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Abstract: In applications, missing data may occur randomly and some relevant datum are often used
to replace the missing ones. This article mainly explores the influence of the degree of dependence of
stationary Gaussian sequences on the joint asymptotic distribution of the maximum of the Gaussian
sequence and its maximum when the sequence is subject to random replacing.
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1. Introduction

Data missing is a common phenomenon in the field of applications. When it occurs,
the most common approach is to treat the available sample as a non complete sample with
a random sample size. Furthermore, it is necessary to study the properties of incomplete
samples with random sample sizes. In the field of extreme value theory, refs. [1,2] first
studied the effect of the missing data on extremes of original sequences. Let {Xn, n> 1} be
a sequence of stationary random variables with the marginal distribution function F(x),
and suppose that some of the random variables in the sequence are missing randomly.
Let ¢; be the indicator of the event that random variable X}, is observed. For the random
sequence {X,,,n > 1}, define its random missing sequence as:

Xu(e) = enXn+ (1 —en)xp, n>1, 1)

where xp = inf{x : F(x) > 0}. Suppose that the indicator sequence ¢ = {e,, n > 1} is
independent of {X;;,n > 1}, and let S, = Y x<, & be the numbers of the observed variables
satisfying

Sy P

— — A, as

. n— oo, )

where A is a random or nonrandom variable.

When A € [0,1] is a constant, under a global dependent condition D (u,, v,) (see [2])
and a well-known local dependent condition D’(u,,) (see e.g., [3]), ref. [2] derived the joint
asymptotic distribution of the maximum from a stationary sequence and the maximum
from its random missing sequence and proved, for any x <y € R

Tim P(My(X(e)) <, x + by, My(X) <, 'y + by ) = GHx)GY A (y), 3)
with @, > 0 and En ENR, where Gis one of the three types of extreme value distributions
(see, e.g., [3]) M,(X(e)) = max{Xy(e),k = 1,2,...,n} and M,(X) = max{Xy k =
1,2,...,n}.
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The result in (3) has been extended to many other cases; we refer to [4,5] for Gaussian
cases; ref. [6,7] for the almost sure limit theorem; ref. [8,9] for autoregressive process;
ref. [10] for non-stationary random fields; ref. [11] for linear process; and refs. [12,13] for
point process.

When A € [0,1] is a random variable, ref. [14] proved a similar result: for any
x<yeR

lim p(Mno?(g)) <@V + by, My (X) <@ty +En) = E[G(x)G'My)). (4)

n—oo

Ref. [15] extended the results of (4) to weakly and strongly dependent Gaussian
sequences. Let {Xn, n> 1} be a sequence of stationary Gaussian variables with correlation
function r, = E(X1X,,11). If 1y, satisfies

lim r, logn = € [0,00), @)
for any x < y, ref. [15] proved that

lim P(Mn(f((e)) < a; Vx4 by, Ma(X) < a;ly + bn)

n—oo

= E(/t:o exp(—Ag(x,z,7) — (1— A)g(x,z,y))d@(z)), (6)

where ®@(x) denotes the distribution function of a standard (mean 0 and variance 1) normal
random variable, ¢(x,z,77) = e’x’“”\/ﬁz, and the normalizing constants a, and b, are
defined as

loglogn + log4m
_ 1/2 _ 1/2 8108 &
a, = (2logn)*’=, b, = (2logn)"/* — 22log )12 (7)
If r,, satisfies:
(A1) r, is convex with r, = 0(1);
(A2) (rylogn)~! is monotone with (r, logn)~! = o(1),
for any x,y € R, ref. [15] proved that
limy 00 P(M(X(£)) < (rn)V2x + (1 — 1) Y28y, My(X) < (1) 2y + (1 — 1)V 2by) ®)

= O(min{x, y}).

For more related studies of this situation, we refer to [16-19].

In application, in addition to treating the available samples as incomplete samples
with a random sample size, we often use another set of samples to replace the randomly
missing samples, to obtain a relatively complete sample. However, this raises the question
of to what extent can the random missing samples replace the original samples. To answer
this question, we must study the relationship between the original samples and samples
subject to random replacement. In the field of extreme value theory, we need to study the
asymptotic relationship between the maximum of the original samples and their maximum
when the samples are subject to random replacement.

