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Abstract: We introduce a new model that captures the cellular evolution of patients with chronic lym-
phocytic leukemia who are receiving chemotherapy. As chemotherapy can induce allergic reactions
and tumor lysis syndrome, we took into account the process of desensitization and the number of
dead leukemic cells in the body. The mathematical model uses delayed-differential equations. Quali-
tative properties of the solutions are proved, including partial stability with respect to some variables
and to the invariant set of positive initial data. Numerical simulations are also used to complete the
description of the interplay between the immune system’s function, the chemotherapeutic activity
and the allergic reactions caused by the therapy.

Keywords: delayed-differential equations; chronic lymphocytic leukemia; drug-induced allergies;
desensitization

MSC: 92-10; 34K20; 34K21; 34K60

1. Introduction

Scientists from all across the world have been studying cancer for a long time. Mathe-
matical models which capture the cell dynamics in different types of cancer are essential
in offering a better understanding of the process. This contributes deeply to the develop-
ment of new treatment methods or to the improvement of the existing tactics. Any new
perspective can be a stepping stone in the process of curing the disease or, at the very least,
in improving the patient’s quality of life (see [1,2]).

Chronic lymphocytic leukemia (CLL) is a type of leukemia distinguished by uncon-
trolled proliferation and accumulation of dysfunctional mature B lymphocytes (a group of
white blood cells which are supposed to help fight infection).

Recent research studies have shown great promise in refining the administration
method of treatment for CLL patients. Although drug administration is necessary in most
cases, there some setbacks may appear. The most common problems that can arise are drug
toxicity, tumor lysis syndrome (TLS) and drug-induced allergies. Part of the studies which
capture these problems represent the basis of our model.

The treatments used in CLL increase the risk for tumor lysis syndrome (TLS). TLS is
a condition in which the kidneys are not able to remove the contents of dead cancer cells
fast enough. This can happen if a large number of cancer cells break down within a short
period of time.

According to [3], many patients with CLL reported cases of TLS, some of them fatal.
Furthermore, in [4], venetoclax-based therapy was shown to be related to TLS. Thus,
the need for preventing and monitoring TLS is evident.
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The authors of [5] examined the cytotoxicity of three chemotherapy drugs, chlorambu-
cil (Chl), melphalan (Mel) and cytarabine (Cyt), against surrogate leukemic cells in vitro.
Using the results, they developed a dynamic model that integrates both cancer cell growth
and death rates in proportion to drug concentration.

Besides the toxicity-related problems, some patients also suffer from drug-induced
allergic reactions. In both [6,7], there are documented cases of hypersensitivity to chloram-
bucil (which is often used in CLL treatments).

Allergies are an overly exaggerated response of the immune system after coming in
contact with an allergen. A brief recount of the most important cells and molecules that are
responsible for the appearance and the disappearance of allergic reactions is offered.

Allergic reactions are a result of an abundance of IgE (immunoglobulin E) antibodies.

White blood cells (lymphocytes) play an important part in our body’s immune re-
sponse. Lymphocytes consist of myeloid cells (dendritic cells, macrophages etc.) and
lymphoid cells (mainly T cells and B cells). Antigen presenting cells (APCs) are immune
cells which help activate T cells. The immune system is regulated by cytokines, which are
small proteins. These can boost or restrict the production of immune cells.

Among the different types of T cells, we will be focusing on T helper cells and regula-
tory T cells. AIIT cells are producers of cytokines which can inhibit the production of other
T cells. For example, type 1 T helper cells (Th1) and type 2 T helper cells (Th2) inhibit each
other, while regulatory T cells (Treg cells) suppress both Th1 and Th2 cells. We know [8]
that Th2 cells stimulate IgE production. An immunological imbalance between Th1 and
Th2 cells towards Th2 cells is often associated with allergies.

Allergen immunotherapy, also known as desensitization, is a process in which the
subject is repeatedly exposed to small doses (often incrementally larger) of the allergen. This
basically makes the immune system less sensitive to the allergen—it becomes acclimated.
Desensitization can be used for drug-induced allergies as well. It is very useful because the
patient can receive the first-line treatment for their disease. At a cellular level, a positive
result of desensitization may represent a balance shift between Th1 and Th2 cells [9].

The mathematical model we propose describes the immune response and evolution
of leukemic cells in case of CLL. The treatment is considered to be chlorambucil. Since,
as already mentioned above, there have been reports of allergic reactions to this drug, we
will consider variations in the desensitization dose of chemotherapy. Our mathematical
model will incorporate the risk of TLS by considering the concentration of dead cancer cells
in the system at any given time. Our new model may help determine the optimal drug
concentration without any allergic reactions or risk of TLS.

In order to capture the flow of the allergen better, we considered two body com-
partments: the central compartment and the peripheral compartment (following [10]).
The drug—the allergen in our case—is injected in the bloodstream, which is part of the
central compartment, and it spreads throughout the compartments.

2. The Mathematical Model

The model contains a set of eleven nonlinear delay-differential equations for which
the state variables are:

the concentration of Th1 cells—Tj;

the concentration of Th2 cells—T5;

the concentration of Tjeq cells—Ty;

the concentration of naive T helper cells—N;
the concentration of naive APC cells—Aq;
the concentration of mature APC cells—A5;
the flow of the chemotherapeutic drug—D;
the concentration of induced cytokines during chemotherapy—C;
the concentration of living leukemic cells—L;
the concentration of dead leukemic cells—L;;
the concentration of effector T cells—I.

XN

—_ = O
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In the construction of the model, we considered three time delays which are biological
relevant:

* T is the propagation time of allergen from the central compartment to the peripheral
compartment [11]:

arctg( I% )to
2
where t is the infusion time interval and K, is a pharmacokinetic parameter related
to the transition between the central and peripheral compartment;

* 1 is the cytokines production time (by APCs and T cells);

* 13 is the duration of a cell cycle for the division of leukemic cells.

T =

In what follows, we will describe each equation of the model.

The first four equations, which were deduced in [9], but with the consideration of
a delay for the action of APCs (as suggested in [10]), describe the CD4+ cells implied in
allergic reactions during desensitization for treatment with chlorambucil.

