. mathematics

Article

Optimization of the Approximate Integration Formula Using
the Discrete Analogue of a High-Order Differential Operator

Kholmat Shadimetov 12

check for
updates

Citation: Shadimetov, K.; Boltaev, A.;
Parovik, R. Optimization of the
Approximate Integration Formula
Using the Discrete Analogue of a
High-Order Differential Operator.
Mathematics 2023, 11, 3114. https://
doi.org/10.3390/math11143114

Academic Editor: Simeon Reich

Received: 12 May 2023
Revised: 9 July 2023

Accepted: 12 July 2023
Published: 14 July 2023

Copyright: © 2023 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

, Aziz Boltaev

1,23,#() and Roman Parovik %5*

Department of Informatics and Computer Graphics, Tashkent State Transport University,

1 Odilkhodjayev Str., Tashkent 100167, Uzbekistan; kholmatshadimetov@mail.ru

Computational Mathematics Laboratory, V.I. Romanovskiy Institute of Mathematics,

Uzbekistan Academy of Sciences, 4b University Str., Tashkent 100174, Uzbekistan

Department of Computational Mathematics and Information Systems, National University of Uzbekistan
Named after M. Ulugbek, 4 University Str., Tashkent 100174, Uzbekistan

International Integrative Research Laboratory of Extreme Phenomena of Kamchatka, Vitus Bering Kamchatka
State University, 4 Pogranichnaya St., Petropavlovsk-Kamchatskiy 683032, Russia

Laboratory for Simulation of Physical Processes, Institute of Cosmophysical Research and Radio Wave
Propagation FEB RAS, 7 Mirnaya St., Kamchatka Krai, Yelizovsky District, Paratunka 684034, Russia
Correspondence: aziz_boltayev@mail.ru (A.B.); romanparovik@gmail.com (R.P.)

Abstract: It is known that discrete analogs of differential operators play an important role in con-
structing optimal quadrature, cubature, and difference formulas. Using discrete analogs of differential
operators, optimal interpolation, quadrature, and difference formulas exact for algebraic polynomials,
trigonometric and exponential functions can be constructed. In this paper, we construct a discrete
d%:" + 1 in the Hilbert space Wz(m’o)
an algorithm for constructing optimal quadrature formulas exact on exponential-trigonometric func-

analogue D, (hp) of the differential operator % +2

. We develop

tions using a discrete operator. Based on this algorithm, in m = 2, we give an optimal quadrature
formula exact for trigonometric functions. Finally, we present the rate of convergence of the optimal
quadrature formula in the Hilbert space WZ(Z’O) for the case m = 2.

Keywords: differential operator; discrete analogue; Hilbert space; discrete argument functions;
optimal quadrature formula

MSC: 65D32

1. Introduction Statement of the Problem

Quadrature formulas are extensively used in different areas of mathematics and its
practical applications. When obtaining a discrete approximation, it is crucial that the
quadrature formula approaches the given definite integrals as closely as possible. Such
formulas can be obtained using variational principles. Therefore, constructing optimal
quadrature formulas on classes of differentiable functions using the variational method is
an important problem in computational mathematics. The problem of optimizing numerical
integration formulas using the variational approach involves finding the minimum of the
error functional norm in the given space of functions. There are two problems related to
this: Nikol’skii’s problem [1,2], which involves minimizing the norm of the error functional
with coefficients and nodes, and Sard’s problem [3-5], which involves minimizing the norm
of the error functional with coefficients for fixed nodes. The solutions to Nikol’skii’s and
Sard’s problems are referred to as the optimal quadrature formula in the sense of Nikol’skii
and the sense of Sard, respectively.

In this paper, we investigate Sard’s problem of the construction of optimal quadrature
formulas in a Hilbert space.

We indicate Wz(m’o) the class of functions ¢ defined on the interval [0,1], which pos-
sesses a continuous (m — 1)th derivative on [0,1] and whose mth derivative is in L,(0,1).
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The class Wz(m’o) under the pseudo-inner product

1
(@) = [ (#(x) +9(x)) (97 () + p(x) ) dx 1)
0

is a Hilbert space if we can find functions that are different from the equation’s solution
M (x) 4 f(x) = 0. Thus, Wz(m’o) is the Hilbert space equipped with the norm

oo = () (om0 + <p<x>)2)%, @

corresponding to the inner product (1).

(m,0)

For a function ¢ from the space W, ", we consider a quadrature formula of the form

1
N
[ 9(xdx= Y ClBlo(xp), )
b =
where C[g] and xg are coefficients and nodes, respectively, and ¢ is an element of the

Hilbert space Wz(m’o) (0,1).
The following difference between integral and quadrature sum

1
N
(t9) = [ 9(x)dx =} ClBlo(xp) @
0 p=0
is called the error of the quadrature Formula (3) and (¢, ¢) f £(x)@(x)dx is the value of

the error functional ¢ for the given function ¢. Here, the error functlonal ¢ has the form
£(x) = epqy(x Z C[B]o(x — xp), (5)

where ¢[g 1)(x) is the characteristic function of the interval [0,1], and ¢ is Dirac’s delta-
function.