For the random sequence {X,,n > 1}, define the sequence subject to random replace-
ment as

Xu(e) = X + (1= £0) X, ©)

where the sequence {X,,,n > 1} is an independent copy of {X,,n > 1}. When the
sequence {X,,n > 1} is strongly mixed, ref. [20] proved that the maximum sequences and
the maximum when the sequence is subject to random replacement are asymptotically
dependent.Under the dependent conditions D(uy, v,) and D’(u,), ref. [21] studied the
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asymptotic distribution of the maximum from a stationary sequence and its maximum
subject to random replacement and proved, for x,y € R,

lim P(M,(X(g)) < @, 'x 4 by, My (X) < @'y + by)

n—oo

= G(min{x,y})EG' ™ (max{x,y}),

where M, (X (e)) = max{Xy(¢e),1 < k < n}.

It is worth noting that, in the study of [21], the random replacement sequence was
an independent copy of the original sequence, so they had the same dependent structure.
However, in practical applications, we may not know the dependent structure of the
original sequence, so it is necessary to explore the impact of the dependent structure of the
original sequence itself and the dependent structure of the random replacement sequence
itself on their maxima.

The main purpose of this article is to explore the influence of the self-dependent
structure of an original sequence and the random replacement sequence on the joint
asymptotic distribution between their maxima under a Gaussian scenario. The advantages
of choosing a Gaussian sequence scenario are as follows: The dependent structure of
Gaussian sequences can be characterized by their correlation coefficient functions; in the
field of extreme value theory, the dependence of Gaussian sequences can be characterized
by the speed at which their correlation coefficient function converges to 0; the relevant
conclusions in the case of Gaussian sequences can be easily generalized, such as in the case
of chi square sequences, Gaussian ordered sequences, and so on.

The rest of this paper is organized as follows: The main results of the paper are given
in Section 2, and their proofs are collected in Section 3. Some conclusions are presented in
Section 4.

2. Main Results

In the following part of this paper, let {X,,n > 1} and {}/(;,n > 1} be station-
ary standard Gaussian sequences, with correlation functions r, and 7;, respectively. Let
e = {&,,n > 1} be a sequence of indicators and S;, = Y <, €. Suppose that (2) holds for
some random variable A € [0,1] a.s. In addition, suppose that {X,,,n > 1}, {X,,n > 1},
{en,n > 1} are independent of each other, and suppose that U and V are independent
standard Gaussian random variables, which are independent of A. Let a,, and b, be defined
as in (7).

Theorem 1. Suppose that 1, and 7y, satisfy limy, 0 r, logn = 1 € [0, 00) and limy, o0 7, logn =
Y2 € [0, 00), respectively. For any x,y € R, we have
lim P(M,(X(e)) < ay x + by, My(X) < a, 'y +by)

n—oo

= Efexp(=(1=2A)g(x, V, 12)) exp(=Ag(min{x, y}, U, 1) — (1 = A)g(y, U, 1))]-

Corollary 1. (i). Suppose that r, and 7, satisfy lim, e 1y logn = 0 and lim, 0 74 logn = 0,
respectively. For any x,y € R, we have

lim P(Mu(X(e)) < ay'x + b, Ma(X) < 'y + b

= exp (78— min{x,y}) Eexp (7(1 _ /\)e— maX{x,y}),

(ii). Suppose that ry, and 7y, satisfy lim, o 7y logn = 0 and limy, ;e 7y logn = v € (0,00),
respectively. For any x,y € R, we have

lim P(M,(X(e)) < ay 'x + by, My (X) < ay 'x + by)

n—o0

=E {exp(—(l —A)g(x, U, 7)) exp(—/\e*mi“{x'y} -(1- /\)e*y)]
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(iii). Suppose that r, and 7, satisfy limy, e plogn = 7 € (0,00) and limy, 0 7y logn = 0,
respectively. For any x,y € R, we have

lim P(My(X(e)) < ay'x + by, M(X) < a2 + by)

= E[exp(=(1 = A)e™™) exp(=Ag(min{x,y}, U, 7) — (1= A)g(y, U, 7))]-
Remark 1. The first assertion of Corollary 1 indicates that, when both the original sequence and
the random replacement sequence are weakly dependent, the result is consistent with that of [21].
The second and third assertions of Corollary 1 indicate that, when the dependent strength between
the original sequence and the random replacement sequence are different, the joint asymptotic

distribution of the maximum of the original sequence and the maximum of the sequence subject to
random replacement is highly dependent on the strength of dependence.

