalf, (x =)<+t

where Q(x,y;f) = Lk_, %(x —vy)" is the Taylor polynomial of the degree k of f
centered at y. Observe that (7) becomes the usual Christoffel-Darboux formula (6) if k = 0.
From (4),ifi <n

(Su Py = (S P)s— Y AuSi ey PP (e Y A4S (ePH (er).  (®)
(jk)eLy (]k el

Therefore, from the Fourier expansion of S, in terms of the basis { P}, and using
(8), we obtain

n—1 P (k) c
Su(0) = Pa) + 3 (50, P D) — ) - T asPie T HE(G)
i=0 1Pil (]k)el+ 1—0 ||P||
=P = ¥ sk (xe)). ©)
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Now, replacing (7) in (9), we have the connection formula

Sn(x) = F],n(x)pn(x) + Gl,n(x)Pn—l (x)/ (10)

Akt S () Qulx, ¢ Pa1)
where F,(x)=1— ) - !
Ghen IPeal?  (r—g)FH

Akt S () Qx5 Pa)
(x — C].)k+1 )

and Giu(x)= )

2
Gher,  IPa-1lly

Deriving Equation (9) ¢-times and evaluating then at x = ¢; for each ordered pair

(i,£) € I, we obtain the following system of d* = #(I ) linear equations and d* unknowns
(k)
Sn (C ])

l (x4 l Lk k
P () = (14 Ak (eien)) i (@) + ¥ Ak (eie)si?(e).
(jk)el.
(k) #(ir0)
The remainder of this section is devoted to proving that system (11) has a unique
solution. The following lemma is essential to achieve this goal.

Lemma 1. Let I C R x Z be a (finite) set of d* pairs. Denote {c; } Y, = mi(I) where 7ty is the
projection function over the first coordinate, i.e., 7t1(x,y) = x, d; = max{v; : (c;,v;) € I} and
d= Z]’I\i 1(dj +1). Let Py be an arbitrary polynomial of the degree k for 0 < k < n — 1. Then, for
all n > d, the d* x n matrix

« _ (pW
A = (Pk—l (C)>(c,v)61,k:1'2""’n

has a full rank d*.

Proof. First, note that, using elementary column transformations, we can reduce the proof
to the case when P(x) = xk for k = 0,1,...,n — 1. On the other hand, d;.* = #{y; :

(c]-,vl-) €l}) < di+1forj=12,...,N,sod" = Z]N1 d]* d < n, and it is sufficient to

prove the case n = d. Consider the m xn matrix

1 x 2 B ... ¥l

0 1 2x 3x? (n—1)x"2
Auw(x)=| 0 0 2 6x - (n=1)(n—2)x"3 |

00 0 0 -+ (n=1)---(m—m+1)x" ™

where m < n. Without loss of generality, we can rearrange the rows of A* such that

Al
A

A" = ,  where A}‘ = (Plfi)l c

: ( ])> (c]-,v)el,kzl,z,‘..,n'
AN
Note that .A;-k is obtained by taking some rows from Ay (cj), the rows v, such that
(cj;v —1) € I. Consider the matrix
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Adg 41(c1)

e Ad2+'1 (c2)

Agy+1(en)

From [18] (Theorem 20), we compute det(.A) as

N 4
det(A) = det(AT) =TTt TI (cj, —cp) V™l 0.

j:1 i=1 1<j1<j2<N

Then the n row vectors of A are linearly independent, and consequently, the d* rows
of A* are also linearly independent. [

Now we can rewrite (11) in the matrix form
Pa(C) = (Tgr + Ko 1(C,C)L)SA(C),  where (12)

1L+ is the identity matrix of the order d*.

L is the d*xd*-diagonal matrix with the diagonal entries A, (j, k) € L.

C is the column vector C = (¢y,...,¢1,¢2,--.,C2,...,CN,---,CN)T.
—_——— ———

—_——
d;-times d;-times dy,-times

Pu(C) and S,(C) are column vectors with the entries p® (cj), and Sg,k)(cj), (jk) € I+
respectively.

Kn-1(C,C) is ad* x d* matrix whose entry associated to the (i, ¢)th row and the (j, k)th
l k

P ()P ()

column, (i, ¢), (j, k) € Ly, is Ki(f_kl) (cicj) = -
v=0 H PV Hy
P(k) (C)
Clearly, we can write K,,_1(C,C) = FFT, where F = (ﬁ,l H] > isa
v ) G oel v=1,..,n,

matrix of the order d*xn and full rank for all n > d, according to Lemma 1.