. T
N =a— BN — NAy(t — 1)) (HZQTJ — ONAy(t—1)To — kNA (t — )T, (1)

ho_ UNAz(f*Tl) T
Tl - ;Ble + (1 + err) 1 + VZTZ (2)
- Z)NAz(t—Tl) T
B=-phte (1+uTy) 1+ 7Tl ®
M1 1+ 1T
, CT,
Ty = —P4Ty + x vs. NAz(t—Tl)Tr—iyrHirc 4)

Equation (1) represents the variation in the concentration of naive T cells, which are pro-
duced at a constant rate «. The second term represents the degradation of naive cells. The last
three terms stands for the differentiation of naive cells into Th1, Th2 and Ty, respectively.

The next three equations are similar in design.

Equation (2) represents the variation in Th1 concentration, which is proportional to
the concentration of naive cells and the concentration of presented allergen.The first term
represents the degradation of Th1 cells. The second term represents the differentiation of
naive cells into Th1, diminished due to suppression by Tee and Th2 cells.

Equation (3) represents the variation in Th2 concentration, which is proportional to the
concentration of naive cells, the concentration of presented allergen and the concentration of
their respective cytokines. The first term represents the degradation of Th2 cells. The second
term represents the differentiation of naive cells into Th2 divided by the suppression of
Treg and Th1 cells.

Equation (4) represents the variation in Tye concentration, which is proportional
to the concentration of naive cells, the concentration of the presented allergen and the
concentration of their respective cytokines. The first term represents the degradation of
Treq cells and the second term represents the differentiation of naive cells into Tyeg. The last
term stands for the inhibition of Ty, by the induced cytokines during chemotherapy with
inhibition rate ;.

The parameter v determines how many differentiated T cells arise from a single
naive cell. ¢ and x account for differences in autocrine action between the three subsets.
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The suppression strength of Th1, Th2 and Treg is controlled by the parameters y1, yi2, and py,
in that order.

In the fifth and the sixth equations, we consider an activation process for APCs after
contact with an allergen, with A; being the concentration of naive APC cells and A; the
concentration of the mature ones.

Ay =a—BoDA1 — 1Ay 5)
Ay = BoDAy — 11242 — 1o ATy (6)

In Equation (5) the first term accounts for the supply rate of naive APCs and the
second term represent the APC activation by the antigen during chemotherapy. The third
term represents the death rate of nature APCs and the last term represent the reversed
activation of mature APCs by regulatory T cells with a rate po.

In Equation (6) the first term accounts for the supply rate of mature APCs due to
maturation of the naive ones, the second term represents the death rate of mature APCs
and the last term represents the reversed activation of mature APCs by regulatory T cells
with a rate po.

The seventh equation represents the flow of the chemotherapeutic drug, denoted by D.

]/lDLD
a+ D

D=A-7pD- @)
Equation (7) represents the variation in the dose of chemotherapy, eventually leading
to desensitization. The first term is the supply rate of the drug, the second one refers to the

n2
washout rate of the chemotherapeutic drug, yp = T where t; is the drug elimination
1 2

half-life (about 1.5 h for Chl). The last term illustrates the log-kill hypothesis, where yp is
the rate of the clearance of drug due to the interaction with cancer cells (see [5]).

The eighth equation represents the concentration of induced cytokines during
chemotherapy.

C= —72C —‘rk][Az(i’ — Tz) + N(t — Tz) + T](t — Tz) + Tz(t — Tz) + Tr(t — Tz)] (8)

For Equation (8), we follow [12] and consider the mature APCs and the mature T cells
as the sources of production. The first term accounts for the clearing rate of these cytokines,
the second term represents the production of cytokines by mature APCs, naive T cells, Th1l
cells, Th2 cells and T reg cells. The concentration of cytokines is denoted by C for simplicity.

Equations (9) and (10) show the dynamics of living (L) and dead leukemic cells (Ly).

. L
L=—yL—-B(L)L+ 26_7LT3‘B(LT3)LT3 —IL — pLLD 9)
a+D
- . “I/tLLD
Li=vL de + i+ D (10)

Equation (9) describes the dynamics of living leukemic cells, where we include in the
same equation the stem and mature cells. The first term corresponds to the cell death due
to apoptosis or necrosis with a rate ;. The cells go through division at a rate (L) and,
as a result, the number doubles after a delay time 73, corresponding to the cell cycle of
leukemic cells. The total number is corrected by e~ 7.3, which represents the loss during
the cell cycle.

The function S is (see [13]):

92
B(x) = ,BLm
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The term —c;IL represents the death of tumor cells due to the action of the immune
system. The last term represent the log-kill hypothesis, where y, is the death rate resulting
from the action of the drug on the cancer cells.

Equation (10) describes the dynamic of dead leukemic cells. The first term is the death
of leukemic cells with a rate coefficient of v due to apoptosis or necrosis. The negative
term corresponds to the dissolution of dead cells at a rate of 4. The last term represents the
log-kill hypothesis, with y] being the death rate resulting from the action of the drug on
the cancer cells.

The eleventh equation represents the concentration of effector T cells of the immune
system.

I':s—m1+7—C7—CZLI (11)

Equation (11) represents the dynamics of the immune cell population when it is
activated by the leukemic population at a rate p, with 7y being the half-saturation constant
pTI

+T
death rate of immune cells given by m. J represents the mortality rate of immune cells due
to the chemotherapeutic drug. Since some immune cells are inactivated by tumor cells
(see [14]), the last term was introduced to account for this.

A list of all the parameters, with a short description and relevant values, can be found
in Table A1.

of the Michaelis-Menten functional response given by (see [14]). There is a natural

3. Introducing New Notations for State Variables
In order to facilitate the study of the DDE system, we introduce the following notations:

¢ x1; = concentration of naive T cells(N ).

. xp = concentration of Th1 cells;

. x3 = concentration of Th2 cells;

* x4 =concentration of Ty, cells;

¢ x5 = concentration of naive APCs;

. X¢ = concentration of mature APCs;

*  x7 = amount of chlorambucil injected during desensitization;
*  xg = concentration of cytokines induced during chemotherapy;
*  x9 = population of living leukemic cells;

*  xj9 = population of dead leukemic cells;

*  x1; = concentration of effector T cells of the immune system.

