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Abstract: Mathematical modeling is the most important tool for constructing the theory of concen-
trated tornado-like vortices. A review and analysis of computational and theoretical works devoted
to the study of the generation and dynamics of air tornado-like vortices has been conducted. Models
with various levels of complexity are considered: a simple analytical model based on the Bernoulli
equation, an analytical model based on the vorticity equation, a new class of analytical solutions
of the Navier–Stokes equations for a wide class of vortex flows, and thermodynamic models. The
approaches developed to date for the numerical simulation of tornado-like vortices are described
and analyzed. Considerable attention is paid to developed approaches that take into account the
two-phase nature of tornadoes. The final part is devoted to the analysis of modern ideas about
the tornado, concerning its structure and dynamics (up to the breakup) and the conditions for its
occurrence (tornadogenesis). Mathematical modeling data are necessary for interpreting the available
field measurements while also serving as the basis for planning the physical modeling of tornado-like
vortices in the laboratory.

Keywords: concentrated vortices; analytical model; thermodynamic model; numerical simulation;
physical modeling
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1. Introduction

One of the most common states of a moving continuous medium is vortex motion.
Among the colossal variety of different vortex structures, concentrated vortices stand out [1].
Concentrated vortices are compact spatial regions characterized by high vorticity values,
which are surrounded by a flow with significantly lower vorticity (or with zero in the case
of an ideal fluid). Concentrated vortices are widespread in Earth’s atmosphere [2–4] and in
the Sun [5–7].

The main problems with studying destructive atmospheric vortices (including torna-
does) are as follows: (1) assessment of the probability of the occurrence of a vortex structure
at a given point in space at a given time, (2) prediction of the development of an already
arisen element, and (3) investigation of the possibilities of the weakening and destruction
(decay) of the vortex structure as well as changes in the path of its propagation [8,9].

Mathematical modeling is the most important tool for constructing the theory of
concentrated tornado-like vortices. The results of the calculations are necessary for the
interpretation of the available field measurements [10–13] and also serve as a reliable basis
for planning the physical modeling of tornado-like vortices in laboratory conditions [14–25].

The subject of this review is the methods of mathematical modeling of the structure
and dynamics of vertically oriented concentrated tornado-like vortices, which are analogs
of vortex formations observed in nature (“dust devils”, water tornadoes, fire tornadoes,
etc.). The main purpose of mathematical modeling is to ascertain the main characteristics of
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vortices that determine their destructive potential (azimuthal velocity and corresponding
pressure drop, geometric dimensions of the vortex, etc.) at all stages of their life cycle (from
generation to decay). In the review, significant emphasis is given to the consideration of
works devoted to the development of analytical and simplified methods of mathematical
modeling that allow for the obtainment of accurate solutions. Despite their rapid develop-
ment, computational fluid dynamics (CFD) methods are quite effective since they allow us
to isolate the main physical mechanisms and focus on their detailed consideration.

The review is constructed as follows. Section 2 contains a description of analytical
models of tornado-like vortices with various levels of complexity. The results of numerical
studies of tornado-like vortices are described and analyzed in Section 3. This section
highlights the importance of taking into account the multiphase nature (in this particular
case, the two-phase nature) of the tornado. Lastly, Section 4 is devoted to a short description
of modern ideas about the tornado. In conclusion, some directions for further improvement
of the theory of tornado-like vortices are formulated.

2. Mathematical Modeling: Analytical Simulation

Among the simplest classes of tornado-like vortex models are those based on the
Bernoulli equation. Note that even such simple models can accurately describe the basic
properties of real tornadoes, namely, the thickening of the funnel with distance from
the ground and an increase in azimuthal (tangential) velocity as the funnel approaches
the ground.

2.1. Simple Analytical Models

The simplest model of a tornado is a vortex flow with a vertical axis of symmetry and
a fixed core (or funnel) [26]. Figure 1 shows a diagram of the vortex under consideration.
The axis z is the axis of symmetry of the tornado; z = 0 corresponds to the surface of the
Earth. The horizontal axis r shows the distance from the axis of symmetry of the tornado.
At r → ∞ , the boundary between a stationary funnel and rotating air is z = h.
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Figure 1. Scheme of the flow [26].

It is assumed that the density of air in the core is lower than the density of moving air.
The speed of rotation of the air increases toward the surface of the funnel and reaches a
maximum on the surface of the Earth.

The Bernoulli equations for rotating air and for the stationary air (Uφ = 0) of the core
(funnel) are written as

p +
ρ U2

φ

2
+ ρ g z = A + ρ g h, (1)

pc + ρcgz = A + ρcgh, (2)
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where A = p for r = ∞ and z = h; ρc < ρ.
The simplest solution is obtained for the case of incompressible air, i.e., ρ = const and

ρc = const. This assumption is not strict because it is true for most real tornadoes. Next,
we assume the constancy of the circulation of moving air along any circle located around
the core (funnel), i.e., Γ = 2π r Uφ = const.

We subtract (1) from (2), taking into account the equality of pressures on the surface of
the funnel from the rotating and stationary air. Then, for the velocity of air on the surface
of the funnel Uφ f , we obtain

1
2

ρU2
φ f = (ρ− ρc)g(h− z) = ∆ρg(h− z), (3)

where the subscript f denotes the surface of the funnel. In a more concise form, expres-
sion (3) has the form U2

φ f = 2(∆ρ/ρ)g(h− z) = 2 g′ ( h− z). From this relation and the
condition of constant circulation, it is easy to obtain

r2 ( h− z) =
Γ2

8 π2g′
= α. (4)

Equation (4) gives the shape of the funnel. For g′ = const, h = const; a larger value Γ2

corresponds to a wider funnel with a larger area of destruction.
On the surface of the Earth (z = 0), we give U2

φ f 0 = 2g′ h and r2
0 h = α. Here, Uφ f 0 and

r0 are the values of the azimuthal air velocity and the radius of the funnel on the Earth’s
surface. Equation (4) gives the widening of the funnel with increasing distance from the
ground, which is in qualitative agreement with most real tornadoes.

In the work [27], a new class of analytical solutions of the Navier–Stokes equations is
obtained, which allows for the prediction of the characteristics of complex vortex flows.
One of the simplest solutions of the Euler and Navier–Stokes equations is for a plane vortex
sink (vortex source). In [27], this solution is generalized for the case when axial flow is
superimposed on axisymmetric vortex sinks. A new solution (more precisely, a family of
solutions) for a viscous incompressible fluid, taking into account the superimposed shear
longitudinal flow, significantly expands the scope of its use, allowing one to build pictures
of various vortex flows, including tornadoes.

In [27], a stationary vortex flow in which the velocity does not depend on the axial
coordinate z is considered. In this case, the Navier–Stokes equations for the radial velocity
projection Ur and the azimuthal velocity projection Uφ become independent of the equation
for the axial velocity projection Uz. For axisymmetric distributions Ur and Uφ ( Uz may
depend on φ), the continuity equation is reduced to the form d (r Ur)/dr = 0. Hence, we
obtain that rUr = const. For the sink (source), we have Ur = G/(2π r) = Rerν/r, where
G = 2πν Rer is the gas flow rate through a cylindrical surface of unit length r = const.

Transformations of the equation of motion for the azimuthal velocity projection lead it
to the following form:

Rer

(
dUφ

dξ
+ Uφ

)
=

d2Uφ

dξ2 −Uφ, (5)

where ξ = ln(r/r0), and r0 is the length scale. The general solution (5) has the form
Uφ = C1 rRer+1 + C2r−1, where the first term of the right-hand side represents solid-state
rotation (Rer = 0) and the second term denotes a potential vortex. In [27], we are limited
to considering only a particular solution (C1 = 0). In this case, Uφ = K/(2 π r), where
K = 2π C2 is the circulation along the circle r = const and z = const. In further analysis, a di-
mensionless parameter was used: the Reynolds vortex number Reφ ≡ rUφ/ν = K/(2 π ν)Reφ.
The flow in the plane (r, φ), determined by the corresponding projections of the velocity
vector ( Ur, Uφ), is a well-known vortex sink (vortex source) at Rer < 0 (Rer > 0).

The purpose of the analysis conducted in [27] is to obtain a generalized solution for
vortex flow by superimposing on it an axial (longitudinal) flow. Note that the axial flow
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( Uz 6= Uz(z)) independent of the coordinate z does not affect the continuity equation and
the equations of motion for radial Ur and azimuthal Uφ velocity projections.

The equation of motion for the axial velocity projection Uz is written in [27] as

Rer
∂W
∂ξ

+ Reφ
∂W
∂φ

=
d2W
dξ2 +

d2W
dφ2 , (6)

where W = Uz r0/ν. The axisymmetric solution (6) has the form W = Wc + Wr(r/r0)
Rer ,

where Wc and Wr are constants.
To account for the nonzero longitudinal pressure gradient (∂p/∂z = const 6= 0), a term

P exp(2 ξ) is added, where P is a dimensionless parameter characterizing the longitudinal
pressure gradient and having the form P = (r3

0/ρν2)(∂p/∂z). Thus, the solution for W
takes the form W = Wc + Wr(r/r0)

Rer + Wp(r/r0)
2, where Wp = P/(4− 2Rer). The third

term on the right side is the contribution of the longitudinal pressure gradient.
For a flow in an unbounded space (0 ≤ r < ∞), Wc is the velocity on the axis at

Rer > 0 or at infinity at Rer < 0 and Wp = 0. Thus, Wc is a free parameter characterizing
a homogeneous part of the axial velocity profile. Other parameters, namely, Wp and Wr,
characterize the inhomogeneous shear of the axial velocity due to the longitudinal pressure
gradient and radial advection, respectively.