Then the matrix K,,_1(C,C) is a d*xd* positive definite matrix for all n > d; see [19]
(Theorem 7.2.7(c)). Since L is a diagonal matrix with positives entries, it follows that
L1+ K,_1(C,C) is also a positive definite matrix, and consequently, Z- + K, _1(C,C)L =
(L71+ K,-1(C,C))L is nonsingular. Then the linear system (12) has the unique solution

Sn(C) = (Ty + K, 1(C,C)L) 1 Pu(C). (13)
Using this notation, we can rewrite (9) in the compact form
Sn(x) = Pu(x) — Ky-1(x,C) LS (C), (14)

where K,,_1(x,C) is a row vector with the entries Kfl();](l) (x,¢;), for (j,k) € 1. Now, replac-
ing (13) into (14), we obtain the matrix version of the connection formula (10)

Sn(x) = Pn(x) - ’Cn—l (x/C)E(Id* + ’Cn—l (C/C)‘C)_lpn(c)'

3. Ladder Equations for Jacobi-Sobolev Polynomials

Henceforth, we will restrict our attention to the Jacobi-Sobolev case. Therefore, we
consider in the inner product (4) the measure du(x) = du*P(x) = (1 — x)*(1 + x)Pdx,
where «, B > —1 and whose support is [—1, 1]. To simplify the notation, we will continue to
write S;, instead of Sz’ﬁ to denote the corresponding nth Jacobi-Sobolev monic polynomial.
In the following, we omit the parameters « and 8 when no confusion arises.
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From [6] ((4.1.1), (4.3.2), (4.3.3), (4.5.1), and (4.21.6)), for the monic Jacobi polynomials,

we have
wp, N [(2n+a+p T it n+p Y v
P, (x)-( . ) 1;) 0y y (x=1)"(x+1)""".
i = o], perswspea K D08+ T4 p 4 DGt 0 4 1)
" R | PP T2n+a+B+2)T2n+a+p+1)
Pa,ﬁ(l) 2 Tn4+a+1)T(n+a+p+1)
" - Ta+1)T2n+a+p+1)
xPyP (x) =P () + 11 PAP (2) + 720 PP (3); PyP(x) =1, P*P(x) =0, (15)
where
B _ p—o?
T =Nn = Onta+p)2n+atp+2)

ap 47’1(11 + tx) (n + ﬁ) (n Iy :B) (16)

T2 =Von = ot at B2((2n+a+ P2 —1)
Let J be the identity operator. We define the two ladder Jacobi differential operators

on P as
= 2
Sﬁ =— anA(x) J+ ! = gy (lowering Jacobi differential operator),
b, . dx
= 2
gl = —C”£x> J+ ! T 4 (raising Jacobi differential operator).
" d, dx
where
N n((2n+a+p)x+p—a) -~ dn(n+a)(n+p)(n+a+p)
an(x) = — , by = > ,
2n+a+p 2n+a+p)?2n+a+p—1) 17)
iy _(ntatp)(2ntatp)x+a—p) T
Cn(x) = T and dy=—-2n+a+p-1).
From [6] (4.5.7 and 4.21.6), if n > 1, the sequence {Pff b } -0 satisfies the relations
nz
~ an(x 1—x2 !
k[P )] = _Inl®) gy 12X (PP(x)) = PhPy (),
bn " (18)
~ Cn(x 1—x2 !
ol [p;;‘fl(x)} - ”dﬁ )p;;‘fl(x) i (p,j‘f‘l(x)) = PP (x)
n n
In this case, the connection Formula (10) becomes
Sn(x) =Aru(x) Py (x) 4 Byu(x) By (x), (19)
Akt S (cj) Qk(x,cj; P“’/SQ
where  Aj ,(x) :Ai"ﬁ(x) =1- ) I_n-
" Gier, Wyt (o)t
Akt SE(ci) Qu(x, cj; PYF
and By, (x) :Biéf(x) _ jik IXZ ( ]) Qx(x Cj kil).
Gher, WP (x—g)
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(x—¢j) f ! and define the (d — k — 1)th degree polynomial

:]z

Let p(x
]=1

Pjx(x) = (xf(cf;k“ = (x—¢)) )i kH PLasS (20)
1#1

for every (j, k) € L. The following four lemmas are essential for defining ladder operators
(lowering and raising operators).

Lemma 2. For the sequences of polynomials {Sy, },>0 and {P,’f’ﬁ }n>0, we obtain

p(X)Su(x) = Agn(x) PyP(x) + Byu(x) P (x), (1)
(1-2) (p()Su(x)) = Asn(x)PaP(x) + Ba(x) PP (), (22)

1. ¢k
Aa(x) () A1(0) = plx) = ¥ (“Jks” 0 (.67 1))p]k< )

(h)els s
KA kS (cp)
Bo,n(x) =p(x)Biu(x) = I (e PP | o),
(k)L "y

As () = A, (%) (1= 62) + 0 () Az (x) + dnBo (),

+
By (x) =B, (x) (1= x) + by Agu(x) + En(x) Bo (),

where Ay y, By, Az, and Bs ,, are polynomials of degree at most d, d — 1, d + 1 and d, respectively,
and the coefficients @y (x), by, Cy(x), and d,, are given by (17).

