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1. Introduction

The integral representation of special functions provides an alternative way to express
these functions in terms of integrals involving other functions. They often involve a weight
function and a kernel function related to the specific special function being considered. The
weight function appears as a factor in the integral and reflects the orthogonality property
of the associated orthogonal polynomials, and the kernel function represents the additional
dependence.

The integral representation allows us to express special functions as infinite series or
integrals involving some classical orthogonal polynomials. This connection arises from the
fact that the orthogonality condition is satisfied by classical orthogonal polynomials, which
naturally leads to the appearance of these polynomials in the integral representation of
special functions. In this work, we are going to consider the Hermite polynomials.

The hypergeometric functions, which have applications in many areas, including
mathematical physics and combinatorics, can be represented in terms of integrals involv-
ing other hypergeometric functions and classical orthogonal polynomials like the Jacobi,
Hermite, and Laguerre polynomials, which can be expressed as hypergeometric series (see
c.f. [1] and [2] (Section 16)).

For a detailed history of the subject of integral representations for hypergeometric se-
ries and basic hypergeometric functions (which is a natural extension of the hypergeometric
series), see [3] and [4] (Chapter 4).

R. Sfaxi has established in [5], by means of a linear isomorphism, the so-called inter-
twining operator on polynomials, a relationship between the ordinary Hermite polynomials
and their analog nonsingular and of Laguerre-Hahn with class zero. Among others, the
author has put in value an important linear functional, namely the generalized Hermite linear
functional, denoted by ¥y (1) of index T € C, with T # —n, n > 1, where their moments
are given by

w, if n = 2k,
k122K 1)
0,ifn =2k+1,

(gH(T))n = (Yy(1),x") =

Mathematics 2023, 11, 3227. https:/ /doi.org/10.3390/math11143227

https://www.mdpi.com/journal /mathematics


https://doi.org/10.3390/math11143227
https://doi.org/10.3390/math11143227
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0002-9545-7411
https://doi.org/10.3390/math11143227
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math11143227?type=check_update&version=1

Mathematics 2023, 11, 3227 20f 10

where (a), is the Pochhammer symbol, defined as
(a)o:=1, (a)y:=a(a+1)---(a+k—-1), acC\{0}, k=1,23,...,

thus % (7) is symmetric and monic, i.e., (%(7)), = 1.
Observe that setting T = 0 in (1) we recover the Hermite linear functional, i.e.,
91 = 91(0), that is well-known by its integral representation

1 o0 -~
(GH,p) = NG /_oop(x)e “dx, peP. ()
So we can write
T+1
@) = T gy w0,

(V)n

Note that the linear functional ¥} is classical, since it is quasi-definite and satisfies the
Pearson equation
Gf, +2xGy = 0. 3)

Taking this into account, the following result holds.
Lemma 1. For any t € C, the linear functional 4y () fulfills the difference equation
(2% (1)) + (2x(® — T = 2)%u (1)) + (=42 + (T + 1) (T +2))%u(t) = 0.
Proof. Let T € C, if we define the linear functional £(7) as
&(t) i= (P (1)) + 2x(x® = T = 2)%y (1)) + (— 4% + (T + 1) (7 +2)) % (7).
Then, for n > 0, one obtains
(€(1), = —2(n+2)(%u(7)),p + (M +T+2)(n+7+1)(Gu(7)),, (4)

Since ¢};(7) is symmetric, then (£(7)),, .1 =0, for every k > 0. On the other hand,
setting n = 2k in (4) and taking into account (1), we get for k > 0,

(6(7)) 5

—4(k+1) (91 (7)) g p + 2k + T +2)(2k + 7 +1) (91 (7)) 5

(T+1D)opsn  Rk+1+7+1)2k+1+1)(T+1)%
K122k k!22k

=0.

