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Abstract: In this paper, we consider stochastic mixed vector variational inequality problems. Firstly,
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Secondly, we present a deterministic bi-criteria model for giving the reasonable resolution of the
stochastic mixed vector variational inequality problems and further propose the approximation
problem for solving the given deterministic model by employing the smoothing technique and
the sample average approximation method. Thirdly, we obtain the convergence analysis for the
proposed approximation problem while the sample space is compact. Finally, we propose a compact
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1. Introduction

Let D C R" be a nonempty, closed, and convex set, where F;(x) : R" — R"(j =
1,2,...,m)are continuously differentiable vector-valued functions. Forevery j = 1,2,...,m,
gi(+) : R" = RU {+oco} is a continuously differentiable, proper, and convex function with
closed effective domain. The mixed vector variational inequality problems (MVVIP) are
defined as x* € D, for all y € D, satisfying

(y =) TF(x") +g(y) —g(x*) & —intR", @
where F(x) := (Fi(x),...,Fy(x)) and g(-) := (g1(-),...,gm(:)). Obviously, for every

y € D, problem (1) is equivalent to finding x* € D, satisfying

(=2)TFL ), (=) TF () H&10), s gl ) (813, g ()it RY. ()

The above MVVIP can be used to deal with the following multiobjective optimization
problems, which originated from the study of utility theory in economics and were first
proposed in the economic balance [1]:

min  P(x) = (p1(x)
0,

s.t. qi(x)

X),oee, pm(x))
i=1,...,t (3)

IN

where p;(j = 1,...,m) : R* — Rand g;(j = 1,...,t) : R" — R are all continuously
differentiable convex functions on R". In [2], by using the exponential penalty method, the
authors obtained the penalty approximation problem of (3) as follows:
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min (pi(2) e pa()) + (;]éﬁ[pnq]«x)y..,l Yolg)), @

Prn i3

where p, > 0 is a penalty parameter and satisfying lim, e p, = +00. 9(f) = exp(t — 1)
is an exponential function. It is also proved in [2] that the efficient solution of (3) can be
approximated by solving the weakly efficient solution of problem (4). It is worth noting
that problem (4) is an unconstrained multiobjective optimization problem and function
Pin ;:1 8onq;(x)] is a convex function.

In fact, solving the weakly efficient solution of problem (4) is equivalent to solving
MVVIP (2) (the proof of which can be found in Theorem 1), which indicates that, for a
sufficiently large penalty parameter, the solution of MVVIP can be used to approximate
the efficient solution of problem (3). Multiobjective optimization problems can be applied
to artificial intelligence, engineering, electrical engineering, and medicine [3-6]. In ad-
dition, multiobjective optimization problems also have wide applications in fields such
as design optimization, manufacturing, structural health monitoring [7], and chemical
engineering [8]. Therefore, MV VIP also have a wide range of applications in production
and life, which have certain research significance.

Due to the existence of many uncertain factors, such as price, output, and sales,
in actual production and life, in this paper, we mainly consider MVVIP with uncer-
tain factors, that is, stochastic mixed vector variational inequality problems (SMVVIP):
finding x* € D satisfies

(y = x")TF(x", &(w)) + 8, 5(w)) — g(x*,&(w)) & —intRY, Yy € D, as.5(w) €E, (5)

where ¢ : QO — E C R? is a stochastic vector defined on the probability space (Q, F,P)
and & is a support set of the probability space. Under the given probability measure, “a.s.”
stands the abbreviation for “almost surely”. Foreachj =1,2,...,m, IE‘]'(x, fw)):R"xE —
R" is continuously differentiable vector-valued function at (x,{(w)) and g;(x,&(w)) is
continuously differentiable on R" x E. Here, F(x, ¢(w)) := (F1(x,{(w)), ..., Fm(x,i(w)))
and g(+,¢(w)) := (91(-,&(w)), ..., gm(+,&(w))). For simplicity, we use ¢ to denote either
the stochastic vector &(w) or an element of R? throughout this paper.

To the best of our knowledge, the SMVVIP have not yet been studied. However,
there are a few works on the special cases of MVVIP. For instance, Salahuddin et al. [9]
and Xie et al. [10] discussed the MV VIP in topological vector spaces and established some
existence Theorems. Moreover, Irfan [11] considered a new class of exponential MVVIP
involving multi-valued mappings in a fuzzy environment and proved some existence
theorems of solutions of exponential MVVIP. In addition, a gap function of a non-smooth
mixed weak vector variational inequality problem is given by Jayswal et al. [12]. For more
information about the existence of MVVIP solutions and the gap function error bounds, we
refer the readers to [13-15] and the references therein.

In fact, the SMVVIP is obviously a generalization of the stochastic variational inequality
problems (SVIP): finding x* € D satisfies

(y —x)TF(x*,&(w)) >0, VyeD, as.weQ,

where & : QO — E C R is a stochastic vector, F(x,&(w)) : R" x E — R" is a vector-valued
function, and D is a nonempty closed convex set. Based on Fukushima’s work in [16], for a
giving a parameter « > 0, Luo [17] defined a regularized gap function as follows:

o(x,¢(w)) = max {(c=9)TF(x,8(w) - %llx -y}

The SVIP have been considered in many articles. In particular, Shanbhag [18] consid-
ered the applications of SVIP in the power market and radio system design. Moreover,
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Luo et al. [17] formulated SVIP as a minimization problem, and presented the expected
residual minimization (ERM) model for SVIP by taking the gap function as the residual.
In addition, Chen et al. [19] investigated the SVIP from a standpoint of minimization of
conditional value at risk (CVaR); that is, the authors employed the gap function to define a
loss function and presented a deterministic CVaR model for solving SVIP. For more research
on SVIP, interested readers can refer to [20-24].

