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Abstract: The rhythmic and stable operation of trolleybuses and autonomous trolleybuses or urban
electric buses, depends to a large extent on the reliability of the equipment installed on the trolleybus.
The actual operational reliability of trolleybus electrical equipment (EE) depends on its technical
condition. Under the influence of external factors and specific operating modes, the technical
condition of the equipment is continuously deteriorating, reliability indicators are decreasing, and
the number of failures is increasing. Using the mathematical theory of reliability, probability theory
and mathematical statistics, numerical methods of solving nonlinear and transcendental equations,
this article defines the conditions of diagnostics depending on the intensity of failures and the
given probability of failure-free operation of the equipment. Additionally, the inverse problem
of determining the current reliability of electrical engineering systems depends on the terms of
diagnostics and the intensity of failures being solved. As a result of the processing of statistical
information on failures it is established that for the electrical equipment of a trolleybus, after a
number of repair measures, the maximum density of failures occurs at a lower mileage, and the
probability of failure-free operation can vary depending on the degree of wear of the equipment, i.e.,
on the number of previous failures. It is theoretically substantiated and experimentally confirmed
that the reliability of trolleybus electrical equipment changes according to the exponential law
of distribution of a random variable. It has been established that the real averaged diagnostic
terms regulated by instructions are not optimal in most cases and differ several times from those
defined in this paper. The dependence of switching equipment run-in on time has been clarified,
which served as a prerequisite for specifying the inter-repair period for various types of trolleybus
electrical equipment. A method of adjustment of the inter-repair time for the electrical equipment of
trolleybuses is proposed.

Keywords: mathematical analysis; mathematical model of reliability; diagnostics; reliability
parameterization; electric rolling stock; electric buses

MSC: 35C99

1. Introduction

The development of passenger, urban transport is subject to the laws of settlement,
which, in turn, depends on the improvement of transport facilities and infrastructure [1].
In recent decades, the increasing process of suburbanization in developed countries has led
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to a reduction in the share of labor trips from the suburbs to the cities (in the U.S.—from
35 to 10%). In Europe, along with trips by car (50% of trips), movement by public transport
(bus, subway, urban railroads—more than 20%), as well as by bicycles, mopeds, walking—
about 30% of movements are more and more common [2]. On the whole, in the sphere
of communications, city transport is competed with by modern information technologies,
the development of which leads to a reduction in the need for business (by 20 to 25%) in
developed countries and cultural and household (by 50%) trips [3]. These outlined trends
in the development of world transport will be decisive in the future. Among the main
trends, in addition to the traditional ones—increasing the speed, capacity, freight capacity,
environmental friendliness, the appearance of new vehicles and new types of messages—it
is possible to note an orientation towards the qualitative characteristics demanded by the
customer (reliability, rhythm, timeliness of cargo delivery, comfort, safety of passenger
travel), as a result the issues of an economic nature (costs, profit, profitability) leaving the
category with primary importance [4]. The market of transport services turns into a complex
system of interaction with other components in the sphere of delivery, forming transport
and storage, goods transportation and distribution logistic complexes with the use of the
latest information systems, modeling, marketing with further connection to the system of
the banking sphere, i.e., formation of a single system of exchange of goods, capital, and
information [5]. The desire to improve the competitiveness of the national transport system
and its individual types is accompanied by the formation of a unified world transport
system with harmonization of laws, common to all participants in the transport process [6].
At the same time, the complexity, quantitative growth and qualitative changes in the market
of transport services leads to the emergence of risks, and contradictions as world transport
develops, making more vulnerable not only the sphere of movement, but also the economic
and social components of the lives of the population [7].

Improvement of mathematical methods of reliability research is of fundamental im-
portance for operational organization of transport systems [8]. Reliability analysis allows
the development of a set of measures to improve reliability and durability of both separate
elements and trolleybuses as a whole, to substantiate the system of maintenance and repair,
to estimate the real level of failure-free operation, and to form reliability requirements in re-
lation to the given operating conditions [9]. Unfortunately, the known methods of research
of the reliability of complex systems used in radio electronics, automatics, electrical power
engineering, are not always applicable to electromechanical systems [4]. Such peculiarity
is connected with the operation of the above-described systems. Any complex system of
automatics and radio electronics consists of standard elements (resistors, capacitors, diodes,
transistors, etc.) with stable reliability indicators [2,5]. There is no need for the study of the
aging processes of such elements, because in the case of failure of such elements they are
replaced with spare ones.

Design of electrical machines requires a different approach to safety and durability
of assembly units and parts, as replacement of elements with spare ones is rather labor-
intensive in some cases [6]. It is necessary to take into account the aging of insulating
materials, wear resistance of bearings, etc. The ageing processes in electrical machines (EM)
lead to the necessity of their repair following use [10].

Application of mathematical statistical methods for the definition of reliability indi-
cators is required by the lack of a definition of the technical resource for each concrete
trolleybus motor [11]. This peculiarity is connected with the ageing of the winding insula-
tion during heating, which is always present during operation. Additionally, we should not
forget about environmental conditions, which significantly affect the aging processes of ma-
terials. The described processes cannot be controlled by methods of technical diagnostics.

Application of technical diagnostics for electric traction motors (TED) is possible
in order to estimate bearing and lubrication life, but their reliability indicators are not
the weakest links [10]. Satisfactory condition of these elements is evaluated during
scheduled maintenance.
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In cases when it is impossible to determine the characteristics of the aging processes,
the probability distribution parameters have to be established by statistical processing of ex-
perimental data. It should be noted that statistical modeling makes it possible to investigate
the actual reliability of products according to in-service observation data. In this case it is
necessary to determine the average operating time and service life before repair, operating
time to failure, availability coefficients and other actual reliability indicators [11–13].

In order to maintain the required level of reliability of a trolleybus as a whole, it
is necessary to carry out an engineering analysis. The engineering analysis consists of
two main stages:

(1) identify “weak links” of trolleybus electrical equipment and get an actual picture of
the reliability of elements;

(2) carry out a reliability study of the traction electric motor on the basis of failure analysis.

