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Abstract: This paper investigates some duality results of a mixed type for a class of multiple objective
fractional optimal control problems. More precisely, by considering the Wolfe- and Mond-Weir-type
dualities, we formulate a robust mixed-type dual problem and, under suitable convexity assumptions
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type duality results. To the best of the authors’ knowledge, robust duality results for such problems
are new in the specialized literature.
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1. Introduction

In the research paper [1], Hanson applied the duality theory from mathematical
programming to a new class of functions named invex functions. In this regard, Craven
and Glover [2] established that invex functions are characterized as functions where the
stationary/critical points become global minima. As a generalization of the work of Mond
and Hanson [3], Mond and Smart [4] formulated some sufficiency and duality results in
scalar variational control problems. Also, duality theorems have been stated for linear
fractional variational problems by Aggarwal et al. [5]. Mukherjee and Rao [6] presented
mixed dual problems associated with multiobjective variational problems and established
dualities under p-invexity hypotheses. Historically, multiobjective variational problems
governed by equality and inequality restrictions have been of great importance and interest
(including conditions of optimality, dual problems, and various areas of applicability), and
we have only failed to consider the following researchers: Zhian and Qingkai [7], Zalmai [8],
Mititelu [9], Hachimi and Aghezzaf [10], Chen [11], Kim and Kim [12], and Nahak and
Nanda [13]. Gulati et al. [14] studied optimality conditions and the associated duality
for a class of multiobjective control problems. Arana-Jiménez et al. [15] investigated a
necessary and sufficient condition for duality in some multiobjective variational problems.
Khazafi et al. [16] discussed sufficiency and duality for multiobjective control problems
under generalized (B, p)-type I functions. Zhang et al. [17] analyzed the sufficiency and
duality for multiobjective variational control problems under G-invexity assumptions.

Recently, Das et al. [18] provided sufficient KKT-type second-order optimality condi-
tions for a class of set-valued fractional minimax problems. Under contingent epi-derivative
and generalized second-order cone convexity hypotheses, the authors formulated some du-
als for the considered problem. Khan and Al-Solamy [19] discussed, for a non-differentiable
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minimax fractional programming problem, the optimality condition for an optimal solution
and a dual model. Mititelu and Treanta [20] formulated some efficiency conditions in vector
control problems generated by multiple integrals. Sharma [21] presented a higher-order du-
ality for variational control problems. Oliveira and Silva [22] studied sufficient optimality
conditions for some multiobjective control problems. In the last decade, Treanta [23] and
his collaborators investigated some classes of multi-dimensional multiobjective variational
control problems. In this direction, Treantd and Mititelu [24] formulated duality results in
multi-dimensional vector fractional control problems by considering (p, b)-quasiinvexity
assumptions.

Most optimization problems that occur in practice have several objective functions
that must be optimized simultaneously. This type of problem, of considerable interest,
includes various branches of mathematical sciences, design engineering, and game theory.
Because of the increasing complexity of the environment, the initial data often suffer from
inaccuracy. For example, in the modeling of many processes in industry and economy
in order to make decisions, it is not always possible to have complete information about
the parameters and variables involved. Therefore, an adequate uncertainty framework is
necessary to formulate the model, and new methods have to be adapted or developed to
provide optimal or efficient solutions in a certain sense. In order to tackle the uncertainty in
an optimization problem, robust and interval-valued optimization represents some growing
branches of applied mathematics and may provide an alternative choice for considering
the uncertainty. Over time, several researchers and mathematicians have been interested
to obtain many solution procedures in interval analysis and robust control. In order to
formulate necessary and sufficient optimality conditions and duality theorems for different
types of robust and interval-valued variational problems, various approaches have been
proposed.