The main contributions of this paper are as follows:

e  We present a reasonable deterministic bi-criteria model for solving SMVVIP, which
can be regarded as a combination of the ERM model and CVaR model.

e  We employ the smoothing technique and the sample average approximation method
to present approximation problems for solving the given deterministic model. In
addition, we consider the convergence of the proposed approximation problem when
the sample space is a compact set.

o  When the sample space is not compact, we also propose a compact approximation
method and provide convergence results.

We adopt the following standard notations throughout this paper. For a given
nonempty set R, intR’! denotes its interior. For a given vector-valued function ¢ : R" x
R" x Rf — R™, Vxg(x,y,z) € R™*" denotes its Jacobian matrix at x. V(. ¢(x,y,2) €

R ("+7) denotes its Jacobian matrix at (x, y). Vi) ®(x,y,2) € R (147+) denotes its Ja-
cobian matrix at (x, y, z). For a given nonempty set D C R", Np(x) denotes its normal cone
operator at x € D and conv{D} stands for the convex hull of D. For a given real-valued
function G : R" — RU {+0c0}, dG(x) denotes its subdifferential operator at x. Moreover,
|| - || stands for the 2-norm and [t] := max{t,0}, A :={A € R" | A; = 0,"; A; = 1}.

2. Preliminaries

Definition 1 ([25]). The normal cone operator for a nonempty closed convex subset D C R" at
x € D is defined as

Np(x):={z€R"| (y—x)Tz<0,Vy € D}.

Definition 2 ([25]). The definition of the subdifferential of a convex function G : R" — RU {400}
at x is

AG(x) = {T € R" | G(y) > G(x) + (y — x)T1,Vy € R"}.

Definition 3 ([26]). For a function G : R" — R U {+o0} and a parameter « > 0, the mapping
Py : R" — R" is the proximal operator defined as

Pj(z) = argmin {G(y) + 6||Z y|2}, zeR",
yeD 2
where D C R" is a nonempty closed convex subset.

According to reference [27], when G is proper and convex, the proximal operator
has many special properties. For example, Pf(x) is single-valued [26] and the proximal
operator satisfies the following non-expansive property:

IP5 (x) = P ()l < [l =yl 6)

We then give the following inequalities which will be used in later.
Cauchy-Schwarz inequality Let the stochastic variables ¢1, {5 is evaluated at interval
(a,b), —c0 < a < b < +o0and E[|&]%] < 400, E[|&2|?] < +00, then we have

IE[Z18]1* < E[|& PIE[E),
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especially, if {, = 1, we have
2] < E[I61 ]

We now provide the proof of the statement in the Introduction that “Solving the
weakly efficient solution of the problem (4) is equivalent to solve the MVVIP (2)”.

Theorem 1. Let Fi(x*) = Vyp;(x*) and gj(x) = Pln Z§:1 8onq;(x)]. For fixed penalty parame-
ter pn > 0, the necessary and sufficient condition for x* to be the solution of the MV'VIP is that x*
is the weakly efficient solution of the problem (4).

Proof. (i) We first prove the necessity. Suppose x* is not a weakly efficient solution of the

problem (4). Due to g;j(x) = pl—n 2;11 Oongj(x)], for any j = 1,...,m, there exists y € D

such that p;(y) + g;(y) — (p;(x*) + gj(x*)) < 0. Thus, we have

(P1(v) —p1(x"), -, pm(y) — pn(x7)) + (1(y) — g1(x7), ..., gm(y) — gm(x")) € —intRY.
Since p; is a continuous differentiable convex function, for every j =1, ..., m, it holds that
pj(y) — pj(x*) > (y — x*)TVyp;(x*). Therefore

(y= "V apr &) -, (=) VP VL), - g ()10, g () €—int R (7)

Since F;(x*) = Vyp;(x*),j=1,...,m, problem (7) is equivalent to

(=2 TFL (), (=2 TEn () (81 (W), 8 () = (81 (x*), . g (x))€ —intRY.

This is in contradiction with the solution that x* is the solution of MVVIP. Therefore, the
necessity is established.

(if) We then prove sufficiency. If x* is not a solution of the MVVIP, there exists y € D
such that

(=2)TFr(x*), ., (Y =) Fo () + (1Y), -, g () = (81(x%), - ., g (x*) )€ —intRY.