Therefore, (& (T))n =0foralln =0,1,.... Hence, the result holds. O

Our purpose in this work is to provide integral representations for the linear functional
%11 (), either on the real axis, or on the complex plane. More precisely, the problem consists
of determining a weight function Gy (e; 7), such that

@u(x),p) = [ pGu(xT)dx, peP,

where () is an interval in the real line, or a contour in the complex plane.

The paper is organized as follows. In the next section, there are some preliminaries and
notations. In Sections 3 and 4, integral representations in the real line and in the complex
plane, respectively, are provided. As an application of the previous results, in Section 5,
some new integral representations for the Euler Gamma function are given.
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2. Preliminaries and Notation

Let IP be the vector space of polynomials with complex coefficients and let P’ be its
dual space. We denote by (u, f) the action of the linear functional u € P’ on the polynomial
f € P. In particular, we denote by (u), := (u,x"), n > 0, the moments of u.

Definition 1. A linear functional u is called symmetric if (u)2,41 =0, foralln =0,1,..., and
it is called monic if (u)y = 1.

In fact, for any 7 € C, the linear functional ¥ (7) is symmetric (see (1)) which allows us
to suppose the weight function Gy (e; T) is even, i.e., it can be written as Gy (x; ) = U(|x]; 7),
where U(e; T) is a function defined on (0, c0). In fact, this is a direct consequence of the
following result.

Lemma 2. Let .Z be a symmetric linear function that has an integral representation. Then, there
exists a function U defined on (0, c0), such that

(Z,p) = /j; p(x)U(|x|)dx.

Proof. From the assumption there exists a function L, defined on (—oo, 00), such that

(0]

(Zp) = [ _poLxdx.

—00

Let us introduce the following two functions, defined on (0, o), as follows:

X —x M ;
U(x) = %, V(x) = { 2 0/ lix 7’_é 8/

A straightforward calculation gives that L(x) = U(|x|) + xV(|x]), for all x € R.
Moreover, since x2"*1V(|x|) is an odd function we have

(Lhn = [ @u(xdz+ [~ 2V (Jadx = [ a2 U(|x])ax

—00

On the other hand, since .# is symmetric and x*"*1U(|x|) is an odd function, we get
(L)ansr = / (] )dx = 0.
Therefore, for any polynomial p € P,

o= [ pu(sax.
O

The next result related to hypergeometric functions will be useful later.

Lemma 3 ([6,7]). The following formulae hold:
1. IfR(a) > 0and R(s) > 0, then

/0 L F (ay; by t)e Stdt = 1"5(24) 2Fi(ay, a;b1;1/5). ©)
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2. IfR(c—a—0b)>0,then

2Fi(a,b;c;1) = T(c—a)T(c—b)’ (6)
here (@)(b)i 2* (a)y 2*
2 () (b)y z 2 (a) z
coiz) = § , ;b;z) = E —.
h(a b6iz) k=0 () K 1Fa(45:2) k=0 (b)y k!

In future work, we will denote by H.(x) the Hermite function (of degree T), which can
be represented in terms of the confluent hypergeometric function 1 F; as follows [7]:

T (%) T, 1 T F( %) 1_T.§. 2
HT(X)—Z F(PTT) 1F1< 2/2 >+2 1—.( %) lFl< 2 rzrx ) (7)

3. Integral Representation on R

In the following result, we present a new definite integration formulae involving the
Hermite functions.

Lemma 4. Forany (z,7) € C2, with R(z) > —1, the following formulae hold:

© 2, Jr T(z+1)

/0 X*Hy(x)e “dx = T (5T 1) (8)
. e, VA TE+1)

[l dx = X5 e ©)

Proof. Since the function |x|"H,(|x e is even, it is enough to prove (8).
g p

Let us fix T € C, with ®(t) > —1. Forany z € C, with —1 < R(z) < R(7), let us
consider the following integral:

Tr(_l)
r(l%)“(z) +2 r(-%)

N i z _Il 2 —x2
I1(z2) .—/0 X 1F1( 2,2,x )e dx,
00 1-7 3 2
o z+1 -t 2
Q(z2) .—./0 x 1F1( 7 i X )e dx.