We also consider the following notation for the delayed variables: x(t — T) = x.
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The system becomes:

X =a—B1x] — — X1 Xgr X3 — KX1 X6 X4

X1X X2
1767 14 pox3

X1X61y X2
1+ prxg) (1 + poxs)

Xy = —ﬁzXz-i—U(

x1X67, X3 (1 + p2x3)

X3 = —B3x3 + ¢v
P ¢ (1 + prxg) (1 + p1x2 + pox3)
) XgXg
X4 = —PaXy + K US. X1 X6, X4 — Ny 1+ x5
X5 = a — PoXx7X5 — Y115
. (12)
X6 = BoX7X5 — Y12X6 — HoX6X4
) HDX9X7
fg A — _—_—
X7 YDX7 Py
Xg = —72x8 + k1 [x61'2 + X1g, + X2p, + X3, + x4T2]
. _ LX9X7
X9 = —yLX9 — B(x9)X9 + 2~ T B(X9q, ) Xgr, — C1X9X11 — EL¥%7
a—+ xy
. X9X7
- —d KL
X10 = YLX9 — aXx19 + P x75
XoX X11X
X11 =8 —mx11 + ikl V7 | C2X9X11
Y+x9 cH+x7
4. Equilibria and Stability Analysis
The following biologically relevant equilibrium points will be studied:
e E;=(x,0,0,0,x% x;,x3,x5,0,0,x7,),
x5xk A K1 (xk + x*
withaf = xp = 0 Po%s o A KT g o
B1 Y11 + Boxy Y12 D 72
s(c+x3) .
me+x5(m+6)’
 Ey=(x},x500,x%x},x5,x5,0,0,x%,),
a — Bxy X5xk A ki(xk 4 xF + x5
with x} = *ﬁl* Loy = o x = Por; 2 x5 = g = 1% T2+ %5) g
X]xg 711 + Boxy 712 D T2
] s(c+x7)

M T (s
mc + x5 (m 4 9)
When we substitute x; and then x§, in the second equation of system (12), we get

o B27v12YD 711
! vBoAa

The linearized system around an equilibrium point is written as:
% = Ax + Bxy, 4+ Cxq, + Dxy, (13)
Wlthf = (xlr' o rxll)/ X = (xlr e rxll)r xTi = (xlTir e rxll'['i) andi = 1/2/3

Al of | .2

prm— ’ = =
ox |, 0xq |, X1,

, i=1,2 (14)
E;

7

E,‘ axTS
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The characteristic equation corresponding to (13) is :

det(/\Ig —A—Be M _Ce M De—Ma) -0 (15)

To study the stability of an equilibrium point, we use this characteristic equation. It is
known that if all the roots of the characteristic equation have negative real parts, then the
equilibrium point is uniformly asymptotically stable. If there exists at least one root with a
positive real part then the equilibrium point is unstable.

A complete list of the matrix elements can be found in Appendix A.

4.1. Stability Analysis of E4
For E; the characteristic equation becomes:
di(A) = det(Alj; — A— Be™?T — Ce %2 — De %) =
= (a11 — A) (a2 — A)(as3 — A)(aaa — A)(as5 — A)(a66 — A)(a77 — A)- (16)
-(ags — A)(a99 + doge™*™ — A)(a10,10 — A)(a11,11 — A) =0

E; is asymptotically stable if all the roots of the characteristic equation have negative
real parts. We first Verify if ay1, any, as3, Aaa, ass, des, A77, 4ss, a10,10 and a11,11 are negative
and notice that this happens if:

—B2+ovxjxg <0

—Bs+¢uvs. xjx; <0

(17)
— By + K vs. x}x} — 1771}(5; <O0.
Next, we study the roots of the equation
A — agg — dgge B =0 (18)

According to [15], necessary and sufficient conditions for Equation (16) to have roots
with negative real part are given in the following theorem.

Theorem 1 ([15]). The equilibrium point E; is stable if and only if the following conditions are met:
ag9T3 < 1

1
a9 < —dogTs < (6% + ageT3)?,
where , since agy # 0, 0 is the unique root of 0 = agyT3 tan(6).
We performed numerical computations using parameter values taken from relevant
literature (see Table A1) and noticed that a;; = 1.4045 and a33 = 0.0702. Seeing as these

real roots of the characteristic equation are positive, we conclude that the equilibrium point
E; is not stable.

4.2. Stability Analysis of E»

From the block-diagonal structure of the matrix, the characteristic equation corre-
sponding to Ej is:

da(A) = det (AIH ~A—Be M _Ce M De’/m) -

= [(A —a11)(A —axn) — apan](azs — A)(ass — A)(ass — A)(ags — A)-
(a77 — A)(ags — A)(ag9 + doge™*™ — A)(a10.10 — A) (a11,11 — A) = 0
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Equilibrium point E, is asymptotically stable if all the roots of the characteristic
equation have negative real parts. Using the parameter values found in Table A1, we
noticed that solutions of equation

(A —a11)(A —ax) —apay =0

are 0.0150 + 0.0288i and 0.0150 — 0.0288i. These roots have positive real parts. Thus, we
conclude that the equilibrium point E; is not stable.

5. Partial Stability

There are some cases in which, from a biological point of view, we are only interested
in the partial stability of the equilibrium points. Basically, we just need some of the variables
to have a stable behavior. The study of partial stability usually needs the proof of some
properties of the solutions, like boundedness of some components and global existence,
that, in the case of usual stability are deduced from the existence of Lyapunov functions.

Positivity, Boundedness and Global Existence

Define T = max{7, 7,13} and let PC([—7,0], R!) denote the space of piecewise
continuous functions defined on [, 0] with values in R". The norm in PC([—7,0], R!!)
will be defined by

lolle = sup{lle(®)ll2]t € [-7,01},
with || - ||2 the euclidean norm in R". For (12) consider the initial data:
x(s) = ¢(s),s € [-7,0]. (19)

Proposition 1. If the initial data ¢ € PC([—7,0],R) satisfies ¢j(s) >0Vs € [~1,0],j=
1,11 then the solution of the Cauchy problem (12)+(19) will satisfy x;(t) > 0,j = 1,11 for all t in
the domain of existence.