In this paper, under the motivation of the above-mentioned research papers and by
considering suitable convexity hypotheses for the involved integral-like functionals, a
mixed-type dual model is developed for the multiple objective fractional optimal control
problem determined by multiple integral functionals defined in Ritu et al. [25]. More
specifically, this paper is essentially a natural continuation of the studies stated in Mititelu
and Treanta [20] and Ritu et al. [25]. In this regard, by using the robust necessary efficiency
conditions established in Ritu et al. [25], we investigate robust weak, robust strong, and
robust strict converse-type duality results. The limitations of the existing works and the
main credits of this paper are the following: (i) the presence of mixed constraints involving
partial derivatives, (ii) the presence of the uncertainty data both in the cost functionals
but also in the constraint functionals, and (iii) the combination of parametric and robust
approaches to study the considered class of problems.

2. Preliminaries

Let us start with the standard Euclidean spaces RP, R7, R, and R”, and a compact
set in R?, denoted by S. Define the multi-time variable t = (%), « = 1, p, such that
t € S. Also, consider the space (denoted by A) of state functions with continuous first-
order partial derivatives as A = (A!) : S — R7 and consider the continuous control
functions in the space B as m = (7/) : S — R’. Additionally, we use the abbreviations:

Y := (t,A(t), (b)), dt :=dt'---dtP, Ay (t) := %(t) Next, we formulate the rules that are

considered for any two points g, 6 € R™:

i) a<b&sa, < b, Vs=1mn,

(i) a=b< a =6, Vs=1,n,

(i) alb& a < b,Vs=1n,

(iv) a<b< a < b, Vs=1nand a < b for some s.
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The robust multiple objective fractional optimal control problem is formulated (see,
also, Mititelu and Treanta [20], Treantd and Mititelu [24], and Ritu et al. [25]) as:

[nvade  ([mend [ry(Xe
(P) min{ = =L >
(A7) /SZ(Y,')/)dt /Szl(Y,’yl)dt /SZP(Y,'yp)dt
subject to

f(Y, Aa(t),0) 20,

Y, Au(1),0) = Ag(t) = Ok(Y,6) =0, a=1,p
tes, /\(i’o) = Ao, /\(fl) = Aq,

Joe oy

where

he :SxAXBxGe—R, e=1p, h=h,... hy),

ze :SXAXBxQ =R, e=1p, z=(z21,...,2p),

f,:]l(s,w) xBx TG >R I=T,m, f=fi,....fn)

gszll(S,Rq) xBxM; —»Rs=1n g=(g1,.--,8n),

are Cl-class functionals (almost everywhere); the jet bundle of first-order associated
with S and RY is stated as ]! (S,Rq); also, we assume /ZG(Y, Ye)dt > 0,e = 1,p, and
S

¢ =(ge), vy = (7¢),0 = (07), and 6 = (Js) represent the uncertainty parameters of the com-
pact convex sets G = (Ge) CRP,Q = (Q) CRP, 7 = (77) CR™, and M = (M;) C R".
The robust counterpart for () is introduced as follows:

maxh(Y,¢)dt
S GEG
) S T ima(y vt
A, z(Y,y)dt
Sggg( v)dt
max hy(Y,g1)dt max hy(Y,¢p)dt
— min /591661 1(Xo61) SGp€Gp ( p)
(A7) min z1(Y, /mmz Y dt
smeQ 1Yo ma)d SEQ ¥ )
subject to

fY,Ay(t),0) S0, t€S, ceT
g(Y, Ay(t),0) =0, t€S, 6eM
Altg) = Ag, Aty) = Aq.

The feasible solution set of (®P), known as the robust feasible solution set for (), is
denoted as follows:

S={(A,m) € AXxB: f(Y,A(t),0) £0,
g(Y,Aa(f),é) =0, )L(t()) = A, /\(tl) =A,t€S, 0T, € M}

Next, we consider the following parametric scalar optimal control problem corre-
sponding to () as follows:

(Pw) mm{/h (Y, gw)d /zw(Y,yw)dt}
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subject to
f(Y, Aa(t),0) 20,
8(Y, Ax(t),6) =0,
tES, Alty) = Ag, Alt) = Ay,
/S[he(Y,ge) - nge(Y,%)}dt <0, e=1,p e#w.