By changing the variable of integration, by setting t = x2, and using (5), with s = 1,
«=(z+1)/2,a0 = —7/2,and by = 1/2, we obtain

1 z+4+1 T z—|-1 1

Again, with (5), wheres =1,a = (z+2)/2,a1 = (1 —7)/2,and b; = 3/2, we get

1 z4+2 1—-17 z42 3

O(z), (10)

where
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Since R(z) < R(7), by using (6) I1(z) and Q(z) can be written as
(LT (hr(z=z
H(Z) _ ( 2 l)+T2) (Z2 ),
20 (75)I(=3)
T(E2 (3T (=2
o = TERTAICE)
20 (555)I(%7)
Therefore, taking into account I'(1)? = —T(—})I'(3) = 7, the expression (10) can be
rewritten as follows:
271 ]"(;
A(z) = 2 - (U(z,7) - U(z+1,T7+1)
TEE] )
where et
T(ZEA\T (=2
Uer) = 2
I(5)T(5%0)
Using the duplication formula
T
Frwr(l—u)=
(u)T( ) sin(7tu)
a straightforward calculation leads to
cos(5 1) sin(5 1)
= —=— 1 1
UGz ) cos(%z)’ Uiz+17+1) sin(%z)
Then,
A(Z) _ 2.[7-[1-'(%) ( (T_Z)),

I(-3)r(:2) sin(mz)
so, by using the Gauss—Legendre multiplication formula,
T(u)T(u+ 1) =272/ T(2u),

and, again, with the duplication formula, we get

_ Vr T(z+1)
AMa) = a5y

For this proof, we assumed the conditions —1 < R(z) < R(7), then the integral A(z)
converged exponentially to zero when T — oo. Hence, through analytic continuation, (10)
is valid for each (t,z) € C?, with R(z) > —1. O

Remark 1. Note that the above result also covers the z = T case. In fact, if T =0, 1, ... this
identity represents the property of orthogonality for the monic Hermite polynomials.

As a consequence, we have the following result:
Corollary 1. Forany T € C, with R(7t) > —1, the following formulae hold:

0 _ VT T2n+141)
/0 KT He (x)edx T2t T(n+1) (1)

VAT(2n+1+1)

oo ) 2 B
/_oox "x|"He(|x])e ™ dx = 20 Tt 1) (12)
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Theorem 1. For any T € C, with R(t) > —1, the linear functional 4y () has the following
integral representation:

(“u(T),p) = p(x)|x["He(|x])e ' dx, peP, (13)

e e

where Hy is the Hermite function (of degree T).

Proof. Due to the Equation (1) and Corollary 1,

(T+1)2n r2n+7t+1)

) vy v oy

fr(1~r+1)/ 2 |x| " He (| x| )e ™ dx,
1
(“1()) gy =0= VAL(T+1)

/ 2”+l|x’TH (lxD xzdx‘

Therefore, one has

1 i .2
(Gu(r)), = m/_oo x| He(|x])e Fdx,  n=0,1,...
Consequently, for any polynomial p € P,
1 "0 2
(D)) = prery [ PO He (e a

O

Observe that if we set n = 0 in (11) we get a new integral representation for the Euler
Gamma function. In fact, for any 7 € C, with ®(7) > —1,

x2

re+1)= / X He(x)e ¥ dx, (14)

I(t+1) |x|THe (x| )e™ dx. (15)

-

4. Integral Representation on the Complex Plane
Theorem 2. For any T € C, the following identities hold:
(i)
/C Y THA(|g)e dg =0, n=0,1,...
1

(ii)  Foranyn € N, so that T + 2n + 1 is not a negative integer, we have

VaT(2n+1+1)

21| 7|T “24,_ NVtilan+Tr 1) .
[ e e(ghe Car = - R, =0,

where Cq is the following contour in the complex plane (See Figure 1).
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Figure 1. Path C;.