Proof. Since x;(0) >0V j=1,11, there exists g > 0, so that x;(t) >0Vt € [0,t), V] =
1,11. It follows that x1 (t) > 0V t € [-7T,t1),t > to.

If x1(t1) = 0, one has x] (t;) = a > 0, so x; will increase for t > t; and, consequently,
x1(t) > 0V t in the domain of existence, let it be [—7, T).

The same reasoning applies to x5, x7 and x11.

Thenif x¢(tg) = 0 for some t5 > fo, it follows that x;(tg) > Oand x4(t) >0V t € [0, T).
If xg(t) >0, Vte€ [—’Z.', t9),tg > tpand xg(tg) =0 = xé(i’g) = 2e "B B(x9(tg — T3) X9 (tg —
) >0=x9(t) >0V T >t >ty

Once again, if x19(t19) = 0 for some t19 > tg = x,(t19) > 0= x19(t) >0V T >t > t.

In the same vein, we see that if xg(tg) = 0 = x5(tg) > 0= xg(t) >0Vt € [t T), =
1+xg(t) >0Vte[0,T).

Then, since

X4(i’) _ X4(0)87 fot[ﬁ4+kvxl(5)3‘6(5*"[1)*’77%] s

onehas x4(t) >0Vt e0,T).
Remark that we have
1+ yzxg(f) >0,1+ ﬂ1x2(f) + yycg(t) >0Vte [0, tz) C [0, TT),tz > to.

Then

br_ x1(8)x7(s=1) [1+ppx3(5)]
x3(t) = x3(0)g‘f0[ ‘B3+[1+nrx4(5)][1+;z1x2(t)+ﬂzx3(f)]]ds >0Vte [0[ t2>‘

Since x3(t2) = 0 is clearly impossible, we conclude that x3(t) >0V t € [0, T).
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Similarly,

ot x1(8)xg(s—77)
xa(t) = x(0)e” ol P T s w4

we conclude that xp(t) >0Vt € [0,T). O

From now on, the initial data for (12) will be supposed positive.

Proposition 2. Assume that:
G <L, 4BL <L (20)

Then, x1, X5, X¢, X7, X9 and x1q are bounded on the whole interval of existence.

Proof. From (12), it follows that

X1(t) = a — Brxg(t) — x1(H)pa(t)

with py(t) > 0 for positive initial data. Then
xl (t) = x1 (O)e_ﬁlt_fot pl(s)ds _|_ o (/t e.BlsefOs P1 (?’)d?’ds) e_ﬁlte_ fOt P1 (s)ds
0

and we have the following estimation for the second term

o (/t elBlsefos pP1 (T)d}’ds) e_.Bltef j()t pP1 (S)ds S
0

—Byt
<a (/teﬁlsefé Pl(f)drds> ePite= i m(s)ds — “w = ‘Bi vizo
0

It follows that |x1 (t)| < M;j for some positive M;.
For x7(t) we have that

b _ X9(s)
x7(t) = x7(0)ej°[ 0 ”D”’W(S)]ds—%-

xg(r)

t (s—t) — [ up 2y A
+A/ e'YD S e s at+x7(r) ™" dg S x7(0) —+ 7 — M7 Yt 2 0
0 D

(for positive initial data, x9(t) and x7(t) are positive, according to Proposition 1).
For x5, remark that

x5(t) = x5(0)e~111tPo Jo x7(s)ds +a (/iE o118 B0 fo x7(7)d’ds) e—11te—Bo Jo xa(s)ds <
JO

< x5(0) +a (/t 67115d5> B0 Jo x7(r)dr y—y11t p)=Bo fy xa(s)ds _ x5(0) + L(l — ety <
0 gt

With similar arguments one obtains that x4 is bounded:

xé(t) — x6 (O)e_’YIZt_HO f(; X4(S)d5 + ﬁo (/‘t x7(s)x5 (S)e’)/lzse”‘0 f(; X4(7)d7’ds> e_ﬂrlzte_ﬂo f(]t X4(S)d5'
0
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Then

x6(t) < x6(0) + BoM7Ms (f g’hzsljs)eﬂo Jo xa(s)ds e~ T2t~ Ho Jo xa(s)ds <

< x6(0) + £M7M5 = Mg
Y12

x7(t)

Passing to x9 denote for convenience h(t) = yr + Blxo(t)] + c1x11(t) + pr atxz(t)

L+ hy(t) and Cq = 2Bre” 1™, C] = 2e~ L. For t € [0, 73] we have

Xo(t) :xg(o)e—foth(s)ds (C// §08 efO h(r) drds>e fo (s)ds « <
<llgllee™! + Clloll« [ efoh(’d’ds)e fantsiis _
= ||(P||T_1+C1(/ eTiselo m(r drds)e Tte ]&;hl(S)dS} =<

i 0

<|loll< _1 o) (/t eseho hl(r)drds> e—Lte— fo hl(S)ds:| <
I 0

< llglle[1+ S —em)] < llglle (1+£) < 2llgllc

YL

if (20) is used. For t € [13,273], repeating the previous estimations, one has

_ C _ L
(0) < ol + Z2llgl|c < [lglle m(1+4’jL) <2llgll

so the argumentation can be extended to the whole axis and the results show that |xg ()| < M.
For x19(t) we have:

i),

ot
_ —dt —dt ds
an(t) = O)e e [ i) + 2R

It follows that

t
[x10(8)] < [rao(0) e+~ [ e (yp + ) My <

1—e
<ol + 7 Mg(yL +pur) =MVt >0

O
Proposition 3. The solution of system (12) exists on [—T, o).