The robust counterpart associated to (2, is given by:

. A0 :
(RP.) (riug{  mmax heo (Y, Gw)dt Qw/s’yglelngw(Y/')’w)dt}

subject to
(A, ) €,

/S[he(Y,ge) - nge(Y,’ye)}dt <0, e=1,p e#w.

Definition 1. A feasible pair (A, 7t) is named as a robust weak optimal solution for (®,,) if:

max iy (Y, cyp)dt — QO min zy (Y, vy )dt
S Cw€Guw w( gw) Qw S YwEQw W( /YZU)

< me et = Q4 | miy 7o,

for all feasible pairs (A, r).

Definition 2. A feasible pair (A, 7) is named a robust optimal solution in (%) if

ho(Y, ¢ )dt — QY i Y, vy )dt
Y R

< max hy(Y, dt — QP min z4(Y, dt,
= Jg max w( 'Yw) Quw Py w( 'Yw)

for all feasible pairs (A, 7r).

Definition 3. A vector functional / h(Y, Ay (t), ¢)dt is said to be convex at (A, 1) € A x B if
s
the inequality

LM%Q&—Ah@gﬂﬂ?@@—iﬁﬂi@ﬂ+é@=ﬁMﬂ?@ﬂ

+ [ (e =Ko (Y, )
holds for all (A, t) € A X B.

Definition 4. A feasible pair (A, 1) € S is named a robust weak efficient solution for () if there
does not exist (A, 1) € S fulfilling

h(Y,c)dt h(Y,c)dt
; max (Y,¢) ; max (Y,¢)

minz(Y,y)dt minz(Y, dt.
 minz(Y,7)  minz (Y, 7)
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Definition 5. A feasible pair (A, 71) € S is named a robust efficient solution for (®) if (A, ) € S
does not exist satisfying

maxh(Y,¢)dt maxh(Y,¢)dt

S GEG < /s ¢€6
minz(Y,y)dt [ minz(Y,~)dt
 minz(Y,7)  minz(Y,7)

Theorem 1 ([25] Robust necessary efficiency conditions for (?)). Let (A, 7t) € S be a robust
weak efficient solution to the considered robust multiple objective fractional optimal control problem
(?) and maxc,eg, hw(Y,6w) = hw(Y,Cw), miny,cq, zw(Y, Yw) = zw(Y, "yz,i). T{zen, the
scalars 7 = (fw) € RP, the piecewise differentiable functions p = (p;(t)) € R™,0 = (05(t)) €
R", and the parameters of uncertainty & € T, € M exist, fulfilling

7>0,

forallt € S, excepting the discontinuity points.

3. Main Results: Mixed Robust Duality

In this section, by using the robust necessary efficiency conditions established in
Ritu et al. [25], we investigate robust weak, robust strong, and robust strict converse-type
duality results. More precisely, by considering the Wolfe- and Mond—-Weir-type dualities,
we formulate a robust mixed-type dual problem, and, under suitable convexity assumptions
of the involved functionals, we establish some equivalence results between the solution
sets of the considered models. The methodology used is based on several techniques from
the calculus of variations, the Lagrange-Hamilton theory, and the distribution and control
theory, which are appropriate in the study of the considered robust variational control
problems. To the best of the authors” knowledge, the robust duality results for such types
of problems are new in the specialized literature.