Operational reliability of the traction electric motor depends on the operational re-
liability parameters of its following elements: stator winding, rotor winding, bearing
device [14,15].

Reliability of the mechanical EE of vehicles has been widely studied in the automotive
industry, aviation, railway transport, and agricultural machinery. At the same time, a
patent information search shows that the EE reliability of trolleybus and electric bus rolling
stock has been little studied and the number of publications on this topic is significantly
less compared to the publications on other vehicles [3].

The experience of operating modern trolleybuses and electric buses shows that the
cost of maintaining (restoring) reliability is three to six times higher than the cost of creating
them with a certain level of reliability [4].

Maintenance and repair of TCEBs currently accounts for up to 75% of all funds of
transportation companies spent on the organization of passenger transportation, and the
cost of maintenance and repair of the electrical complex of TCEBs is about 60% of the total
maintenance costs of the rolling stock.

Considering the fact that the actual operating rolling stock of TCEBs, especially old trol-
leybuses, is worn out by more than 70%, the problems of ensuring EE reliability during op-
eration and determining the actual technical condition and forecasting it are primary tasks.

The necessary level of EE reliability can be maintained only if its technical condition is
systematically monitored and diagnosed, and timely repairs are carried out to prevent a
decrease in reliability.

Diagnostics is currently one of the main aims of improvement of EE repair systems,
and increase in its reliability of operation, as it contributes to prevention of failures of
accidental nature in the periods between repairs. Application of the means and methods
of technical diagnostics, allowing continuously or at discrete moments of time to check
the state of input and output parameters of TCEBs, makes it possible to repair them in
accordance with the actual technical state. This contributes to significant reductions in the
number of failures in the period between scheduled repairs, an increase in the degree of
use of the resource of assembly units and equipment parts, and an increase in the economy
of operation and traffic safety. When diagnosing, it is first necessary to clearly distinguish
the object and having analyzed it, determine the signs and parameters, as well as methods
and means of diagnosis.

For a more complete assessment of the technical condition of the EE it is necessary
to develop a comprehensive approach to reliability assessment and prediction of the EE
TCEB’s serviceability by means of technical diagnostics and traceability. This would allow
accurate determination of the current technical condition of the EE, monitoring it on the
one hand, and predicting changes in the technical condition on the other hand, ensuring
with a certain probability that during the period between repairs there will be no failures of
the EE due to wear and insufficient reliability.

The effectiveness of the planned preventive maintenance system of TCEBs actually
operating at electric transport enterprises at the present time, depends largely on the com-
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pliance of the established inter-repair mileage of rolling stock actually necessary, which, in
turn, depends on the resources of individual units and components of TCEBs equipment [5].

Planned preventive systems of repairs, are based on the pre-regulated frequency of
repairs with the established possible limits of their change for different types of equipment.
However, despite this, changes in the technical condition of the equipment, occurring in
the process of its operation and modernization are not take into account.

The problem of evaluating the reliability and predicting the performance of the TCEB’s
electrical complex involves solving the following problems:

• optimal organization of diagnostics and control of technical condition of EE;
• assessment and prediction of EE reliability during operation;
• Optimization of timing, definition of scope and selection of a rational strategy and

planning of maintenance and repair of EE, taking into account its technical condition.

Thus, the basic principle of the new technology of EE technical condition management
is the method of EE maintenance and repair, based on individual observation of real
changes in the technical condition of equipment during operation [6]. Then, the system
of maintenance and repair is a set of rules, providing a given management of production
operation of EE based on control of its technical condition.

The aim of the work is to improve the existing and develop new scientifically
valid methods and means of assessing the reliability and predicting the performance of
trolleybus EE.

The applied nature of the work consists of the development of an integral probabilistic-
diagnostic system for monitoring and forecasting the technical condition of electrical
complex TCEBs and a method of continuous monitoring and forecasting of the serviceability
of equipment on its basis.

In accordance with this goal, the following tasks had to be solved:

1. Conducting and systematizing an analysis of existing methods of diagnosing and
evaluating the reliability of EE.

2. Optimal organization of diagnostic and technical condition control processes of trol-
leybus EE. Creation of an algorithm for trolleybus EE diagnostics.

3. Assessment and prediction of reliability of the trolleybus electrical complex by op-
erational indicators and optimization of EE maintenance timing by mileage and
operating time.

4. Development of integrated methods for reliability assessment and prediction of
serviceability and integral probabilistic diagnostic systems for predicting the technical
condition of the trolleybus electrical complex using stochastic and deterministic models.

Trolleybuses and electric buses are complex technical systems. Considering that there
are hundreds of systems with a total number of subsystems, units, elements and parts more
than ten thousand in a trolleybus and electric bus, it is very important to take into account
the mutual influence of these components on each other when determining the reliability of
the entire system For example, the authors have experimentally established that failures of
the mechanical equipment of electric buses (transmission, gearbox, cardan shafts, etc.) can
cause failures and failures of the traction motor. Taking into account these mutual influences
not only qualitatively, but also quantitatively with the help of mathematical analysis would
allow an increase in the accuracy of determining and predicting the reliability of the
electrical equipment of modern trolleybuses and electric buses.

2. Analysis of the Effect of Service Life of Electrical Equipment on the Probability of
Failure-Free Operation

Comparing existing methods of reliability analysis and statistical models [7–9], it
should be noted that mass statistical modeling allows us to study the actual reliability of
products according to observations from operation within the framework of those models
that the authors have built through the average time to failure and service life before repair,
time to failure and the availability factor. The novelty of this work is that we take into
account malfunctions that do not lead to failures and that can be promptly eliminated and
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failures of electrical complexes that lead to non-regular removal from the line of electric
rolling stock and their repair while the electric bus should have been on the line. Here we are
talking about inter-repair failures—the most undesirable equipment failures. Additionally,
the novelty of the presented model is its ability to take into account the fact that when
restoring the equipment during the maintenance of the system nodes, the restoration of the
whole system is not 100%, and each of its subsequent restorations worsens the indicators of
its reliability. Here the resource recovery factor kr ∈ [0 . . . 1] is used. The resource recovery
factor of an element means the probability of how much resource recovery correlates with
a new element, which has a probability of failure-free operation P(t) = 100%.