As a result, the velocity field is determined by the following relations:

Ur = Rer ν/r, Uφ = Reφ ν/r, Uz =
(

Wc + Wp (r/r0)
2 + Wr (r/r0)

Rer
)

ν/r0 (7)

Expressions in (7) are a generalized solution for a vortex sink [27]. These relations
satisfy the Navier–Stokes equations and contain five dimensionless parameters: Rer, Reφ,
Wc, Wp, and Wr. The first two expressions are well-known solutions for the classical vortex
sink. The third expression is a solution for the case of the superposition of axial flow on a
vortex sink.

Further, in [27], by integrating the equation for the streamline using (7), the following
expressions are obtained:

z/r0 = z0/r0 + a(r/r0)
2 + b(r/r0)

Rer+2 + c(r/r0)
4, (8)

φ = φ0 + S ln (r/r0), (9)

where a = Wc/(2Rer), b = Wr/[Rer (Rer + 2)], c = Wp/(4Rer), and the vortex parameter
(twist parameter) S = Uφ/Ur = Reφ/Rer.

The velocity field is identical to the axisymmetric surfaces of the flow (8), differing
only in the shift z0 along z. The projections of curved streamlines on the plane z = const
are logarithmic spirals, as follows from (9). The plane vortex sink is a special case obtained
from (8) and (9) at a = b = c = 0.

To visualize the flow pattern, which is necessary for comparison with experimental
results, in [27], the stream function Ψ is used. The radial and axial projections of the gas
velocity are related to the stream function as

Ur = −
1
r

∂Ψ
∂z

, Uz =
1
r

∂Ψ
∂r

. (10)

Using (7) as well as (8) and (9), in [27], an expression is obtained for a dimension-
less stream function Ψ in the form Ψ = a(r/r0)

2 + b(r/r0)
Rer+2 + c(r/r0)

4 − z/r0, where
Ψ = Ψ/(ν r0 Rer).

The pressure distribution for the resulting family of solutions has the form [27]
p = p∞ − 0.5ρ(ν/r)2(Re2

r + Re2
φ) + ρ(ν/r0)

2P z/r0. It follows that the pressure reaches a
minimum at r → 0 . For most practical applications, Re2

φ >> Re2
r ; therefore, the minimum

pressure is mainly associated with the presence of vortex motion. The decrease in pressure
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reflects the so-called cyclostrophic balance, i.e., the mutual counteraction of centrifugal
force and radial pressure gradient. Also, the pressure may decrease or increase in the axial
direction, depending on the sign P.

Solutions in [27] describe a wide range of different vortex flows, including tornadoes.
Solution (7) makes it possible to analyze the formation of a tornado near the surface, as
well as to interpret the effect of a sharp expansion of the funnel at a certain height from
the ground.

Figure 2a shows the meridional streamlines in the area where the tornado funnel is
expanding [27]. Figure 2b illustrates the formation of a tornado near the Earth’s surface [27].
Current lines are constructed for the following conditions: a = 10, b = 10, c = −10, Rer = 4,
and S = −50 for Figure 2a and a = c = 0, b = −0.25, Rer = −4, and S = 50 for Figure 2b.
The specified parameter values were chosen to satisfy the condition Uz → 0 at r → ∞ for
streamlines approaching the Earth and for crosslinking the flow characteristics shown in
Figure 2a,b.
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Figure 2. Meridional streamlines (a) at the place of funnel widening and (b) near the ground
surface [27].

In [28], a mathematical model describing the process of formation of intense atmo-
spheric vortices of the tornado type due to instability is constructed. The instability
condition is an increase in the vertical component of the air velocity in the direction of the
Earth’s surface or an increase in the concentration of suspended particles. Such conditions
can be realized in some cases in thunderclouds in the atmosphere and over the dusty
or snow-covered surface of the Earth. The initial stage of tornado development is being
studied in research [28].

When writing equations of geophysical hydrodynamics, taking into account the pres-
ence of solid (or liquid) suspended particles having a density ρp in the air with a density ρa,
the assumption of a linear relationship between turbulent friction and the speed of motion
(γ is the proportionality coefficient) was used. So, the density of the mixture of air and
particles was equal ρ = ρa(1−Φ) + ρpΦ. It should be noted that in order to conduct an
analytical study, the vertical component of the velocity Uz(x, y, z, τ) in [28] was considered
to be known from observations.
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Then, in [28], an equation was constructed for the vertical component of vorticity:
ωz = (∂ Uy/∂ x)− (∂Ux/∂ y). To do this, it is necessary to differentiate the equation for
Ux by y and the equation for Uy by x and then subtract the first equation from the second
(from the obtained) equation.

As a result, an equation is obtained for the vertical component of vorticity [28]:

Dωz
Dτ + ωz

(
∂Ux
∂x +

∂Uy
∂y

)
+ γωz =

1
ρ Y(ρ, p) +

(
∂Uz
∂y

∂Ux
∂z + ∂Uz

∂x
∂Uy
∂z

)
− f1

(
∂Ux
∂x +

∂Uy
∂y

)
+ βUy − δUz − f2

∂Uz
∂y .

(11)

Here, Y(ρ, p) is the Jacobian of the functions ρ and p, written as Y(ρ, p) = (∂ρ/∂x)(∂p/
∂y) − (∂ρ/∂y)(∂p/∂x), β = ∂ f1/∂y = f2/R, and δ = ∂ f2/∂y = f1/R is the latitudinal
variation of the first and second Coriolis parameters; R is the radius of the Earth.

Further, in [28], an analysis of the equation obtained above for the vertical component
of vorticity was conducted. For this, Equation (11) was presented in the form

1
ωz

Dωz

Dτ
= −

(
∂Ux

∂x
+

∂Uy

∂y

)
− γ +

I(x, y, z, τ)

ωz
, (12)

I ≡
(

∂Uz
∂y

∂Ux
∂z + ∂Uz

∂x
∂Uy
∂z

)
+ 1

ρ2 Y(ρ, p)−Ux
∂ωx
∂x −Uy

∂ωx
∂y −Uz

∂ωx
∂z

− f1

(
∂Ux
∂x +

∂Uy
∂y

)
− βUy − δUz − f2

∂Uz
∂y .

(13)

The first term of the right side of Equation (12) in atmospheric physics is called the
convergence of flows. Available observational data [29,30] indicate that it is the convergence
of flows that dominates the initial stage of the vortex development. With the use of the
continuity equation, the convergence of flows can be expressed in terms of the vertical
velocity gradient, representing (12) in the following form:

∂

∂τ

(
ln

ωz

ωz0

)
=

∂(Uz + aσΦ)

∂z
− γ +

I
ωz

, (14)

where ωz0 is the initial (at τ = 0) value of vertical vorticity.
Integrate (14) in time from 0 to τ. As a result, we obtain [28]

ωz = ωz0 exp

 t∫
o

(
∂U′z

∂z
− γ

)
dτ

 exp

 t∫
o

(
I

ωz

)
dτ

, (15)

where U′z is the vertical component of the velocity, taking into account the gravitational
subsidence of suspended particles, i.e., U′z = Uz + aσΦ.

Expression (15) clearly shows that the growth of vorticity in tornadoes can occur
exponentially, which is characteristic of explosive instability [28]. In the absence of con-
vergence, Equation (11) takes the following simple form, Dωz/Dτ = −γωz + M, where
M is the right side of Equation (11), i.e., there is no explosive instability. The presence in
the equations of motion of a coefficient of friction γ with a frequency dimension, which
has a physical meaning of momentum loss in the collision of particles moving at different
velocities, leads to exponential attenuation of vorticity ωz over time.

From the analysis of Equation (15), it follows that explosive instability for vortices
with a vertical axis of rotation is realized under the condition [28]

∂U′z
∂z

=
∂Uz

∂z
+ aσ

∂Φ
∂ z

> γ. (16)

In [28], it is noted that there is no vertical velocity component in the troposphere under
normal conditions. Vertical velocity appears when the air flow moves around mountains
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and hills and when air flows collide (for example, cold and dry air from Canada and warm
and humid air from the Gulf of Mexico over the territory of the United States). In addition,
as a result of convection, secondary movements occur over a highly overheated surface, and
the formation of thunderclouds may occur, under which rapid vertical flows are observed.
Precipitation does not occur in the front part of the thundercloud due to large wind speed
gradients, and there are updrafts that lead to the formation of a cloud shape in the form of
an anvil. Precipitation is formed in the central and rear parts of the thunderstorm cloud,
contributing to the emergence of vertical air flows directed downward.

Under a mature thunderstorm cloud, the convergence of wind speed is of the order
of 10−3 s−1. The vertical velocity profile Uz(x, y, z, τ) can be represented as a parabola
with a maximum Uzmax(x, y, τ) in the middle of the thickness layer H, i.e., Uz = 4 Uzmax
(1− z/H)(z/H).

The concentration of suspended particles usually increases as it approaches the un-
derlying surface, i.e., ∂Φ/∂z > 0. It follows from (16) and the parabolic vertical velocity
profile that in this case, the condition of vortex instability takes the form 4(Uzmax/H)
(1− 2z/H) + aσ(∂Φ/∂z) > γ.