Proof. From (19) and (20), Equation (21) is immediate. To prove (22), we can take deriva-
tives with respect to x in both hand sides of (21) and then multiply by 1 — x2

(1= 2) (p(x)$n (1)) = (1= ) A4, Pu(x) + Az (1 - 22) (PP(3))
+ (1= 2)BL, P, (x) + Bo (1-2) (P ()
Using (18) in the above expression, we obtain
(1= 52) (0(x)Su(x)) =[ Ay (x) (1= 52) + 0 (x) Az,a(x) + Ba(x)dn] PP (x)
- [Bh () (1= 22) + Buda(x) + Bau (1) (x)] Pi7, (x),
which is (22). O

Lemma 3. The sequences of the monic polynomials {S,},~, and {P,'QX”Sz } o e also related by
= n=

the equations

p(0)Su_1(x) = Cop(x) Py (x) + Dy (x)Py % (x), (23)
(1= 22) ()81 (x))' = Co,u(x) P (x) + D3 (x) P, (), (24)
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where
Byn-1(x X— V-1
Con(x) = —ni(), Dy, (x) = Azu—1(x)+ Byy—1(x) (M ,
B72,n—(1 ) Y2,n—-1
_1(X X — _
Conlr) == D) = g (3) 4 By ) (12,
Y2,n—1 Y2,n—1

where Cy,(x), Doy (x), C3,(x), and D3, (x) are polynomials of degree at most d — 1, d, d and
d + 1, respectively.

Proof. The proof of (23) and (24) is a straightforward consequence of Lemma 2 and the
three-term recurrence relation (15), whose coefficients are given in (16). O

Lemma 4. The monic orthogonal Jacobi polynomials {Pff”s } can be expressed in terms of the

monic Sobolev-type polynomials {Sy },,~ in the following way:

P (x) = Af’n(’% (Dan(x)Sn(x) — Ban(x)Sn_1(x)), (25)
P2, (6) = £ (A (6)5001(3) = Can()S (). 26)

where
An(x) = det(é‘js((i)) gi ((’;))) — Ay (x)Dan(x) — Con(2)Ban(x) @7)

is a polynomial of the degree 2d.

Proof. Note that (21) and (23) form a system of two linear equations with the two un-
knowns PP (x) and P, P 1 (x). Therefore, from Cramer’s rule, we obtain (25) and (26).

A
As dgr(Can Ba) < 2d —2 and lim 222(%)

x—soo  x2d

= 1, we obtain

L if dgr(By, 1) <d—1,
An(x) _ . Do _ Ay if dgr(Bau-1) :
e +—— g, if dgr(Byu1) =d -1, (28)

x—oo  x2d x—oo  x 1

Yon-1h,"

. (k)
where A, 1= Y Ak,j(sn,l(cj))(“(pn_ﬁl(cj)) = (S_1(C))TLP,_1(C). From (12),
(ij)ely

At = (851(0) T L(Tar + K -2(C,€)£)8,1(C).
Since the matrix £(Zy + K,,—2(C,C)L) is positive definite, we conclude that
A, 1 >0, foralln € IN; (29)
i.e., Ay(x) is a polynomial of the degree 2d. [

Remark 1. Obviously, from (25) (or (26)), we have that Ay (x) = p(x)d,(x), where 6y is a
polynomial of the degree d. Hence, from (27),

5n(x) = Al,n(x)DZ,n(x) - Bl,n(x)CZ,n(x)'
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Theorem 1. Under the above assumptions, we have the following ladder equations:

Ay (%)Sn(x) + By u(x)Sy(x) = Sy-1(x), (30)
Can(x)Sy—1(x) + Dy (x)S), 1 (x) = Su(x), (31)
where
_ q2a(x) _ Gon(x) ~ g3a(x) _ qon(x)
A =G B = gy G = g P g

Jon(x) = (1—x )dn(x),  dgr(qon) =24 +2

J1n(x) = B3 Azn( ) — Asu(x)Bou(x), dgr(qiu) = 2d.

Qo (x) = (1= x%)p" ()0 (x) + B3,u(x)Con(x) — Az (x)Do(x), dgr(qan) =24 +1.
Gan(x) = (1— ) "(x)8n(x) + Can(x)Bou(x) — D3n(x) Az n(x), dgr(gsn) =2d +1.
Gan(x) = C3(x)Dou(x) — D3 n(x)Con(x), dgr(qgsn) = 2d.

Proof. Replacing (25) and (26) in (22) and (24), the two ladder Equations (30) and (31)

follow.
1.
by, if dgr(By,) <d—1,
o0 x2d ) b+t (2n+a+p+1) lxﬁ , if dgr(By,) =d—1,
n 1
where, according to (29), A, > 0, i.e., dgr(q1,,) = 2d.
2. From (28), lim %;) = lim %d(x) =1, > 0.
X—>00 X X—>00 X

lim 920 (%) _ K2 < lim A=) lim A3/"(x)) =xy(—d+n+d)

x—o0 x24+1 x50 xd+1 x—o0  yd+1
n, if dgr(By,—1) <d—1,
= A,
=\n+ "7”01& if dgr(Byy 1) =d—1,
Yon-1h,

where, according to (29), A,_1 > 0,i.e., dgr(q2,) = 2d + 1.