The main task of the work was to estimate the period of trolleybus EE diagnostics and
refine it in comparison to the existing one. The main material for analysis was the statistical
material of faults of Novosibirsk depot No. 2 for 2022.

According to [7], inspections of electrical equipment are performed according to the
regulations on maintenance No. 0 (maintenance-0) on a calendar schedule (on the 4th
or 7th day), and then on a calendar schedule (assuming that the trolleybus mileage is
fairly uniform). In this case the preventive maintenance becomes a combined preventive
maintenance for the application of rolling stock units. During preventive maintenance, the
main goal is to detect a failure that can lead to failure. The state of the control object can be
(according to this) one of three (Figure 1).
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Figure 1. Possible technical conditions of trolleybus electrical equipment during operation.

The main quantitative characteristic of a group of any similar objects (including a
group of trolleybus moving units) is reliability or probability of no-failure operation P(t) [8].
It characterizes the most probable share of operable units of this group at the considered
moment of time t. The function P(t) is a decreasing one, as the devices wear out. Failure of
devices in a given group is characterized by the density or intensity of failures λ(t). The
failure rate λ(t) is the probability of failure of a device during the time t, referring to the
value of the interval t, provided that the device has worked up to the given interval ∆t (it is
an a posteriori probability) [9].

To characterize before the device operation, the probability of failure of the device at
this or that moment of time, it is convenient to use the distribution density f (t) of time of
no-failure operation [10], equal to the unconditional probability of failure in the interval t,
referred to the value t. In the course of operation itself the device could fail to reach the
proposed point in time, and it could pass the given moment—it is an a priori parameter.

The analytical relationships between these parameters are as follows

f (t) = − dP/dt, (1)
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λ(t) = f (t)/P(t) = − 1
P(t)

· P′(t) = N(∆ti)

Nav i · ∆ti
, (2)

where f (t) is density of distribution of uptime;

λ(t) is the probability of device failure during the time ∆t;
P(t) is reliability or probability of failure;
P′(t) is the distribution density of uptime;
N(∆ti) is the number of failures of similar objects on the interval ∆ti;
Nav i is number of operable objects in the middle of the interval.

In addition to the considered indicators, such as the mean time of no-failure operation
Tav, the unreliability function (probability of failure) [11] is used.

Q(t) = 1− P(t). (3)

When new rolling stock enters the fleet, all its elements are new, and their first failure
occurs after some average time Tav1 (or after some average mileage Lav1). The first failures
are clustered around Tav1. After the repair action of the failed element, the remaining EE
elements continue to age and fail and will create second, third and subsequent failures [12].
These failures will occur faster and faster after a new (from the maintenance action) run
begins and gradually the distribution of the frequency of failures from the run will acquire
a falling character, which is well approximated by an exponential function. The exponential
distribution law is the most well-known and used in practice. It is called the basic law
of reliability because it is often used to predict reliability during normal operation of
products, when gradual failures have not yet manifested themselves and reliability is
characterized by sudden failures. These failures are most often caused by an unfavorable
set of circumstances and therefore have a constant intensity. With the exponential law, the
probability of failure-free operation depends only on the duration of the time interval and
does not depend on the time of previous operation, which is especially important, since in
trolleybus and electric buses there are constant replacements of failed units and subsystems
with new or reconditioned ones.

Studies conducted in trolleybus depots of large cities—in Novosibirsk, Barnaul, Tomsk,
Omsk confirmed the correctness of this theory.

Figure 2 shows the experimental graphs P(L) for traction motors (TED), obtained
from a group of 20 trolleybuses participating in the experiment. As can be seen from
Figure 2, after a number of maintenance impacts, the maximum failure density occurs at
lower mileage.

Figure 2 shows the experimental P(L) plots for TEDs obtained in a group of 30 trolleybuses
participating in the experiment. To construct these characteristics, the failure statistics of
TEDs were collected, a histogram of equipment failures was constructed, then its cumulant,
and the inverse function of failure-free operation P(L) was constructed. As can be seen from
Figure 2, after a series of maintenance actions, the maximum failure density occurs at lower
mileage, and the probability of failure-free operation can vary depending on the degree
of wear of the equipment, i.e., the number of previous failures. The model of change in
the probability of failure-free operation P(L) presented in Figure 2 clearly shows that in
fact there is no complete restoration of the system reliability to 100%. This is explained by
the complexity of the trolleybus technical system, a large number of subsystems, nodes,
assemblies and parts and their mutual influence on each other. Traditional statistical models
of reliability change from mileage or time do not allow taking into account this mutual
influence. In our model we were able to show and obtain quantitative indicators in the
form of distribution of failure rate and density of distribution depending on the duration
of equipment operation.
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It was also found as a result of the analysis of statistical information about failures, that
the probability of failure-free operation P(t) or the law of change in reliability EE can vary
depending on the degree of wear of equipment, that is, the number of previous failures [13].
The laws of reliability change in trolleybus TEDs depending on their operation term with
average operating time of failure Tav = 60 days, and are presented in Figure 3. The normal
law (Gauss law, curve 4) is true for brand new TEDs. For TEDs after a small number of
failures, Rayleigh’s law or the uniform and exponential law (curves 3, 2, 1) is more accurate.

The largest errors in the initial acceptance of the wrong law can be determined from
the graph of the relative error depending on the given reliability [14] (Figure 4). It is
established [15] that the existing average reliability of the trolleybus P(t) does not fall below
0.8, then the error in the choice of the law of change in reliability EE for the analysis is
about 5%.

Thus, it is possible in future research to take the reliability of EE in operation, and
changes according to the exponential law [16]

P(t) = e−λ·t ≈ e
−t
Tav . (4)

Failure rate λ of the equipment can be determined by failure statistics as an average
value [17]. Assuming that λ remains a constant value, i.e., λ = λav, it is known [18,19] that
over the period of equipment operation the intensity of its failures changes in accordance
with the law of Figure 5. Failure to take into account this pattern in sections I and III will
lead to a significant error in assigning a diagnostic period [20,21].
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Figure 5. Variation of failure rate of trolleybus electrical systems over a long period of operation:
I—period of running-in, II—long period of operation; III—period before overhaul.