Proof. The Proposition will follow from a slight generalization of Theorem 1.2. in [16],
remarking that the condition of the theorem needs to hold only for the solutions of (12).
So we must show that, with ¢ = (¢1, ..., ¢11), a solution of (12) and f = (f1,..., f11), the
right-hand side of (12),

@) < hllele), [ h(lry” v

0

We will show that there exist constants Ky, K so that
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Ifi(¢)| < K1+ Kzl|g||r,j = 1,11 and the Proposition will result.
|fi(@)] < la| + Balo1 ()] + MiMe|@a(t)| + ¢ M1 Me|p3(t)| + kM1 Me|@a(t)| <
< || + (B1 + M1 Mg + ¢ M1 Mg + kM1 Ms)|| 9| |«
[f2(@)| < (B2 + M Ms)||@||
f3(@)] < (B3 + ¢ vs. MiMe)|[ @]l
[fa(@)| < (Ba+ K vs. MiMg + 11,) || 9]
Ifs(@)] < a+y11Ms + MsMzpo,
If6(@)| < MsM7Bo + 112Ms + poMe|| 9|,
[fr(@)l < A+ LMz + pupMo| fe(@)| < ki(My+ Ms) + (72 +3k1)[[o]]«
[fo(@)| < Mo(BL + pr) + 1Mol |||,
|fi0(@)| < (1 + mur)Mo + dMjg,

If11(@)| < s+ (m+p+0+caMy)||o||
O

5.1. Partial Stability of Eq

In this section, we will find delay-independent partial stability conditions for the
equilibrium point E;. The necessary mathematical framework and relevant results can be
found in [17-19]. Recall that E; = (x},0,0,0, x%,x7, x5, x§,0,0, x7;) .

Proposition 4. When, besides (20), the following conditions are fulfilled

kvs. x]xg < Ba, Poxy + Boxs <2712, Poxs < YD (21)

Eq is partially stable with respect to variables x4, X5, X¢, X7, X9 and with respect to the invariant
manifold of solutions with positive components.

Proof. We perform a translation of the equilibrium E; to zero by y; = x; — x, for i = 1,11.
We are interested only in Equations (4)—(7) and (9).

. . . (ys +x5)ya

i3 = ~Bay o O +xd) o+ 30— ey e

vs = — (11 + Box3)ys — Poyzys — Boy7xa

Yo = Boys(y7 + x7) + Poxzy7 — Y12y6 — Ho(Ye + X5 )4 (22)
oy, MDYs(Y7 +7)

Y7 = —YDY7 Aty +x;

~ peye(y7 +x7)

Yo = =7Ly9 = B(yo)ys +2¢7 T B(yor Jyor, — c1yo(ymn +x11) — = P
7
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By the previous result on some components of the solution being bounded, the right-
hand sides of system (22) are bounded for bounded (ya4, y5, ye, ¥7, y9)-
Consider the candidate Lyapunov function
2 2 2 2 2 ¢
V(ya, Y5, Y6, Y7, Y9) = PO BN UYL oS- / Ya(s)ds
2 2 2 2 2 t-7

with ay,ap, a3, 04, 05, b1 € (0, 00) subject to further constraints. Remark that one has

m||(Ya, ys, Ve, y7,%9) 12 < V(ya,y5, Y6, y7,y9) < Mllyl[%y = (y1,...,y11)

for some M > 0. The derivative along (22) of V is given by

t

dv . . . . . 2
TF = Myaya+ aysys + a2yele + aay7y7 +asyaye + biys(s)
t*Tg
2 *
Yalys +x5)
1+4+ys+ xg)

dv
Sp = ~Payi + aak vs y1yiyen + akoyiyiag + arkox{yiyen + arkoxiyig — i

—apBoyEy7 — aa (111 + Boxs)y2 — aaBoysyrxt + asPoyeysyr + azPoveysxs + azBoxiyzye—

2 *
_ 2 _ 2 _ x_ 2 Yoy _ Yyoyzxz
A3Y712Y — X3HoY4Yg — X3H0Y4Ye6Xg — X4 YDY7 — X4YUD PR Y7+ x5 X4UD PRy Y7+ 25
2 2 —LT 2 " yé(w +x7)
—asyLYs — asB(Yo)ys + 256 1B B(Yory )YoYor, — asc1ys (Y11 + X7q) — aspL " ——
a+y7+x;

+b1y% - bly%’Q

If we use the inequality
22
< 17
XSS + X
remark that f(x) < B V x > 0 and neglect some negative terms we get

AV w3 Box;

T yi(—a1 B+ a1k vs. x{x}) + 2 {062(')/11 + Box7) + [32 7|+
o3 Ox* o3 Ox* ®3 OX*

+y§<—tx3%z+ '62 z + ﬁz 5) - ( /32 ; _(X”D>y%+

+y§(—asyL — ascixf) +asBre” T 4 by) + yg,. (asBre” T — by)+

+ark vs. y1yiYen, + arkoy1yiag + arkoxiyiyern + asBoyeysyr

If, besides the conditions (21), we choose a3, a3, a5, by so that

a3Box] < 2a2(yn1 + Pox7), azPoxs < aaYp, (23)
—Q&5YL — 065C1x>1k1 + DC5ﬁL€7’YLT3 +b1 <0, 0(5,3L€77LT3 -0 <0

av
then the quadratic terms in — give a negative definite quadratic form. Remark that while

the first two conditions in (21) involve the specific parameters of the system, the third one
in (22), as well as (23), can be achieved by appropriately choosing &y, a3, a5b1. Introduce
z = (Y4, Y5, Y6, Y7, Yo, y9T3). Using the boundedness of y1, y5, Y6, Y7, Y9 , it follows that:

av

g S —w(l[ze][7) + G(z)
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where G(z;) = ak vs. y1y3ver, + arkoy1yix} + a1kox}yiyer, + asBoyeysyr, w is strictly
positively defined and |G(z;)| < M]||y;||2. Then the derivative of V along the shifted
system (12) is strictly negatively defined for positive initial data with the norm small
enough and uniform asymptotic partial stability is proved (see also [17-22]). O

5.2. Partial Stability of Ep

In this section, we will derive delay-independent partial stability conditions for the
equilibrium E; = (x7,x3,0,0,xZ, x£, x3,x5,0,0,x7,) of system (12).

Proposition 5. Under condition (20) and assuming that
kvs. xxg < Ba,  Pox; + Boxs <2712 (24)

E; is partially stable with respect to variables x1, X4, X5, X6, X7, X9 and with respect to the
invariant manifold of solutions with positive components.