3.
" —f"—l , if dgr(By,_1) <d—1,
. GanlX) =~ Ay
m Zor =1 bt @itatp-ig
— =, ifdgr(By,—1) =d—1.
Y2,n—1
Then, according to (29), dgr(q4,,) = 2d.
4.
. 3a(x) . D3,(x)
xlglgo Y2 —dry — ;}5130 a1
—(n+a+p), if dgr(Byy-1) <d—1,
A
—(n+a+p) (1 + %) if dgr(Byy—1) =d—1,
Yon-1h,"»
where, according to (29), A,_1 > 0,i.e., dgr(g3,) = 2d + 1.
[

In the previous theorem, the polynomials g; , were defined. Note that these poly-
nomials are closely related to certain determinants. The following result summarizes
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some of their properties that will be of interest later. For brevity, we introduce the follow-
ing notations:

A1, (x) = B3 (%) Apn(x) — Az (x)Bg,(x).
Azrn(x) = B3,n(x)C2,n (X) - A3,n(x)D2,n(x).
AS,n(x) = Boy (x)c?),n (x) - Az,n(x)D?a,n(x)'
Lemma 5. Let py(x) = INI(x —¢j) and pg_n(x) = INI(x — c-)df _ ) . Then, the above
A S N

polynomial determinants admit the following decompositions:

Ay (x) = pg_n(x) @1n(x), where dgr(¢1,) =d+ N.
Az,n(x) = Pdi(x) (P2,n(x)r where dgr((PZ,n) =d+N+1. (32)
A3 p(x) = pg_N(x) @3,(x), where dgr(¢s,) =d+ N+ 1.

Proof. Multiplying (21) by B3, and (22) by B; ,, and taking their difference, we have

A ()PP (x) = p(x)Ba,u () S (x) = (1= x?)Bayu(x) (' (x)8(x) + p(x)8},(x))

= pa-n(%) (pN (X) B3 ()0 (x) = (1 = ¥%) By (¥)
N

(X () +1) pra, (%) Sulx) + p(x) S1(x)) ).

j=1

As Pﬁ’ﬁ(cj) #0forj=1,...,N and dgr(Ay,) = dgr(q1,,) = 2d (see the proof of
Theorem 1), then there exists a polynomial ¢ , of the degree d + N such that Aq ,(x) =

Pd—N(X) 1,1(x).
For the decomposition of A, ,, (A3 ;) the procedure of the proof is analogous, using the
linear system of (22) and (23) ((21)-(24)). O

4. Ladder Jacobi-Sobolev Differential Operators and Consequences

Definition 1 (Ladder Jacobi-Sobolev differential operators). Let J be the identity operator. We
define the two ladder differential operator on IP as

Qﬁ = Ay (x)T 4 By, (x) % (lowering Jacobi-Sobolev differential operator),

gl = Can(x)T 4+ Dy py(x) % (raising Jacobi-Sobolev differential operator).

Remark 2. Assume in (4) that du(x) = dpu*P(x) = (1 — x)*(1 + x)Pdx (x, B > —1), whose
support is [—1,1] and A;y = 0 for all pairs (j, k). Under these conditions, it is not difficult to verify

that Sﬁ = Eﬁ and 22 = EZ.

Now, we can rewrite the ladder Equations (30) and (31) as

£h[Sa(x)] = (A4,n(x)3 + B4,n(x);x) Su(x) = Sy_1(x), (33)
(S (x)] = (c4,n<x>z+ D4,n<x>;c)sn1<x> — 5, (x). (34)

In this section, we state several consequences of Equations (33) and (34), which gener-
alize known results for classical Jacobi polynomials to the Jacobi-Sobolev case.
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First, we are going to obtain a second-order differential equation with polynomial
coefficients for S,. The procedure is well known and consists in applying the raising

operator iﬁ to both sides of the formula Si [Sn] = Sy—1. Thus, we have

0 =€l [Lh[Su(x)]] = Su(®)
=By (x)Dyp(x)S,) (x)
+ (Agn (%) Dy (%) + By (x)Can(x) + Dy (%) By, (%)) Sy ()
+ (A4,n( )C4n(x) + D4n(x)A£L (x> - 1)Sn(x)

_M "(x
EREIRORAY
B0 () (01,0 (X)020 (¥) + 01,0 (¥)83,0 () + 80,0 (V)10 (%) = G0}, (%))
) 2 Su(x)
44,n(x)q1,n(x>
. ql,n(x)qz,n(x)qs,n(@+qo,n(x>(q’§,n(x)‘71ﬂ@‘”72/"(’0‘7/1/"(")) 15,0,
q4,n(x)%,n(x)

from where we conclude the following result.

Theorem 2. The nth monic orthogonal polynomial with respect to the inner product (4) is a
polynomial solution of the second-order linear differential equation, with polynomial coefficients

‘Bz,n(x)sif(x) + B (x)S;(x) + ‘Bo,n(x)sn (x) =0, (35)
where

Pon () =q1,0(x)q5, (x),

P, (%) =q0,1 (%) (71,2 (X) 92,1 (%) + G110 (%)q3,1(X) + 70, (X)G1,0 (%) — G0, (%)q7, (%)),

Bo,n (¥) =q1,1(%)q2,1(x)43,1(x) + Go,u(x) (qlz,n<x)’71,n (x) — QZ,n(x)qll,n(x)) (36)
— Qan (X7 (%),
dgr(Pou) = 6d + 4, dgr(Pr,) < 6d + 3, and dgr(Po,,) < 64 + 2.