We will carry out transformation (15) taking into account (14) and the parabolic vertical
velocity profile and under the assumptions Uzmax = const, I/ωz << γ. As a result, we
obtain the formula [28], suitable for calculating the vertical distribution of vorticity ωz:

ωz = ωz0 exp
{ [

4
Uzmax

H

(
1− 2z

H

)
+ aσ

∂Φ
∂z
− γ

]
τ

}
. (17)

In [28], some calculations are performed using the vorticity dependence obtained
above on the vertical coordinate and time. Calculations of the dependence of the vorticity
ωz on the vertical coordinate z in the area 0 < z < H/2 under the thundercloud were
performed. Calculations were carried out at ωz0 = 10−8 s−1, Uzmax = 10 m/s (downward
movement), H = 1 km, ∂Φ/∂z = 0, and γ = 10−4 s−1. The results of calculations showed
that a very strong vortex is formed in the lower part of the storm cloud, the rotating trunk
of which falls below the cloud but does not reach the surface of the Earth. A similar pattern
is characteristic of a tornado, which is defined as a rapidly rotating air funnel in contact
with both the surface of the Earth and a cloud.

A similar vortex, but with the throat pointing upwards, can also be calculated us-
ing Formula (17) in the region H/2 < z < H, setting Uzmax < 0 (upward movement).
Calculations of the ascending vortex were performed according to Formula (17) of the
dependence of the vorticity ωz on the vertical coordinate z above the underlying surface.
Calculations were performed at ωz0 = 10−8 s−1, Uzmax = −10 m/s (upward movement),
H = 1 km, ∂Φ/∂z = 0, and γ = 0.01 s−1. The results showed that the ascending vortex
grows with time, rising upwards. The value of vorticity above the underlying surface is
lower than under a thundercloud due to stronger friction near the Earth’s surface (with all
other parameters equal).

Similar tornadoes, each in the form of a funnel with a base on the ground and a
trunk rising to the clouds, have been repeatedly observed. A fully developed tornado is
obtained by closing two vortices [28]: one coming from a cloud and a surface one, both in
the area of constriction ∂Uz/∂z = 0. The binding for the accepted parabolic velocity profile
takes place at z = H/2. A significant role in the formation of the vortex according to (17)
should be played by the concentration gradient of suspended particles ∂Φ/∂z, which is
very significant to account for.

2.2. Thermodynamic Models

All of the hydrodynamic models of tornado-like flows described above did not directly
take into account the most important “thermodynamic” factor: convective instability of the
atmosphere due to the implementation of high-temperature gradients in the surface layer.
The following are simple thermodynamic models of tornadoes that take into account the
most important mechanism for generating atmospheric vortices.
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One of the first mathematical models (Gutman’s model) of tornado-like vortices
was proposed in [31]. The strength of this model is an attempt to take into account the
stratification of the atmosphere depending on a specific synoptic situation. Here are just
two basic equations (the equation of thermodynamics of moist air and the equation for
vertical velocity) of the original system of equations for a tornado [31]:

Ur
∂T′

∂r
+ Uz

∂T′

∂z
− β

[
Ur

∂

∂r

(
p′

p

)
+ Uz

∂

∂z
(

p′

p
)

]
= αUz +

at

r
∂

∂r

(
r

∂T′

∂r

)
, (18)

Ur
∂Uz

∂r
+ Uz

∂Uz

∂z
= −RT

∂

∂z

(
p′

p

)
+ λT′ +

νt

r
∂

∂r

(
r∂Uz

∂r

)
, (19)

β =
RT
g

ΓV , α = −dT
dz
− ΓV , λ =

g
T

, (20)

where T′(r, z) and p′(r, z) are deviations of temperature and pressure from the correspond-
ing values T(z) and p(z) at a great distance from the tornado, ΓV is wet–adiabatic gradient
at temperature T and pressure p, R is gas constant for air, and at and νt are coefficients of
turbulent thermal conductivity and turbulent viscosity, respectively.

During the process of solving the above system of equations, the principal role should
be played by the term αUz located on the right-hand side of (18) and proportional to (in
the case of (α > 0)) the intensity of the convective instability energy conversion. As noted
in [31], the left part of (19) contains terms that are negligible and not taken into account in
the analysis of most meteorological processes, namely,−β(Ur∂(p′/p)/∂r +Uz∂(p′/p)/∂z).
These terms take into account the heat consumption for the expansion or compression of
air when its pressure changes and becomes commensurate with other terms of the equation
for typical values of pressure drop (p′ = 50− 100 mbar) on the axis of the tornado.

Note also that the equation of cyclostrophic balance is used for azimuthal velocity. As
boundary conditions on the tornado axis (r = 0), the radial and azimuthal velocities as
well as the radial gradients of vertical velocity and temperature deviation (T′) from the
equilibrium value are assumed to be equal to zero: Ur = Uφ = 0, ∂Uz/∂r = ∂T′/∂r = 0. At
a great distance from the vortex ( r → ∞ ), all disturbances should attenuate, as a result of
which the gas-dynamic (radial, azimuthal, and vertical components of velocity) and ther-
modynamic (pressure and temperature deviation) parameters should tend to zero:Ur → 0 ,
Uφ → 0 , Uz → 0 , p→ 0 , and T′ → 0 .

The intensity of rotation in [31] was set by selecting the value of circulation in a circle of
a sufficiently large radius centered on the axis of the tornado. In order to obtain an analytical
solution to the problem, it was assumed that νt = at = const, T = const, λ = const, and
α = const, assuming values for these parameters of the averages for the entire stratified
unstable (α > 0) layer of the atmosphere “penetrated” by a tornado. Further, in order to
reduce the initial system to a system of ordinary differential equations in [31], a variable r
is replaced by a variable ζ = r2

√
αλ/(4aνt). Here, a is an arbitrary constant value.

In Ref. [31], as mentioned above, rotation in the parent cloud (tornado-cyclone) was
set and not found in the course of solving the problem. From the solving of a system of
equations, formulas for calculating the main characteristics of a tornado are obtained. To
calculate the parameters of the tornado, the following circulation value was taken [32]:
Γ = 7.5 · 103 m2/s. For the remaining dimensional values, the most probable values were
taken: νt = 10 m2/s, α = 3 · 10−3 K/m, β = 30 ◦C, and λ = 3 · 10−2 m/s2.

With the above values taken into account, Uφmax = 0.3( 4
√

αλ/
√

νt)Γ = 75 m/s was
found for the maximum azimuthal velocity at r ≈ 60 m. The pressure in a tornado
is always lower than the pressure in the ambient air. For the tornado axis, where the
pressure is lowest, p′ = −0.15(ρ

√
αλ /νt)Γ2 ≈ −100 mbar was obtained. The angu-

lar velocity is zero at the periphery, reaching its maximum in the center of the tornado
ωmax = 0.2(

√
αλ/νt)Γ ≈ 1.5 rad/s.
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The resulting solution showed that the vertical velocity, generally increasing with
height, has a negative component near the axis of rotation at all heights. This is due to a
strong drop in pressure in the tornado and the lack of air flow from below (the inflow of air
from the sides is slowed down by centrifugal force). The presence of a negative component
leads to the appearance of a “compensatory” descending jet in the lower part of the tornado.
With height, the velocity and width of the descending flow decrease in absolute magnitude
and vanish at the next value of the vertical coordinate z ≈ 0.1

√
λ/α(β Γ2)/ (RTνt) ≈ 560 m.

It can be seen that the velocity of the descending flow is proportional to the square of the
circulation (∼ Γ2), while the maximum azimuthal velocity (see above) is proportional only
to the circulation in the first degree (∼ Γ).

Conclusions [31] showed that to simulate a tornado-like vortex, it is necessary first
to calculate the rotating parent cloud (tornado-cyclone) and then solve the problem of
the emergence of a tornado from a tornado-cyclone due to unstable stratification. Note
that the solution [31] admits two limiting cases: (1) in a stably stratified atmosphere, the
resulting solution vanishes, since convective instability is a necessary condition for the
occurrence of a tornado, and (2) in the absence of rotation, the found solution turns into
known expressions describing an upward convective flow over an overheated surface.

Model [31] received further development in the works [33–35] and others. In [33,34], a
different solution of the nonlinear differential equation obtained in [31] has been found.
According to this solution, a descending current surrounded by an ascending flow takes
place in the central part of the tornado.

In [35], it is shown that the downward flow on the vortex axis occurs when the vertical
pressure gradient is taken into account in the equation for the vertical velocity Uz, i.e.,
∂p/∂z. In this work, two layers of the atmosphere were considered: (1) the lower one with
unstable stratification (0 ≤ z ≤ h; h is the height of this layer) and (2) the upper one with
stable stratification (z > h). These layers were formed by setting a temperature gradient
that decreases with height. The following boundary conditions different from [31] were
assumed on the tornado axis (r = 0): Uz = 0, ∂Uφ/∂z = ∂T′/∂z = 0. At a great distance
from the vortex ( r → ∞ ), conditions other than [31] were set in the form Uz = 0, p = 0,
T′ = 0, and ∂Uφr/∂r = 0. Note that unlike [31], a condition is also set for the attenuation
of all disturbances at high altitudes ( z→ ∞ ) as Uφ = Uz = 0, p = 0, and T′ = 0. As for
the initial conditions, τ = 0 at rest (Uφ = Uz = 0) is set, and at the moment of time τ = τ0,
rotation (Uφ = Uφ0) is set at the periphery of the vortex.