Proof. As before, we start by performing a translation of the equilibrium E, to zero by
yi =x;—x;,for i =1,...,11. We are interested only in Equations (1), (4)—(7) and (9).

(1 +x7)(We +x5)y2  vi(ye +%6)%5  X{Yer, X3 . .
1+ 075 T+ oy Tty PO 5D Wen +35))ys

7 =—Pn

—x(y1 +x7) (Yor, + X5)Ya

Ya = —Pays +xvs. (1 + xi‘)(%q “’XZ)}M - ’77%
Ys = — (v + Pox;)ys — Poyzys — Poy7xs ®)
Yo = Boys(y7 +x7) + Pox5y7 — 112ye — Ho(Ve + X§)va
Y7 = —DYy7 — %ﬁxxf)
Yo = —v1Yo — P(Yo)yo + 2~ B(Yor, )yory — c1yo(y11 + x7;) — %ﬁ-xf)
a+y7+x;

Consider the candidate Lyapunov function

yZ yZ yZ yZ ]/2 ]/2 t
VY1, Ya, Y5, Y6, Y7, Yo) = 06131 +06274 + 06375 + 06476 + 06577 + 06679 +b / y5(s)ds
Jt—T3

with aq, ap, a3, 04, a5, 06, b1 € (0, 00) subject to further constraints. Remark that one has

m||(y1, Ya Y5, Ve, Y7, ¥9) |2 < V(Y1 ya, Y5, Y6, y7,¥9) < MIlyl12y = (y1,---,y11)
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for some m, M > 0. The derivative along (25) of V is given by

av . . . . . .
T =y + @oY4Ya + 43YsY5 + AaYeYe + &sY7Y7 + eYoyo + by — b1y3r3

av _ Biy? — a1 (y1 +37) o, +x5)y2 2117 (e, + %¢)X3
dt 1P171 1+ poys 1+ pays
_alylxiﬁyé"flx; _ * *

1t ys Paryr(y1 + x7) (Yer, + x5)y3

—a1iy1(y1 + X7) Yor, + X2)ya — @2Bay + aok 0s. Y1y3ver, + aokoy1y3xg + aokox;yiyey

vilys +x3)

+oc2kvxfyixg — oty Tys+ xg)

— azy3 (711 + Boxs) — asPoyryi — asPoysyrxi+

+asBoyeysyr + aaBoYeysxs + aafoxiyrye — aay12y? — aapioyeya (Ve + X5) — asypyi—

+ x5
SPWLLG A T w7 p 7) _ a6YLY3 — a6B(Yo)y3 + 206 11 B(Yor, )YoYor, — aeC1y3 (Y11 + X5p ) —
a+y7 + x5
y3(y7 +x3)

2 3.2
La+y7+x; +hiys — by,

—QpU

Similarly as above, neglecting some negative terms and using

2

2
X
W<+

one obtains

dl<—aﬂ2+2(— T vk **)_’_2%_ _ ul S
ar = 1B1y] + yi(—a2Ps + ok vs. x7xg Y5 ) a3y11 — a3Boxz

L7} ox* oy OX* oy OX*
+yé(+ /32 2+ ﬁz 7-“4712)( 132 : _“57D)y%+

+}/g(—0¢6’)’L — aﬁclxi‘l + 066‘3L€_7LT3 + b1) + y§T3 (0(6‘3L€_7LT3 — b1)+

+ask vs. Y1Y3Yer, + a2kvy1yixg + a2kvxtyiyer, + xaPoyeysy7-

As in the case of E1, besides (24) we impose the conditions
l’é4ﬁ0x; < 2063(’)’11 + ,Box;), 064‘30)(; < as5Yp, (26)

—&gYL — 0(6C1XT1 + 0(6‘3L€_7LT3 +b1 <0, (J((,‘BLA&’_AYLT3 -0 <0

then the quadratic terms in %’ give a negative definite quadratic form. Again, the first two
conditions involve the specific parameters of the system, but the third one can be achieved
by appropriately choosing a3, ws. Introduce z = (1, Y4, Y5, Y, y7). Using also that y1, ye, y7
and yg are bounded, it follows that

av

— < —wllzl?) + G(z)
where w is strictly positively defined and |G(z¢)| < M||z|[2. Then, the derivative of V
along the shifted system 12 is strictly negatively defined for small ||z¢||; and uniform
partial stability is proved (see also [17-22]). O
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6. Numerical Simulations
6.1. Numerical Simulations for Eq

E; is an equilibrium point showing a successful chemoimmunotherapy without detec-
tion of allergic reactions, because the Th1 cell population dominates the Th2 cell population,

x, () of Allergies-CLL model

as shown in Figure 1. When the stability for E; holds we will have successful therapy, and
this shows that small quantities of allergens do not harm.

x,(t)of Allergies-CLL model

X,(t) of Allergies-CLL model

x,(t)of Allergies-CLL model

- o014 001
—— il value = E141/100)
0009
3 50 0012
0.008
25
o 001 -
2
< = 0.008 0.006
5 S € =
15 ® g = 0005
0.006
0.004
" 2
0.004 0,00
0s 10 0002
0.002
LAl .
o 2 o & 8¢ 1o o )
o 2 « e @ 10 0
time t
ime Wi 3 2 40 6 80 o o 20 4 6 8 10
time t time t
x,(t) of Allergies-CLL model Xg(t) of Allergies-CLL model x,(t) of Allergies-CLL model xy(t) of Allergies-CLL model
27 0.116 3.135 140
- a1
0.114 120
3133
2704
1
0112 3.132 100
_ 2702 3.131
g = = o
* £ on = €
27 N 38 Nl
3129 0
2608 0.108
3128
o
269 N T ——T 327
0.106
2604 3.126 20,
0 2 «© & 8w w0
time t . 1040 20 40 60 80 100 B o
i t g 20 ] 60 %, i3 [ 20 40 60 80 100
ime time t time t
13 %olt)Of Alergies-CLL model sots Xyq(t) of Allergies-CLL model X,,(t) of Allergies-CLL model
0 — Initial value=E1 41334 — Initial value=E1
Intial value = E1+1/100 Intial value = E1+1/100
0.014
8 41.332
0.012
6 4133
0.01
54 g =
2 S oos T
= x
" 0.006
41.326
0.004
0
0.002 41324
2
o 2 4 ® 10 o
41.322
time t o 20 40 60 80 100 0 20 40 60 80 100
time t time t

Figure 1. For a small disturbance in initial conditions near E;, the system exhibits partial stability,
where E; =(3.3333, 0,0, 0, 3.4164, 0.0334, 0.7813, 8.4167, 0, 0, 41.3223).