According to the Cauchy-Schwarz inequality, the absolute value of the error (4) is
estimated using the norm

11 ymon- sup  [(£, ¢)] (6)
H(PH mO =1

of the error functional /, as follows:

(& @) < N9l ymor 1] ymore

where Wz(m 0 is the conjugate space to the space W(m 0

(m,0)

Sard’s problem on the construction of optimal quadrature formulas in the space W,
is to find such coefficients C[f] that satisfy the equality

12l ygnor. = inf €], no @)

i.e., to find the minimum of the norm (6) of the error functional ¢ using coefficients C[p] for
fixed nodes x.
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This problem consists of two parts: first, calculating the norm (6) of the error functional
¢ in the space WZ(m’O)*, and then finding the minimum of the norm (6) using coefficients
C[B] for fixed nodes xg.

There are a number of methods for constructing optimal quadrature formulas in the
sense of Sard, such as the spline method [6-8], the ¢-function method [9-14], and Sobolev’s
method [15-18]. In diverse spaces, based on these methods, Sard’s problem has been
reviewed by many authors (see, for example, [11-14,19-23] and references therein).

The spline method. 1.]J. Schoenberg [24] showed the relationship between optimal
quadrature formulas in the sense of Sard and natural splines.

It is considered that for a linear differential operator L = am,ﬁ% + a1 ;l;:ﬂ% +...4+

a % + ag, am # 0;in [25], Chapter 6, the authors studied the Hilbert spaces in the analysis
of generalized splines.Specifically, with the pseudo-inner product

b
(@)= [ Lo(x)

Sobolev’s method. 1t is worth noting that Sobolev’s technique is based on the formation
of a discrete analogue to a linear differential operator. Using this strategy, we can obtain the
analytic expressions for coefficients of optimal quadrature formulas in the sense of Sard.

In [15,16], the minimization problem of the norm of the error functional using co-
efficients was decreased to the system of difference equations of the Wiener-Hopf type
in the space Lgm), where Lém) is the Sobolev space of functions with a square integrable
generalized mth derivative. The existence and uniqueness of a solution for this system was

shown by Sobolev [15-18], who described an analytic algorithm for finding the coefficients
(

of optimal cubature formulas. For this, Sobolev studied the discrete analogue Dh’;) (hB) of
the polyharmony operator A™. The problem of the construction of the discrete operator

D,S’IZ) (hB) in a n-dimensional case is complicated and remains an open problems.In the
(m)

one-dimensional case, the discrete analogue D, (1) of the differential operator dd;% was
obtained by Z.Zh. Zhamalov [26] and Kh.M. Shadimetov [27].
q2m q2m—2

Furthermore, in [28—30] discrete analogues of differential operators S — Z—,

dZm d2m 2

T T 2w 2 T Tw 4 dd - (form >2), 4 ~w — 1 (for odd m) were constructed and their
properties were studied.

Notice that the discrete analogues of differential operators mentioned above were used
in the construction of optimal quadrature, interpolation formulas, and spline functions in
the Lém), Wz(m’m_l), Wz(m’o) and K;(Py,) spaces (see, e.g., [28,31-39]).

In addition, in the works of M.D. Ramazanov [40-42], optimal cubature formulas were
constructed. The author considered the spaces of functions W}, which are obtained by

completing the finite Fourier series

x) = ) e ®
k

in norm:
1/2

)

| Aiwg | = ‘;fmzmknz

In the works of M.D. Ramazanov and Kh.M. Shadimetov [40,41], optimal cubature

formulas were constructed in the space Lém) (H). In addition, in [43], an optimal cubature

formula of the Euler-Maclaurin type was constructed in the space Lgm) (R™).
This work aims to study Sard’s problem of constructing optimal quadrature formulas

of the form (3) in the space Wz(m’o) using Sobolev’s method. As a consequence, we obtain the
optimal quadrature formula, which is exact to the basis functions of the kernel of the norm
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(2). Here, the basis functions are contained in exponential-trigonometric functions. We
acquire the optimal quadrature formula, which is not precise for any algebraic polynomial.

The rest of the paper is formulated as follows: in Section 2, the extremal function,
which corresponds to the error functional ¢, is found; in Section 3, with the help of this
extremal function the norm of the error functional is calculated, i.e., the first part of Sard’s
problem is solved; in Section 4, a system of linear equations for coefficients of the optimal

(m,0)

quadrature formulas in the space W, " is obtained, while the existence and uniqueness
of a solution for this system are discussed; in Section 5, the discrete analogue D, (hf) of

+ 255 d wn + 1 is obtained; and in Section 6, Sobolev’s method
(m,0)

of the construction of optimal quadrature formulas of the form (3) in the space W, " is
examined. Next, the optimal quadrature formula that is exact to trigonometric functions is

obtained. Finally, at the end of the paper, the rate of convergence of the optimal quadrature

formula in the space WZ(Z’O)

the differential operator d L

for the case m = 2 is studied.

2. Extremal Function of the Error Functional of Quadrature Formulas

For identifying the norm of the error functional (5) of the quadrature Formula (3), we
apply the extremal function of the error functional.
The function 1, satisfying the equation

(& we) = 1] yggmore - N[ Wellyyomo (10)

is called the extremal function for the functional ¢ [15-18].

Since Wz(m’o) is the Hilbert space, then using the Riesz theorem on the general form of

a linear continuous functional on Hilbert spaces, for the error functional ¢ € Wz(m’o)*

exists a unique function ¢, € Wém’o), such that for any ¢ € Wz(m’o)

is fulfilled

, there

, the following equality

(6, 9) = (Yo, 9). (11)
Additionally, ||£H (no): = Hl/)g”w(m,o). Here, (1, ¢) is the inner product of two functions
2

defined by equahty (1) in the space Wz(m’o).