That is, forany j = 1,....,m, there holds (y — x*)TF;(x*) + g;(y) — gj(x*) < 0. Because g;
is a convex function, for every j = 1,....,m, we have g;(y) — g;(x*) > (y — x*)Tngj(x*).
Thus

(y — x*)TIE‘]-(x*) + (v — x*)Tng]-(x*) <0, Vj=1,....,m. 8)

On the other hand, let x; = x* + 7(y — x*) € D, forany j = 1,....,m the following
holds

pi(xc) = pj(x*) = T(y — x*) " Vapj(x*) +o(t) )
and
gj(xr) — gj(x*) = T(y — x") Vagj(x*) +o(t), (10)

where 7 is the sufficiently small number in (0, 1). Therefore, combine with (8)-(10) and
Fi(x*) = Vypj(x*) we can obtain that there exists @ > 0 such that forevery j = 1,...,m
and 7 € (0,®@), we have

pj(xc) — pj(x*) + gj(x7) — gj(x*) <O. (11)

This contradicts the definition of efficient solution x* for problem (4). Therefore, the
conclusion holds. [
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For giving the deterministic model of SMVVIP, we first propose an equivalent formu-
lation for MVVIP by the following Theorem, which is called the equivalent mixed scalar
variational inequality problems.

Theorem 2. Solving the problem (1) is equivalent to finding (x*,A*) € D x A satisfying
T m m m
(y — x*) Z;A;Fj(x*) + Z;A;gj(y) — Z;A;gj(x*) >0, VyeD. (12)
= = =
Proof. (i) We first prove the necessity. Obviously, problem (2) is equivalent to the following

form: finding x* € D satisfies

max (y —x*)TF;(x") +g;(y) — g;(x*) >0, ¥y € D.

1<j<m

Let M(y) = maxq<j<p, {(y — x*)TF;(x*) + gj(y) — gj(x*) }. Furthermore, noting that y =
x* € D is an optimal solution of the following problem

min  M(y) := max {(y )TF]‘(X*) +gi(y) — &i(x")}

1<j<m
st. yeD.

In addition, we observe that the first-order necessary and sufficient condition of the above
problem is 0 € 0M(x*) 4+ Np(x*). By [25], it holds that

0 € conv{F;(x*) +9gj(x*)} + Np(x*), j=1,...,m.

Thus, there exists A* > 0 with 71 A7 = 1, satisfying 0 € Y7y AT (x*) + X% A7 og;(x™)
+Np(x*). By the definition of normal cone, we can easily obtain that

m m
)T<2/\]’-‘Fj(x*)> +(y—x*)T(ZA;-*agj(x*)> >0. (13)
j=1 j=1
Combining with the subdifferential operator of gj(x), j=1,...,m, wehave
m m T m
Y- Mg~ L Ai() > =) (L A ). (14
j=1 j=1 j=1
Adding (13) and (14), we obtain
T m m
) Z)\j —O—Z)\]g] —Z/\;?g]'(x*) >0, VyeD.
i =

Therefore, the necessity is established.
(ii) Next, we prove the sufficiency. Suppose that there exists (x*,A*) € D x A, satisfying

m m m
— 9T Y ATF () + Y Agi(y) — Y Afgi(x*) >0, VyeD.
Since A* € A, there exists at least one )\]’f >0,j=1,...,m,such that

(y = x)TATF; (x%) + Afgi(y) — Afgj(x*) >0, VyeD. (15)
Thus, (15) is equivalent to

(v — x")TFj(x*) + gj(y) — g;(x*) > 0.
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Hence, we have

(=2 TEL ), oo, (=2 TE(x)) + (519, ) — (1), ()
¢ —intR",

which means that x* is a solution of MVVIP. [

Now, in order to present the deterministic bi-criteria model for solving SMVVIP, we
require introducing the following two deterministic models for solving SVIP mentioned in
section one:

e  The ERM model for solving SVIP:

minE[v(x, &)]
sit. xeD,

where E stands for mathematical expectation and v(x, §) is the regularized gap func-
tion for SVIP.

e  The CVaR model for solving SVIP:
To present the CVaR model, we first introduce the value at risk (VaR) model. For any
fixed x and confidence level g € (0,1), the regularized gap function v(x, §) is taken as
the loss function, and the VaR for the loss associated with x is defined as

VaRj (x) = min{u | Po(x,§) < u] > B},

where P stands for the probability. However, as a decision variable function, VaR
usually does not satisfy the convexity and consistency of risk measurement selection.
Due to this, Rockafellar et al. [28] proposed the CVaR, which had better properties
than VaR and is defined as

CVaRj (x,8)dp(E),

1
() =1= B /v<x,c>>VaRz<x> °

where p(¢) represents the distribution function of ¢.

Chen et al. [19] gave the CVaR model for solving SVIP as follows:

in CVaRj(x). 16
min CVa 5(x) (16)

By Theorem 2 of [28], problem (16) is equivalent to

(X,J)Iggnﬂ V(x,u) =u+ 1:B]E[v(x, ¢) —ul4. (17)

Because the above two models contain mathematical expectations that are usually
difficult to calculate in practice, scholars usually apply the sample average approximation
(SAA) method to dispose the expected value. That is, for an integrable function ¢ :
R* — R, if the independent identically distributed samples of stochastic variable ¢ is
Er :={&1,...,Gn,} C &, the sample average value limy_, Nik Yeex, ¥(Gi) can be used to
approximate the expected value E[i(&)], where Ny — 400, as k — +o0. The above limit
process holds with probability one (we abbreviated it by “w.p.1” below) by the strong law
of large numbers, that is

lim = Y7 p(@) = E[p@)], wpl (18)

k—o0 Nk ECE,
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3. Deterministic Bi-Criteria Model for Solving SMVVIP