Remark 3 (The classical Jacobi differential equation). Under the conditions stated in Remark 2,
(4) becomes to the classical Jacobi inner product and S, (x) = Pz’ﬁ (x).

Note that, here, A1 ,(x) = 1, By ,,(x) = 0and p(x) = 1. For the rest of the expressions
involved in the coefficients of the differential Equation (35), we have

p(x) =1, A1u(x) = Agu(x) = Dau(x) =1, Byu(x) = Bou(x) = Co(x) =0,
Au(x) =1, Aa (x) = an(x), Bau(x) = by, Can(x) = —734_1by_1 and
D3 n(x) = @y—1(x) + ’an 1/b\ —1(x = 71,0-1)-
Thus,
Qon(x) = (1=22), 41u(x) =B, G20(x) = =),
G3,0(%) = =81 (%) = Vg1 bn—1 (X — Y101
—(n +a+ ﬁ)x + (n +20;—:[;)ia“_ 'B) and 7

Gan(x) = —’Y{j_ﬁnq =—2n+a+p-1).
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Substituting (37) in (36), the reader can verify that the differential Equation (35) becomes (2),
ie.,

Pou(x) = (1=52), Pra(x) = p—a— (a+p+2)x and Pou(x) =n(n+u+p+1).

Second, we can obtain the polynomial nth degree of the sequence {S,},-, as the
repeated action (n times) of the raising differential operator on the first Sobolev-type
polynomial of the sequence (i.e., the polynomial of degree zero).

Theorem 3. The nth Jacobi-Sobolev polynomial S,, (n > 0) can be given by
Su(x) = (2hel 42l 5 2])so(x),
where Sp(x) = 1.

Proof. Using (34), the theorem follows for n = 1. Next, the expression for S, is a straight-
forward consequence of the definition of the raising operator. [

To conclude this section, we prove an interesting three-term recurrence relation with
rational coefficients, which satisfies the Jacobi-Sobolev monic polynomials. From the
explicit expression of the ladder operators, shifting n to n + 1 in (34), we obtain

Cam()50(x) + D (x) 1-84(x) = $,-1(x),
Agn(3)Sn(x) + B4,n(x)%5n(x) = Sy ().

Next, we multiply the first equation by — By ,,(x) and the second equation by Dy ,,(x),
and adding two resulting equations, we have the following three-term recurrence reaction
with rational coefficients for the Jacobi-Sobolev monic orthogonal polynomials.

Theorem 4. Under the assumptions of Theorem 2, we have the recurrence relation

Gan+1(%)q0,n (X) Sns1 (X) =[q3,n41(%) 0,0 (%) = 2,1 (x) 0,141 (x)]Sn (%)
+ ‘11,n(x)%,n+1(x)5n71(x),

where the explicit formula of the coefficient is given in Theorem 1.

(38)

Proof. From (30), and (31) for n + 1, we have

2,0 (%) Sn (%) + G0, () (%) S5, (x) = q1,0(x)Sn—1(x).
q3,n+1 (x)sn(x) + Jon+1 (x)Si,(x) = q4n+1 (x)Sn(x).

Multiplying by gg ,+1(x) and gg,(x), respectively, we subtract both equations to
eliminate the derivative term obtaining

(93,41 ()90, (%) — 92,1 (%)q0,n+1(x))Sn ()
= Gan4+1(X)90,1 (X)Sp1(x) = g1,n41 (%) 0,41 (%) Sp—1(x),

which is the required formula. O
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Remark 4 (The classical Jacobi three-term recurrence relation). Under the assumptions of
Remark 2, substituting (37) in (38), the reader can verify that the three-term recurrence relation (38)
becomes (35), i.e.,

33,n+1(%) 0,2 (X) — 2,1 (X)q0,n+1(x) 31,7 (X)qon41(x)
. . =X—171, and ———————==—7,.
Qa1 (X) 90,1 (x) L Gani1(Xgon(x) "

5. Electrostatic Interpretation

Let us begin by recalling the definition of a sequentially ordered Sobolev inner product,
which was stated in [20] (Definition 1) or [21] (Definition 1).

Definition 2. Let {(r},v;) M "1 CRXZ be a finite sequence of M ordered pairs and A C R. We
say that {(rj,vj)}M jo1is sequentzully ordered with respect to A, if

I. 0w <um
2. 1@ CAU{ry, 1o, 1 1)) fork =1,2,..., M, where Cj(B)° denotes the interior of
the convex hull of an arbitrary set B C C.
If A = @, we say that {( ],1/])}]
We say that the discrete Sobolev inner product (4) is sequentially ordered if the set of ordered
pairs {(cj,i) : 1 < j < N,0<i < djandy;; > 0} may be arranged to form a finite sequence of
ordered pairs, which is sequentially ordered with respect to (—1,1).