In particular, from (11), when ¢ = i, we have
(€)= (Wee) = 1ell? onoy = N9ellymo - 1€, (mo)e |I€H2
2 2

The solution ¢, of Equation (11) is the extremal function. Therefore, to calculate
the norm of the error functional /¢, first, we should find the extremal function ¢, from
Equation (11) and then calculate the square of the norm of the error functional ¢, as follows:

||£Hi\]2(m,0)* = (él IIJZ) (12)

Integrating in parts the right-hand side of (11) we obtain

1
(o) = (0" [ (90 + 9" @) + (=19 (@) + (=) "po(x) ) g(x)dx +
0
m—1 1
+ L U0+ 97 w) e )
s= 0
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Here, we come to the following two cases for the odd and even values of m, respec-
tively

1
(o) = (0" [ (") = ul)) ooy + (13)
0
m— 1
£ 0 (@) + 9 (0)) o ()| for odd
s=0 0
and
1
(o) = [ (8" (0) + 201" (x) + pu(x) ) plx)dx + (14)
0
m—1 1
+ L D (@ 4 @) e )| forevenm
= 0

To find the extremal function, we solve Equations (14) and (15) depending on the corre-
sponding values of m.

)

We note that, in the present paper, we study Sard’s problem in space Wz(m’0 for even
natural numbers m. For odd m, Sard’s problem in this space was solved in [30].
Furthermore, we assume that m is an even natural number. From (14), taking into
account the uniqueness of the function ¢, we have the following equation:
(2m)

(m)
Yo (x) +2¢, (%) +pe(x) = £(x) (15)
with the boundary conditions

x=1

(& +w' )]

It is worth-mentioning that, in the work [44] for the solution of the boundary value
problem (15)—(16), the following result was gained.

=0, s=0m—1. (16)

Theorem 1. A solution of Equation (15) with the boundary conditions (16) is the extremal function
Wy of the error functional £, and this has the form

Pr(x) = £(x) * Gu(x) + Yin(x),

where Gy, (x) is Green’s function, i.e., it is a fundamental solution of the equation

Gy (x) +2Gyy (%) + G (x) = 8(x) (17)
and is expressed as follows:
_osgnx - .\ xcos Blm . ((2k—1)m (2k—1)m
Gu(x) = Erms k; {(1 m)e cos (x sm( - + (18)
| pprcos Bt (x Sm( (2k — 1)7‘[) L2 (k1) )} ,
m m
7 i _ _
Y, (X) — Z £ cos (Zk,rll> |:1’1,k oS (x sin W) + 7k sin (X sin (2kml)7'[):| , 19)
k=1

1 and ryy are constants.
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(m,0)

As the error functional (5) is defined in the space W,
following conditions:

(gl X 08 L{;,l)n cos <x sin (2](—1)7‘[) )
m
(er g¥ cos Qk;:l)n sin (x sin (2](;11)7T> )

meaning that the quadrature Formula (3) is exact for linear combinations of functions

(@k-1)7 2k —1 (@k-1)m 2k —1
¥ Tm  cos (x sin (m)n), ¥ T sin (x sin (m)ﬂ) k=1,

, it is crucial to impose the

0,

»
|
=
S

, (20)

0, k=1,

N[ 3

, (21)

SE

3. The Norm of the Error Functional of the Quadrature Formulas

As it was stated above, to calculate the square of the norm of the error functional (5), it
is enough to calculate the value (¢, {;) of the error functional ¢ at function ¢,. For this, first,
using equalities (20) and (21), we obtain

(4, Ym(x)) =0,

where Yy, (x) is the function defined by (19) for even m. Then, using (19), we have

+oo
12 oy = (Epe) = [ €00)[£x) % Gn() + Yon ()]t
+oo
- / £00) [£(2) * G ()] (22)

where G, (x), as defined by (19).
Here, for the convolution in (22) taking (5) into account, we obtain

+oo 1
0(x) * Gy (x) = /K(y)Gm(x—y)dy /G (x —y)dy — ;;)C BlGm(x — xp).
o 0

Then, the square of the norm (22) of the error functional ¢ takes the form

N 1
16120 = EOCW(/ Gm<x—xﬁ>+cm<xﬁ—x>)dx

0

N N 11
- Y ) CIBIC[Y]Gm (xg — xy) // Gm(x — y)dxdy. (23)
00

B=0~r=0
Since Gy, (x) is the even function, we have
Gm(xp — x) = Gu(x — xp),

then, taking into account the last equality, from (23) we obtain

N N
||€||2 mO = Z EOC Gm xﬁ_x'y +/ / Gm x—y)dxdy
p=07=

)

ﬁ / Gu(x — x5)d (24)
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Thus, the first part of Sard’s problem on the construction of optimal quadrature

(m,0)

formulas in the space W, " is solved. Next, we consider the second part of the problem.

4. System for Coefficients of Optimal Quadrature Formulas

Next, our focus shifts to minimizing the squared norm of the error functional (24),
which is subject to conditions (20) and (21). It is established that the error function ¢
satisfies these conditions. The squared norm (24) of the error function is dependent on the
multi-variable coefficients C[](B = 0, N) of the quadrature Formula (3).