As a result of the calculations performed in [35] at h = 3 km, the following character-
istic parameters of a tornado-like vortex were found: (1) the diameter of the vortex was
about 1 km (the boundary was determined using the condition: Uz = 0.1 Uzmax), (2) the
maximum value of the azimuthal velocity was Uφmax = 75 m/s (r = 45 m, τ = 56 min),
(3) the maximum value of the vertical velocity was Uzmax = 45 m/s (r = 0, z = 1700 m,
τ = 36 min), (4) the maximum pressure drop reached ∆pmax = 110 hPa (r = 0, z = 0,
τ = 56 min), (5) the maximum heating was T′max = 18 ◦C (r = 0, z = 1800 m, τ = 60 min),
and (6) the maximum cooling in the lower part of the vortex was several degrees.

The main drawback of the model [35] is an extremely rough description of turbulent
friction. The coefficient of turbulent shear viscosity was assumed to be νt = 10 m2/s, which
is probably much less than the real values. As a result, the calculated vortex practically did
not weaken (even after the incident 120 min after the start of the count).

In [36], some boundary and initial conditions were changed. In this work, for the
development of a non-rotating convective “pipe” at the initial moment of time (τ = 0), an
initial temperature perturbation was set T′0 = const. In order to give an initial twist at a
sufficient distance from the axis of the vortex (r = 1000 m), the initial value of the azimuthal
velocity (Uφ0 = 10 m/s) was set, independent of height, and maintained unchanged
for several time steps. Thus, in [36], a vortex developing from an ascending convective
flow swirled at the periphery was calculated. The study showed that the stability of
the numerical scheme strongly depended on the set values of the coefficient of turbulent
viscosity νt, the convection parameter β, and the thickness of the surface boundary layer δ
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included in the boundary condition (on the Earth’s surface) for vertical velocity. As rightly
noted in [37], the main idea of the studies described above—to obtain a powerful tornado-
like vortex from relatively weak convective currents arising over overheated surfaces—is
questionable.

In [38], a simple hydrodynamic model of tornado-like vortices (Kurgansky’s model)
is proposed, developing Gutman’s thermodynamic approach [31] and its subsequent
modifications [35,36]. The analysis based on [38] contains the equation of thermodynamics
of moist air, which is linearized with respect to deviations of temperature T = Te(z) + T′

and pressure p = pe(z) + p′ from the values of Te and pe in the atmosphere surrounding
the vortex, depending only on altitude z. In [38], a vortex solution is obtained in the
approximation of the weak compressibility of atmospheric air in the dynamic sense. The
main equation is solved together with the equations of motion and the continuity equation
in the Boussinesq approximation. The transformation of the equation for the vertical
component of velocity, taken on the axis of symmetry (r = 0), and the equations for the
radial component of velocity (cyclostrophic balance) make it possible to receive on the right
side of the final equation the convective available potential energy (see, for example, [39,40]).
Traditionally, it is called CAPE (convective available potential energy). As a result, in [39],
we come to the following special case of the equation:

U2
φmax =

1
2

U2
z + CAPE, (21)

where Uφmax is the maximum azimuthal velocity in the vortex, taken at the level of free
convection (z = h); Uz is the corresponding velocity of upward motion in the center of
the vortex.

A formula similar to (21) was obtained from general considerations (without detailing
the three-dimensional structure of the vortex) in a review [41] for the case of a compressible
atmosphere. Consideration of the vortex structure is necessary to establish a connection
U2

φmax and U2
z /2. For dry convective vortices and when refusing to use the cyclostrophic

balance equation, an analog of Formula (21) was obtained in Refs. [42,43].
Let us make one important remark. When the term U2

z /2 is neglected in the right
part (21), a formula is obtained for the “thermodynamic velocity limit” [41,44–47], deter-
mined by the hydrostatic pressure deficit in the center of the vortex. Since the vertical
velocity vanishes at z→ ∞ , the term U2

z /2 describes the pressure deficit in the center of
the vortex caused by the Bernoulli effect in the downward-tapering vortex core. The sum
CAPE + U2

z /2 on the right side (21) is equal to the pressure deficit U2
φmax maintained by

the conditions of cyclostrophic balance.
One of the well-known problems of studying tornadoes is the prediction by Formula (21)

of significantly lower maximum velocity values in a tornado at values known from obser-
vations of CAPE. In [38], an attempt is made to solve this problem by considering two
(supercritical and subcritical) vortices and a detailed analysis of the vertical helicity flow
in the constructed “composite” vortex. For this purpose, the helicity balance condition
is used. It is suggested that the helicity is generated by the buoyancy force in the main
(subcritical) vortex updraft due to the correlation of buoyancy and vertical vorticity. Further,
the helicity is transmitted downwards, where it dissipates due to turbulent viscosity, first
in the vortex decay region and finally in the surface boundary layer (during the interaction
of a supercritical vortex with the Earth’s surface).

In conclusion, we note that estimates and conclusions performed in [38] have a double
meaning. Firstly, they indicate, in accordance with the observational data, that at a given
value of the convective available potential energy (CAPE = const), the generation of
atmospheric vortices of various intensities is possible (Uφmax = var). Secondly, in contrast,
a vortex (tornado) of a given intensity (Uφmax = const) can form at different values of
convective potential energy (CAPE = var).

In [48], an approach (Renno’s model) is proposed that develops the ideas of Shuleikin [49]
and considers natural convection as a heat engine—a device that turns the heat accumulated
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in the lower layer of the atmosphere into mechanical work. The analysis is performed in
the approximation of the Carnot cycle, which has maximum thermodynamic efficiency
and is limited by hot and cold adiabats as well as hot and cold isotherms. Since the work
produced by a heat engine in one cycle is equal to the total mechanical energy due to
convective instability, we write [48]

TCAPE =
∮

TdS, (22)

where TCAPE is the total convective available potential energy received by a heat engine
in one cycle in a reversible process and converted into mechanical energy. It includes the
available energy converted into kinetic energy by both (ascending and descending) flows,
i.e., TCAPE ≈ 2CAPE.

As a result of the application of the first law of thermodynamics, the following relation

is obtained for estimating the vertical velocity of the air flow: Uz = (µ−1 TCAPE)1/2, where
µ is the dimensionless coefficient of mechanical energy dissipation. It can be concluded
that the larger values of µ correspond to smaller values of vertical velocities.

In [50,51], a simple thermodynamic model was developed to describe the intensity
of “dust devils” and water tornadoes, respectively. The developed theoretical approach is
based on the concept of thermodynamic “efficiency” (by analogy with a heat engine) of
atmospheric vortices, defined as

η ≡

∫
in

TdS−
∫

out

TdS

/
∫
in

T dS, (23)

where
∫
in

T dS and
∫

out
TdS is the amount of heat at the entrance and exit from the vortex

(heat engine), respectively; S is entropy. Thermodynamic efficiency can be represented
in the following form: η ≡ (Th − Ts)/Th, where Th and Ts are the entropy-averaged
temperatures of the heat source and sink, respectively. In [48], an assumption was made
that the temperature of the “dust devil” heat source is equal to the average temperature of
the near-surface air.

The use of the first law of thermodynamics [50] allowed us to obtain an equation for
the pressure loss in the radial direction across the “dust devil”. Further, in [50], assuming
that the cyclostrophic balance condition and the equation of state of an ideal gas are fulfilled,
expressions for determining the maximum tangential (azimuthal) velocity and vertical
velocity are obtained. In [51], close (to [50]) relations for calculating the velocity components
for water tornadoes are derived, differing in the presence of terms responsible for the latent
heat of vaporization. Based on the obtained ratios, estimates of pressure drops along with
tangential and vertical velocities were made, which correlate well with real measurements
of the parameters of “dust devils” [52,53] and water tornadoes [54–57].

For anyone interested in thermodynamic models of tornadoes based on CAPE, we
can recommend a relatively recently published paper [58]. It provides a brief overview of
three main varieties of mathematical models of this kind: (1) models based on the balance
of entropy [48] and their modifications, (2) models based on two height scales [59] arising
from a mismatch between latent heating and radiative cooling profiles, and (3) models
based on zero buoyancy [60].

There are works [61–64] where it is shown that intense atmospheric vortices (called
macrovortices in these studies), including tornadoes, can occur due to the presence of
mesovortices in the atmosphere. Mesovortices are vortices whose scales are much smaller
than the external scales of the phenomenon under consideration (in this case, a tornado). It
is shown in [61,62] that it is possible to transfer the energy of turbulent air movement along
the hierarchy of scales: from mesovortices to macrovortices, occurring at a certain ratio
of the energy of these vortices, i.e., Emes/Emac. In this study, the possibility of generating
intense macrovortices due to the initial energy of mesovortices was demonstrated for
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the first time in a numerical simulation of an axisymmetric vortex in a one-dimensional
incompressible nonstratified atmosphere. It is revealed that in the case of the energy of the
mesovortices running out, the reverse process of energy leaving into the mesoscale begins.

The mechanisms of the origin of the initial field of mesovortices can be different: the for-
mation of coherent structures of a 50–500 m scale in the surface layer of the atmosphere [65];
vortices in floating turbulent jets caused by both natural and anthropogenic factors [66];
anomalies of the average monthly temperature [67]; and, of course, the destruction of
global vortices, for example, tropical cyclones [68].

In [63,64], a numerical model of tornado development in a three-dimensional com-
pressible dry adiabatic atmosphere from a cloud of mesovortices was implemented. At the
initial moment of time, the vertical and radial components of the velocity were absent; a
weak calm cyclonic wind with an amplitude of 1.5 m/s was set. As a result of numerical
modeling, the features of the formation of the vertical radial circulation and spiral structure
characteristic of tornadoes are studied. In general, the mushroom-shaped structure of the
tornado formed in about one minute. The simulated vortex structure persisted for several
minutes (the velocity varied in the range of 43–35 m/s) and then gradually faded to 12 m/s
for half an hour, which is typical for tornadoes of low and medium intensity.