1 is sequentially ordered for brevity.

From the second condition of Definition 2, the coefficient Aja; is the only coefficient
/\j,i i=0,1,..., d]-) different from zero, for each j = 1,2,..., N. Hence, (4) takes the form

(i) = [ FR))ant(x +D,df<d )8 (<)), 39)

where du®f (x) = (1 — x)*(1 + x)Pdx, with a, g > —1.
Hereinafter, we will restrict our attention to sequentially ordered discrete Sobolev
inner products. The following two lemmas show our reasons for this restriction.

Lemma 6 ([20, Th. 1] and [21, Prop. 4]). If (39) is a sequentially ordered discrete Sobolev inner
product, then Sy, has at least n — N changes of sign on (—1,1).

Lemma 7 ([20, Lem. 3.4] and [21, Th. 7]). Let (39) be a sequentially ordered Sobolev inner
product. Then, for all n sufficiently large, each sufficiently small neighborhood of ¢;, j = 1,...,N,
contains exactly one zero of S, and the remaining n — N zeros lie on (—1,1).

As the coefficient of S, is real, under the same hypotheses of Lemma 7, for all n
sufficiently large, the zeros of S, are real and simple.

In the rest of this section, we will assume that the zeros of S, are simple. Note that
sequentially ordered Sobolev inner products provide us with a wide class of Sobolev inner
products such that the zeros of the corresponding orthogonal polynomials are simple.
Therefore, for all n sufficiently large, we have

nogn n

Sh(x) = 2 II (x — xn,]-), S (x Z

i:l];' 1:1]
]

n
H x_xnl

=1,
#J#

&M:

-

n

n
Silq(xn,k> = H(xn,k - xn,]')/ S// xn k =2 Z H Xnk — xn]

, j=1,
j#k i#k ij#k

-
Il
=
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Now we evaluate the polynomials B , (x), B1,,(x), and Po ., (x) in (35) at x,, x, where
{xn,k}zz1 are the zeros of S, (x) arranged in an increasing order. Then, fork = 1,2,...,n,
we obtain

0 :;BZ,n(xn,k)S;ll(xn,k) + ml,n (xn,k)s‘:l(xn,k) + mO,n (xn,k)sn(xn,k)
:‘BZ,n(xn,k>S//(xn k) + % n( )S/ (xn,k)-
751/1/(xn,k) ‘Bln xnk ! 1 mln( )
_Sil(xn,k) * ‘BZn(xnk Z ‘132 n( )

(40)

=

iz
Let us recall that, from (32),

Al,n(x)
pa—n(x)’
Az,n(x)
pa-n(x)’
A3,n(x)
pa-n(x)’

P1u(x) = dgr(¢1,) =d+N,

Pon(x) = dgr(¢zn) =d+N+1,

P3u(x) = dgr(gs,) =d+ N +1.

Hence, from Theorems 1 and 2 and Lemma 5,

Pru(x)  910(0)q2,0(%) + G1,0(X) 93,0 (x) + 0 ,, (%)71,0(X) — qo,u(x)q7 ,,(x)
‘Bz,n(x) B ql,n(x)qO,n(x)
:‘?2,71(3() + q3,n(x) %,rz( x) qlln(x)
q0,1(x) q0,n(x) ’11n(x)
2P/(x) A n(x) + Az (x) A ( +
() " (1=22)p(x)ou(x) ~ Da(x) ~ 2=1  Apu(x)
21 (X) + @3 (X 5 (x 1 1
B p(x) (1(P—JE2)) ((P)((3c)+5ngx§+x—1+x+1
_ (Pll,n(x) _ pdi( )
P1a(x)  pa-n(x)

¥) 2 A,()
)

(41)

/ N 4. 1 / N
Let us write P = Z it . Pan(*) = Z )
plx)  Hx—g pa-n(x)  Hx—g

As P1(x) = @on(x) + @3,(x) and P (x) = (1 - x2)pN(x)5n(x) are polynomials of

the degree d + N + 1 and d + N + 2, respectively, we have that 9 (x) is a rational proper

Pa(x)

fraction. Therefore,

o (x) x—1 x+1 ax—c Sx—u P (x)

pr(x) M) (=1 +§ r(¢)) +i ) here r(x) = ()

Based on the results of our numerical experiments, in the remainder of the section, we
will assume certain restrictions with respect to some functions and parameters involved
in (41). In that sense, we suppose that

1. The zeros of 6, are real, simple, and different from x,, x for allk = 1, ..., n. Therefore,

on(x) = ﬁ(x—u') where u; # u;ifi # j, and On(x) _ i 1
n _k:1 7/ [ ] I 5n(x> —j:lx_uj.
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Ny
2. Let ¢1u(x) = w1 [J(x - e]-)/']5'f, where ¢; € C\ Cy([-1,1]U{cy,...,cn}) for all
j=1

N I (x Ny /.
j=1,...,N—1,and Z£5J = d + N. Therefore, qol’"( ) = Z > .
= (Pl,n(x) j=1 xX—¢