Corollary 2. Under the conditions of Theorem 1, for any x € R, we have

lim P(M,(X) < a,'x+b,) = Eexp(—g(x, U, 71)).

n—oo

and

lim P(M,(X(e)) < a,'x +by,)

n—oo

= Elexp(— (1~ A)g(x, V, 72)) exp(—Ag(x, U, 11))]
Theorem 2. Suppose both 1, and 7y, satisfy the conditions Al and A2. For any x,y € R, we have

lim P(Mn(X(e)) < (ra)"/ 22+ (1= 14)""2bu, Ma(X) < (ra) %y + (1= 14)""?bu)
= O(x)®(min{x, y}).

Corollary 3. Under the conditions of Theorem 2, for any x € R, we have

lim P(M,(X) < a,'x +b,) = ®(x).

n—o0

and

lim P(My(X(e)) < a;'x +by) = P(x).

Remark 2. Corollaries 2 and 3 indicate that, when both the original sequence and the random
replacing sequence are weakly dependent, the limit distribution of the maximum of the original
sequence and the limit distribution of the maximum of the sequence subject to random replacing
are consistent. At this point, the sequence subject to random replacement can be used to replace the
original sequence. When both the original sequence and the sequence subject to random replacement
are strongly dependent, the limit distribution of the maximum of the original sequence and the
sequence subject to random replacement is inconsistent. In this case, the sequence subject to random
replacement cannot be directly used to replace the original sequence.

Theorem 3. (i). Suppose that r, and 7, satisfy lim, o 1, logn = 7y € (0, 00) and the conditions
Al and A2, respectively. For any x,y € R, we have

JHTC}OP(Mn(X(s)) < a, x4 by, My (X) < a2,y + by)
= Elexp(—Ag(min{x,y}, U, 7) — (1 = A)g(y, U, 7))]-
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(ii). Suppose that r,, and 7,, satisfy the conditions A1 and A2 and lim,_,« 7, logn =y € (0,00),
respectively. For any x € R, we have

JETJOP(M”(X@)) < a, x4 by, Mu(X) < a, 'y + by)
= Elexp(—(1 - A)g(x, U, 7))]-

Remark 3. Note that, for Gaussian random sequences with correlation functions satisfying the
conditions Al and A2, their maxima have a non-degenerate limit under the normalizing level
(r2)Y2x 4+ (1 — r,)Y2b,, and have a degenerate limit 1 under the normalizing level a;; ' x + by, for
Gaussian random sequences with correlation functions satisfying the condition lim, o 14 logn =
v € (0, 00), their maxima have a non-degenerate limit under the normalizing level a;;'x + by, and
have a degenerate limit 0 under the normalizing level (r,)'/?x + (1 — r,)'/?b,,. Thus, in order to
obtain the non-degenerate limit, we choose the normalizing level a;;'x + by, in Theorem 3.

3. Proofs

Let « = {ay,n > 1} be a sequence of 0 and 1 (& € {0,1}"). For the arbitrary random
or nonrandom sequence B = {B,,n > 1} of 0 and 1 and subset I C N, put

M(X(B),I) = max{X;(B),i € I}, M(X,I) =max{X;, i€ I}.

Forany I C N,put I'(B) = {i:i € L,B; =1} and I°(B) = {i : i € I,B; = 0}. Set
n = {1,2,...,n}. For simplicity, in the following part, denote u,(x) = a,;'x + b, and
(5) _ s _

On s=1,2.

~ logn’

Lemma 1. Let {X};,n > 1} be a standard Gaussian sequence with mutually independent ele-
ments, which is independent of {e,,n > 1}. Let {X, ,n > 1} be the independent copy. Define
Xi(e) =€, X5+ (1— sn)}/(,:*. Under the conditions of Theorem 1, we have n — oo,

‘HMMHMHWMﬁMMmS%W»

[T PR N @) < o452, 72) ()

—00

X /Ho P(M(X*,N}Z(tx)) < vu(x,z,71), Mp(X*) < vn(y,z,71))d®(z)| — 0,

where vy, (x,2,7vs) = (1 — pff))_l/z(un(x) - (pg,s))l/zz), s=1,2.