3. Determination of the Timeframe for Diagnosing the Trolleybus Electrical Complex
Based on the Mean Time between Failures (MTBF)

If maintenance EE is carried out with restoration of reliability to P(t) ≈ 1 in period I
(Figure 5), when the flow of near-working failures has not ended, the intensity of equipment
failure will be artificially overestimated. Obviously, the terms of maintenance actions will
also be erroneously overestimated.
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If during preventive maintenance the reliability was restored to P(t) ≈ 1, the frequency
of preventive maintenance is equal to td and it is carried out for each of N EE units of one
group uniformly with the interval td/N, then reliability graphs of each object will look like
(Figure 6), where the qualitative dependences for the group of homogeneous objects at
N = 5 are given.
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Naturally, the assumption of recovery under prevention to P(t)≈ 1 is an approximation [22].
In the discussed group, the reliability of each k-th object (k = 0, 1, 2, . . . N − 1), given

that the exponential law of reliability prevails when the fleet is worn out, is defined by
the expression

Pk(t) = e−
t+k·( td

N )

T , (5)

where T is the failure time of the k-th element.
In this case, the average reliability function of the whole group consisting of N objects

in the interval t = 0 . . . td
N is represented by the expression

P(t) =
P1(t) + P2(t) + . . . + Pk(t) + . . . + PN(t)

N
. (6)

Writing (6) as the sum of a geometric progression divided by N, we obtain

P(t) =
e

td−N(t+td)
N·T ·

(
1− e−

td
T

)
N ·
(

1− e−
td

N·T
) . (7)

Thus, the value of the average reliability of the entire group of objects for the year can
be analytically determined from (7)

Pav =
P(t)max + P(t)min

2
. (8)

For the values of time t = 0 and t = td
N , determining the maximum and minimum level

of reliability of each of the N objects in the group, we will have

P(t)max =
e

td ·(1−N)
N·T ·

(
1− e−

td
T

)
N ·
(

1− e−
td

N·T
) , P(t)min =

e−
td
T ·
(

1− e−
td
T

)
N ·
(

1− e−
td

N·T
)
∣∣∣∣∣∣∣. (9)
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From Equations (8) and (9) at failure rate λ = 1
T , we can get an expression for Pav. As

experiments have shown, there are annual fluctuations of the failure parameter [23]. In this
connection there are confidence limits, within which the actual value of the failure rate of
the element in question can be found. Confidence bounds are defined for the probability of
their observance of the following mathematical condition—failures are random phenomena
and there is a probability of going out of bounds λ [24]. In this connection, the confidence
coefficient α is used. Practically, taking the probability of non-exit of intensity of failures
out of the limits of a confidence interval makes 90% (α = 0.9), we define the lower λl and
the upper λu limits of a confidence interval as

λl,u =
λ

r1, 2
, (10)

where r1, 2 are specially tabulated functions depending on the number of failures m and the
coefficient α [25]. Of practical interest is the upper bound of the failure rate, at which the
failure rate is maximal [26].

The results of calculation of failure rate λ and mean time between failures T for the
Novosibirsk trolleybus depot are given in Table 1.

Table 1. Failure rate and average MTBF of the trolleybus electrical complex.

No. n/a
Type of Electrical

Equipment λ, 1/Year
Confidence Interval at α = 0.9

T, Year tdopt,
Year × 10−2 kreturns

λl λu

1 Circuit breaker (CB) 2.015 1.914 2.156 0.46 2.31 0.225
2 Traction motor (TED) 3.235 3.073 3.461 0.28 0.72 0.218
3 Auxiliary motor (AP) 7.167 6.808 7.668 0.13 0.32 0.322
4 Motor-compressor (MC) 6.123 5.816 6.551 0.15 19.5 0.250
5 Generator (D) 3.055 2.902 3.268 0.30 0.76 0.186
6 Current regulator relay (RRT) 3.414 3.243 3.652 0.27 0.68 0.272
7 Voltage relay (RN) 3.235 3.073 3.461 0.28 0.72 0.274
8 Current relay (CT) 3.305 3.139 3.536 0.27 0.71 0.003
9 Current collectors 9.58 9.101 10.25 0.09 0.16 0.163

10 Control circuit 3.235 3.073 3.461 0.28 0.72 0.139
11 Contactor 17.85 16.95 19.09 0.05 0.13 0.197
12 Starting and shunt resistors 2.575 2.446 2.755 0.36 0.91 0.419
13 Line contactor 4 and 5 1.667 1.583 1.783 0.56 3.08 0.091
14 Leakage current 4.735 4.498 5.066 0.19 0.49 0.393
15 Controller and reverser 4.378 4.159 4.684 0.21 0.53 0.233
16 Battery 4.735 4.498 5.066 0.19 0.85 0.296
17 Pedals 5.405 5.134 5.783 0.17 1.65 0.192
18 Alarm system 0.915 0.869 0.979 1.02 1.75 0.136
19 Servomotor 6.215 5.904 6.650 0.15 0.37 0.135
20 Furnaces and lighting 3.355 3.187 3.589 0.27 0.69 0.187

In determining the failure rate and average MTBF of the trolleybus electrical system,
failure statistics differentiated by electrical equipment type were collected. For this purpose,
the control room system collected daily information on failures of all electrical equipment of
the trolleybus and differentiated these failures by the type of electrical equipment presented
in Table 1. Then, according to the above formulas, the failure rate and the optimal time for
diagnosing the trolleybus equipment were determined.

Using the data in Table 1, we can identify the group of EEs for which significant
increases in failure rates are possible: compressor motor, line contactor 5 and 4, circuit
breaker, starting and braking resistors, pedals, alarms, batteries.