To determine the conditional minimum point of the squared norm of the error func-
tional (5) under the conditions (20) and (21), we employ the method of indefinite La-
grange multipliers.

Denoting C = (Cy,Cy,...,Cy) and r = (rn, T, T, .,72%), we consider the
following function:

3 o B
¥(Cr) = [l>- 2[71k< xcosmml)cos(xsinmml)n)>

+rok ((, greos BT G (x sin 2k :ﬂ D 71) ) 1 /

where 11 and ry (k = @) are Lagrange multipliers.
Equating to zero the partial derivatives of the function ¥(C,r) with coefficients

C[Bl(B = 0,N) and with ryx, ro; (k = @), we acquire the following system:

N
Y ClGum(xg —xy) + Yu(xg) = fu(xg), p=0,1,...,N, (25)
=0
N (2k-1)7 2k -1 m
Z C[r)/]exw COS 5" cos (xy sin ) = S1ks k=1,2,..., =, (26)
=0 " 2
N e _
Z C['y]ex“/ cos (kal) sin <x7 sin (2’(1)7‘[) = &2 k=12,..., ﬂ/ (27)
=0 " 2
where
1
fm(xﬁ) = /0 Gm(x — xﬂ)dx, (28)
P Gene (sin (k-1 (2k— 1)7'[) ~ cos (2k — 1)71, (29)
m m m
Lk = sin M _ p©0s Eer sin (sin (2k—1) — (2k = 1)7-[), (30)
m m m

k=1, ’g, Gm(x) and Yy, (x), as defined in Theorem 1.

We can notice that the system (25)—(27) is called the discrete system of Wiener—Hopf
type [15,17].

It should be emphasized that the existence and uniqueness of an optimal quadrature
formula of the form (3) in the sense of Sard in Hilbert spaces were studied in [13,17].
Specifically, we can obtain that the difference system (25)—(27) for any set of different nodes
xg, p=0,1,... N, when N +1 > m has a unique solution, and this solution gives a
minimum to ||¢||? found by (24) under the conditions (20) and (21). The existence and
uniqueness of the solution to such types of different systems were also studied in [13,17].

Furthermore, we consider the case of equally spaced nodes. Suppose x5 = hp,

— 1 _
B=01,...Nh=4 N=12,...



Mathematics 2023, 11, 3114 8 of 20

We suppose that C[f] = 0 for § < 0 and p > N. Then, using the convolution of
two discrete argument functions (see [13,17])

@(hB) * p(hp) = Z(Ph'r ¥(hB —hy),

Y=—00

we rewrite the system (25)—(27) in the following convolution form:

C[B] * Gm(hp) + Ym(hB) = fu(hp), p=0,1,...,N, (31)
N by cos 2D (2k—1)m m
E Cly]e" Mo COS (h’y sin m) = k=12,..., 5 (32)
¥=0
Z C h’YCOS ”ll) 51n<h’)/51n(2k_1/nl)n—> = 9ok, k=12,..., %, (33)

where G, (hB), Yiu(hB), fu(hB), g1k, and goi are defined by (18), (19), (28)—(30), respectively.
There are unknowns and linear equations in the system (31)—(33).

To solve the system (31) (33) using Sobolev’s technique, we need a discrete analogue
of the differential operator d N R, dxm + 1. The next section is devoted to the construction
of this discrete analogue.

5. A Discrete Analogue D,, (hp) of the Differential Operator ;j—:n +240 411

dx™
In the present section, for even m, we obtain the discrete argument function D,, (hp)
that satisfies the equation

D (hB)  Gm(hp) = 6(hpB), (34)
where
Cnlhf) — sgn kmzll hﬁcos @1 Cos<hﬁsm((2km1)7r>+(kal)n)
4 hpetBeos BT cos(h,[%an((zk;nl)n)+2n.(ik_l)>], (35)

J(hp) is the discrete delta-function, i.e.,

5(hﬁ)—{ é g;g h:%, N=12,....

It is worth mentioning that the process of constructing the discrete argument function

d2m

is comparable to the process of constructing discrete analogues of differential operators -,

d2m d2m72 d2m 2 d2m 2 4 dZm—4 d2 .
Freil e e i + 2w P2 T W g a and { ; — 1 (for odd m) in the works [27-30].

The discrete function D,,(hp) plays a significant role in calculating the coefficients
of optimal quadrature formulas in the space Wz(m’o)

discrete analog of the following equation:

. We can notice that Equation (34) is a

q2m am
(s + 2 +1) Gol) = 60, 36
where G, (x) is defined by (19), and é(x) is Dirac’s delta-function.
We present the following notation:
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B B (2k—1)m
ayg = (1—m)cos —
ay = 2l e ((m —1) cos <h sin (Zk:nl)n _ 2k 1)7T>

m
+ hcos (hsin (2K ;11)71 + 2m(2k - U)),

m
Ay = 2ecos s ((1m)sin(2k_1)nsin<2hsin(2k_l)n> 2]1(:05277(2]{_1)),
m m m
k— — —
Age = pdlcos X5 ((1—m)cos(hsin (2K 1)7.[—|-(2k 1)7t)
m m
+ hcos(hsin Rk=1)m _ 27(2k = U))/
m m
k- _
asp = (m—1)e dicos Z151 COSW/
k—1)m —
by = —4€hcos(2ml)cos<hsin (2](1)71)/
m
k —
by = 2- g2heos e l <2+COS<2hSiI’I(2lel)n)),
k- _
by = —4edteos S cos(hsin(Zkl)n),
m
b4k — e4hcos (Zk;‘])n