Proof. Note that N} (a) = {i : i € Ny,a; = 1} and N)(a) = {i : i € N, a; = 0}. Let
= (1- p,(}))l/zx,*; + (p,(ql))l/ZU, = (1- p£12))1/2)’<;* + (pszz))l/ZV, where U,V are
independent standard Gaussian random variables and are independent of { X n > 1} and
(X", n>1}. Let yn(€) = entjn + (1 — £,)7n. It is easy to see that both 7, 7, and 77, («) are
standard Gaussian sequences. Using the normal comparison lemma (see, e.g., [3]),
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P(My(X(a)) < n(x), Ma(X) < un(y)) — P(Mn (1 () < 1n(x), M () < un(y))‘

= |P(M(X,N}(®)) < un(x), M(X, N, (&) < (x), Ma(X) < (1))

< [P(M(R, N)(@)) < un(x)) — P(M(F, N (&) < 1y <x>>]

+P(M(X,N; (&) < un(x), Ma(X) < un(y)) — P(M(7, Ny (@) < (), M () < un(y))‘

n 2 n 2 .
<Cn ) [fi— ol exp <_ un(x()2)> +Cn Y | —pi|exp (jn(mm{?l)y}))
14+w

k=1 P k=1 14wy
where w]((l) = max{|rk|,p£11)}, w]((z) = max{|?k|,p£12)} and Cis a constant. Using Lemma 6.4.1
of [3], we know that the above sums tend to 0, as n — co. With the definition of #(«), we
have
P(My(p(a)) <t (x), My (17) < un(y))
= P(M(7, Ny () < un(x), M3, N () < 14 (), M (17) < un(y))
= P(M(77, N} (&) < () P(M(1, Ny, (&) < ttn(x), Mu(17) < t1n(y))
+oo -
= [ P PME N @) + (07) 2V < ()| V = 2)dD(2)
—+o00
< [P =) 2M(X, N (@) + (of)2U < (),

(1= o) 2Mu (XF) + (052U < u(y)|U = 2)dD(z)

+00
- P(M(X*, N2 (&) < vn(x,2,72))dP(2)

x [ PMOX, Ny (W) < 00 (35,2, 72), Ma(X) < (0,2, 70)) D (2).

The proof of Lemma 1 is complete. [

For some fixed k, define Ks = {j e N: (s—1)t+1 < j < st}, 1 < s < k, where
t = [ %], and |x] denotes the integral part of x.

Lemma 2. Under the conditions of Theorem 1, for any x,y € R,

P(M(X*,Nj(&)) < 0n(x,21,72)) P(M(X*, N, () < 0n(x, 22,71), M(X", Nu) < 0n(y,22, 1))

—HP M(X*, K2 ()) < va(x,21,72)) P(M(X*, K (8)) < 0u(x,22,71), M(X*, Ks) < 0n(y,22,71))
< 2t<1>(vn(x,z1,ryz)) + 4t® (v, (min{x, ¥}, 2z2,71)),
where ®(x) =1 — ®(x).

Proof. This proof is the same as that of Lemma 3.2 of [21], so we omit the details. O
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Lemma 3. Under the conditions of Theorem 1, for any 0 < r < 2k —1,

1-— %té(vn(min{x,y}/% 7)) — (11— %)t@(vn(y,z, 7))

+(Z]f] - 5 )H@(on(y2 1)) ~ Blon(mingx, v}z 1))

< P(M(X*, K5 (&) < on(x,2,71), M(X*, Ks) < 0u(y,2,m))

Ks) <w
<1-— %t@(vn(min{x,y},z, 7)) —(1 ZL) tD(vn(y,2,711))

+ (B L) i@tz m)) ~ Fan(min{ )z m)
43128 (0, (min{x, v}, 2,71))

and

1= (1= (o2 7) + (2 L) (o (1212)
< P(M(R, K2 (&) < (2,2, 72)