With unchanged quality of maintenance impacts, the increase in failure rates for the
rest of the electrical equipment with a 90% probability will not exceed 10–12% (Table 1).
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Using Equation (9) in (8), we obtain an equation that allows us to determine the
individual failure rate λ under given operating conditions for the average annual reliability
of an object

Pav =

(
1− e−

td
T

)
2 · N ·

(
1− e−

td
N·T
) ·(e

td·(1−N)
N·T + e−

td
T

)
, (11)

where T = 1
λ . Equation (11) is transcendental with respect to T, which is solved only

by numerical methods [27]. Let us solve it for a single point using the graphical method.
Taking into account the smallness of the index td/N · T at N = 100 moving units and accepted
by [28].

e−
td

N·T ≈ 1− td
T · N , (12)

We get a simpler equation

Pav =

(
1− e−

td
T

)
·
(

e
td·(1−N)

N·T + e−
td
T

)
2 · td

T

. (13)

Given that at N = 100 the expression 1 − N ≈ −N, we obtain

Pav ·
td
T

=

(
1− e−

td
T

)
· e−

td
T . (14)

Equation (14) is solved graphically by determining the intersection point of the graphs(
1− e−

td
T

)
· e−

td
T and Pav · td

T .
The graphical solution of Equation (11) is shown in Figure 7. Thus, with certain

P = 0.921 and td = 3.5, we find T = 20.9.
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Figure 7. Graphical determination of the time between failures T with the known average annual
reliability P and the period of diagnosis td.

Using Wolfram research Mathematica (v 10.0.2.) [29] software, the characteristic fami-
lies td and the three-dimensional surface in coordinates (Pav, T, td) were obtained.

Figure 8 shows plots for determining individual operating time to failure at a given
reliability of the whole group and restoration time of electrical equipment to P = 1 at
td = 3.5 days, td = 7 days, td = 14 days, td = 28 days, td = 56 days, td = 112 days, td = 224 days,
corresponding to a complete repair cycle. Figure 9 shows the solution of Equation (11)
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relative to td as a three-dimensional surface in coordinates (Pav, T, td) at T = 1 . . . 1000 days,
Pav = 0.1 . . . 0.95 and td = 0 . . . 1600 days, the data for which are given in Table 2.
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Obviously, if the MTBF determined by the most dangerous boundary (Table 1)

Tv =
1

λv
(15)

is a year or its substantial part, then using the graphs of Figures 8 and 9 gives almost
the same value as expression (15). For a smaller value of Tv, Figure 8 gives a slightly
different, more accurate value of the operating time.

From Figure 8 we can see that for a given time of MTBF for traction motor T1 = 476 at
different values of diagnostic time td, for example a traction motor, we will have a different
level of its reliability. So, at td = 28 days we will have Pav = 0.921, and at td = 7 days we will
have Pav = 0.96. Thus, it is obvious that the reliability of trolleybus electrical equipment
increases with decreasing diagnostic time [30,31].
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Figure 9. A three-dimensional surface (Pav , T, td) to determine T given td and Pav.

Table 2. Values of individual operating time to failure for given reliability and recovery time of
electrical equipment.

Pav
T, Days

td = 3.5 td = 7 td = 14 td = 28 td = 56 td = 112 td = 224

0.01 1.031 2.062 4.131 8.271 16.542 33.084 66.169
0.1 2.164 4.328 8.658 17.316 34.633 69.265 138.53
0.2 3.141 6.2822 12.561 25.122 50.244 100.489 200.98
0.3 4.231 8.462 16.927 33.854 67.709 135.42 270.84
0.4 5.592 11.184 22.368 44.737 89.474 178.95 357.89
0.5 7.424 14.849 29.699 59.397 118.79 237.59 475.18
0.6 10.112 20.224 40.441 80.882 161.76 323.53 647.05
0.7 14.522 29.051 58.091 116.18 232.36 464.72 929.45
0.8 23.272 46.541 93.089 186.18 372.36 744.71 1489.4
0.9 49.392 98.797 197.594 395.19 790.38 1580.8 3161.5

0.99 518.79 1037.6 2075.1 4150.3 8300.6 16,601 33,202

For trolleybus electrical complexes, Figure 10 shows a graph of the relationship
between the failure rate λ and the running-in period of trolleybus electrical switching
equipment [32]. During the running-in period the objects have a significant frequency of
failures. Taking the frequency of failures as a measure of operation intensity, thereby taking
into account the quality of service effects and external conditions and factors of operation,
the running-in duration of trolleybus switching equipment was determined.
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Figure 10. Dependence between failure rate λ and running-in time Trunning of trolleybus electrical
switching equipment.

Table 3 shows the dependence between the failure rate λ and the running-in time
Trunning of the trolleybus electrical switching equipment.

Table 3. Dependence between failure rate λ and running-in time Trunning of trolleybus electrical
switching equipment.

No. n/a Name of Equipment Trunning, Days

1 Circuit breaker (CB) 1.51
2 Regulator relay (RR) 1.24
3 Voltage relay (RN) 1.15
4 Current relay (CT) 1.08
5 Control circuit 1.49
6 Line contactor LK4, LK5 2.20
7 Group rheostat controller and reverser 1.83
8 Control controller 2.15
9 Field weakening contactor 1.71

Thus, the data obtained with the average preventive time td = 7 are overestimated due
to a large proportion of the running time in the entire preventive period. Obviously, this
conclusion should serve as a prerequisite for a certain specification of the inter-preventive
time td for each of the trolleybus EE types [33]. At the same time, due to the fact that
estimates of the running times are made by the ratio of failures, these values can be slightly
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increased and, for example, the running time for a repaired field weakening contactor will
slightly exceed the time of 1.7 days.

The above practically means that adjustment work, e.g., in an operable control circuit,
should not be carried out more often than once every 6 days, since the risk of failure of such
adjustment is certainly increased by the fact that the entire control circuit starts to run-in
again on its elements. Moreover, in the presence of control circuit failure, it is important to
find the truly faulty element without significantly disturbing the operating conditions of
other elements that are already running-in, that is, in the mode, according to Figure 5, with
a low failure rate.

