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Abstract: This article investigates the inverse problem of estimating the weight function using
boundary observations in a distributed-order time-fractional diffusion equation. We propose a
method based on L? regularization to convert the inverse problem into a regularized minimization
problem, and we solve it using the conjugate gradient algorithm. The minimization functional
only needs the weight to have L? regularity. We prove the weak closedness of the inverse operator,
which ensures the existence, stability, and convergence of the regularized solution for the weight in
LZ(O, 1). We propose a weak source condition for the weight in C[0, 1] and, based on this, we prove
the convergence rate for the regularized solution. In the conjugate gradient algorithm, we derive the
gradient of the objective functional through the adjoint technique. The effectiveness of the proposed
method and the convergence rate are demonstrated by two numerical examples in two dimensions.

Keywords: weight function recovery; L? regularization; distributed-order time-fractional diffusion
equation; convergence rate

MSC: 68T45

1. Introduction

Recently, due to the ability to effectively model complex multiscale phenomena, the
distributed-order fractional derivative has received considerable attention in a variety of
disciplines, including viscoelastic material [1], transport phenomena [2-6], and control
theory [7,8]. We cite [9,10] for more detailed information on distributed-order fractional
(DOF) calculus applications. However, some transport phenomena cannot be effectively
modeled by fractional differential equations with single-term [11] or even multi-term [12]
fractional derivatives. In these cases, the fractional derivative must be modified by the
weighted integration of its derivative order over a certain range. Therefore, the distributed-
order time-fractional diffusion equation (DOTFDE) can accurately characterize the forms of
ultraslow anomalous diffusion that exhibit logarithmic-growth-type mean square displace-
ment [4-6,13-15]. In addition, DOTFDE has numerous applications in various fields, such
as the dynamics of quenching random force fields [4,13], polymer physics [5,14], motion in
iterative mapping families [6], and motion in non-periodic environments [15].

We denote an open bounded domain by Q € R¥. Let dQ be its smooth boundary and
T € (0, co]. With suitable initial and boundary conditions, DOTFDEs are formulated as

oDWu = Au + f, )
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where (x,t) € Q) x (0, T] and A is an elliptic differential operator with respect to x. The
definition of the left DOF differential operator in Caputo type is given by

(1) '
oD u(t) = [ p(@oDtu(t)de,

where
oDfu(t) = /0 u’(T)(lf(;i)a)dT, 0<a<).

DOTFDE has become an issue of theoretical interest in recent years [16-22]. In [17],
by virtue of the Fourier series solution of DOTFDE and some asymptotic results of Cauchy
problems, the authors analyzed the asymptotic properties of DOTFDE'’s solution. The
authors of [19] studied the strong solutions of DOTFDEs on bounded domains. Using a
maximum principle and the Fourier formal solution of DOTFDE, the author of [18] obtained
the uniqueness and existence of strong solutions. The authors of [20-22] also proved the
existence, uniqueness, and regularity properties for the weak solutions of DOTFDEs. In
addition, research on numerical calculations of DOTFDE can be found in [23-30].

Several publications have addressed the inverse problems of DOTFDEs, where the
weight function y is unknown and must be recovered. The authors of [31] recovered u
through the Dirichlet (or Neumann) observational data from a point within a region. By
virtue of the representation of the solution to the forward problem, they established the
uniqueness of the solution. The authors of [22,32] obtained the uniqueness of inverting u
by measurement at an interior point, relying on the analyticity of the solutions of DOTFDEs.
The authors of [33] considered the numerical recovery of the weight from observation at one
interior point by solving a regularized functional using the conjugate gradient (CG) method.
Jin and Kian [34] determined the support of a weight function from the measurement at
one boundary point in an unknown medium. They also reconstructed a weight from
boundary data in a known medium by solving a minimization functional without a penalty
term. They adopted an algorithm based on the CG method and an early stopping rule
under the discrepancy principle. For other types of inverse problems of DOTFDEs (such
as teh estimation of diffusion or potential coefficients, source terms, initial and boundary
conditions, and domain geometry), we refer to [35-38].