In this section, based on the works for solving SVIP, we will present a deterministic
bi-criteria model for solving SMVVIP. By Theorem 2, similar to the equivalent form of
MVVIP, we can write the SMVVIP (5) as the following equivalent stochastic mixed scalar
variational inequality problems: finding (x*,A*) € D x A satisfies

m m m
(y—x")T Z/\;‘]Fj(x*,é‘)—i—z/\;‘gj(y,é)—Z)x;-*gj(x*,C) >0,VyeD,as.Z€E (19)
j=1 j=1

The existence of stochastic factors lead to the fact that problem (19) does not have
a common solution for almost every { € &. Therefore, in order to obtain a reasonable
solution, we need to give a reasonable deterministic model for (19), and treat the solution
of this deterministic model as the solution of SMVVIP. In order to give the deterministic
model, motivated by the work of Fukushima [16], we define the regularized gap function
h(x,A, &) :R" x A X E — R of (19) as follows:

e =max{(r = )T LA (5, 1Y A 0-1 gy =5 Iyl @0
) . .

}/ED ]:] ]:]

As stated by [29], for any (x,A) € D x Aand § € E, we have
h(x,A,¢) =(x = H(x,A,¢)) Z Fj(x,¢) +2)‘]g]x¢
. 2
—ZAjgj(H(x,/\,é),é)—E||x—H(x,A,§)H , (1)
j=1
which can serve as a gap function of (19), while
H(x,A, &) = P{(x —a~ Z)\]F x,&)).

Obviously, based on Fukushima’s work in [30], for each (x,A) € D x A, the regular-
ized gap function h(x,A,¢) > 0, a.s. { € E. In addition, by Theorem 2.2 in [29], we have
h(x*,A*,{) = 0 for each (x*,A*) € D x A if and only if (x*, A*) solves (19). Hence, we can
easily obtain that the following optimization problem is equivalent to (19):

min  h(x, A, Q)
s.t. (x,A) EDx A, as.{ €E.

According to reference [30], for a given function v : R” — R", when the optimal
solution of max,ep{y(x)"(x —y)} is unique, let

Y(x) = r;eag{’r( ) (x—y)},

where the gradient of Y at x is actually showed by
ViY(x) = (x) = Var () (y - 2). (22)

In addition, by Theorem 3.2 in [16] and for each j = 1,...,m, F;(x,¢) and g;(-) are
continuously differentiable, we have h(x, A, {) is continuously differentiable at (x, A). Since
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the optimal solution of formulation (20) is unique, based on the above results, we can obtain
the gradient of h(x, A, ¢) at (x, A) as follows:

:11 Fj(x,é)+j)i1:lAngj(x,C)—(}Z/\Vx (x,&)— )( (x,A,&)—x)
Vnh(xAg)= (x — H(x,2,8))TF1(x,8) — g1(H(x,A,8),¢) + 81(x,¢) ,

(x = H(x, A, 8) Fon(,€) — gue(H(x, A, 8),8) + gm(x,8)

where I denotes the unit matrix in appropriate dimension.

Next, in combination with the research of ERM model [17,22] and CVaR model [19],
along with the bi-criteria model [31], for solving SVIP, we give the deterministic bi-criteria
model for problem (19) as follows:

in (Eg /
(x’Ar)réllrjle( elh(x,A,¢)], CVaRg(x, A)), (23)

where Ez[h(x,A,&)] = [ h(x,A,&)dE and

CVaRk(x,A) = —— h(x, A, &)do(&).
k(v ) = 7 /h(xWVaRW (6,4, ©)dp(¢)

We adopt the weighted sum method in [32] to deal with the multiobjective optimiza-
tion problems (23), that is, given a weight coefficient r € [0,1], which can be modeled
different degrees of risk aversion to decision-makers in the real world. Using the method
mentioned above, we obtain the following weighted optimization problem:

. L _ _ h
(x,/\I;ﬂelngG(x'/\) i= (1—-r)Eg[h(x,A,{)] + rCVaRg(x, A). (24)

Note that if » = 0, (24) becomes the ERM model for solving SMVVIP. Because this
model does not take into account the error between the real possible of the regularized gap
function and its expected residual, the ERM model is risk neutral. If r = 1, (24) converts
to the CVaR model for solving SMVVIP, which makes it risk averse. For some investors,
though, it may be too conservative. Therefore, the above model can make a compromise
between the expected residual of regularized gap function and the robust value model
in the worst case. More details about the deterministic bi-criteria model can be found in
reference [31]. According to Theorem 2 of [28], for a given parameter r € [0,1], we can
easily obtain that problem (24) is equivalent to

min 0(x, A, u) := (1 —r)Eglh(x,A,§)] +ru+ 7IEI_[[ (x,A,8) —ul4], (25)

(x,Au)eS B
where 5 := D x A x Rand Eg[[h(x, A, &) — u]y] = [5[h(x, A, &) — u] 1 dC.