Naturally, the running-in time should account for a small fraction of the total inter-
diagnostic period [34].

So, if the initial running intensity λ is three times higher than the intensity during
normal operation of EE, then at the inter-diagnostic period td equal to the tripled running
time Trunning, the average failure intensity will be equal to 1.33λ. This means that the
probability per time unit of failure in an EE group due to a large share of not worked-in
elements will be increased by 33% relative to the situation when all elements in this group
have already been worked-in.

Thus, according to the calculations, for some elements of the trolleybus EE, it is
necessary to increase the existing inter-protection period.

To clarify this conclusion, the methods and criteria are set out in the example of the
maintenance of aviation electrical equipment [35].

4. Influence of the Balance of Failures and Faults of Electrical Equipment on the Terms
of Its Diagnosis

Electrical equipment of a trolleybus can be faulty, defective and failed (Figure 1). The
average intensity of fault occurrence λ1 and failure occurrence λ2 are related to the average
times T1 and T2, respectively, by the expressions

λ1 =
1
T1

, λ2 =
1
T2

. (16)

During the analysis we used the statistical material, which characterizes the intensity
of failures and malfunctions. The occurrence of malfunctions was taken as a delay in the
release of the trolleybus. Further on, this assumption means that the reliability of fault
detection during preventive maintenance is not required above the one accepted for the
monitoring of the vehicles leaving the line. The cases of returns from the line and cases of
downtime on the line were taken as failures. Then, the time T2—the time of transition of
the fault to failure, will be determined as follows

T2 =
number of working days

number of failures
− number of working days

number of failures + number of mal f unction
. (17)

If the intensity of failures and faults (which was taken as λ1, since every failure is
preceded by a fault) is much higher than the intensity of failures λ2, then we can assume
that the statistics of faults weakly affects the statistics of failures, that is, the correlation
between T1 and T2 is weak. Otherwise, the correlation between T1 and T2 is large and must
be taken into account. The characteristic of the relationship is the ratio

ρ =
λ1

λ2
. (18)

With the exponential character, the reliability function P(t) point td opt is determined
from Equation (18)

td opt =
lnλ1 − lnλ2

λ1 − λ2
=

φ(ρ)

λ2
, (19)
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where ϕ(ρ) is a tabulated function [36]. Expression (19) in the presence of a linear relation-
ship between T1 and T2 (ρ < 2) according to (18) can be refined by replacing the function

φ1(ρ) =
(ρ + 1) · ln(ρ + 1)

ρ2 . (20)

Using the above expressions (16)–(20) according to the statistical data, the calculation
of the optimal inter-diagnostic period for each month of the year for the trolleybus TED
was determined (Table 4). In the calculation, the relationship between the times T1 and T2
was considered weak. The confidence approximation interval at confidence probability
α = 0.9 has boundaries from +9 to −8% of the optimum.

Table 4. Calculation of trolleybus traction motor inter-diagnostic periods.

Month td opt, Days td opt max, Days td opt min, Days

January 8.1 8.9 7.5
February 8.5 9.3 7.9

March 6.1 6.7 5.6
April 5.1 5.6 4.7
May 5.1 5.7 4.7
June 6.7 7.3 6.1
July 11.0 12.0 10.0

August 7.3 8.0 6.7
September 9.0 10.5 8.8

October 9.3 10.0 8.5
November 9.8 9.8 8.7
December 9.7 9.3 8.9

In fact, there is a connection between the times T1 and T2. However, in the case of
such a complicated electrical complex as a trolleybus EE, in general, this relationship can
be neglected in order to simplify the calculations. If this relationship is taken into account,
the inter-protective period according to Table 3 will be somewhat longer. For example, if
the relationship between T1 and T2 is considered linear, then td opt increases by 5–10%.

Thus, as follows from Table 3, if the repair work, regular maintenance work and the
level of control of the machines when they go on the line remain unchanged, then the
methodology adopted by [27] for determining the optimal timing of preventive main-
tenance (diagnosis and partial adjustment) of electrical equipment leads to an increase
relative to the existing timing.

The effect of increasing the efficiency of EE monitoring before going to the line, i.e.,
the effect of fault detection efficiency, was estimated as follows. Let us say, for example,
that in August when the line was released there were not 63 faults, but 76 (an increase of
20%). The number of faults on the line will correspondingly be 13 less.

According to the adopted method of optimizing the time td, the new optimal time
td will be 8.5 days instead of 7.3 days, that is, there is an opportunity to increase the
inter-diagnostic period by 20%.

The given distributions and calculations allow us to make conclusions about useful
diagnostic terms. The diagnostics terms differ from the regulation ones; this is explained
by the fact that the calculation of diagnostics terms (Table 3) is aimed at optimizing the
inter-diagnostic period at a given intensity of failures (or flow of failures, which is the same
at λ(t) = const), but not at achieving the maximum given level of reliability of trolleybus
electrical equipment.

The paper obtained the dependence between the optimal diagnostic time td opt on the
intensity of failures of electrical equipment λ1 and the intensity of its failures λ2. According
to (19)
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td opt =
lnλ1 − lnλ2

λ1 − λ2
=

ln
(

λ1
λ2

)
λ2 ·

(
λ1
λ2
− 1
) . (21)

Denoting z = λ1
λ1+λ2

, we obtain

td opt =
2 · z− 1

ln
( z

1−z
)
· λ

, (22)

where λ = λ1 + λ2.
Obviously, at λ = 0.5 the function z(λ) has uncertainty. Using the theory of limits to

find uncertain values of functions [37], we obtain a value of the function equal to 0.5 at
λ = 0.5.

The graph in Figure 11 shows the dependence between the parameter z and the failure
rate λ for determining the optimal diagnostic time for trolleybus electrical equipment. So,
having λ = 1/3, we get z = 0.481. That is, at failure of electrical equipment, equal to the
third part of the total number of its failures (λ1 = 0.3λ), (λ2 = 0.7λ), the optimal time of
diagnostics of trolleybus electrical equipment will be defined as

td opt =
0.481

λ
. (23)
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Figure 11. Dependence for determining the optimal diagnostic time of trolleybus electrical equipment
between the parameter z and the failure rate λ.