<1-(1- Zlk)@(vn(x,z,n)) + (Zfefs el zrk>t<I>(vn(x 2,72)) + 20 (0u(x,2,72))-

Proof. Recall that K!(a) = {i:i € K;,a; = 1} and K¥(a) = {i : i € Ks,&; = 0}. Noting
that {X;;,n > 1} is a Gaussian random sequence with mutually independent elements,
we have

P(M(X*, K(&)) < va(x,2,71), M(X*, Ks) < va(y,2,m))
= P(M(X*,K}(a)) < vp(min{x,y},z,91), M(X*, K2 (&) < v4(y,2,71))
<1—P(M(X*, Ki()) > va(min{x,y},2,71)) — P(M(X*, KJ()) > vu(y,2,71))
+P(M(X*, K3 () > va(min{x,y},2,m), M(X*, K (%)) > va(y,2,71))
<1 — #(K; (1)) ®(vn (min{x, y},z,71)) — 4K (&) P(0n (v, 2,711))
43128 (0, (min{x, y},2,71))

=1 2 (on(min{x,y},z,m) ~ (1 = 7)(0n(y,2, 1))

n <Zjei<s & 2"]{) t(@(vn(y,z,71)) — P(vn(min{x,y},z,71)))

+328 (v, (min{x, y},2,71)),

where f(A) denotes the cardinality of the set A. Similarly,

P(M(X*, K()) < vn(x,22,m), M(X*, Ks) < 0u(y,22,71))
21— 2 f(ou(min{x, v}z, m) — (1 - 2)@(ea(y,2,m)

N (Zjefs & 2r1<> HD(vn(y,2,m1)) — ®(0n(min{x,y},2,711))),

which completes the proof of the first result. The proof of the second result is similar, so we
omitit. [

Now, for the random variable A € (0,1] a.s., define

Br,l

Il
e
S
=
&
m
P
—~
SRS
NFr =
H\
o
AN
R
AN
N,
I
—_
——
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and ~
Buw = {w: () = a;,1 < j < n}.

Put
Br,l,a,n = Br,l N Bzx,n-

Proof of Theorem 1. Note that
P(Mu(X(e)) < un(x), Mu(X) < un(y))

2k_1

=L L E(POMX@) < ), M0 < 0D, ).
r=0 ac{0,1}"

We will split the proof into six steps. The first step, using Lemma 1, we have n — oo

2k—1
=y X E(’P<Mn<x<a>>sw),Mn(X)Sun(y))
r=0 ac{0,1}"

—E(P(M(i*,N%a)) < ou(x U, 72))|U>

xE(P(M(X*,N,%(u)) < ou(x, U, 1), M(X*,Ny) < ou(y, U, ’n))lu)

I[Br,k,nx,n]) - 0

In the second step, we will prove n — co and k — oo

»2 :ZZkf y E(’E<P(M(}A(*,N2(a))Svn(x,ll,'yz)ﬂu)

r=0 xc{0,1}"

xE (P(M(X*,N}l(oc)) < ou(x, U, 71), M(X*,Ny) < ou(y, U, 71))|U)

I[Br,k,tx,n] >

k ~
—E(HP<M<X*,K2<«>> <ol U, nmu)

s=1

k
< E( TTPM(X*, KX (&) < oa(x, U, 1), M(X*, Ks) < 0a(y, U,m)lU)
s=1

— 0.
Using Lemma 2, we have

2 < 2ED(v,(x, U, 7)) + AED(0y (min{x, y}, U, 1))
< ZHE®(04(x,U,72) + TnE®(oa(min{x, v}, U 7)),
It follows from the proof of Theorem 6.5.1 of [3] that
on(x,2,7) = tn(x+9 = /272) +0(a, ).
Then, asn — o

E(n®(va(x, U, 7))) = Eg(x, U, 7)(1 +0(1)). (10)