3. Substituting into (41) the previous decompositions, we have

Palx) _ 6 b +§ fj i 3 b

Pon(x) x—1 x+1 R B U R

where /1 =1 — 1’(1), by =1+ 1’(—1), 63,]' = Zd] + T(C]') + 3, and f4,j = 1’(1/{]') + 1. We
will assume that 1, {3, £3j, £4; > 0.
From (40), fork=1,...,n,

b1 61

= Xnk — Xn,i 2xn,k—1 2xn,k+1
i7k

N j d . N; .
+3 D ply B I B (42)
2 - —Cj 2] 1 Xk — U 2].:1 € — Xpk

M:

Letw = (w1, w, - -+ ,Wn), Xn = (X1, X2, -+, Xn,n) and denote

1
E@):= Y log———+F(@)+G(@), (43)
1<k<j<n |w; — i
1 1 1 N 1
F(w) == log—+ +log— + ) log————— |,
22( BT T OB Tt w2 ,; g!cj—aJkIE&f)
@) 1&(% 1 % 1 )
G(w) ==z log ———— + ) log——— |.
28\F Cly-wd 37 e — wil

Let us introduce the following electrostatic interpretation:

Consider the system of n movable positive unit charges at n distinct points of the
real line, {w1, wy, - - - ,wy }, where their interaction obeys the logarithmic potential
law (that is, the force is inversely proportional to the relative distance) in the presence
of the total external potential V() = F(w) + G(w). Then, E(@) is the total energy
of this system.

Following the notations introduced in [14] (Section 2), the Jacobi-Sobolev inner product
creates two external fields. One is a long-range field whose potential is F(&), and the other
is a short-range field whose potential is G(@). Therefore, the total external potential V;, (@)
is the sum of the short- and long-range potentials, which is dependent on n (i.e., varying
external potential).

oE
Therefore, for each k = 1,...,n, we have ﬁ(fn) = (; i.e., the zeros of S,, are the
k
zeros of the gradient of the total potential of energy E(w) (VE(X,) = 0).

Theorem 5. The zeros of S, (x) are a local minimum of E(@), if forallk =1,...,n;

F _

1. T%(xn) = O
9%V, 0’F 0?

2. )= (x > 0.
g ) = gz () + gz ()
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Proof. The Hessian matrix of E at X, is given by

’E 5 . .
W(xn) = —(xk - xj) ’ if k#]j,

VaoE () = PE o Z P e ke (44)
awk = (xpf— xnli)2 owy =7

i#k

Note that (44) is a symmetric real matrix with negative values in the nondiagonal
entries. Additionally, note that

DACNE N BT
= owow; " ow? w?
itk

(%n)-

Since this is positive, we conclude according to Gershgorin’s theorem [19] (Theo-
rem 6.1.1) that the eigenvalues of the Hessian are positive, and therefore, (44) is positive
definite. Combining this with the fact that VE(X,) = 0, we conclude that X, is a local
minimum of (43). [

The computations of the following examples have been performed using the symbolic
computer algebra system Maxima [22]. In all cases, we fixed n = 12 and considered sequen-
tially ordered Sobolev inner products (see Definition 2 and Lemmas 6 and 7). From (42), it is
obvious that VE(YQ) = 0, where Xxio = (x12,1, X122, , xlz,n) and
S12(x124) =0 for k = 1, 2,..., 12. Under the above condition, X1, is a local minimum
(maximum) of E if the corresponding Hessian matrix at X; is positive (negative) definite;
in any other case, X5 is said to be a saddle point. We recall that a square matrix is positive
(negative) definite if all its eigenvalues are positive (negative).

Example 2 (Case in which the conditions of Theorem 5 are satisfied).

1. Jacobi-Sobolev inner product (f, g)s = /11 F(x)g(x)(1 4+ x)P%x + £(2)¢' (2).
Zeros of S1p(x).

o

X12 =(0.44845, 0.563364, 0.653317, 0.728094, 0.791318, 0.844674,
0.889402, 0.925746, 0.954364, 0.97639, 0.989824, 0.998408).

3. Total potential of energy E(w) = Z 10g|w'1

+ F(@) + G(w), where
1<k<j<12 — Wil

F(w)—li lo $+lo ! +1o !
2 g|wk—1| 8 wy + 1101 g\wk—2|3 '

k=1 |

12
G(w) :% Y log|(wy — 1.04563)T(wy)| and T(x) = x? — 3.8812x + 3.76606 > 0.
k=1

s

oE
From (42) —(X12) =0,forj=1,...,12.
wj
Computing the corresponding Hessian matrix at X1, we have that the approximate values of

its eigenvalues are

S

{81.7737, 220.5813, 383.5185, 586.5056, 857.6819, 1248.8, 1857.7, 2927.5, 5039.9,
9986.6, 26185, 214620}.

Thus, Theorem 5 holds for this example, and we have the required local electrostatic equilibrium
distribution.
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Example 3 (Case in which the conditions of Theorem 5 are satisfied).

1.