It is noted in [63] that the hypothesis of a dry adiabatic atmosphere does not allow for
modeling the slow processes of accumulation of the energy necessary for the generation
of tornadoes for mesovortices. To do this, it is necessary to take into account the influx of
energy due to the heating of the underlying surface by solar radiation, the heat of phase
transformations, and other factors.

3. Mathematical Modeling: Numerical Simulation

Despite the obvious difficulties in setting up correct boundary and initial conditions,
there is a colossal amount of numerical calculations for tornado-like flows.

3.1. Main Trends of Numerical Modeling

All numerical studies of tornado-like vortices can be conditionally divided into
three classes.

The first class of studies is devoted to solving axisymmetric Navier–Stokes equations in
a two-dimensional cylindrical coordinate system. However, in [69], where the structure and
dynamics of axisymmetric tornado-like vortices were studied, the following was shown. In
the case of sudden expansion and the beginning of “wandering” (precession) of the vortex
before its decay, its structure ceases to be axisymmetric. Therefore, the studied flow cannot
be adequately described by an axisymmetric mathematical model.

The second class of studies is devoted to solving full-scale three-dimensional equations
and comparing the obtained results with the characteristics of real natural vortices.

The third class of flows is devoted to solving three-dimensional laboratory-scale
equations and comparing the obtained results with the characteristics of model tornadoes
(laboratory-simulated tornadoes).

Below, we consider and analyze some of the results of these studies.

3.2. Early Numerical Studies

The study [70] is a pioneering work that considers the process of tornado formation due
to convective instability near the Earth’s surface (modeling “from below”). In Refs. [70,71],
the method of “stream function—vorticity” was used for numerical research. For this, the
original system of equations consisting of three Navier–Stokes equations for the radial
Ur, azimuthal Uφ, and vertical Uz components of the velocity vector and the continuity
equation, written in the cylindrical coordinate system, was converted to the next form:

∂ωφ

∂τ
−Y(Ψ,

ωφ

r
) =

1
r3

∂Γ2

∂z
+ ν

[
∂

∂r
1
r

(
∂rωφ

∂r

)]
+

∂2ωφ

∂z2 , (24)
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∂Γ
∂τ
− 1

r
Y(Ψ, Γ) = ν

[
∂

∂r
r
(

1
r

∂Γ
∂r

)
+

∂2Γ
∂z2

]
, (25)

ωφ =
1
r

∂2Ψ
∂z2 +

∂

∂r

(
1
r

∂Ψ
∂r

)
, (26)

where Y(x, y) = ∂x
∂r

∂y
∂z −

∂x
∂z

∂y
∂ r is the Jacobian.

Transformations of the original system of equations to the system of Equations (24)–(26)
were made using known relations: ωφ = ∂Ur/∂z− ∂Uz/∂r, Γ = rUφ, Ur = r−1∂Ψ/∂z, and
Uz = −r−1∂Ψ/∂r. Equations (24)–(26) make up a system of three equations with three
variables: the stream function Ψ, circulation Γ, and the azimuthal component of the vortic-
ity ωφ. The boundary and initial conditions for solving the system of Equations (24)–(26)
were selected in accordance with the conditions of the experiments [14]. The boundary
conditions were as follows: (1) on the axis of symmetry (Ur = 0, Γ = 0, and ωφ = 0), (2) on
the lower wall of the chamber (Ur = 0, Uz = 0, and Γ = 0), (3) on the upper wall of the
chamber (Ur = 0, ∂Γ/∂z = 0, and ∂ωφ/∂z = 0), (4) on the side wall of the chamber (Ur = 0,
ωφ = 0, and ∂(Γ/r2)/∂r = 0), and (5) in the entrance section (Ur = Ur0, Γ = Γ0, and
ωφ = 0). The following are the initial conditions (τ = 0): ωφ(r, z) = 0 and Ψ = Ψ(r, z),
being solution (26) at ωφ = 0 and Γ(r, z) = 0 for all r and z except r = r1 and 0 ≤ z ≤ h,
where the circulation is given (Γ = Γ0).

The results of numerical calculations made it possible to obtain the development of
fields Ψ = Ψ(r, z), Γ = Γ(r, z), and ωφ = ωφ(r, z) in time when varying the incoming
flow constructed using the radial velocity of the Reynolds number (Re = 50–13000), the an-
gle of rotation of the guide blades (α = 0–45◦), and the viscosity (ν = 0.93–1.86 · 10−4 m2/s).

As a result of the analysis of the data obtained, the following conclusions were
made [70]: (1) the size of the vortex core is mainly a function of the twist parameter,
(2) the size of the kernel does not depend on the Reynolds number at large values of the
latter, (3) the size of the kernel ceases to depend on viscosity when it reaches small values
(molecular viscosity values), and (4) the areas of the practically stationary core and the
non-rotating external flow are separated by a thin layer with a high vortex.

In [71], it is noted that the most important parameter determining the structure of
the vortex is the twist parameter. The results of calculations for different values of the
twist parameter (S = 0− 1.0) at the Reynolds number (by radial velocity) of the order
103 made it possible to draw the following conclusions: (1) when S = 0, the flow breaks
away from the lower surface due to a negative pressure gradient; (2) when S = 0.1, the
separation of the flow, still taking place, deflects the vector of vortices around the angular
region, thus preventing the formation of a concentrated vortex at short distances from the
surface; (3) when S = 0.4, the flow is detached from the lower surface, and convergence
(convergence) does not occur, generating a large vortex and vertical velocity in the angular
region; the decay of the vortex occurs above this region, with the propagation of inertial
waves of large amplitude downstream; and (4) when the S = 1.0 downward flow reaches
the lower surface, the vortex moves very close to the surface.

In [72], a numerical simulation of a non-stationary three-dimensional flow in a vortex
chamber [14] was performed. At the initial moment of time, the parameters of the axisym-
metric non-rotating flow were calculated, where air enters through the sides below and
exits through the upper part of the chamber. The distributions of the three components
(radial, azimuthal, and vertical) of the velocity and pressure vector in the meridional section
and their development over time were obtained. It is shown that when superimposed on
the upward current of rotation at the lower levels, the structure of the flow changes from
“single-cell” (upward flow everywhere) to “double-cell” (updraft surrounding the central
downward flow).

In [73], a simple model of the flow in a vortex chamber is proposed. Assumptions are
made about the weak dependence of the main characteristics of the flow in height, which is
consistent with the data from the experiments. This allows for the integration procedure at a
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vertical coordinate, which makes it possible to first reduce the three-dimensional equations
to two-dimensional ones and take into account the assumption of axisymmetric to one-
dimensional equations. The performed calculations showed that features of the dynamics
of the vortex such as the development of the downward flow and the expansion of the
core are the result of the pressure distribution at the top of the chamber. The dependence
of the vertical velocity and pressure distributions on the twist parameter are analyzed.
The presence of two modes was revealed: turbulent and laminar at high and low twisting
parameters, respectively. An explanation is given why the pressure in a turbulent vortex is
much higher than in a non-turbulent one with the same twist parameter (S = const) and
volume flow rate (Q = const).

In [74], numerical investigations of vortices observed in experiments [14,16] were
continued. As a result of the calculations, stationary fields of all components of the velocity
vector Ur = Ur(r, z), Uφ = Uφ(r, z), and Uz = Uz(r, z), vertical vorticity ωz = ωz(r, z),
stream function Ψ = Ψ(r, z), and pressure p = p(r, z) were obtained for different values
of the twist parameter (S = 0.1–1.0) and viscosity (ν = 0.93–10 · 10−4 m2/s). It was found
that at a relatively low twist parameter, the vortex is concentrated and laminar. In this case,
the radial incoming air flow reaches the axis of the chamber, and the vertical velocity takes
positive values everywhere. An increase in the twist parameter leads to the destruction
of the vortex with a free critical point on the axis. Below this point, the flow is strictly
ascending and laminar, while immediately adjacent to it, a region of weak descending and
highly turbulent flow is formed. It should be noted that at high altitudes, the flow becomes
ascending again. A further increase in the twist parameter leads to the displacement of the
critical point towards the lower wall of the chamber, and the flow becomes descending
and turbulent along the entire axis and acquires a biconical structure. The highest twist
parameter values correspond to the flow characterized by a wide inner region occupying a
significant part of the entire vortex chamber. Secondary vortices develop near the boundary
of ascending and descending flows, where large gradients of the main parameters (all
velocity components and vertical vorticity) occur. It was found that an increase in viscosity
from the laminar (molecular) value to the turbulent one intensifies mixing processes. This
delays the formation of the inner region and reduces the gradients of the main parameters
at the boundary of ascending and descending flows.

Studies [75–79] are dedicated to the analysis of the dynamics of tornado-like flows.
The analysis is conducted using the large eddy simulation (LES) method.

In [75], the possible role of turbulence in the interaction of tornadoes with the Earth’s
surface is studied. The influence of secondary helical vortices developing around the main
vortex on its kinematics is analyzed. It is found that these intense vortices have higher
intensity and lead to the appearance of velocity fluctuations, the magnitude of which is
about 1/3 relative to the averaged velocity.