Further, by denoting IT := (¢, (), x(t)), we associate a Wolfe-type robust dual model
for (), as follows:

(wp—2)  max /S ([, ) = Q2(, )] + T f (1L 10, 0)e

+9Tg(H, Ly, 0)e}dt

subject to

" {hA(HIQ) — Q) (11, 7)} + 0" (T, 10, 0) + 07 g2 (T1, 14, 6)

~Da [0 1, (T 10, 0) + 6733, (T, 10, 8)| =0, (1)
7" [ha(16) = Q2 (1L, 7) | + " fr(TL, 1, 0) +07ge([L, 1, 6) = 0, @)
i(to) = Ao, (1) =Aq, (3)

n >0, eT17 =1, e=(1,..1) eR". (4)
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The corresponding robust counterpart for (WD — ) is formulated as:
(RWD—#)  max / {[n(01,) - Q=11 7)| +p7 (1L 10, 0)e
(t()x()) /S

+0T (11, 14, 8)e}dt

subject to
1" [ (11,8) = Q20 (1L 7)| + 0" fu (1L 10,8) +67gr (11,10, 9)
7D0{ |:pr)\,,( (H/ ltX/ 0-) + QTg)\u (H/ llX/ 5)i| - 0/

17T |:h7'((H/ C) - QOZT[(H/ 7)] +pr7T(H/ lﬂl/ﬁ—) + GTgTL'(H/ l(X/ 5) - 0/
i(to) = Ao, 1(ty) = Aq,
n>0, eT17 =1, e=(1,..1) eRP,

force g, yeQoeT, e M.
We denote D, = {(1,k,1,0,0,¢,7,0,6) satisfying conditions (1)—(4)} to be the feasible
solution set to (RWD — ?), and we name it as the robust feasible solution set to (WD — P).

Definition 6. A feasible point (1,%,7,p,0,5,7,7,0) € D, is considered to be the robust weak
efficient solution to (WD — @), if there does not exist (1,x,1,0,0,¢,7,0,0) € D, satisfying

JA[n0L) = Q=(11,)] +p" (11,7, 8)e + 075 (1L, 70, D)e}

< /S {[1(11,¢) = Q2(,3)] + " f(TT, 10, 0)e + 08 (1T, 10, S)e}t,
where T1:= (t,1(t),%(t)).

The Mond-Weir robust dual model (see Mond and Weir [26]) associated with (),
considering data uncertainty in both the objective and constraint functionals, is given as

follows:

0
(MWD — P) (max /S [h(H,g) -Q Z(H,v)}df

subject to

' [hA(H, ¢) — Q% (11, ’Y)} +o" fa(TL, 1o, 0) + 07 gA (T, 14, 6)

~Da|p" f1, (T 10, 0) + 6733, (I, 10, 8)| =0, (5)

1" ha(16) = Q2r(IL7) | + " fr(TL, 1, 0) +07g(IL, 1, 6) = 0, (6)
p f(I1,10,0) 20, (7)

g(I1,1,,0) =0, (8)

l(tO) = /\Or L(tl) = /\1/ (9)

7>0, efly=1, e=(1,..1) € R (10)

The corresponding robust counterpart for (MWD — ) is stated as:

_ 7 — 0 Y
(RMWD — P) (l(r.n)%))/s{h(nr@ Q Z(H/’Y)}dt

subject to
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' {hA(H, g) — Q%2 (11, 7)} + 0" (Tl 1, 7) + 67 ga (1L, 10, 5)
_DIX |:pr)\“ (H/ llX/ 5—) + GTg)LD( (H/ llX/ 5_):| == O/

1" 1 (11,8) = Q2 (1L 9)] + 07 fr(1L, 10,9) + 67 g (11, 1,0) = 0,
PTf(H/ ln,0) 20,
811,14, 8) =0,
(to) = Ao, i(t1) = Aq,
7>0, elpy=1, e=(1,..1) €RF,

force g, ye€EQoeT, M.
We denote Dy, = {(,x,1,p,0,6,7,0,6) fulfilling (5)-(10)} to be the feasible solution
set to (RMWD — ?), and we call it the robust feasible solution set to (MWD — P).

Definition 7. A feasible point (I,%, 7,0, 0,¢,7,0, 5) € Dy is named a robust weak efficient
solution to (MWD — P) if (1,x,4,0,0,6,7,0,0) € Dy, does not exist satisfying

/S;[h(ﬁ,g) —Qoz(ﬁ,y)}dt < /[h(H,g‘) —QOZ(H,'?)}dt.