Note that due to the existence of non—smooth function [h(x, A, {) — u]4, problem (25)
is a non-smooth optimization problem. In order to deal with the non-smoothness of the
function, as the special case of the smoothing function proposed by Peng in [33], given a
parameter € > 0, we can obtain the smoothing form of [t] = max{t,0} as follows:

¢(te) = (-:ln(eé +1).
In addition, ¢(t, €) also has the following properties [34]:

lim eln(ec +1) = [t]+, 0< eln(ec +1) — [t+ <eln2. (26)

e—04
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Thus, we give the smoothing approximation problem of problem (25) as follows:

min 0(x,A,u,e) := (1 —r)Eg[h(x, A, &) +ru+ ——

(x,Au)es 1— 'BEE[Z(X,/\, u,g’,‘,e)], (27)

h(xA8)
€

where I(x, A, u,&,€) = eln(e = 4 1)and letl(x, A, u,&) = [h(x,A, &) — u]4.

Note that problem (27) contains a mathematical expectation that is difficult to compute,
and we apply the SAA method introduced in Section 2 to obtain the following smoothing
SAA problem of (27):

min  6(x, A, u,€):= (- Z h(x, A, i) +ru +

—_ I(x,A,u,ée).  (28)
(xAu)eS N EEBL (1 - :B)ngiegk ( ¢ )

We will investigate the limiting behavior of these approximation problems in the
following section.

4. Convergence Analysis

In this section, we first investigate the limiting behavior of global optimal solutions
of problem (28). Then, when E C R’ is not a compact set, we will propose the compact
approximation problem and give the proof of the convergence of compact approximation
problem.

4.1. Convergence Behavior of Global Optimal Solutions

We now assume that € is related to k, so we let € in problem (28) is ek, and €k — 0
when k — co. From now on, & and S, represent the sets of optimal solutions of problems
(25) and (28), respectively.

Theorem 3. Suppose that 2 C RY is a nonempty compact set. For given parameters r, p
and for each k, let (x¥(e¥), \*(€X),uk (X)) € Sy and (%, A, %) is an accumulation point of
(xk (), Ak (€X), uk (€X)). Then, we have (%, A, u) € S w.p.1.

Proof. We assume that limy_,, (x*(e¥), A¥(eX), uk(e¥)) = (x, A, 7). Let Dy, Dy, and D3 be a
compact convex set containing { (x*(e¥), A¥(eF)}, {u¥(e¥)}, and {€*}, respectively. By the
continuous differentiability of 1(x, A, &) on Dy x E, there exists a constant C; > 0 satisfying

IV (e yh(x, A, 8) || < Cy. (29)

In addition, since I(x, A, u, ¢, €) is continuously differentiable on D x D, x E x D3, we
have that for any (x, A, u, &, €) € D1 X Dy X B x D3, there exists a constant C, > 0 satisfying

Hv(x,)\,u)l(xf Au, C!e)H < C2' (30)

It follows from the mean value theorem that, for each x* (ek), Ak (ek) and each ¢;, there exists
(xKi, Aki) = ki (xk(€F), AR (€F)) + (1 — i) (%, A) with a¥i € (0,1) satisfying
_ T _
h(xk(e%), AK(eX), &) —h(%, A, &) = [V(X,A)h(xki,Akf,g,-)} ((xk(ek),)\k(ek))—(f,)\)). (31)

!/ /

Similarly, for each k and €*, there exists (xk;,)\ki,uki) — ok (x (X, AR (eX), uk (b)) + (1 —
ki) (%, A, 1) with ki € (0,1) satisfying
I(x*(e k) ( ©),uk ("), 1, €") — 1(%,A,1,G;, €)
T —
= [l (85, A%, b, 8, )] ((5(e), AK(R), ub(e) — £ A1) ()
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Thus, according to formulation (29)-(32) we have
|05 (xK (€5), AR (X), uF (5, €5) — 0% (%, A, 10, €9))|
1—r _ = _
< U0 5 (e, A4(e0), &) — h(E A, 20| + rluk(5) 1
Ni i€8k
r _
+— I(xK(eF ,Ak ek ,uk ek ,C-,ek —1 Y,A,ﬁ,é‘»,ek
Ty T O A ), ) 1 % m )
. C(1—r _ —
< rluk(eR) 7+ ST (k) — ) 4 k(e - )
k cR
gzer
G k(o ky = ko ky 7 k(o ky
+— x*(€") —x|| + [|[A"(e*) — Al + |u*(e") —u
<1—ﬁ>Nk¢,~eZak(” (¢4) = =] + 1% (€)= X + [k (&) 7]
— 0 as k— oo, wp.l (33)
On the other hand, according to (18), we know that
1 _ _
lim — h(x%, A, &) = Eglh(x, A 4
Jim 6; (%,A,8i) = Ez[h(x,A,0)] (34)
iS=k
and
lim — Y I(x,%,3,&) = E=[I(%,1,7,8)). (35)
k—o0 Nk ECEy

We then have from 0 < l(x,/\,u,é‘,ek) —I(x, A u,g) < efIn2, ek — 0 as k — oo and (34),
(35) that

IN
—~
—_
|
-
~—

Similar to (36), we have

lim 6% (x, A, u,€) = 0(x, A, u). (37)

k—o0
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Since
|6 (x* (), A*(€"), u(e), €") — 6(x, A, 7))
<|0F (xR (XY, AR (XY, uF (€), €F) — 05 (=, A, 11, €5)| + |6F (%, A, 1, €F) — 0(F, A, 70)|
It follows from (33) and (36) that
lim 0% (x*(eX), AF(€X), uk (F),e%) = (%, A, ), wip.1. (38)

k—00
For all k, since (x(eX), A¥(eF), uk(e¥)) € S, the following holds
Ok (xF (€X), AR (XY, uF (€5), €5) < 05 (x, A, u, ), V(x,Au) €S
Let k — oo, by (37) and (38), for any (x, A, u) € S, we have
0(x, A1) <0(x,Au), wp.l
which means that (¥,A,%) € Sw.p.l. O