Thus, as n — oo and k — oo, Z,(f) tends to 0.
In the third step, we prove that n — oo and k — oo
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2k_1
=L L (‘ (HP M(X*,K(x)) Svn<x,u,vz)>|U>
r=0 we{0,1}n
xE(HP M(X*, K} (&) < oa(x, U, 71), M(X*,Ks) < va(y, Um))lu)
k
_E<(1 (- 2k)n<1>(vn(xrll/72))> |u)
k
2D (v, (min{x,y}, U, + (1 - LY\nd(v,(y, U, k
xE((l— 7t P (0n (min{x, y} m))k (1= F)n®(va(y 71))) |u) I[B,m}>
— 0.
By the following basic inequality
k k k
Hﬂs —Hbs S Z|as - bs|/ ﬂs/bs S (0/1]/ (11)
s=1 s=1 s=1
we obtain
=Y <=PY 4507,
where, using Lemma 3, we have
(1) _ :
by Z Yy E( (Z M(X*, K2 (&) < va(x, U, 72))
r=0 xc{0,1}" s=1
(1_2Lk) (U"(x/u//)Q
- (1 - k ’|u I[Br/k/a,n)
2k—1 k Tick, €
< Y E|lE() < ts —2k>t<1>(vn(x U, 7)) + 28 (0n(x, U, 1) ‘|u Iig, ) |-
r=0 s=1

et

( (vn(min{x, y}, U, 11)) + (1 — ) @(vu(y, U,%))) ‘|U>I ])
k rk,0n

k

gl

+ 3828 (v, (min{x,y}, U, ’n))‘lu>1[3nkl>'

P(M(X*, K (&) < vu(x, U, 1), M(X*, Ks) < 0uly, U, 7))

Z]eK €j

- 5 )H@(0u(0, U ) ~ Bon(min{, v}, U )

Taking into account (2), we have t — oo,

Sst b,
st

furthermore, using dominated convergence theorem, we have as t — oo
S

E|= -~ /\’ -0, E
st

S(s—1)t
(s—1)t

—/\‘—>0.



Mathematics 2023, 11, 3155 10 of 14

Hence , we obtain t — oo

21 Y e Y ox € 2k—1
jEKs €j r jEK;s €] r
ZE‘t “ok|lBy S B/ — _A‘+EE/\_ZICI[BV,k]
r=0 r=0
Sst = S(s—1)t 1
< — _
< E ; A —|—2k
Sst S(s—1)t 1
— Els(2t -2 1 )+ =
S(st )+<S )<(s—1)t o

Sst S(s—1)t 1
< st _ _ —
< sE o A‘+(s 1>E‘(s—1)t A o
1
= o)+ (12)
Combining (10) with (12) and letting t — oo, we have
e () Eg(x, U, 72) | (Eg(x, U, 72))?
nlglgo o < ok + k
L Eg(y, U m) = g(min{x,y}, U, 1)) | 3(Eg(min{x y}, U, 71))*

2k k

Thus, letting k — oo, 25,3) tends to 0.
In the fourth step, we prove n — oo and k — oo

k_ NS k
oYy E(‘E(<l_<1 2k>n<1><;n<x,u,fyz>>) |u)

r=0 ac{0,1}"

- (<l - A minto) ) £ Q- F)non u,m)))ku)

k

— k
_E<<1 (- A)n@(zm u,m)) |u>

< E ( (1 _ An®(v,(min{x,y}, U, 71))k+ (1— A\)nd(on(y, U, 7l)>>k|u>

I[Br,k,nx,n]> - 0
Using (11) and (12) again, we obtain

E(g(y, U, 71) — g(min{x,y}, U, 1))

5@ < Eg(x,U,72)
2k

2k *

Thus, letting k — oo, we have Z,(f) tends to 0.



Mathematics 2023, 11, 3155 11 of 14

In the fifth step, using (10) again, it is easy to show that # — co and k — 0

21 —Mnd®(v,(x, U, k
SR S E(‘E((l—(l QL um) |u)

r=0 ac{0,1}"

“F ( (1 _ An® (v (min{x, y}, U, 71)) + (1 — M)nP(ou(y, U, 71)))ku>

k
_E<<1 IESOHC u,m)klu)

X E<(1 — Ag(min{x,y}, U, 71) + (1 —A)g(y, u,,h>>k|u>

k I[Br,k,ax,n]> — 0

In the last step, letting k — oo, we have

SR S E(‘E<<1_(1—A)g£x,u,’72))k|u)

r=0 ac{0,1}"

xE((1  Aglmingx ), ) + (1= Vgl U m)"u)