N

©

SIS

Jacobi-Sobolev inner product

()5 = [ FIg(1+ 0+ ()2 (1) + £/ 2)5"2)

Zeros of S12(x).

x12 =(0.482433, 0.590159, 0.674139, 0.74379, 0.802629, 0.852355,
0.894142, 0.928255, 0.955716, 0.976239, 0.990307, 0.998211).
1

Total potential of energy E(w) = Y log ————— + F(@) 4+ G(w), where
1<k<j<12 |wj — wyl

12

1 1 1 1
Flw) == log—— +log———— +1log —— |,
@) 22( g|wk_1|3 g\wlﬂrﬂ111 g|wk—2|4>

k=1
1 12

G(w) =3 ) log|(wy — 1.22268) (wy — 1.94089) T (wy )|
k=1

and T(x) = x> — 3.8196x + 3.65881 > 0.
From (40) a—E(f )=0,forj=1 12
Ia(,()] 12) — Y, J=4...,1z
Computing the corresponding Hessian matrix at X1, we have that the approximate values of
its eigenvalues are

{102.3077, 265.8911, 459.368, 702.7009, 1030.2, 1504.8, 2247.1, 3563.2, 6146,
12806, 38783, 488410}.

Thus, Theorem 5 holds for this example, and we have the required local electrostatic equilibrium

distribution.

Example 4 (Case in which the conditions of Theorem 5 are not satisfied).

1.
2.

3.

4.

Jacobi-Sobolev inner product (f,g)s = /jl f(x)g(x)dx + f'(2)g'(2).
Zeros of S1(x).

X172 =(—0.979635, —0.894154, —0.746211, —0.545446, —0.305098, —0.0412552,
0.227973, 0.483321, 0.705221, 0.87481, 0.975632, 2.1607).

1

Total potential of energy E(w) = Z log o=
] Wk

1<k<j<12

+ F(w) + G(w), where

1 1 1 1
F(w) == log ——— +log ———— +log —— |,
@) 2k_21< Slog—1] " ey 1 1] gwk—2|3>

1 12
G@) =5 Y log|(wi — 2.12065)T(wy )| and T(x) = x* — 3.74216 x + 3.51112 > 0.
k=1

From (42), %(Yu) =0,forj=1,...,12.
j
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5. Computing the corresponding Hessian matrix at X1, we have that the approximate values of
its eigenvalues are

{1388.3, 975.7989, 242.5338, 179.5748, 107.6368, 86.754, 70.7275, 62.6406, 50.3046,
34.4135, 14.0599, —258.3366}.

Then, X13 is a saddle point of E(w).

Remark 5. As can be noticed, in some cases, the configuration given by the external field includes
complex points; they correspond to e;. Specifically, in the examples, these points are given as the
zeros of T(x). Since ¢y ,,(x) is a polynomial of real coefficients, the nonreal zeros arise as complex
conjugate pairs. Note that

a4 _, 2x + 2Rz
x—z x—2z  x2+2Rz+ |z]?

where Rz denotes the real part of z. The antiderivative of the previous expression is aln(x? +
2Rz + |z|?). This means in our current case that the presence of complex roots does not change the
formulation of the energy function.

What Happens If the Hessian Is Not Positive Definite? A Case Study

Theorem 5 gives us a general condition to determine whether the electrostatic inter-
pretation is a mere extension of the classical cases. However, in Example 4, the Hessian has
one negative eigenvalue of about —258 corresponding to the last variable w;,. Therefore,
we do not have the nice interpretation given in Theorem 5. However, note that the rest of
the eigenvalues are positive, which means that the number

o2V,
a(wg ) (Xn)
remains positive for k = 1,...,11. In this case, the potential function exhibits a saddle point.
The presence of the saddle point is somehow justified by the attractor point a ~ —2.121
having a zero ( x12,12 =~ 2.161) in its neighborhood. In this case, we are able to give an
interpretation of the position of the zeros by considering a problem of conditional extremes.
Assume that, when checking the Hessian, we obtained that the eigenvalues A;, for
ie & C{1,2,...,n}, are negative or zero. Without loss of generality, assume that this
happens for the last m¢ = |£| variables. This is a saddle point. However, the rest of the

eigenvalues are positive, which means that the truncated Hessian Vz,mg Wng E formed by

taking the first n — mg rows and columns of V2 _Ey is a positive definite matrix by the
same arguments used in the proof of Theorem 5.
Let us define the following problem of conditional extremum on w = w, € R"

min E(w,)
@WnERN

subjectto wy —xx =0, forall k=n—me+1,...,n

Note that this problem is equivalent to solve

~ min ER(@n—mg, Xmg41/- -+ Xn)-
Wn—mg ceR" e
Let us prove that X, ;. is a minimum of this problem. Note that the gradient of this
function corresponds to the first n — m¢ conditions of (42), and the second-order condition
is given by the truncated Hessian Vﬁ,mg Wng E (X, ), which is by hypothesis positive definite.
Therefore, the configuration X, corresponds to the local equilibrium of the energy
function (43) once mg charges are fixed.
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