Remark 1. In Theorem 3, we only show the convergence result of the global optimal solution

sequence of smoothing SAA problem (28). In fact, when the function Ele ln(eh( e +1)] can be
evaluated, as a part of the proof of Theorem 3, we can easily obtain that the global optimal solution
sequence of smoothing approximation problem (27) converges to the global optimal solution of
problem (25).

Remark 2. Note that (28) is a non-convex problem, so it is difficult to obtain a global optimal
solution sequence of problem (28) in general. Therefore, it is essential to consider the convergence
of stationary points. According to Theorem 2 of reference [35], we can similarly prove that the
stationary points of smoothing SAA problem (28) converges to the stationary points of problem (25).
Here, we omit the proof process.

4.2. Convergence of the Compact Approximation Problem

It is worth noting that in Theorem 3, the sample space £ C R’ is a compact set. If
E C R’ is not a compact set, we apply the compact approximation method to solve the
problem. In order to give the compact approximation problem of (25), for a sufficiently
large number v, we first define the compact approximation set of = as follows:

Ey={CeE|[gl <vi. (39)

Then, we present the compact approximation problem of (25) as follows:

min_6,(x,A,u) := (1 - )Eg, [h(x,A,8)] + ru+ ——Ez [[(x,A,&) —u]],  (40)
(x,Au)€S 1- ,B
where S := D x A X RandDbeanonemptyclosedconvexset,]E (x,A,8)] fﬁ (x, A, &)d¢
and Eg, [[1(x, A, &) —u]+] = [z [h(x,A,§) —ul4]dS. By is a compact set. Next, we make
some assumptions.
(A1) For each j = 1,...,m, there exists an integrable function «;(¢) such that Ez [K]Z(é )] <
+o00 and
IF(y, &) = Fj(x, Ol < % (O)lly — xll, Vx,y €D.
Furthermore, for every j = 1,...,m, there exists ¥ € D such that Eg[||F;(%,§)[|*] <
—+o00.
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(A2) There exists an integrable function §(¢) such that Ez[6%(&)] < +co and
18(v,8) —&(x, )l <6(&)lly —xl, VxyeD.
In addition, there exists ¥ € D such that Eg[||g(%, )||]] < +oo.

Remark 3. For every x € D, by assumption (A1), for every j = 1,...,m, we can easily obtain
that

Eg(]

Fi(x, &)%) < Ez[(IF;(x,&) — Fi(% &) + |F;(% o)’
< 2[|x — ¥ Bz [x3(8)] + 2Bz [[[F; (%, )1
< +o0. 41)

Furthermore, for every x € D, we can easily obtain that

I

E=[( 3. 5(8))%] < +o0, Bz [( 3. IIF;(x,&)[)?] < +oo. )

1 j=1

s

[x1

]

In addition, under conditions (A1)-(A2), by Cauchy—-Schwarz inequalities and (41) and (42), for
everyx € Dand j=1,...,m, we can obtain

Ex[|F;(x,2)ll] < +e0, Ez[ki(@)] < +oo, Es[6(8)] < +eo )
and
EE[}i ma)ji IF,(x )] < Jm[(iﬁl xj@))zma[(:zl IF,(x,8) )] < oo (4)
Similar to (44), we also have
Bz [5(2) ,i (@) < +oo, Ba[6(¢) Jf IF, ()] < +e. 5)

Moreover, by (A2) and (43), we have

18(x, )] <Ez[llg(x, ) — g% o)l +Ez[llg(x &)l]
< Ez[6(0)]llx — %Il + Ez[llg(%,&)|]
< 400, (46)

E|

Thus, for every x € Dand j =1, ..., m, we have
Ez[lgj(x, 0] < Ealllg(xO)l] < +ee. (47)
Lemma 1. Let (A1)—(A2) hold, then we have

Eg[h(x, A, &) < 400, V(x,A) €D x A.
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Proof. By (21), the fact that h(x, A, &) > 0, Z}”:l Aj >0, 271:1 Aj = 1and (A2), there holds
o
Yx— B2,
m
<(x—H(x,A,§)) Z)\]F (x,¢) +ZA]g]xC Y Aigi(H(x,A,8),8)
j=1

= =

<[lx = H(x, A, Z [1F(x, )| + mlg(x, &) —g(H(x,A,8), O

j=1
Sllx—H(x/AIC)II<Z||]Fj(x,6)||+m5(6)>' (48)
j=1
Therefore, we have
[[x = H(x, A, &)l (ZIUF x, )|l +md(¢ )) (49)

In addition, we can obtain
Ez[h(x,A,¢)]
m
j=1

- Eux—mx,mg)n ?
< [lx ~ H(x, A, &)L (e Ol +ml(x, ©)—g(Hx, A, ), Dl + 5 1 — H(x,4,0)|?)

j=1

<Ez[llx — H(x, A, Ol Y IF;(x, &)l +md () |lx — H(x, A, &)l + %Hx ~H(x,A,8)|]

j=1
<Es[y (L 192 2)] + mo)’]
e

B2 () IF(x, &) + 2Bz [s(¢ ZIIF x )l +

=1
<+ oo,

R |

Ez[0*(5)]

where the second inequality is derived from (A2) and the inequality of 271:1 |xi| < ml|x]],

and the third inequality is given by (49), along with the last inequality follows from (A2),
(43), (45). Therefore, the conclusion holds. [

Lemma 2. Suppose that (A1)~(A2) hold and limy_,co(x", ") = (X,A). Then, we have
limy 00 Eg, [(xY,AY, §)] = Eg[h(X, A, §)] with probability one.