In [76], three-dimensional modeling of the non-stationary interaction of a tornado-
like vortex with a surface is carried out. The influence of the main physical parameters
(circulation, horizontal convergence, effective roughness, vortex speed, and structure of the
inflow) on the parameters of the “corner flow” (the region where the central vortex reaches
the Earth’s surface) is considered. It is shown that the main parameter determining the
dynamics of the corner flow is the radial inflow of fluid in the wall layer with low angular
momentum relative to the moment that occurs in the main vortex above it.

The influence of compressibility (Mach number) of the tornado-like flow on its char-
acteristics is studied in [77]. The conclusion is drawn about the insignificant influence
of compressibility on the dynamics of the vortex. In [78,79], an investigation is made
regarding the possibilities of intensifying quasi-stationary and non-stationary turbulent
vortices. The key role of the corner flow twist parameter in the intensification (increase in
azimuthal velocity and decrease in pressure) of the vortex in the surface area is revealed.
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In [80–82], a turbulent LES model was developed and verified using laboratory experi-
mental data. The Navier–Stokes equations (Reynolds-averaged) were used for the vertical
and radial velocity components in the following form:

Ur
∂Uz

∂r
+ Uz

∂Uz

∂z
= −1

ρ

∂p
∂z
− (

∂u′ru′z
∂r

+
∂u′2z
∂z

+
∂u′ru′z

r
) + Dz, (27)
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− (
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+
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∂z
−

u′2φ
r

+
u′2r
r
) + Dr, (28)

where Dz and Dr are terms responsible for diffusion.
To visualize the calculated vortex structures, 10 µm tracer particles were used. Varia-

tion of the swirl parameter (S = var) led to the realization of four main types of vortices:
(1) single vortex (S = 0.02), (2) vortex breakdown with the formation of a recirculation
bubble (S = 0.06), (3) vortex touch-down (S = 0.23), and (4) multi-vortex structures
(S = 2.44).

3.3. Two-Phase Nature of Tornado

The study of the features of the motion of the dispersed phase (cloud drops, rain-
drops, particles, and fragments) in tornado-like vortices is of considerable interest due to
several reasons.

The first reason is that the presence of a dispersed phase in the form of drops, soil
particles, and fragments visualizes (makes visible) atmospheric vortices [3]. Tracer parti-
cles of low inertia are used for the physical modeling of vortex structures in laboratory
conditions [83–85]. Figure 3 shows a typical frame with a fixed laboratory vortex. The
vortex funnel and debris cloud, visualized by low inertia and large particles, respectively,
are clearly seen in this photograph. Even when conducting numerical studies, a technique
is used that consists of the introduction of low-inertia particles, following the streamlines
of the carrier air to visualize the calculated flow patterns [82].
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The second reason is that the possibility of measuring the velocity of the dispersed
phase opens the way to studying the dynamics of the vortex structure. The above applies
both to laboratory conditions [86] and natural vortices. It is known that the simplest video



Mathematics 2023, 11, 3293 16 of 30

recording of atmospheric vortices can provide useful information by measuring the velocity
of debris of various masses.

The third reason is that the latent heats of phase transformations (primarily condensa-
tion and evaporation) during the formation (disappearance) of droplets have a significant
effect on the generation process, dynamics, and stability of tornado-like vortices [3].

The fourth reason is the reverse effect of the dispersed phase on the behavior of the
vortex structure. There are numerous works showing that, at certain concentrations, the
dispersed phase can have a significant effect on the characteristics of an atmospheric vortex
and its behavior (up to decay) [87–90].

The fifth reason is that the presence of fragments and other dispersed inclusions can
make a decisive contribution to the negative consequences (destruction and casualties) of a
tornado [3].

Below are the results of works that consider some aspects of the two-phase nature of
vortex structures, namely, phase transformations and features of particle motion along with
their reverse effect on the characteristics of carrier air.

3.4. Processes of Evaporation and Condensation

A pioneering study that considers the process of tornado formation due to rotation in
a thundercloud (modeled “from above”) is [91]. This study developed a three-dimensional
model of a thundercloud, which is based on compressible gas equations that take into
account the Coriolis force. The model considers the content of water vapor, cloud droplets
and raindrops, condensation and evaporation processes, and the corresponding latent heat
of phase transformations.

Additional transport equations for all unknown quantities φ, which are the potential
temperature Θ = T/Π (Π = (p/p0)

(k−1)/k), the concentrations of water vapor qv, cloud
droplets qc, and raindrops qr, were presented in the following generalized form:

dφ/dτ = Mφ + Dφ, (29)

where Mφ is the terms defined by “microphysical” processes and Dφ is terms determined
by the intensity of turbulent transfer. Expressions for Mφ = MΘ, Mqv , Mqc and Mqr in [91]
were represented as

MΘ = −γ( dqvs/dτ + Er), Mqv = dqvs/dτ + Er,

Mqc = −dqvs/dτ − Ar − Cr, Mqr = −ρ−1 ∂(ρ W qr)/∂z− Er + Ar + Cr,
(30)

where γ = Λ/cpΠ, Λ is the latent heat of vaporization, qvs is the ratio of the components
of the saturation mixture, and dqvs/dτ is the rate of condensation or evaporation of cloud
droplets qc. Terms Ar, Cr, and Er are the rates of auto-recalculation, accumulation, and
evaporation of raindrops, respectively; W is the rate of winding of raindrops.

In [91], a number of assumptions were made in which the “turbulent” terms in (29)
Dφ = DΘ, Dqv , Dqc and Dqr were represented as follows:

Dφ = − ∂

∂xj
(u′ j φ′) ∼ ∂

∂xj
(νt

∂φ

∂xj
), (31)

where νt is the coefficient of turbulent viscosity; strokes denote the fluctuation values of
the parameters.

As a result of numerical calculations, a number of interesting results were obtained:
(1) flow bifurcation is initiated by a high concentration of water droplets realized in the
central part of the developing updraft, (2) updrafts are supported by an influx of moist
surface air while rain falls between them, and (3) all of the above leads to the realization of
self-sustaining convection in the cloud under consideration.
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In [92], a three-dimensional simulation was performed that followed the study of
tornadogenesis processes within a storm supercell. Within 40 min, the generation and
decay of two tornadoes were recorded. The lifetime of each tornado was approximately
10 min. The maximum speed in the surface region exceeded 60 m/s for both tornadoes.
Conclusions were made: (1) the tornadogenesis is initiated by the growth of rotation in the
area above the cloud base; (2) the intensification of rotation leads to a decrease in pressure,
an increase in forces caused by vertical pressure gradients, and the generation of an intense
ascending current at this level; (3) the ascending current leads to a rapid increase in the
convergence of air in the subcloud layer; (4) this leads to an increase in the vertical vorticity
in the convergent flow, generating a tornado; (5) the weakening (dissipation) of the tornado
begins with a decrease in forces caused by pressure gradients in the vertical direction; and
(6) the tornado dissolves due to the loss of its source of positive vertical vorticity.

In [93], the process of generating a tornado-like vortex within a storm supercell was
studied. For modeling, a computer system previously created at the University of Colorado
to calculate cloud dynamics was used. The system includes a number of blocks, one of
which is a block of “microphysical” processes, which allow one to calculate the processes
of formation and growth of liquid (droplets) and solid (ice) particles as well as the features
of their dynamics. To initiate the convection of air masses in the cloud at the initial time
in the center of the calculation cell, a thermal “bubble” of rectangular shape was formed
(height: 3 km and length: 10 km). The temperature of the “bubble” was 1.5 K, and the
water vapor content was 2 g/kg higher than the corresponding values in the surrounding
space. The calculations performed with high spatial resolution made it possible to obtain
and analyze the dynamics of the fields of various components of the air velocity vector as
well as the pressure and water vapor content in selective vertical and horizontal sections.
Calculations have shown that after 90 min on the edge (direction “east–southeast”) of
the storm supercell, a “pipe” of low pressure is formed in the region of high gradients of
vertical velocity in the horizontal direction, which begins its spread towards the Earth’s
surface. Thus begins the formation of a strong vortex in the subcloudal layer. Therefore,
in [92,93], it was clearly shown that the initial stage of tornado formation proceeds for
many tens of minutes.

Let us note another work [94], numerous results of which demonstrate the possibilities
of numerical modeling of the dynamics of downward air flows. It used a mathematical
model similar to [93]. It is shown that both the intensity and duration of the tornado depend
on the thermodynamic characteristics of the rotating downward flow, depending on the
surrounding humidity of the surface layer and the nature of atmospheric precipitation
in the rain curtain. Model tornadoes were more intense and long-lived in the case of
relatively warm rotating downward flows, contributing to a strong convergence of angular
momentum in the surface layer. Warmer downward flows are formed in conditions of high
relative humidity and in conditions of relatively low precipitation concentration.

The importance of considering possible phase transformations on the dynamics of
tornado-like atmospheric vortices was discussed in [95–97].

In [95], a system of equations describing the flow of moist air inside a tornado funnel
was constructed, allowing for an analytical solution for the quasi-stationary case (without
considering the processes of tornado initiation and dissipation) using two small parameters
of the problem: (1) the specific humidity of air ξ = 0.05–0.3 (the ratio of the mass of
water vapor to the mass of moist air) and (2) the ratio of the tornado funnel radius to its
height, r0/L = 0.01–0.1. This work considers the processes of energy and mass transfer
as stationary in a developed tornado, and the flow is considered in a rotating cylinder,
the walls of which consist of hailstones and water droplets. Condensation of moisture
from the air occurs on the surface of this cylinder. The walls of the tornado funnel are
considered impermeable, and condensation occurs in a thin layer (compared to the radius
of the tornado) on the inner surface of the cylinder. It is assumed that the walls of the
funnel consist of hailstones, water droplets, and other objects sucked up by the tornado. It
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is also assumed that the parameters of the walls remain unchanged during the entire time
the tornado exists.