The results of this section are the following:

Theorem 2. The discrete analogue D, (hp) of the differential operator d 44 2o d” o + 1 satisfying
Equation (34), when m is an even natural number, has the form

m—1
L Ac-APT 1B 2,
k=1
m—1
Du(hf) = 24 1+ L AL 1Bl =1, (37)
M-8 4 L 3 B=0.

where
i 5 5
K=Y |ax+ay ), bj|, M =) by
k=1 =1, k=1

itk

7 7 7
=) (ﬂak fay Yy, bijtan ), sz) ,
k=1

[y =Tk
. Az (Ar) 1

Ap = Pyy2(A) = =Py (A
T N (P2 (A0 2" 2A) = 3 Pm(B),

m

2
Awm(A) =11 </\4 + bipA® + byA? + by + b4k>,
k=1
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¢ B (1)
Akz)\

e

P (A) =
k

Il
-

B] (/\) = tllj/\4 + 112]')\3 + {513]‘/\2 + a4]-)t + asj,

Ay are roots of the polynomial Py, o (A) with an absolute value less than one, i.e., |Ax| < 1.

Theorem 3. The discrete analogue D, (hp) of the differential operator d 4+ 2 e "+ 1 satisfies

the following equalities
1. Dw(hp) x ehbeos TS o (h,B sinM> =0,

2. m(NP) * ¢hbcos ! 11) sin (hﬁ sin M) =0,

3. Du(hp)*hpe® cos Z5HE o (hﬁ sin Ll)ﬂ) =0,

4. Dy (hB) * hﬁehﬁcos B sm(h,B sin M) =0, k=12,...,%.
Here, Gy, (hp) is defined by (35) and 6(hp) is a discrete delta-function.

In order to demonstrate the theorems mentioned above, we rely on the widely recog-
nized formulas for generalized functions and Fourier transforms [45,46]. Specifically, we

define the direct and inverse Fourier transforms of the function ¢

—+o0 —+o0

F[q)(x” = / q?(X)ezmp"dx, Fﬁl[q)(p)]: / q,(x)efhtipxdp'

—00 —00

Fourier transform of product and convolution of functions ¢ and :

Flo 9] = Flo] - Fly],

Flg-y] = Flg] « F[y].
For the delta function and its derivatives, the following hold:
Flo(x)] =1, F [5@‘) (x)} = (—27mip)"®
We also use the following well-known properties of the delta-function

S(hx) = h=16(x),

“+o00

+o0 . T
Y s(x—p), Yo = Y S(x—p).

ﬁzfoo ﬁzfoo ﬁzfoo

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

Proof of Theorem 2. It is more convenient to work with harrow-shaped functions rather
than functions of a discrete argument. By using harrow-shaped functions, we can perform
operations more easily. The harrow-shaped function that corresponds to the function of the

discrete argument Dy, (hf) takes the following form:

~7

Dm (x) = l:Zolo Dy (hB) - 6(x — hB).
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Now, using the definition of harrow-shaped functions, instead of Equation (34), we
consider the following equivalent equation in terms of harrow-shaped functions:

Dm ()% Gm (x) = (x). (46)

In this case, it has to be taken into account that § (x) = 6(x) and

— +oo

Gm (x) = ¥ Gu(hB)-d(x — hpB) are harrow-shaped functions corresponding to a
p=—o0

discrete function G, (hp).
Applying the Fourier transform to both sides of Equation (46), and taking (39) and (40)

into account, we obtain
1

Pl o]

First, we compute the Fourier transform F [Em (x)} . Taking into account (43), (45),

F [Bm (x)} - 47)

and also using Formulas (40) and (42), we have

F[ G (x)] = FGu(x)] % o (hp). (48)

To calculate the Fourier transform F[Gy,(x)] of the function G,,(x), we use the equali-
ties (36) and (44). Then, taking into account equalities (39) and (41), we obtain

1 by
F[Gp(x)] = - = . 49
(G ()] (27tip)?" +2 - (2mip)™ Z lZmp Pr (zm'p - p,fl )
We denote the roots of the equation p?” +2p™ +1 = 0 as p; = cos % +
isinw, a, = %pk and b, = #pi,k =12,... mm=2nn=12,... . We
calculate the first part of the sum (49)
i 1-m & 1-—
Y3 i S Zmzz P Zm[z 1 +...+2.p’”}
= 2mip — py m* = 2mip — py m Tip — p1 TP — Pm
Then, we use the following equality, i.e.,
_ m _ P1 P2 Pm
(2mip)" +1  2mip—p1 + 2mip — pa et 27tip — pm”
hence, we obtain
m
ax m—1 1
- = . - (50)
k:Zl 27tip — pi m  (2mip)"
then, the calculation of convolution (48), taking into account (49), (50), and (47), gives
F|Dm ()| = [ . — Y .
S T e )
hooo 1 -
2 _ -1
i m; ;| =[S1+8)7" (51)

[ﬁ—h(ﬂﬁé}")
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From (51) we have

_m-1 W7 1
51 = m (_Zﬂi)mzﬁ:{ﬁ—h<p+’2’¥)}~,,,-{ﬁ_h<p+;;,;;i)}’ (52)
52 = L ipﬁz ! 5 (53)

S (o)

Let us suppose that the Fourier series of the function F {Bm} (p) has the form

[eo)

F[Du|(p)= Y Du(hp)e> ¥, (54)
p=—00

where D,, (hB) are the Fourier coefficients of the function F {Bm} (p), ie.,

Dm(hﬁ) = ./(;hl F [Bm} (p)e—zﬂiiﬂhﬁdp. (55)

Applying the inverse Fourier transform to both sides of equality (54), we obtain the
harrow-shaped function

B (x) = 5 )“j Dun(hB)5(x — hB).