Proof. We deform Cj into a contour C; consisting of two straight lines and a circle (see
Figure 2).

arg({)=0

Figure 2. Path C;.

where v := {{ € C: ¥({) > 0,|¢| = €}, being € > 0.
Now, for each integer n > 0 and 7 € C, we define

= [, ClHe(Ehe Pz = [ e (2)e
"|g|TH.(1)e ¢ d "|Z|THe(12))edg.
+ [ HeeheCaz+ [ el Helze € g
So, if ®(t) > —n — 1, after a direct computation, we get

hm/ g\ He(1g))e ¢ dg :_/wa””Hr(x)e_xzdx,
"g|T “Par ([ e e
tim [ gD T = (1) [ et (e

For the middle integral, we obtain

’/ €"|€|THT(|ZD€_§2d€‘ ‘/ n m9 TH ) —e22i0 eiGdG
Y
<e n+R(7) +1/ |H ( )| —ezcos(ZG)del

knowing that H-(0) = 27y/7r/T(157), it is straightforward to see that
tim [ "[¢|"He(lg)e <dg = 0.
e—0 04
Therefore, for each n > 0 and 7 € C, such that ®(7t) > —n — 1, we have
I(7) = —((—1)" + 1) / ¥ He (x)e~ dx.
0

Then, I, 11(t) = 0 for all n > 0. Notice that for the proof of i), we assumed (1) >
—n — 1, but the integral converges exponentially when T — o, and therefore it exists for
all . Hence, (i) holds through analytic continuation for any T € C.

On the other hand, using (11), it follows that

IZn(T) ;/221-‘(2;2:_:1—; 1)
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Hence, (ii) holds, for the same reason already quoted and by analytic continuation of
T € C, except when 2n + T + 1 is a negative integer, where the function I is undefined. O

As a consequence, we have the following result.
Theorem 3. Forany T € C, with —t ¢ N, the linear functional 4y () has the following integral
(16)

representation:
1 . 2
| PR He(lx)e Vdx, peP,
1

(000 = ==y

where Hy is the Hermite function (of degree T).
Using an analog idea allows us to formulate another integral representation for the

gamma function in the complex plane by using a different contour.
Theorem 4. For any T € C, with —7 ¢ N, the Euler’s Gamma function satisfies the following
(17)

integral representation:
T(t+1) = 2 | e He e Fa
©Vr(errit—1) Je© T '

where Cis the following contour in the complex plane (See Figure 3).

/ \‘:,, x
\ —

Figure 3. Path of integration C.
Proof. We deform C into a contour C consisting of two straight lines and a circle (See

Figure 4):

c |
\ arg(()=0
X

/
‘\\ / arg({)=2m

Figure 4. Path of integration C.

We let ,
() = LT He)e T

Then
— € T -2 T -2 *© T -2
0 = [ @t [ CHe@eCag s [T e,
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and if ®(7) > —1 in a direct way, we obtain

l%/:gTHT(C)e_gzdg :—?r(wl),

lim /m CTHo(Q)e 0dg = ehl’T?r(w 1).

e—0

For the middle integral, we obtain

2 . ; )
‘/H ngT(C)e—ézda — ‘/ (eele)THT(eele)e_ezezGeielgde
J|Z|=€e JO

< €§R(T)+1 /27r |HT (eeiﬂ) |e—62 cos(ZG)—H(S’(T}-&-l) 40,
0

thus,
lim {THe(Q)e ¢%dZ = 0.

e—0 ‘C‘:g

Finally,

J(7) = (@7 - ) Yr(r +1)

hence, the result holds. In the proof, we have assumed that ®(7) > —1, but the integral (17)
converges exponentially at infinity, and therefore it exists for all 7. In fact, through analytic
continuation, the result is valid for every complex T, except for the negative integers, where
the denominator vanishes. O

In addition, from the last representation, we obtain the following;:

1

Mr+1) = iy/mrsin(mT)

L= He(@)e Fae.
In the last result, we show a representation for the reciprocal of I'(T + 1).