Despite some contributions, few papers have thoroughly studied the convergence
properties of regularization methods to solve the inverse problems of DOTFDEs. Our main
theoretical results are the weak closedness of the inverse operator and the convergence
rate of the regularized solution. The weak closedness ensures the existence, stability, and
convergence of the regularized solution. The convergence rate is given under a weak source
condition that we propose. In this paper, we also focus on the numerical determination
of the weight function y over a finite interval in the inverse problem of DOTFDEs with
Neumann boundary conditions. Building upon the methodology introduced in [34], we
utilize the L? regularization method to transform the inverse problem into a minimization
problem. We solve this minimization problem using the CG method. Note that we utilize
an L% norm regularization term instead of an H I horm regularization term as in [33]. This
implies a lower requirement for smoothness on the weight function, while there must be
# € C[0,1] in [34] and p € H'[0,1] in [33], and the L? norm regularization term also makes
it easier to compute the gradient in the CG algorithm.

The structure of this paper is as follows. Section 2 offers a concise overview of the
forward problem. Section 3 explores the inverse problem, starting with the transformation
of the problem into a functional minimization using L? regularization. Stability analysis
for the regularized solution is then performed, and a convergence rate is given under a
weak source condition. In Section 4, we introduce a CG algorithm to solve the inverse
problem. The convergence rate and the algorithm’s effectiveness are demonstrated through
two two-dimensional numerical examples. Finally, in Section 5, we conclude the paper.
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2. The Forward Problem
Consider a two-dimensional DOTFDE:

oDMu—Au= f  inQx(0,T],

ulp—o = ug  inQ, ()
J— 0 on aQ) x [0, T].
A

The operator — A, which is symmetric and uniformly elliptic, is defined on H} (QQ) N H2(Q2)
and
d d
d ou(x,t
—Au(x,t) = c(x)u(x,t) — Y —(aij(x)%),
— ;

= 59

where the coefficients satisfy

a;j(x) = aji(x), and a;j(x) € cl(O),

I > 0and 12 > 0,1 (¢ < T, Y, 4(x)6i8; < 12lg
= (&, .5 R, xeq,

c(x) >0, and c(x) € C(Q).

Let v(x) be the outward unit normal vector of dQ) and v; is the i-th component. The
corresponding boundary condition in (2) takes the form

ouw L& 9
= L L v

va i HiT

For the sake of notational convenience, we abbreviate the left fractional integration
operator OI}*“ asI'% ie.,

_ fot(t —s) *v(s)ds

I%(t) = oIl 0 (t) A=)

®)

Furthermore, we denote by V := oH' (0, T; H~1(Q)) the space with all functions from
H'(0, T; H1(Q))) and their trace vanishing at t = 0. Referring to [20], we have the standard
derivation of the following results.

Let K = {u(x) € L*(0,1) | p(a) > Ofora € (0,1)and C; < [|u(a)|l12(91) < Co}
Assuming that u € K, up(x) € L?(Q) and f(x,t) € L?(0,T; L*(Q)), then the problem (2)
has a unique weak solution u € L?(0, T; H'(Q)) and

/01 () IV (1 — ug)da € V.

Furthermore, V¢ € H'(Q),a.e. t € (0, T],
5/1/ () () I (x, £) — 1ag ()| e
dt Jo Jo P ’ 0

d d
+ 3% [ Dig)ay (0Dl Hdx

i=1j=1
:/Qcp(x)c(x,t)u(x,t)dx—l—/ﬂ(p(x)f(x,t)dx,

and

+ [l 20,701 () < M, 4)

1
/ () IV (u — ug)da
0 HY(0,T;H1(Q2))

with the positive constant M only depending on Cy, Cy, f, ug, 71, 72, c(x), Q, and T.
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3. The Inverse Problem
3.1. The Identification Problem

Typically, we only obtain measurements on the (parts of) boundary 0Q) instead of
inside the total Q. Thus, our goal is to identify the exact weight u* in (2) from the extra
boundary measurement

ut(x,t) = ¢(x,t), on Ty C 3Q),

where u? is the solution of (2) with = ut. In practical applications, it is often difficult to
obtain the exact data ¢(x, t) due to measurement errors. Instead, ¢°(x, t), the measurement
with noise, is obtained, where the noise level is known:

19° = ¢ll2(0,m.2(ry)) < & (5)

It is widely recognized that parameter identification problems frequently exhibit ill-
posedness and usually require some regularization. In this paper, L? regularization is
adopted and the inverse problem is formulated as

pe = argmin Je(4), ©
uekK
where
Z =2 [ |F O 2dxdt + = ‘|12 7
) =g ) VEG) g Pt Sl i g @)

and F(u") = ¢, € > 0, u* € K (see Chapter 10 in [39]). The choice of u* is an open issue
and crucial for the efficacy of regularization approaches. The convergence rate results in
Section 3.3 heavily depend on p*. Generally, #* should have a priori information of the
exact parameter u* and is regarded as a prior guess.