Proof. (i) We first prove that

lim |Eg, [h(x", A", €)] — Eg, [H(F,A,&)]| =0, wp.l (50)

V—r00
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By the non-expansive property of Pé’“ (6), LjZ1Aj = 0, 2 Aj = 1and (A1), we have

||H(xV/AV/€) - H(’EX‘:)H
<l = Z[| 4+t Y ATF (2, ) - ZX]'IF]'(J?,C)H
j=1 j

<l =R+ ot Y AVIF (Y, 8) — Fi(E Ol +a Z (A Fi(%, &)l
j=1
<l = &+ a7l = X Yowg(2) +aHIAY = A Z 155 (%, )1 (51)
j=1 =1

In consequence, by Z]’-"Zl Aj >0, Z}-”:l Aj =1, (Al), (42)~(44) and (51), the following holds

Ez[|(x — ¥+ H(%,A, &) — H(x", A", ¢ Z/\

IA

Es[(llxv—fII+HH(XV,A”,5)—H(Y,A/C)II)(Z%IIF]'(?@H+Z%||1Fj(x”,§) —~Fi(%,9))]
= =

IN

Ez[(2]x" — % + a7t [l - 7| Z K(8) +a M A = Al Y IF(%,0)1)
j=1

(Z‘,II]F (%,€) ||+ZK] )« —xl)

= 2l — 2|Ex[ Y |F;(%,&)[] +2llx—TPE=[ 3 xi(0)]

j=1 j=1

m
+at |l — XI|Ez[ ) & ZIIIF %,¢)|]
:1 =

m

+a Y |x' — % Bz [( 2 orlnA”—X||Ea[<;||ﬂ?j<f,¢>n>2]
=

o = F A = Az [ Yo x(2) ) IIF;(E0)]1]
j=1 j=1

— 0, as v — 400, w.p.l (52)
Furthermore, by (42), (44), (45), (49), and the second part of the first inequality of (51),
we have

" o~ m m
E5[|(x—H(x,)\,§)) (ZAVIF Z D]
j=1 j=1
m

IN

%EE[(ZIIF]'(Y,C)IHW ) ([« = %]l Z ¢)+ A" =4 ZIUF %, 8)ID]
j=1 =1

= illxv—flEH[i é)ZIIF %o + *IIA”—/\IIEE[(ZIIF]'(%C)II) ]

2 _ ~ m
+ 2T B2 [88) Y (8] + AV~ AE= 56 ) LIFE D]
j=1 j=1
— 0, as v — 400, wp.l. (53)
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It then follows from (A1), (42)-(45), (49), and (51) that

SEe(lllx — H&, A, 012~ |IF ~ HE A, 0]
Ez

< SE2[(I¥-H(x', A%, 8) [HE- H(EL,2) ) [~ (', A%, 8)~F+ H(E K, 2]
< Ez[( znw \|+]; (% 2)] -+ 2m6(2))
(@l = 7+ o fnjmzl (@) + a1 A7 - Xn:; IF,(z.)1)]
<E [<];\|F %) ||+z||1F ﬂ*y(f,cn+J§||Fj<f,¢>||+zma<¢>>
@2l — F| + a2 - fu]; 50+ a1 =3 2 15,5, 2) )]

IN

B2 1 1B 2)) + ¢ 31 L 5(6) + 2mi2)
j= =
(2l =7t S (@) e R I )]
= =

= 4" — B2 (5,5, O] + 20" — FPEa[ 1 x(0)] + 4’ — FIE= [5(0)]

m

2 = 7B [ ) @) Yo I (0] + et — FE= () 1i(2)?)
j=1 j=1 j=1

2 e RS0 L (@] + 7 14° - ME= (3 IEE 2]
= =
gl T = FIE[ L 5(@) 1 IF )]
j= j=

+%’"|W — A[E=[6(¢) Y IIF; (% &)1I]

j=1
— 0, as v = +oo, w.p.L (54)

Moreover, by 27‘:1 Aj >0, Z}-":l Aj =1, (A2), (43), (47), we can obtain

ZAvg] 1/ Z
=
]EEHZ)‘}/&'( X Z O[] +Ez |ZAV8] X,¢) — ijgj(fré)u
Z\g] — (%] + 1A = A||Eg| Z%|gj(f/6)‘
=

< ml|x* —%[|Ez[6(8)] + [|IAY — Al|Ez i 18(%, )]
=

— 0, as v = +oo, w.p.lL (55)
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Furthermore, similar to (55), we have