In the absence of data on the mass transfer coefficient from the flow of moist air to the
walls of the tornado funnel, the diffusion equation for humidity (water vapor) was written
in an approximate form:

Uz(0)
∂ξ

∂z
+

Dt

r2
0

ξ = 0, (32)

where Uz(0) is the velocity along the axis of the tornado funnel and Dt is the coefficient of
turbulent diffusion of moisture in the tornado funnel. Taking into account the boundary
condition ξ(r, z = 0) = ξ(0) = const, solution (32) was obtained in the following form
in [95]:

ξ(z) = ξ(0) exp

(
Dt z

r2
0 Uz(0)

)
≈ ξ(0)

(
1− Dt z

r2
0 Uz(0)

)
. (33)

As a result, the solutions obtained in [95] introduced another important criterion
for the existence of tornadoes: the critical vertical humidity gradient (dξ/dz)cr, which
determines the conditions for the onset of the updraft. In [96,97], modifications were made
to the flow model of [95].

To numerically describe the hydrodynamics of a two-phase flow and heat and mass
transfer processes taking into account condensation inside the tornado vortex, transport
equations for averaged quantities were used with coefficients of turbulent viscosity, dif-
fusion, and thermal conductivity constant for the entire computational domain. Water
droplets formed due to bulk condensation were considered only in the equations of energy
and diffusion by introducing corresponding source terms. According to observational
estimates presented in [98], the thermal power of a tornado of average intensity can reach
Q = 1–10 GW. Calculations were performed for two power values of Q = 1 GW and
Q = 5 GW for small (r0 = 20 m) and large (r0 = 40 m) vortex radii. The results con-
firmed that the energy of water vapor condensation is sufficient to provide the observed
tornado lifespan.

3.5. Disperse Phase Motion in Tornado-like Flows

In [99], the characteristics of the movement of solid particles with different inertial
properties in a “dust devil” were studied based on numerical simulations using the LES
method and the Lagrangian trajectory approach. The motion of dust particles (density
2560 kg/m3) of three different sizes (100 µm, 200 µm, and 300 µm) was calculated in a
previously calculated non-stationary velocity field of the air vortex. During the calcula-
tions, trajectories of 20,000 particles of each size, which were injected in equal portions
(400 particles) into the lower part of the vortex every 0.1 s, were analyzed. As a result,
the spatial arrangement of all introduced dust particles in the “dust devil” after 5 s was
obtained. The following conclusions were made: (1) the particle arrangement in space is
significantly non-uniform; (2) the smallest small-inertial particles rise to a height of 25 m
or more, and their spatial arrangement is the most uniform; (3) the decrease in vertical air
velocity with increasing distance from the surface and the increase in particles inertia lead
to a significant decrease in the maximum lift of larger particles; and (4) the non-uniform
distribution of larger particles in space is due to lower values of their velocities caused by
centrifugal forces.

In [100], the behavior of trajectories and concentration fields of particles in the axisym-
metric flow of viscous incompressible fluid, modeling the interaction of a vertical vortex
filament thread with a horizontal plane, was investigated based on numerical calculations.
For the description of the motion of the carrying gas phase, a self-similar solution of the
Navier–Stokes equations obtained by Gol’dshtik [101] was used. The parameters of the
dispersed phase, including concentration, were calculated using a complete Lagrangian
approach along the selected trajectories. The influence of particles on the parameters of the
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carrying gas was not taken into account, as the volume and mass concentration of particles
were assumed to be small [90,102].

As a result of the calculations in [100], the possibility of multiple intersections of
particle streamlines and the formation of “folds” in the concentration field of the dispersed
phase were demonstrated. For heavy particles (exceeding the carrying phase in density),
the formation of a “bowl-shaped” accumulation surface of the dispersed phase and a zone
of particle deposition near the base of the vortex were observed (Figure 4). In the case of
taking into account the force of gravity (Fr 6= ∞), the edge of the bowl-shaped accumulation
surface of particles is twisted into a spiral around a circle. The position of this circle is
determined by the zero balance of hydrodynamic (drag force), gravitational (gravity), and
inertial (centrifugal force) forces acting on particles in the vortex flow.
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In works [103,104], a two-fluid tornado model is developed. The first (primary) fluid
is water vapor that condenses during a sharp pressure jump. The second (secondary) fluid
is composed of solid particles picked up by the vortex. It should be noted that there is no
proper description of the mathematical model used in [103,104], but the results of numerical
modeling of the life cycle of a tornado and the effects of a tornado on a car and a small
house moving along a highway are presented.

In article [105], mathematical modeling of tornado-like vortices was conducted using
the LES method. The features of the vortex throwing “projectiles” of two types were
studied: a wooden board weighing 14 kg and a car weighing 1810 kg. Statistical distribu-
tions of the maximum values of the horizontal velocity components of these “projectiles”
were obtained.

Article [106] presents a detailed analysis of the influence of solid, low-inertia fragments
on tornado characteristics. Modeling was performed based on the Euler–Euler (two-fluid)
model, which assumes the use of one type of equation to describe the continuous and
dispersed phases within the framework of the mechanics of interpenetrating media with
the account of the particles’ backward influence (in English-language publications, such
calculations are called “two-way coupling”).

Three dimensionless parameters that determine the dynamics of fragments in the
tornado were found: (1) the parameter of the twist of the corner flow, determining the
“type” (structure) of the tornado, Sc ≡ rcΓ2

∞/γ (rc, Γ2
∞, and γ are the characteristic radius of

the core above the area of angular flow, the moment of rotation at a considerable distance
from the core, and the loss of the flow’s rotational momentum in the “surface-corner-
core” area, respectively); (2) a parameter that is a measure of the relative importance of
“centrifugation” of fragments and is determined as the ratio of the radial acceleration in
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the angular flow to the acceleration of free fall, Aa ≡ U2
φc/(rc g), where Uφc ≡ Γ∞ /rc is the

characteristic azimuthal velocity; and (3) a parameter that is a measure of the ease of lifting
fragments and is determined as the ratio of the characteristic velocity of the tornado and
the settling (swirling) velocity of the fragments, Av ≡ Uφc/W.

First, the tornado parameters were calculated in the absence of particles and then with
particles. The calculations included the particle size, which was varied (dp = 200–2000 µm),
phase density ratio (ρp/ρ = 2000–8000), and some surface characteristics. It was found
that the sand cloud (tornado cascade) reaches a quasi-stationary state when the mass of
suspended particles becomes equal to the mass of those deposited. As a result of the
calculations, the main characteristics (formation time, total mass of fragments, height of
the cascade, maximum tangential velocity of the vortex as a whole, etc.) of the vortex
and tornado cascade were obtained. The following conclusions were drawn: (1) intense
exchange of momentum between air and suspended sand particles that make up the
tornado cascade led to a decrease in the maximum vortex velocity; (2) the accumulation
of low-inertia fragments near the corner flow in the surface layer has a significant effect
on the strength of the tornado; and (3) with an increase in the inertia of the particles, the
time of formation of the tornado cascade, the total mass of the particles involved, and the
geometric dimensions of the cascade decrease significantly.

4. Latest Results

The formation of strong tornadoes, according to the generally accepted opinion, mostly
begins with the generation of so-called supercells. Supercells are characterized by strong
rotation at the middle level [107]. The formation of small and weaker tornadoes that
occur in North America is not accompanied by strong circulation at the middle level.
Such tornadoes have been named “non-supercell tornadoes” [108] or “nonsupercyclonic”
tornadoes [109].

4.1. Dynamics of the Cyclostrophic Balance

As shown in [110], the compression of a developing surface cyclone occurs only when
surface friction is taken into account. The cyclostrophic balance between the pressure
gradient and the centrifugal force, which exists without surface friction, is disturbed
(Figure 5). The pressure gradient (directed inward towards the axis) becomes greater than
the centrifugal force (directed outward). This disturbs the cyclostrophic balance and leads
to a strong radial inflow of air. Therefore, air parcels penetrate much closer to the axis
than to the equilibrium radius of cyclostrophic balance. To satisfy the continuity equation
(mass conservation), the radial inflow must turn as it approaches the axis. It rises rapidly at
high speed. The axial helical jet can be regarded as the upward continuation of the surface
boundary layer. The “new” cyclostrophic balance maintains very low pressure at the axis.

In [111,112], it is proposed to use a certain fictitious force that creates false (artificial)
horizontal vorticity. However, [113] notes that in meteorology, the laws of mass, energy,
momentum, angular momentum, and entropy conservation must be inviolable. In [113], it
is shown that rapid tornado genesis in modeling can be associated with a combination of the
following factors: (1) excessively strong convective initiation in a very unstable atmosphere,
which leads to too-strong low-level updraft at the beginning of the supercell’s life; (2) the
use of a lower boundary condition of semi-slip; (3) the absence of perturbations to excite
significant turbulence, which leads to too-strong friction force and too-large shear in a too-
thin layer near the ground [114]; and (4) the use of omnipresent, all-pervading external force
to maintain a stable horizontally homogeneous medium—this force introduces additional
degrees of freedom that allow the restrictions of the Taylor–Proudman theorem to be
bypassed but leads to changes in the dynamics within the storm.