3.2. Existence, Stability, and Convergence of the Regularized Solutions
We first give three properties of the regularized solutions in (6).

(i) The existence: There exists a minimizer u€° for any data ¢° € L2(0, T; L?(Ty)).

(ii) The stability: For a given regularization parameter €, the minimizers of (7) depend
continuously on ¢°.

(iii) The convergence: As the noise level 6 and the regularization parameter € (chosen by
a priori rule) both tend to zero, the regularized solutions 1€ converge to the exact
parameter y*.

These properties establish the well-posedness of the minimization problem and the
reliability of the regularized solutions. If the weak closedness of the mapping F : u —

uy(x,t)|r, is provided, the proof of the (i)(iii) is standard (see [39]).

Proposition 1. (weak closedness). For y, — u € Kin L?(0,1) and F(u,) — y € L?(0, T; L?(Tp)),
then we have

F(u) =y.

Proof. From (4), we have the conditions that {u,,} and fol =%(uy, — ug)pn(x)da are
bounded in L?(0, T; H'(Q)) and H'(0, T; H~'(Q)), respectively. Hence, there exists a
subsequence {uy,, }, u* in L%(0,T; H'(Q)) and v* in L2(0, T; H~*(Q)) such that

*

Upie — U 8)

and .
E/o ynk(oc)llf”‘(uynk —up)da — v*.
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Applying the compact embedding of L2(0, T; H!(Q)) into L?(0, T; Q), we can show that

Uy, — u*in L0, T; Q). 9)

Now, let us verify that v* = % fol I'*(u* — up)p(a)da. For any given ¢(x,t) € CL(0,T;
H! (Q)), we use the triangle inequality to obtain

a) I (up,, — uo)datpdxdt — / / dt/ &) Y% (u* — ug)dapdxdt

Q dt
A E/ o (@) T 2( (up,, —u )dzxzpdxdt‘
1—«a
/ / i () — p(e)] "% (u™ —uo)dalpdxdt‘
a dt /
£ M + M.

For Mj, we have

M, = ! Q%/l '*(u (up,, — u*)ynk(ac)dzwdxdt’
= ‘/ / /t ( O1 r}(t;kﬁai) (t — r)*zxda) (”M (x,7) — u*(x))drdtdx
_ T al/) X t Vo (a) *
= ’/ / ( b T( —a)t da) * (uynk(x,t) —u (x))dtdx
<

Hatpxt

1 r}z;kiai) t‘“du&) * (u”"k (x,t) — H*(x)>

7
L2(0,T;Q) H < 0 L2(0,T;Q)

where the symbol * denotes the convolution with respect to t. Then, utilizing Young’s
convolution inequality, it follows that

P (x,t) U () *
H o T —a)t 14y (2 5) = D120 m00)-

L1(0,T;2)

L2(0,T;0)

Since i, (#) € K are nonnegative and

1 T
1 iy t”‘d _ [ () / t%dtd
Jo Ti=ayt “de vora Jo TA—w) Jo “
= ' M"ﬂ_“d& <2C; max{T,1}
0 T(1—a) =2 o
oP(x, t)
My < 2Cmax(7, 1} | 245 i, (5 8) — 0 (6) 200
L2(0,T;Q0)

From (9), M; tends to zero as k — oo.
For M;, we can deduce

Mzz/ /th/ =% (u* — ynk—y(a))dmpdxdt’
:/ / ath / = ) (pn, — y(:x))dtxdxdt‘

:/ tn, — 1 / /alPXt( Ij“)*(u*—uo))dxdtdzx.

Again, by Young’s convolution inequality, it is straightforward to verify that

/oT /o alpg;’t) <r(;_a 0" (u" — uo))dxdt e L%(0,1).
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In fact,
alp (x,t) ( o . )
* (U™ —up) |dxdt
/ / I —'X) ( o 12(0,1)
X, t) H ]
< * (U —U
- at 2o 0)l T(1—a) ( ) 12(0,1)
W (x,1) . T :
< b0 () I Pome
al[](x,t) . ( 1 T2720¢ );
= u” —ugl| 2001 = da
ot LZ(O,T;Q)H 0||L (0,T;Q) ~/O (1-(2 — 0())2
9P(x, t) "
u —u 2 .0)-
T I | ollz2(0,m;00)
Since i, — u € Kin L?(0,1), we obtain
My — 0 ask — oo.
Then, for any ¢(x,t) € L2(0, T; H'(Q))),
T 4 1
1- 1—- *
e o [ G, = whon (o) = 14" — o) et 0
as k — oo.
By the weak convergence of (8), we yield
d
/ 22/ a;;Djuy, Dipdxdt — / ZZ/ ajjDju* Dyypdxdt | —
i=1 i=1j=1 (]1)

(/ /C”ﬂnk‘/’dx‘it_/o /ch 1pdxdt) — 0ask — o0, Vi(x,t) € L*(0, T; H(Q)).