EEU Z)‘}'/gj( x¥ /\V Z)‘]g] x 7‘/6)/5)”
j=1

IN

mEg[8(Z)||H(x", A", &) — H(Z, A, )] + |AY — A|[Eg [Dg] (%,14,8),0)]

IN

s

mllx¥ — Z[Ez[5(2)] + ma 2 - F|Ez[6(2) Y x;(8)]

j=1

ma AV — A||Eg [5(2) 21 IF; (%, E)I1] + 1A — Al Ez E 18;(H(%,A,8),8)|]
]:
— 0, as v — +o0, wp.l, (56)

where the second inequality follows from (51) and the limit holds following from (43), (45),
and (47). As maintained by (39) and (52)—(56), the following holds

Ezg, [h(x", A", &) — h(%, A, )]

< B, [|h(x", A", &) — (%, A, 8]
< Bg[lh(x¥, A, &) — h(%, A, &)|]
< Egx[|(x =%+ H(¥,A, &) — H(x, AV, ¢ ZA

M§

+E=[|(¥ — H(Z A, &)T (Y ATF;(x Z)\]]F] %)

—_

MET

+Ez ] Y Agi(x",8) — Y Aigi(%0)]
j=1 j=1

+Ez[| ) Ajg(H(" A% ¢ Z)‘Jgj (%,A,€),8)l]
j=1

+2E_[ H(x", A Q)| = I¥ = H(Z, A, 9)IP]]

— 0, as v — +o0, w.p.l.

Thus, the formulation (50) holds. N
(ii) We next show that limy e Egz, [1(x", A", )] = Ez[h(X, A, {)]. By Lemma 1 and (39),
we can easily obtain that

lim [Ez[h(%,A,&)] — Eg, [1(F,A,8)]| =0, wp.l (57)

V—00

Hence, by (50) and (57), we have
[Ee, [1(x", A", 8)] - Ez[h(%, A, 0)]]

< |Eg, [h(x", A", 8)] — B, [1(%, A, 8)]| + |Eg, [h(X, A, )] — Ez[h(%, A, €)]]
—+ 0, as v = 400, wp.l.

Therefore, the conclusion holds. O

Next, we show the main convergence result and denote the sets of global optimal
solutions of problems (25) and (40) by O and O, respectively.

Theorem 4. Suppose that conditions (A1)~(A2) hold. For each v, let (xV,A",u") € Oy and
(X, A, 1) is an accumulation point of (xV, AV, u"). Then, we have (X, A, 1) € O w.p.1.
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Proof. We assume that limy_yeo X! = ¥, limyseo AV = A, limy e u’ = il By the in-
equality |[s]4+ — [t]+] < |s — t| given in reference [34] and Lemma 2, we have

|Eg, [[A(x", A", &) — u']4] — Eg, [[1(%, A, &) — ] {]]

< Bg, [|[h(x", A, &) — u¥]y — [M(F,A, &) — i)+ ]

< Eg, [|h(x", A", &) — u" — h(X, A, €) + ]

< Eg, [|(x¥, A%, &) — h(Z, A, &)|] + |u” — i

— 0, as v —= 400, w.p.lL (58)

It follows from (58) and Lemma 2 that
6, (x", AV, u") — 0,(X, A, )|
< (1-1)|Ez, [h(x", A", 8)] — Ex, [h(% X, &)]| + rlu’ —
r o~
Bz, [[(x", 2%, &) — u'].] — Es, [[1(%, X, &) — il +]|

1-p
— 0, as v = +oo, w.p.L (59)

+

On the other hand, similar to (57), we know that

lim |Eg[h(%,A, &) — iy — Eg, [h(F,A,&) —i]+]| =0, wp.l. (60)

V—r—+00
Consequently, it holds that
10, (X, A, 1) — 0(%, A, )|
< (1 - 1’) ‘EE [h(fr 7\/ Cf)] - EEV [h(kv/ 7" g)] ’
g Bl A,8) ~ T B, (3 A,8) ~ .|

— 0, as v = +oo, w.p.lL (61)

_|_

Moreover, by (59) and (61), it holds that
|6, (xV, AV, u") — 0(%, A, ml
< 0, (xV, AV, 1Y) — 0,(F, A, )| + 60(X, A, 1) — 0(F, A, )|
— 0, as v — +o0, wp.l. (62)

Notice the fact that V(x,A,u) € S, 0(x,A,u) > 0, since (x¥,A",u") € O,, for each v,
we have

Oy (xV, AV, u") < 0,(x, A, u) <6(x,Au). (63)
Taking v — oo to (63), according to (61), it holds that

0(%, A, 1) < 0(x,A,u), Y(x,Au)eS,
which means that (¥, A,%) € O w.p.l. O

5. Conclusions

We established the equivalence between SMVVIP and stochastic mixed scalar varia-
tional inequality problems. Based on this result, we first proposed a deterministic bi-criteria
model (25) for solving SMVVIP. Subsequently, we employed the smoothing technique
to derive the smooth approximation problem (27) from (25) and utilized sample average
approximation techniques to solve (27). In addition, we have discussed the convergence
behavior of the global optimal solutions under the assumption that the sample space



Mathematics 2023, 11, 3376 18 of 19

Z is compact. When E is not a compact set, the convergence analysis of the compact
approximation problem has been considered as well.
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