Dependence z(λ) (Figure 11) also allows you to estimate the diagnostic time of elec-
trical equipment in the case where only the total number of equipment failures is deter-
mined without differentiating these failures into soft failures (eliminated before operation)
and hard failures (leading to line downtime and returns to the depot for unscheduled
repairs) [38].

Let’s determine the optimal diagnostic time td opt using the laws of distribution of the
probability of occurrence of a failure and failure in the interventional period [39–42].
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The probability of failure (together with the failure) is determined by the expression
depending on the inter-protective time

Pf = 1−
td∫

0

f1(τ) · dτ, (24)

where f 1(τ) is the probability density of occurrence of failure. The probability of occurrence
of a failure during the inter-protective period is equal to

Pm =

td∫
0

f0(τ) · dτ. (25)

Since the general state of the object corresponds to unit probability (ΣP = 1), the
probability that a failure will occur before the next preventive maintenance, but no failure
will occur (return from the line or idle time on the line) is defined as the difference

Pf m = 1− Pf (td)− Pm(td). (26)

The general view of the dependencies Pfm(td), Pf(td), Pm(td) for trolleybus EE under
the exponential law of reliability change is shown in Figure 12.
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Figure 12. General view of dependencies Pfm(td), Pf(td), Pm(td) for trolleybus electrical equipment.

The function Pf(td) determines the probability that neither failures nor malfunctions
will occur (sum of neither); Pm(td) is the probability of failure; 1 − Pf(td) − Pm(td) is the
probability of malfunction; 1 − Pf(td) is the probability of both failure and malfunction
(sum of both); P(td).

The function Pf (td) is decreasing and together with Pfm(td) form the reliability function,
which was adopted earlier as an exponential law of reliability. The function Pm is non-
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decreasing. The intensity of failures of the object (the parameter of the flow of failures of
the repaired object) will be minimal, if it is possible to use the maximum “resource of faulty
operation” [43,44].

In this case, of course, the amount of works on preventive maintenance can increase,
but relative to the failures per unit time will achieve a minimum, which for a long period
will give a reduction in the total number of failures. If the quality of preventive work,
despite some increase in the volume of work, will not change, then the inter-diagnostic
period td, corresponding to the maximum, will be optimal. Both the decrease in td, relative
to it, and the increase will give the increase in the total number of failures for the longer
period [45–47].

Depending on the nature of the reliability function P(t), the point td opt is defined as
the maximum of the function Pfm(td) (Figure 12).

Thus, the optimum time between adjustments of the node is

td opt =
Pmax

λ
. (27)

Figure 13 shows the dependences Pfm(td), Pf(td), Pm(td) for determining the optimal
time between adjustments of EE at λ = 0.647 and different fractions of faults in the sum of
faults and failures.

It has been determined that depending on the number of failures detected during
preventive inspection or repair, λ1 is the optimum time between adjustments of the unit
td opt, with td opt not depending on the intensity of failures λ, but only on the balance of
failures λ1 and failures λ1.

Table 5 shows the calculation of optimal inter-diagnostic periods of trolleybus electrical
equipment td opt at different balance of faults and failures and intensity of failures λ, 1/year.
Plots of dependences td opt(λ1) and td opt(λ2) for trolleybus electrical equipment failure
intensity range λ = [0.25 . . . 2.25] are shown in Figure 14.

It is easy to see that with the increase in faults (defects, minor failures, eliminated
directly at the release of rolling stock) in relation to failures (severe forms of failure, leading
to the derailment of the rolling stock from the line) diagnostic time increases and vice
versa [48–52].

Thus, having detailed statistical information on EE failures (including information
about the significance of the failure, the degree of consequence of the failure for further
operation of the rolling stock), you can find the optimal value of both the preventive period
and the diagnostic period for each type of trolleybus EE [53].

It should be noted that according to the proposed methodology it is possible to
determine the preventive maintenance period and diagnostic terms both for the EE unit as
a whole and for its individual element (unit, node), which contributes to the optimization
of diagnostic work on labor intensity and cost-effectiveness.

The results of the calculation of td opt in the most typical case, when the faults detected
during the preventive inspection or repair are λ1 = 30%, and the failures are λ2 = 70% are
presented in Table 1 for each type of EE.

The quality of existing diagnostics is indirectly represented by the share of rolling
units returned from the line of the total number of defective machines. The higher this
share, the more imperfect are the existing methods of initial defect detection. The data
on the return rate kreturns are presented in Table 1. According to the given evaluation,
the following elements are characterized as fault-tolerant elements: starting and shunt
resistance, insulation resistance of the trolleybus (leakage current), auxiliary motor of the
door drive, accumulator, traction motor, relay-regulator, motor-compressor. The coefficient
kreturns in addition to diagnostic imperfection characterizes the degree of influence of line
conditions on the object (Figure 13) and the degree of refinement of the trolleybus EE design.

Due to the analysis performed, a number of EE units were identified for which, first of
all, it is necessary to ensure quick and correct fault diagnosis in order to perform as few
breakdowns disturbing the running-in process as possible during repair. In order to reduce
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the effect of running-in, the following units should be selected from the list in Table 1:
control circuit, controller and reverser, traction motor, contactor, auxiliary motor.
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Figure 13. Determination of the optimum period of inter-regulated operation of electrical equipment:
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Table 5. Calculation of optimal inter-diagnostic periods of trolleybus electrical equipment td opt with
different balances of faults and failures.