JS

Next, we associate a mixed robust dual model for (), as follows:
(mD — P) max /{ {h(H,g) — Q%(17, ’)/)} + T f(I1, 14, 0)e
(t()x(-) /S

+07¢(IT, 1, 0)e}dt
subject to
1" [1a(1L6) = Q20 (1L )] + " £ (1L, 1,0) + 678 (1L 10,0)
—Da |0 fr, (10, 0) + 6733, (T, 10, 8) | =0, (11)
1" [he(1L,6) = Q2<(1L )| + p" fe(IL 10, @) + 67 g (1L 10,6) = 0,

(12)

i(to) = Ao, i(t1) =My, (13)
7>0, ely=1, e=(1,..1) €R?, (14)
o' f(I1,1,0) 20, (15)
g(I1,14,8) = 0. (16)

The corresponding robust counterpart for (m®D — ) is stated as:
(RmD — P) max /{ [h(H, ¢)— QOZ(H,"?)} + pT f(I1, 14, 5)e
(t()x()) /S

+07¢(IT,1,8)e}dt

subject to
T = _ 0 . T = T 5
U [hA(TLG) Q zA(Hrv)} 0" AL 1, 7) + 6782 (I, 1, 6)

-D, [pT Fon (T, 10, 5) + 67 gy (T, 1, 5)} —0,

1" [1(11,6) = Q2 (IL )| +p" fr(1L, 10, ) + 67 g(1L,10,8) = 0,
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force g, yeQoeT, e M.
We denote D,, = {(1,,1,p,0,¢,7,0,0) satisfying conditions (11)-(16)} to be the feasi-
ble solution set to (XmD — P), and we call it as the robust feasible solution set to (mD — ).

Definition 8. A feasible point (1,%,7,p,0,5,7,7,6) € D, is named as a robust weak efficient
solution to (mD — ), if there does not exist (1,%,1,0,0,¢,7,0,0) € Dy, fulfilling

J[101,0) = Q=L 5)] + o7 F(L 7, B)e + 675 (1L 7 D}t

< /S { [h(n, §) — Q2(T1,9)] +p" F(I, 10, ¥)e + 08 (1T, 10, e} .
In the following, we establish a robust weak-type duality theorem for ().

Theorem 2 (Robust weak duality theorem). Let (A, @) and (I, %,7,0,0,¢, 7,7, 5) be the robust
feasible solutions of (®) and (mD — P), respectively. Assume that maxceg h(Y,¢) = h(Y,¢)

and min,eqz(Y,v) = z(Y, 7). Further, if/ﬁT h(.,¢)— QOZ(.,’T/)}dt, /Sp‘Tf(.,(‘f)dt and

/ 07¢(.,8)dt are convex at (I,®), then the following inequality cannot hold:

< [ (1000~ Q)] + 77 A1, 00 + OTg(TL 7, d)e)t.
Proof. Assume on the contrary that

[ Amaxh(¥,¢) - Q" min=(¥, 1)}t < [ {[n(11,¢) -~ Q"=(1L,7)]

ceg

+oT f(T1,7y,7)e + 0T g(11,7,, 8)e}dt
is fulfilled. Since maxccg h(Y,¢) — Q" min,eq z(Y, ) = (Y, ) — Q°z(Y, ¥), we obtain

/S[h(Y,g) - Q(Y, )]t < /S{[h(ﬁ -

+pT f(T1,7y,7)e + 0T g(11,7,, 8)e}dt

is satisfied. As (A, 77) is the robust feasible solution to the problem (), it implies
JA[nY.0) = Q=¥ D) + " F(¥, s 0)e + 07 (Y, A, De}t

< [A[r(010) = Q2(11,7)] + " £(11, 10, )e + 075 (11,7, e}t

By considering that 7 > 0 and 7T e = 1, therefore, the above inequality can be written
as