Therefore, based on the definition of harrow-shaped functions, we can deduce that the
discrete function Dy, (hB) is the desired discrete argument function Dy, (hf). This implies
that we can obtain D,,(hp) by expanding the right-hand side of (54) as a Fourier series.
To evaluate the infinite series S; and S, in (51), we utilize a well-known formula from the
theory of residues (refer to [47]).

Y, f(B)=— ). res(mcot(mz)f(2)), (56)
p=—00 21,22,... ,zn
where z1, zp, ..., z are the poles of the function f(z).

We present the famous formula (see [48])

i 1 ___ = (57)

B0 (B — p>2 B sin?(7tp)

To calculate S1, we use the well-known formula from (56)

G TR B ) e |

Here, z; = h(p+%), k4 :h<p+ ipz) s Zm = h(p—i— 12!77"1) are the poles of order 1 of

2 )

the function f(z). Then, using the Formula (56) from (52) we obtain

_m—1 hm1
m  (=2mi)™

Y. res(ncot(nz)f(z))] . (58)

21,22/--+/2n
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Using straight calculation, we have the following results:

B 22i\" 7y pihi
Zr:ezs](7rcot(7'cz)f(z)) = _<_h> T cot(rchp—i— > )

B 27i\""! 7p, pahi
Zr:egz(ncot(nz)f(z)) = (h) T cot(rcthr > )

_ 27i\ " TTPm—1 Pm—1hi

Z:rzenf:l(7tcot(7'£z)f(z)) = _<_h> - cot(nhp+ > ),

B 27\ 7p, pmhi

Zfzi](ncot(nz)f(z)) = _<_h> -mcot(nhp+ 7 >

2miph

Denoting A = e , using the last m equalities and taking into account the following

formulas: cos(z) = CH, sin(z) = €54, cosh(z) = £ and sinh(z) = £, after

some calculations from (58), we obtain

S =
1 2

1—m z ()\2 _ ethos (2k;ll)ﬂ) . COS (2k-1)m
- m
L\Z

(2k=1)m (k1)
z)whcos - cos(hsm (2k— 1) )+62hcos i

(2k—-1)m

20l cos T i (h sin (Zk;l)n) sin &1
BT

m

(59)
)\ Z)Leh cos = Vl]> CcOS <h Sln %) _|_ 21 cos

Now, we calculate series (53) using Formula (57), which gives us

S, =

m m
2
me 3

2k—1)1 -~ B
2 & Nzeheos 2 o (fsin 2,17 4 2721
[/\ o) eheos 0T COS(hSlHM)_i_ethos (Zk;llﬁfr

k

2 1) - (k=1 - _
”Cos 27(2k—=1) Bhcos Z cos(hsm m(2k—=1)  2m(2k 1))]

2\e 21 cos

m m m

(60)
2
{/\2 2Me hCOS ml) CcoS (h sin W) +e 21 cos (Zk l) }

Substituting (59) and (60) into equality (51), we obtain

— m2 m
F[Dm} (p) = K /\PA;ﬂ(Z/\())L) (61)

For finding the direct form of the discrete function D,,(hS) on the right-hand side
of (61), we expand into the sum of partial fractions, as follows:

m? Ax (M) m? K

. = — .|\ — 71 + M
K AMA=M)A=A2) .- (A= A2m—3)(A —Azm—2) K K !
420 4 1oy 24 2m—3 2m—2 ) (62)
A A=A A=Ay A=Az A—Ayu2

where K, Ki, M, and Ay, (A) are given in the statement of the theorem; Aj, A}, A, ...,
A3 3, A5, 5 are unknowns; and Ay, Ay, ..., Ay, 2 are roots of the polynomial Py, _2(A),
suchthatAj-Ayy—1-j=1,j=1m—1
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For finding unknowns Ag, A}, A3, ..., A}, 5, A3, _,, we multiply both sides of equal-
ity (62) using the expression A(A — A1)(A —Az) ...+ (A — Agpy—3)(A — Agyy—2) and we put
A=0,A=Aq,...,A = Aypy_». Then, we can obtain the following results:

Ay =1, 63)
Agm (M) ——s
A= 2 k=1,2m— 2. (64)
k AkPﬁm72(Ak)
From (64), taking into account A1 - Ay - ... Agp—3 - Aoyy—2 = 1, we have
Al = —iA* and A} = —iA* (65)
2m—2 — )\% 1 2m—3 — A% IEREE

Finally, using (63)—(65) from (61) we obtain

*(Ay i* (AA) H — S DA,

m2 Kl =2, M=
? /\—?+M1+ ; ; ; e

Hence, bearing in mind that A = e2iPh we obtain the explicit form (37) of the discrete
function Dy, (hB). Theorem 2 is proven. [

The proof of Theorem 3 is obtained using the definition of the convolution of discrete
functions and the direct calculation of the left sides of equalities (1)—-(4). In (37), we note
that the function Dy, (hp) is even, i.e., D;,(—hp) = Dy, (hp).