Malfunction λ1, % 0 10 20 30 40 50 60 70 80 90 100

Failures λ2, % 100 90 80 70 60 50 40 30 20 10 0

λ = 0.05
Pmax, r.u. 0 0.04 0.08 0.13 0.19 0.25 0.33 0.42 0.53 0.70 1

td opt, years 0 0.33 0.64 0.98 1.11 1.3 1.72 2.31 3.01 3.9 8

λ = 0.25
Pmax, r.u. 0 0.04 0.08 0.13 0.19 0.25 0.33 0.42 0.53 0.70 1

td opt, years 0 0.16 0.33 0.52 0.74 1 1.30 1.67 2.14 2.79 4

λ = 0.5
Pmax, r.u. 0 0.04 0.08 0.13 0.19 0.25 0.33 0.42 0.53 0.70 1

td opt, years 0 0.08 0.16 0.26 0.37 0.5 0.65 0.84 1.07 1.39 2

λ = 0.75
Pmax, r.u. 0 0.04 0.08 0.13 0.19 0.25 0.33 0.42 0.53 0.70 1

td opt, years 0 0.05 0.1 0.17 0.25 0.33 0.43 0.56 0.71 0.93 1.33

λ = 1
Pmax, r.u. 0 0.04 0.08 0.13 0.19 0.25 0.33 0.42 0.53 0.70 1

td opt, years 0 0.04 0.08 0.13 0.19 0.25 0.33 0.42 0.53 0.70 1

λ = 1.25
Pmax, r.u. 0 0.04 0.08 0.13 0.19 0.25 0.33 0.42 0.53 0.70 1

td opt, years 0 0.03 0.07 0.10 0.15 0.20 0.26 0.33 0.43 0.56 0.8

λ = 1.5
Pmax, r.u. 0 0.04 0.08 0.13 0.19 0.25 0.33 0.42 0.53 0.70 1

td opt, years 0 0.03 0.06 0.09 0.12 0.17 0.22 0.28 0.36 0.47 0.67

λ = 1.75
Pmax, r.u. 0 0.04 0.08 0.13 0.19 0.25 0.33 0.42 0.53 0.70 1

td opt, years 0 0.02 0.05 0.08 0.10 0.14 0.19 0.24 0.30 0.40 0.57

λ = 2
Pmax, r.u. 0 0.04 0.08 0.13 0.19 0.25 0.33 0.42 0.53 0.70 1

td opt, years 0 0.02 0.04 0.07 0.09 0.13 0.16 0.20 0.27 0.35 0.5

λ = 2.25
Pmax, r.u. 0 0.04 0.08 0.13 0.19 0.25 0.33 0.42 0.53 0.70 1

td opt, years 0 0.02 0.04 0.06 0.08 0.11 0.15 0.19 0.24 0.31 0.44

In this paper we managed to identify failures that do not lead to failures, and they
can be promptly eliminated, and failures of electrical complexes that lead to irregular
removal of electric rolling stock from the line and their repair at a time when the electric bus
should have been on the line. We have highlighted that inter-repair failures are the most
undesirable equipment failures. Additionally, the presented model makes it possible to
analyze the fact that when the equipment is restored during the maintenance of the system
units, the recovery of the whole system is not 100%, and each subsequent restoration of
the system worsens its reliability indicators. Here the parameter of the resource recovery
factor is used. By the coefficient of restoration of the resource of an element is understood
the probability of how much the restoration of the resource correlates with a new element
that has a probability of failure-free operation (Figure 2). Thus, it allows the estimation
of the time of the trolleybus EE diagnostics more precisely and allows the refining of it in
comparison with the existing one. The authors made proposals to change the preventive
maintenance regulations, the main task of which became the detection of a malfunction
that can lead to total failure. In this case, preventive maintenance turns into combined
preventive maintenance for the applied rolling stock units.

Since the proposed method is based on the theory of probability and mathematical
statistics, the limitations of the presented method can be considered to be the accepted
independence of failures of electrical equipment elements from each other. At the same time,
taking into account that in trolleybuses and electric buses there are hundreds of systems
with the total number of subsystems, units, elements and parts exceeding ten thousand, it
is very important to take into account the mutual influence of these components on each
other when determining the reliability of the entire system (Figure 3). For example, the
authors have experimentally established that failures of mechanical equipment of electric
buses (transmission, gearbox, cardan shafts, etc.) can cause malfunctions and failures of
the traction motor. Taking into account these mutual influences not only qualitatively,
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but also quantitatively by means of mathematical analysis can improve the accuracy of
determining and predicting the reliability of electrical equipment of modern trolleybuses
and electric buses.
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with different balances of faults λ1 and failures λ2.

5. Conclusions

1. As a result of processing statistical information on failures, it was found that for
trolleybus electrical equipment after a number of repair actions, the maximum failure
density occurs at lower mileage, and the probability of failure-free operation can vary
depending on the degree of wear of the equipment, i.e., on the number of previous
failures. In addition, Gauss’s law is valid for brand new electrical equipment. In
all other cases, Rayleigh’s uniform and exponential law is more valid. This analysis
allows us to say that the recovery of technical reliability of trolleybus and electric bus
subsystems is not complete and it is necessary to take into account the recovery factor
of the whole system, which will be the subject of future research.

2. The dependence of switching equipment run-in on time has been clarified, which
served as a prerequisite for specifying the inter-repair period for each type of trolley-
bus electrical equipment. The method of adjustment of the inter-repair time for the
electrical equipment of trolleybuses is proposed.

3. It is theoretically substantiated and experimentally confirmed that the reliability of
electrical equipment of trolleybuses in operation changes according to the exponential
law. It has been established that the real average diagnostics terms regulated by in-
structions are not optimal in most cases and differ several times from those defined in
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the work. Thus, it is necessary to switch from the planned preventive repair system to
the system of repairs according to need (according to the current technical condition).

4. On the basis of reliability theory, probability theory and mathematical statistics,
numerical methods of nonlinear and transcendental equations solution, the terms of
diagnostics td depending on failure intensity λ(t) and given probability of equipment
no-failure operation P(t) are determined. The inverse problem of determining the
current reliability of electrical engineering systems depending on the diagnostic time
td and the failure rate λ (t) is also solved.

5. The effect of fault balance λ1 and failures λ2 in the sum of faults and failures λ on the
optimal time between adjustments td opt of electrical equipment is investigated. It is
concluded that td opt depends on the balance of faults λ1 and failures λ2. The calcula-
tion of optimum between-diagnostic periods of t trolleybus electrical equipment td opt
with different balance of failures λ1 and failures λ2 was achieved.
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