L4 WY, 0) = Q=Y )] + " F(V, A, ) + 07 g(Y, A, ) et
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< [ [0 ) = Q2L 7)] + 5" £, 1,2) + 878 (L, )}t (17)

Smce/in{ (.,¢)—Q%(, 7)} , S'Tf(.,(‘r)dt and SQTg( 5)dt are convex at (I, &),
we have
[ A" 1% 0) = Q=Y )] — 77 [1(11,0) - Q=(11, 7)ot 2
fa-ar |t e - @S|
+ [0 | Shne - g a (18)
07 £V, A 2) = p F(TL 1, )Yt 2 [ (A= D" (00,10, 0)at
+/S()1a — Za)prM(ﬁ,Za,(T)dt—i—/S(ﬁ—ﬁ)p‘Tfn(fL Iy, 0)dt (19)
and
/5 (07¢(Y, Au, 8) — pTg (11, 10, 5) dt = /S (A — 107 g\ (11, 70, §)dt
+/ o — )0 gy (1,78 dt+/ (7 — ®)0T g (11,7, 8)dt. (20)

Adding the inequalities (18)—(20) and using the dual constraints for the dual feasible
solution (1,%,7,0,0,¢,7,6), we obtain

L' Q(Y, 7] + 5T f(¥, e, ) + 878 (Y, Aa, )yt

/ {77 [1(0L,¢) = Q2(1L,7)] +p" F(1L70,2) + 781170, 8) Y,
which is a contradiction to the inequality (17). This completes the proof. [J

In the following, we establish a robust strong-type duality theorem for ().

Theorem 3 (Robust strong duality theorem). Let (A, 7t) be a robust weak efficient solution
to (). Consider that maxceg{h(Y,¢) — Q" min,cqz(Y,7)} = h(Y,¢) — Q%2(Y, ) and the
constraint qualification conditions hold for (®). Then, 7 € RP, p = (p;(t)) € R, 0 = (6,(t)) €
R" exist as the piecewise smooth functions and o € T,6 € M, € G € Qas the parameters of
uncertainty such that (A, 7, 1,0,9,6,%,0 5) is a robust feasible solution to (mD — P). Moreover,
if Theorem 3.1 holds, then (A, 7t,7,0,0,¢,7,0,0) is a robust weak efficient solution to (mD — P).

Proof. As (A, ) is a robust weak efficient solution to (), therefore, by Theorem 1, 7 € R?,
p = (pi(t)) € R",6 = (6,(t)) € R" exist as the piecewise differentiable functions and
T ET,6E M GE GY E Qas the parameters of uncertainty, such that the conditions
(1)-(4) hold at (A, 7). Hence, (A, 7T,7,0,0,,%,7,6) is a robust feasible solution to (m®D — )
and the corresponding objective function values are equal. Suppose conditions (1)-(4)
hold at (A, 7"'[) and (A, 71,7,p,0,¢,7,7,6) is not a weak efficient solution to (m®D — #). Thus,
(1,%,7,0,0,8,7,0,0) exists satisfying

/S{ [h(Y, 0) —Q%(Y, 7)] + 0T f(Y, A, 0)e+ 0Tg(Y, A, 8)e}dt

< /S {[n(11,0) = Q2L 9)] + (1L, 10, 0)e + 07 (TT, 10, e}t

From Theorem 1, we obtain

[ [n¥.0) = Q=(%,7)] at
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< /S [1(11,6) = QU2(TL,7)| + pT f(TT, 10, @) + 67g(TT, 10, B)e}t.