6.2. Numerical Simulations for E,

According to the simulations shown in Figure 2 starting with a desensitization dose
of chemotherapy we will have successful chemoimmunotherapy without the detection of
allergies even if we start with small values of Th1 cells, because the Th1 cell population
will dominate the Th2 cell population.



Mathematics 2023, 11, 3225

16 of 21

x,(t) of Allergies-CLL model

(1) of Allergies-CLL model

x,(t)of Allergies-CLL model () of Allergies-CLL model X, (tiof Allergies-CLL model
914535 001 001
9614.53 M 0.009 0.009
914,525 0.008 0.008
9614.52 0.007 0.007
9614.515 0.006 0.006
S 145t 7 oS = o005
9614.505 0004 0.004
9614.5 Ll 0.003
9614.495 L 0.002
0.001
%14.40 0.001
100 - 0
9614.485 [ 20 0 60 80 100 o
o 20 4 6 8 10 it o 2 4 e 8 10
time t time t
X,(t) of Allergies-CLL model X, (t) of Allergies-CLL model 1 falt) of Allergies-CLL model
0.1 3135 2.403816 [
b 2403814
0114
313
2403812
3132
o112
3131 240381
g on T s o 2403808
3129
w108 2.403806
3128
3127 2.403804
0.106
e 2403802
100 0.104 3125
o 2 4 e 8 10 o 2 4 6 8 100 24038
time t ime t 0 20 4 6 8 10
time t
X9 of Allergles-GLL model X,,(t) of Allergies-CLL model

X,(t) of Allergies-CLL model

41.334

Inital valve=E2
Intial value = E2+1/100

i oz \
0012

4133
S 0.008 T 41.328
% %

41.326

41.324

41322
0 2, 0 %0 L] 10 o 20 40 60 80 100

time t

Figure 2. Simulation of a small disturbance in initial conditions near E;. The equilibrium exhibits par-
tial stability. E» = (3.1172 x 1074, 9.6145 x 103, 0, 0, 3.4164, 0.0334, 0.7813, 2.4036 x 10*, 0, 0, 41.3223).

7. Conclusions

Our paper presents a new model for cellular evolution in the case of chronic lympho-
cytic leukemia (CLL). We assumed that the treatment is with chlorambucil. As this drug has
been proven to cause allergic reactions, we included the effects of desensitization. We also
included an equation which captures the number of dead leukemic cells present in the body
at any given time. We included this in order to monitor the risk of tumor lysis syndrome
(TLS), which is caused by an abundance of leukemic cells dying in a short period of time.

The mathematical model which illustrates the complex interplay between the im-
mune system, the presence of the leukemic cells and the effects of the treatment, consists
of 11 delayed-differential equations, the dynamics of which are thoroughly described
in the paper.

We have established qualitative properties of the solutions, including partial stability
with respect to certain variables and the invariant set of positive initial data. By proving
these properties, we have gained insights into the behavior of the system and its response
to chemotherapy and allergic reactions.

Furthermore, numerical simulations have been conducted to complement the the-
oretical analysis. The simulations explore the interplay between the immune system’s
function, the involvement of chemotherapy in cancer treatment, and the occurrence of
allergic reactions due to the therapy. Numerical results obtained from the simulations
have been presented.

Based on the provided information, it appears that the theoretical analysis shows that
both equilibrium points E; and E; are not stable. The numerical computations align with
this finding, confirming that both E; and E; are indeed not stable, contrary to the initial
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expectations. The numerical simulations further validate the theoretical results, reinforcing
the conclusion that neither E; nor E; exhibit stability.

Theoretical results on partial stability have been derived under certain conditions.
Specifically, we have shown that E; is partially stable with respect to variables x4, x5, X,
x7 and x9, as well as with respect to the invariant manifold of solutions with positive
components. Similarly, E; is partially stable with respect to variables x1, x4, X5, x4, X7
and x9, and with respect to the invariant manifold of solutions with positive components.

Additionally, the numerical simulations of equilibrium points E; and E; reinforce the
theoretical findings on partial stability. The simulations demonstrate that both E; and E;
exhibit partial stability with respect to the same variables that were studied and stated in
the theoretical analysis. This consistency between the theoretical and numerical results
further supports the validity of the partial stability conclusions for E; and Ej.

Furthermore, the numerical simulations of equilibrium points E; and E, provide
valuable biological insights into the behavior of the system. The simulations shed light on
the dynamics of chemoimmunotherapy and the occurrence of allergic reactions in patients
with chronic lymphocytic leukemia (CLL).

The simulation results for E; reveal a scenario of successful chemoimmunotherapy
without the detection of allergic reactions. This is attributed to the dominance of the Th1
cell population over the Th2 cell population, as observed in the simulation results. Even
when starting with small quantities of allergens, the simulations demonstrate that the
therapy remains effective, indicating that small amounts of allergens do not cause harm.

In the case of E;, the simulations show a different outcome. Starting with a desensiti-
zation dose of chemotherapy, the simulations illustrate successful chemoimmunotherapy
without the detection of allergies. Importantly, even with initially low levels of Th1 cells,
the dominance of the Th1 cell population over the Th2 cell population is achieved, con-
tributing to the positive treatment outcome.

These biological interpretations of the simulation results highlight the intricate inter-
play between the immune system, chemotherapy and allergic reactions. The simulations
provide evidence that appropriate therapeutic strategies, such as desensitization dosing
and the regulation of immune cell populations, can lead to successful treatment outcomes
in CLL patients undergoing chemoimmunotherapy.