Theorem 5. )
- = g —% _ —1-—7 _52
rc+1)  ° /C( 0)" THoq«(Q)e " dC.

This representation is valid for all T and C is the same contour as in the previous theorem.

Proof. Based on the last representation, one has

1 17 2
I(-1) = W/C(_g) ! H_1_+(0)e ¢ ag
I(t+1)T'(—1)

3
17T2

L0 A (@ P,

This leads to the desired result. [

5. Conclusions

We have obtained integral representations of a generalized linear Hermite functional,
which is among the natural extensions of the linear Hermite functional, using the fact
this linear functional is symmetric, i.e., the odd moments associated with this functional
are zero, and also the fact that some hypergeometric representations associated with the
Hermite polynomials are known. Observe that this can also be implemented for other
symmetric classical orthogonal polynomials. Moreover, we have obtained an integral
representation for the generalized linear Hermite functional in the complex plane, and from
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this integral representation, we are able to obtain a novel integral representation for the
Euler Gamma function.

Of course, this method can be applied not only to other (symmetric) classical orthogo-
nal polynomials but to any other symmetric orthogonal polynomial sequence for which a
hypergeometric representation is known. This is something we should do in order to obtain
novel integral representations for other Special functions; for example we could consider
some other generalization for the Hermite linear functional, as well as some Laguerre-Hahn
or semi-classical, orthogonal polynomials (see, e.g., [8,9] and the references therein).

Funding: This work was funded by Universidad Loyola Andalucia.
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References

1. Andrews, G.E; Askey, R.; Roy, R. Special functions. In Encyclopedia of Mathematics and Its Applications, 71; Cambridge University
Press: Cambridge, UK, 1999; pp. xvi+664.

2. Olver, EW.].; Daalhuis, A.B.O.; Lozier, D.W.; Schneider, B.I.; Boisvert, R.F.; Clark, C.W.; Miller, B.R.; Saunders, B.V.; Cohl, H.S.;
McClain, M.A. NIST Digital Library of Mathematical Functions. Available online: https://dlmf.nist.gov/ (accessed on 28
June 2023).

3. Gasper, G. g-extensions of Barnes’, Cauchy’s, and Euler’s beta integrals. In Topics in Mathematical Analysis; Volume 11 of Series
Pure Maths; World Scientific Publishing: Teaneck, NJ, USA, 1989; pp. 294-314.

4. Gasper, G.; Rahman, M. Basic hypergeometric series. With a foreword by Richard Askey. In Encyclopedia of Mathematics and Its
Applications, 2nd ed.; Cambridge University Press: Cambridge, UK, 2004; Volume 96.

5. Sfaxi, R. On the Laguerre-Hahn intertwining operator and application to connection formulae. Acta Appl. Math. 2011, 113,
305-321.

6.  Koekoek, R.; Lesky, P.A.; Swarttouw, R.F. Hypergeometric Orthogonal Polynomials and Their g-analogues. In Springer Monographs
in Mathematics; Springer: Berlin, Germany, 2010.

7.  Lebedev, N.N. Special Functions and Their Applications; Prentice-Hall: Englewood Cliffs, NJ, USA, 1965. (In Russian)

8.  Cohl, H.S,; Costas-Santos, R.S. Multi-integral representations for associated Legendre and Ferrers functions. Symmetry 2020,
12,22.

9.  Rebocho, M.N. Laguerre-Hahn orthogonal polynomials on the real line. Random Matrices Theory Appl. 2020, 9, 33.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


https://dlmf.nist.gov/

	Introduction
	Preliminaries and Notation
	Integral Representation on R
	Integral Representation on the Complex Plane
	Conclusions
	References