—E<exp(—(1 - Agx U, vz))|U>

<E(exp(-Agmin{x,y}, Uym) + (1= )30, U m)IU ) i, ) 0.
The proof of Theorem is complete. [
Proof of Theorem 2. First, note that
P(My(X(e)) < (”n)l/zx +(1- 7’n)1/2bn/Mn(X) < (”n)l/zy +(1—- rn)l/zbn)
= P(n,a)P(Byy), (13)
ac{0,1}"
where
P(n,a) := P(My(X(&)) < (rn)Y2x + (1 — 7)Y 2by, My(X) < (1) 2y + (1 = 12)Y?0y)
=P(M }A(,Ng(a)) < (rn)l/zx +(1- rn)l/an)
x P(M(X,N} (&) < (1) 2x + (1 = 1) 2By, My (X) < (ra)Y?y 4+ (1 — 7)Y 0y,). (14)

It follows from (3.5) of [15] that

lim P(M(X,NL(&)) < (r,)Y2x + (1 —1,)"?b,) = ®(x). (15)

n—oo

Since {Xj,,n > 1} and {)/{;, n > 1} have the same distribution function, using a similar
proof, we have

lim P(M(X,N%(&)) < (r,)"2x + (1 — r,)"/?b,) = ®(x). (16)

n—o0

Hence, combining (8) and (16), we have

lim P(n,a) = ®(x)P(min{x, y}).

n—00

Now, we can finish the proof of Theorem 2 by plugging the last equality into (13) and
dominated convergence theorem. [J
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Proof of Theorem 3. We only give the proof of case (i), since the proof of case (ii) is similar.
First, note that

P(M,(X(e)) < u,jlx + by, My (X) < a,;ly—i— byn)

2k_1 _
= Z Z P(n/“)P(Br,k,a,n)/ (17)
r=0 ac{0,1}"

P(n,a) := P(My(X(a)) < a,'x + by, My(X) < a;, 'y + by)
= P(M(X,N%(&)) < a;,'x + b, ) P(M(X,NL(&)) < a;; x + by, My(X) <

a, 'y +bn). (18)
Obviously,
P(M(X,N%(a)) < a,'x +by)

= (7,2 (M(Z, NG (&) = (1= 7)V/2b0) <7312 (a3 + by — (1-7)120,)).

Since the correlation function 7, of {)/(;, n > 1} satisfies the conditions A1 and A2, we
have n — oo

M _ ~ — _ 1. .
7 1/2(51” ly+b, — (1- rn)l/zbn) = 7, 1/2(% Iy + Ernbn + 0o(7uby))

1, . .

= E(Zrn log )2 4 o((27, log n)'/?)
o

Furthermore, using (16), as n — o

P(M(X,N)()) < a;'x +by) —

Hence, for any ¢ > 0 and sufficiently large n

1—e<P(M(X,N%()) <aylx+by) <1+e.

(19)
Thus, for a sufficiently large n
2k—1
Y Y (1) P(M(X,NL(®)) < a; "x + by, My(X) < a3, 'y + by)
r=0 ac{0,1}"
< P(My(X(€)) < aytx 4 by, My (X) < ayly +by)
2k—1
<Y Y (+eoP(M(X,Ny(x) <ay'x+ by, Ma(X) < a, 'y +by).  (20)
r=0 ac{0,1}"

Now, using the dominated convergence theorem, in order to finishing the proof, we
only need to show n — coand k — oo

2k_1
Z Z M(X, Nl( ) < x+bn,Mn(X) ga;1y+bn)
r=0 ac{0,1}"

— E (/_J:o exp(—Ag(min{x,y},z,7) — (1 —A)g(y, 217))‘1‘1’(2))- (21)

Noting that the correlation function r, of {X,,, n > 1} satisfies lim, o ' logn = 7 €
(0, 0), repeating the proof of Theorem 1, we can prove that (21) holds. [J
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4. Conclusions

The joint asymptotic distribution of the maximum of stationary Gaussian sequence
and the maximum of the sequence subject to random replacing is highly dependent on the
dependent structure of the original sequence and the replacing sequence.
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