Since maxceg{h(Y,¢) — Q" minycq z(Y,7)} = h(Y,¢) — Q°2(Y, 7), we have

math minz(Y, dt <
[ {maxh(¥,¢) - @ minz(¥,7)}

A1) = Q=11 )] + o (I, 1, 7)e + 07811, 1, De}t,

which is a contradiction to Theorem 3.1. Hence, (A, 71,17, 0,0,¢,7,7,0) is a robust weak

efficient solution in (m®» — ?). O

TDl

Next, we establish a robust strict converse-type duality result for ().
Theorem 4 (Robust strict converse duality theorem). Let (I,%, 7, p, 0,¢,7v,0,6) be a robust
feasible solution in (mQ) ’.P) Consider that maxce g {h(Y,¢) — Q' minycq z(Y,7)} = h(Y,¢) —
Q%2(Y, %) and / —Q%(, )} dt, / ol f(.,&)dt and / 67 g(.,8)dt are strictly convex
S S
at (5, &). If (A, ) € S such that

[ [n(¥.0) = Q=(Y, 7 a

— /{ (11,¢) — Q°% (ﬁ,«y)} +p (11,10, 7)e + 87 g(T1, 7, 8)e }dt,
then, (A, 7t) is a robust weak efficient solution in ().

Proof. As (A, 7,7,0,0,¢,7,7,0) is a robust feasible solution in (m® — ?), on multiplying
the inequality (11) and (12) by (A — 7) and (7 — &), respectively, and then integrating, we
obtain

=007 [ 3000 - @S] + AL (0,0)

+0Tg0 (T, 72(4),8) = D [p" fo, (T, 7 (1), 0) + 07, (TL 7a(1), 8) | it
+ [r= R[S0 - QIEL D] + 4 a1 (0),0)
+0T ¢ (11,7,(t),8) }dt = 0. (21)

Now, we assume on the contrary that (A, 77) is not a robust weak efficient solution in
(?). Consequently, (A, /1) € § exists such that

maxh Y, minz (Y, dt
/s{geg Q Q reEQ ( 7)}

< h(Y, inz(Y,v)dt,
/S{rgea; ¢)— Q" min (Y, 7)}

or, equivalently,

L[r(%.0) - Q= m)]at < [ [n¥,0) - Q=(%,7)] ot

By considering the hypothesis,

= [{[r(01.6) = Q=1L D) + " F([L, 1, 7)e + 075 (01,1, e,
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therefore, the above inequality yields
(%) = Q=% ) Jar < [{[m(11,¢) - Q=1 5)] +
o f(IT, 1, 0)e + 07 g(T1, 7y, ) }dt.
Since 7j > 0, therefore
L7 [n(%6) = Q=(%,9)|ae < [ {7 [n(11,0) - Q=(11,7)] +
pT f(T1, 10, ) + 07 g(T1, s, &) }dit. (22)

By using the strict convexity property of / il {h(., ) —Q%(,, '7)} dt at (7, &), we have
S

S
o oh _ 0z , -
> [0 | 50 - QI
oh 0z -
s [0 mg - Q@ )|

which, together with the inequality (22) and feasibility of (7, %), gives

+/S(fr —R)q’ [gZ(ﬁ,g) — Qoan(ﬁ,ry)}dt <0. (23)

/Spr(Y' Aa,0)dt — | p"f(IL,7,0)dt <0,

+ /S(ﬁ — R)p" (T, 1, 0)dt < 0. (25)

+ [ (A —®)0T g (11,7, 8)dt < 0. (26)
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On adding the inequalities (23), (25), and (26), we obtain the following inequality:

+07 g (TT, 1 (1), 6) }dt <0,
which contradicts the inequality (21). This completes the proof. [

Remark 1. (i) In order to justify the main results derived in the paper, some illustrative applications
and numerical simulations can be consulted by the reader in the recent research work of Jayswal
etal [27].

(ii) Regarding the future research directions associated with this paper, we could mention the
study of the case where the second-order partial derivatives are presented, as well as the situation
when the involved functionals are not necessarily (strictly) convex.

4. Conclusions

This paper established three robust mixed-type duality theorems, namely, weak,
strong, and strict converse dual. Based on Wolfe- and Mond—-Weir-type dualities, we for-
mulated a robust mixed-type dual problem and, under the suitable convexity assumptions
of the involved functionals, we established some equivalence results between the solution
sets of the considered models.
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