6. Solution of the Discrete Wiener—-Hopf System
In this section, we give an algorithm for finding the exact solution of the system (31)—(33)

using the discrete analogue D, (hf) of the differential operator d £ L, N dxm + 1, as obtained
in the previous section.
We introduce the following functions:

v(hp) = C[B] * G (1p) (66)
and
u(hp) = v(hp) +Yu(hp). (67)
Then, taking (34) into account, for optimal coefficients C[f]; we have
C[B] = Du(hp) * u(hp). (68)

Therefore, if we can find the function u (1), then optimal coefficients can be defined
using the Formula (68). For calculation of the convolution in (68), it is required to find the
function u(hp) at all integer values of B. It is obvious from (31) that u(hg) = fi(hB) for
hg <€ [0,1].

Now, we have to find the function u(hp) for < 0 and p > N. Using the Formula (19),
we calculate the convolution v(hB) = C(hp) * G, (hB)for hp & [0,1].

For B < 0, we have

N
0(1B) = Gu(hB) *C[B = Y. Cl¥]Gum(hf — hy) = ZOC['y]Gm(hﬁ ~hy) = _27;2
Y=— =

N

X ZC[’Y] (1—m) i (p—hy) cos Z52 cos((h,B—h’Y)sin (2k;1)7r+ (2k_1>7f>

=0 k=1 m
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(k-1 271(2k—1)>]' )

m
+ Y (hB—hy)e (hp—Iry) cos ZUT cos ((h/ﬁ — h7y) sin p -

k=1
Hence, splitting up the internal sum into two parts
al '" 2%-1) 2k—1 2k—1
2 2 hﬂ hV)COS( t) COS<(hﬁ—h’Y)Sin( o )T[+ ( p )7-[) :Sl,k_SZ,kl
= k=1

(2k ;1)7( n (2k :nl)n>

% Cly](hB — hy) i (hB—h) cos 5 cos((h,B — h7y) sin
k=1

= S3%+ Saks
where
N y ) )
S1x—Sox = Z Z (hB—h~y) cos ;nl) Cos((hﬂ _ h’)/) sin (2k ml)?T + (2k ml)n)
v=0 k=1
N y ) )
— ) Cly] ) elrhPrees o COS<(h7hﬁ) sin (2k=1)m + (2 1)”)/ (70)
=0 k=1 m m
N - —
) CI1(hp —h7) Z ol=ly)cos 5507 COS((hﬁ — h7y) sin ( DL + 271(2::1 1))
=0 —
: 2k —1 2t(2k — 1
( )7, 27 )>

N 2
+ ) Clyl(hB —hy) Z (hy—hp) cos F50 cos((h’y — hpB) sin
r=0 k=1 m m

(71)

= S3[k + S4,k-
Substituting the obtained expressions (70) and (71) into (69) and wusing

Formulas (31)-(33), after some simplifications, we have the expression (69) in the form

0(hB) = 5.3 O (HB) — Yiu (1, by ).

Here

ehB=h) cos S cos((h,B — hy)sin (2K T—nl)n + ZH(ZTI;_ 1))

m

n () —hﬁZZC

¥=0k=
+(m—1)Syx + S4k/

2k— 1)
Yo (hB, dik, dox) = Z glbeos {dlk cos (h,B sin (m)>

+dyy sin (h,B sin (2k;1)> ] ,

where dy, doy (k = @) are unknowns.
Direct calculations show that v(h) for § > N has the form

o(hB) = 33 Qum(hB) + Yon (s g, ).
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Then, we have that u(hB) = v(hp) + Y (hB), u(hB) = fu(hB) for hp € [0,1] and

_%Qm(hlg)—i_YM(h:B/ri/ri)/ :B<0/
hB) = 2m 1k 2k
(k) { 5 Qu(hB) + Yu(hB,rfurs) B> N. 72)
Then
You(hB) — Yo (hB, d, doi) = You (B, 1310 T3
and

Yo (hB) + You (B, dak, do) = Yo (hB, 1,73,

Hence, we have
1 _
Yin(hB) = 5 (You (B, 11y r3pc) + You (B, 1y 5) )

Since for hp ¢ [0,1], C[B] = 0, then
C[B] = D (hp) xu(hp) =0, hp & [0,1].

From here, we can obtain a system of linear equations for finding unknowns ry;, 75, 1, 75,
(=13)
Then, we find the optimal coefficients of quadrature formulas of the form (3) using
the Formula (68)
C[B] = Du(hp) xu(hp), hp < [0,1].

Thus, Sard’s problem of constructing optimal quadrature formulas of the form (3) in
the space Wz(m’o) (0,1) for even natural numbers m is solved.

Remark 1. It should be noted that m = 2, by realizing the above-given algorithm, we obtain the
optimal quadrature formula of the form (3) in the space W2(2’0) (0,1), which was constructed in the
work [33].