Overall, this study provides valuable insights into the dynamics of CLL patients under-
going chemotherapy and the impact of desensitization for chemotherapy-induced allergies.
The combination of theoretical analysis and numerical simulations enhances our understand-
ing of the system, and can potentially guide future clinical decision-making processes.
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Appendix A. Linearization Matrices

The matrices used for the linearization of the system are calculated below. The calcu-
lations are around a general equilibrium point. The values of the state variables must be
replaced by the values corresponding to the equilibrium point under study.

_of
A=5

[ a] = —ﬁ1 — X, — PXeX3 — KXpXg

X2
6 1+ poxs
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Lo MY
12 1+ U2X3
__M2X1XeX2
a3 = (1 + ax3)? Px1x6
a14 = —KX1Xg
P VXeX2
T @+ prxg) (1 + poxs)
VX1Xg
ayn = —Ba +
2= P ) (A + o)
I —OUU2XpX1X2
270+ urxa) (1 + s )2
Aot — —UHrXeX1X2
7 (1 a2 (1+ paxs)
4 ¢ vSs. XpX3
31 =
(14 prxa) (1 + 1737555
a5 = — ¢ vs. X1XeX3H1
(T4 prxa) (14 pi2x3) (1 + pa 1525 )
23 = —fa+ ¢ vs. x1x6 1+ poxs3 + p3x3 + p1xo + 2p1poxox3
3 3 14+ prxy (1 + u1x2 + y2x3)2
f3y = — PUrvx1X6X3
(1 + ,urx4)2(1 + 1 1+J;22x3)
aj1 — K US. XgX4
xg
Agq = —Pa+ K VS. XgX1 — 1’7; s
dae — — NrX4
48 (1 + x8)2
ass = —Pox7 — 111
as7 = —Boxs
64 = —HoX6
ag5s = Box7
66 = —Y12 — H0X4
ag7 = PoXs
4 — —p— anyg
7 P a+x7)2
_ —HDX7
=
asg = —72
dor — aprxg
7 (a+x7)2
X
ag9 = —yr — B’ (x9)x9 — B(x9) — c1x11 — ayi x77
49,11 = —C1X9
__apLXx9
107 =
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HLX7
[ ] = —_—
aj09 = YL + it
* a0 = —d
(SCXH
[ ] a _—_——_—
17 (c+ x7)?
PrX11
® 11,9 = 7—— 5 — C2X1n1
(7 +x9)?
0X9y oxy
e g = —m — CrXg + —
11,11 2X9 Y tx ctx
X1X2
¢ Dbig=——"""— — Px1x3 — KX1X
16 1+ 12%3 Px1x3 1X4
0X1X2
[ ] b26 =
(1 + prxg) (1 + pax3)
¢ vs. x1x3
[ ] b36 = )
(1 +prxa) A+ p15853)
® by =KUS. X1X4
* =k
* cp=k
* 3=k
* =k
* g =k

[ dgg = 2e~ 1B (‘BI(XQ)XQ

D

+ B(x9))

af

oxr,

of

Oxr,

of

 Oxq

The elements which are not calculated explicitly are zero.

Appendix B. Parameters

Table A1l. List of the system parameters and their values.

The production rate of naive CD4+ cells. [23] o 0.1

The strength of suppression rate of Th1 by Th2 [9] U2 0.1

The strength of suppression of Th2 by Th1 [9] 2 0.2

The strength of suppression rate by Treg [9] Ur 0.25

The differences in the autocrine action of the three subsets [9] ¢ 0.05
The differences in the autocrine action of the three subsets [9] 0.1
The death rate of immature APCs [23] Y11 0.08

The death rate of mature APCs [23] Y12 0.8
The death rate of naive T cells [23] B1 0.03
The death rate of T; cells [24] B2 1073471 = 0.0416 x 1073 clay’1
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Table Al. Cont.

The death rate of T, cells [24] B3 107311 = 0.0416 x 1073 day’1
The death rate of Teq cells [24] Ba 107311 = 0.0416 x 1073 day’1
The proliferation rate of stimulated T cells [9] v 4
Natural decay of induced cytokine during chemotherapy [25] V4 0.4152
Inhibition rate of Treg cells by the induced cytokines [26] Wy 04
First time delay [10] T 0.0794
Second time delay [25] ko) 0.25
Third time delay [27] T3 2.8
The production of induced cytokines by other cells [11] k1 1
The supply rate of naive APCs[23] a 0.3
Rate of APC activation by the antigen [28] Bo 0.01
Rate of APC inhibition by regulatory T cells [28] Mo 1072
Chemical deactivation rate of drug [5] YD 0.462h~ 1 =0.0192 day*1
Supply rate of drug [29] A 0.06g/L day~!
Deactivation rate of drug due to killing of tumor cells [5] UD 0.18 h~1 =0.00748 day*1
Drug dose that produce 50 % maximum effect [5] a 2 x 10® mL = 2 in microliter
Tumor cells growth rate [5] r 0.07 h~! = 0.002912 day !
Maximal tumor cell population [5] K 4 x 10° cell/mL = 0.57 cells/ microliter
Death rate of leukemic cells estimated from [13] YL 2 day_1
Death rate resulting from the action of drug of cancer cells estimated from [5] Hr 0.74 day’1
Rate of dissolution of dead tumor cells [5] d 0.017 h~! = 0.000707 day !
Initial number of immune cells [14] s 7% 10° cells d?rzli;oji’?e.: cells day ™" in
Natural death rate of immune cells [14] m 1073 clay’1
Rate of immune cell population activated by the tumor [14] 14 10712 day !
Rate of immune cell population activated by the tumor [14] v 102 cells = 0.0000142 cells in microliter
The mortality rate of immune cells due to the chemotherapeutic drug [14] ) 10* day~! =0.00142 cells in microliter
Half-saturation parameter [14] c 5kg=7.14 x 10~7 in microliter
Rate of elimination of tumor cells by immune cells [14] c1 5% 10711 cells day*1
Rate of immune cells which directly eliminate tumor cells [14] c 10713 cells day*1
Component of the rate of self-renewal [13] Br 1.77 day’1
Component of the rate of self-renewal [13] 0 0.5 x 10° cells = 0.071 cells in microliter
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