A possible mechanism for rapid tornado genesis in mathematical modeling can be
described as follows. As a result of factor 4, the external force is balanced by three forces in
the surrounding environment. This balance is concentrated at the ground by factors 2 and
3. Inside the storm, friction and the Coriolis force no longer balance the external force, so it
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creates strong horizontal vorticity in the shallow surface layer. The tilt and stretching of
this vorticity (if it occurs along the flow) by the upward flow, according to factor 1, will
create significant vertical vorticity at low heights.
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(a) an initial cyclostrophic balance, (b) a decrease in centrifugal force due to friction and decrease in
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Examples of the formation of vortices in high-temperature substances and under the
action of a strong magnetic field, as well as under conditions of fast plasma processes, are
possible [115–118].

The above-described tornado genesis mechanism is consistent with the results of
natural measurements of the development of a tornado mesocyclone during the PECAN
field experiment conducted in 2015, in South Dakota, which used an extensive network of
stationary and mobile observation systems for low-level convective jets [119].

4.2. Main Mechanisms of Tornadogenesis

To date, much is known about the environmental conditions necessary for supercell
tornado genesis. At the same time, the dynamics of ground-level vorticity in the process of
tornado genesis itself are still not sufficiently studied.

In the literature, a very large number of seemingly contradictory mechanisms responsi-
ble for high values of ground-level vertical vorticity can be found. All of these mechanisms
can be divided into two main classes [120].

The first mechanism class is based on the upward tilt of horizontal vorticity generated
primarily baroclinically in the downdraft. This mechanism is referred to as the “downdraft
mechanism”. Recent works [121–125] represent this approach.

The second mechanism class is based on the upward tilt of horizontal vorticity near
the ground (Figures 6 and 7), which is created by a strong horizontal gradient in the updraft
(the “in-and-up mechanism”). Recent works [126–133] illustrate this approach well. In
addition, we note that different vortices can form under different conditions [134–141].

In Ref. [120], it is clearly shown that both downdraft and updraft mechanisms play
an important role in tornadogenesis. It is known that pre-tornadic maxima of vertical
vorticity are generated primarily by the downdraft mechanism, while the dynamics of a
fully developed tornado vortex are controlled by the updraft mechanism. This paper makes
an important conclusion that there is a transition between these two mechanisms, which
occurs during tornadogenesis. This transition is a result of the axisymmetrization of the
pre-tornadic vortex “blob” and its intensification by vertical stretching. These processes
facilitate the development of corner flow, the presence of which promotes the generation of
vertical vorticity by tilting horizontal vorticity near the ground (i.e., through the in-and-
up mechanism). Plasma vortexes are the subject of a separate study and require special
consideration [142–145].
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Figure 6. Scheme of generation of horizontal vorticity and its inclination by ascending flows near the
Earth’s surface: (a) generation of horizontal vorticity by a horizontal buoyancy gradient, (b) genera-
tion of ascending flows by a horizontal buoyancy gradient, and (c) inclination of initially horizontal
vortex filaments by a surrounding vertical flow.
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non-stationary vortex (image size is 155× 200 mm) and (b) scheme of vortex formation. The numbers
denote (1, 2) source vortex filaments, (3) convergence and twisting of water filaments, (4) wall-free
non-stationary vortex, and (5) edge of the underlying surface.

In conclusion, we mention works [119,146,147] in which the authors tried to take
into account the influence of both mechanisms (downdraft mechanism and in-and-up
mechanism) on tornado generation and dynamics in their calculations.

4.3. Main Factors of Tornadogenesis

The downdraft mechanism and in-and-up mechanism are needed to start the process
of tornadogenesis. The role of both of these mechanisms is not yet fully understood. Since
only the ascending mechanism can lead to the transformation of the horizontal vorticity
into a vertical one, a transition between these mechanisms is likely to take place. The
presence of a downward mechanism is necessary for the rapid intensification of a tornado
and is necessary throughout the life of a tornado until its collapse.
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Here, we summarize some factors facilitating tornado appearance (generation). The
four major circumstances affecting the generation of the ascending air flow are as follows
(see Figure 8):
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Figure 8. Main factors affecting the generation of the ascending air flow and formation of the
tornado funnel.

(i) The presence of warm and, consequently, relatively light air near the underlying
surface, which tends upwards;

(ii) A possible presence in the warm air of sand (soil) particles or drops (in the case
of a waterspout), lifted from the surface, which often have a greater (compared to the air)
temperature, resulting in additional heating of air;

(iii) The presence of (due to various reasons) rotation (vorticity) of the warm air,
which generates low-pressure regions at the center of the developing ascending flow, thus
facilitating the condensation of water vapor in the air and the release of heat;

(iiii) Intensified condensation of the water vapor in the warm ascending air, when it is
lifted and interacts with cold air, facilitating its further heating and making it lighter.

Evidently, there exist four major factors affecting the formation of the tornado funnel;
they are as follows (see Figure 8):

(1) The presence of cold and, consequently, relatively heavy air at the top, tending to
descend to the underlying surface;

(2) The presence in the cold air of water drops, making it heavier (enhancing the
effective density);

(3) The presence of rotation (vorticity) of the cold air, generating a low-pressure region
at the center of the developing funnel, which facilitates further concentration of drops, their
coagulation, and higher effective density of the descending cold air;

(4) Intensified evaporation of drops in the cold air, which interacts with the warm air
near the surface, facilitating its further cooling and making it heavier.
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All of the above physical mechanisms should be reflected in modern numerical models
of tornados. In terms of aerodynamics, a tornado is an analog of a tube carrying warm
air upwards, rather than cold air downwards. This is evident, since the flow rate of the
carried heated air greatly exceeds the flow rate of the cold air. The flow rate of the warm
air, defined by the geometry (above all, by the cross-sectional area) of the carrying channel
and the vertical velocity component, is one of the characteristics determining the tornado
force. The vertical gradient of air temperature that characterizes the degree of atmosphere
instability determines the speed of the ascending flows. The largest vertical temperature
gradients are implemented in low clouds (cumulonimbus clouds); therefore, the most
violent tornados develop under such conditions, as a rule. The movement of the tornado
funnel together with the cloud facilitates further involvement of new portions of warm air
and is a factor increasing the tornado stability.

5. Conclusions

A review of works devoted to the mathematical modeling of air tornado-like vortices
has been made. Analytical models of various levels of complexity created to date (based
on the Bernoulli, Navier–Stokes, and vorticity equations) and the possibility of numerical
modeling are described. The results of computational and theoretical studies of the condi-
tions of formation, dynamics, and main characteristics of vertical concentrated vortices are
given and analyzed. Special attention is paid to features taking into account the two-phase
nature (phase transitions, the movement of particles in vertical vortices, and the particles’
back effect on the characteristics) of tornado-like vortices.

It can be concluded that the main problems of modeling tornado-like vortices, re-
lated to predicting the probability of their occurrence, development, and control, largely
remain unsolved.

Apparently, further progress in building the theory of concentrated tornado-like
vortices will be determined by the following:

(1) The ability to plan laboratory studies of the conditions for the generation, stability,
and control of significantly non-stationary concentrated vortices;

(2) The ability to improve measurements of the characteristics of real natural vortex structures;
(3) The ability to develop mathematical models that adequately describe the structure

and dynamics of both laboratory and natural non-stationary vortices throughout their
life cycle (from generation to decay).
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Nomenclature

r distance from the axis of symmetry of the vortex, m
R universal gas constant, J/(kg K); Earth radius, m
z distance from the surface of the Earth, m
Ur, Uφ, Uz velocity components in a cylindrical coordinate system (r, φ, z), m/s

Ux, Uy, Uz velocity components in Cartesian coordinates (x, y, z), m/s

u′r, u′φ, u′z fluctuation velocity components in a cylindrical coordinate system (r, φ, z), m/s

a particle gravitational settling rate, m/s
W debris gravitational settling rate, m/s
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p pressure of moving air, Pa
pc pressure of fixed air, Pa
ρ density of moving air, kg/m3

ρc density of fixed air, kg/m3

ρp dispersed phase density, kg/m3

ν kinematic viscosity, m2/s
νt turbulent viscosity, m2/s
at turbulent thermal diffusivity, m2/s
Γ circulation, m2/s
g gravitational acceleration, m/s2

Ψ stream function, m3/s
ωφ azimuthal component of vorticity, s−1

ωz vertical vorticity component, s−1

f1 first Coriolis parameter, s−1

f2 second Coriolis parameter, s−1

T temperature, K
Th averaged (by entropy) temperature of the heat source, K
Ts averaged (by entropy) temperature of heat sink, K
Θ potential temperature, K
ΓV wet adiabatic gradient, K/m
Emes mesovortex energy, J
Emac macrovortex energy, J
cp isobaric heat capacity of air, J/(kg K)
S entropy, J/K
Φ volumetric concentration of the dispersed phase
σ ratio of the densities of the gas and dispersed phases
S spin parameter
µ dimensionless dissipation coefficient
η dimensionless dissipation coefficient
ηH thermodynamic efficiency of the “dust devil”
ψ dimensionless current function
Rer radial Reynolds number
Reφ vortex Reynolds number
Fr Froude number
Superscripts
(. . .)′ deviation from the mean
(. . .) average (over time) value
Subscripts
a air
c still air, in the core of the vortex
p particles
f funnel surface
0 on the surface of the Earth, in the center, the initial moment of time
∞ at an infinite distance from the center
e in the surrounding atmosphere
max maximum value
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