2

Remark 2. We note that using the discrete analogue Do (hf) of the operator f—; + 2% + 1, which

corresponds to the case m = 2, we obtain an interpolation formula Py, (x) in the space WZ(Z’O) (0,1)
obtained in Theorem 3 of [49]. It should be noted that the constructed interpolation formula is exact
for trigonometric functions.

Remark 3. It is vital to note that the discrete analogue Dy, (hpB) of the differential operator jj—;n +

2% + 1, as constructed in Section 5, can be used for the construction of interpolation splines
minimizing the semi-norm (2) and optimal quadrature formulas for numerical integration of Fourier

coefficients in the space Wz(m’o) (0,1).
In the next section, we give the results of the algorithm for the case m = 2.

7. Coefficients of the Optimal Quadrature Formula in the Space WZ(Z’O) (0,1)
In this section, we give the results of the realization of the algorithm for the construc-

tion of the optimal quadrature Formula (3) in the space Wz(m’o) (0,1) for the case m = 2.
We recall that, in the case m = 2, we obtain the result of Theorem 4.4 of [33].
For m = 2, the system (31)—(33) has the form

ClB] * Ga(hB) + r11 sin(hp) + ra1 cos(hB) = f2(hB), B=0,1,...,N, (73)
N
Y Cly]sin(hy) =1—cos1, (74)

=0
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Clp] =

N
Y Cly]cos(hy) =sin1, (75)
¥=0

where

Ga(np) = B (i (1p) — np cos(1p)],

fa(hB) = i 4—(24+2cos1+sinl)cos(hp) — (2sinl —cos1)

+sinl- (hB)cos(hB) — (14 cos1)sin(hp)|.

The system (73)—(75) was solved in the work [33], and the following theorem was proven:

Theorem 4. The coefficients of optimal quadrature formulas of the form (3) with equally spaced
nodes in the space Wz(z,o) are expressed by the formulas

2sin(h)—(h+sin(h)) cos(h) (h—sin(h)) (A +A)) B—ON

(h+sin(h)) sin(h) (htsin(h)) sin(h) (1+AN 1)’ =Y 76)
4(1—cos(h)) 2h(h—sin(h)) sin(h) . B N-B TN T
hFsin(h) " (hsin(h)) (h cos()—sin(h)) (1+ AN 1) ()‘1 A ) p=1N-1,

where Ay defined in Theorem 4.1 of [33] and |A1] < 1.

Remark 4. Note that the optimal quadrature formula of the form (3) with the coefficients given in
Theorem 4 is exact for trigonometric functions sin(x) and cos(x).

8. The Rate of Convergence of the Optimal Quadrature Formula in the Space W2(2,0) (0,1)

Here, we give some results that show the rate of convergence of the obtained optimal
quadrature formula for the case m = 2. To obtain this result, we use Theorem 4.
It has to be mentioned that the absolute value of the error (5) of the optimal quadrature

Formula (3) in Wz(m’o) (0,1) space is estimated by the Cauchy-Schwarz inequality, as follows:
< || :
€D < gl ygmor - 2] o

Since the norm |[¢||,, o) of a function ¢ from the space W2<m'0>(0, 1) is bounded, it is
2

sufficient to calculate the norm H€ HW“”'”* of the optimal error function that presents the
2

rate of convergence for the obtained optimal quadrature formulas.

The case m = 2. For the norm of the error functional 2 in the space WZ(Z’O) (0,1), the
following result was obtained in [33]:
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Theorem 5. The square of the norm of the error functional (5) of the optimal quadrature Formula (3),

on the space WZ(Z’O) has the form

o112 ~ 3—sinl  (h—1)(hsin(h) —4cos(h)+4) —4h
¢ wor = 5 + 1(h + sin(h) + 2 cot(h)
s[4 —AY) | M+ A +sin) sin(h) +4(A] +A])

20 1-)\ A2 —2Aycos(h) +1

(1= A2)(1 = AN)(h cos(h) — sin(h))
(A2 — 274 cos(h) + 1) sin(h)

or
7|17 _ 1 5
e = 7agh" + O(i*), N— o, (77)
where s = 2hsin(h) (h—sin(k)) and Ay defined in Theorem 4.1 of [33].

(h+sin(h))(hcos(h)—sin(h) ) (1+AY)

From here, we can infer that the order of convergence of the optimal quadrature
Formula (3) in the space W2(2’0) (0,1) is O(K?).

The following theorem gives the asymptotic optimality for our optimal quadra-
ture formula:

Theorem 6. The optimal quadrature formula of the form (3) with the error functional (5) in the
space WZ(Z’O) (0,1) is asymptotically optimal in the Sobolev space ng) (0,1)

w0
N b @8
1218

Theorem 6 was proven in [33].

9. Conclusions

Thus, in this paper, we used the Sobolev method to develop an algorithm for solving
a system of algebraic equations that determines the coefficients of quadrature formulas of
the form (3). To achieve this, we obtained a discrete analogue D,, (hp) of the differential

operator % +2 dd;n + 1, (for m even) and used it to solve the system (31)—-(33) for m = 2.

We then obtained explicit expressions for the optimal coefficients éﬁ and used them to
construct an optimal quadrature formula of the form (3) in the space WZ(Z’O). It is important
to note that the optimal quadrature formula of the form (3) in the space WZ(Z’O) is exact for
the trigonometric functions sin(x) and cos(x).
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