Adding (10) and (11), we obtain that for any given Vi (x,t) € L2(0, T; H! (Q)),as k — oo,

/ / / I (u* — ug) pdxp (e dzxdt—l—/ ZZ/ a;jDju* Dyypdxdt

i=1j=1

:/0 /ch*lpdxdt—i-/o /Qf(X,t)llJ(x,t)dxdt,

Then,

dt// I (u* = uo)pdxp(w dlxdtJrZZ/az]Dqu;dx

i=1j=1

- /K')cu*lpdw /Q Flx, H)p(x)dx, V(x) € H(Q).

(12)

Clearly, u* is the weak solution of (2) for y, and u* = u, due to the uniqueness of weak

solutions. Additionally, as 1, — u, holds for any subsequence uy,, ,

wy, — uy in L2(0, T; H(QY)).

Considering the continuity of the trace operator, we obtain F(p,) = u, (x,t)[r, —

F(p)

uy(x,t)|r, in L?(0, T; L*(T)). Moreover, given the assumption that F(,) — y in L?(0, T;

L?(Ty)), we deduce, by exploiting the uniqueness of the weak limit, that F(u) =y. O
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3.3. Convergence Rates

Throughout this subsection, we make the assumption that weight functions are con-
tinuous on [0, 1], thereby selecting K = {u(a) € C[0,1] | p(a) > 0 fora € (0,1) and C; <
()|l 2¢0,1) < Co}- Furthermore, we derive the convergence rates of regularized solutions
under a weak source condition. To establish the existence of the weak source condition as
described in Theorem 1, we introduce three lemmas.

Lemma 1. Let w(w) be continuous on [0, 1] such that, for all t € (0, T] (T > 0),

1
/ w(a) t*da = 0.
0
We then conclude that, for « € [0,1], w(a) = 0.

Proof. Define g(t fo «) t*da. Then, differentiate g(f) = 0 with respect to ¢ repeatedly
to find, forn =0, 1 2,-

1
/ w(a)a" t*da = 0.
0
Hence,

1
/0 pla) w(a)t*da =0

for any polynomial p(«). By virtue of the Weierstrass theorem, we conclude the existence
of a sequence of polynomials {p, («) },,>0 that Converges to the continuous function w(«)

uniformly on [0,1]. Taking the limit # — oo in fo ) pu(a) t*da = 0 yields, for any
€ (0,T],

1
/ w(a)?t*da = 0.
0

This completes the proof. [

Lemma 2. Let w(a) be continuous on [0,1] and fOT |u(t) — u(0)|dt # 0. Then, Vt € (0,T),
fo a)oDfu(t)da = 0 if and only if w(a) = 0.

Proof. Utilizing the definition of a fractional derivative, we observe that, for t € (0, T),
1
0= / w(@)oDu(t)da
0
_[ta - w(a)
_ /O 5/0 (1= )" (u(x) — u(O))dT g s (13)
_ M4 e w(a)
_ /O [dt(t f (u(t) — u(O)))] .
Subsequently, using the Laplace transform, we can express (13) as
1
a1 _w0)\\_w(«)
0 _/ (r(1 @)s (L{u}(s) - )) g

—/ “dac(L{u}( ) — M(SO))

As fOT lu(t) — u(0)|dt # 0, it follows that L{u} (s) — 2 £ 0. This implies that fo )s¥da
= 0. By Lemma 1, we can deduce that w(«) = 0. D
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Let us consider a perturbation of y, denoted by i := p + Tw, where T — 0 is a
real parameter. Given the above perturbation ji, we denote by # the solution to the
corresponding forward problem (2). Further, let us define

u(x,t) —u(x,t)
W (xty)—%lg% T

to be the solution to (14)

oD Wo(x, 65 1) = AW (%, 1) + fu(x, 1) inQx (0,T],

W (x,0;1) =0 in O, (14)
BW%](;W” -0 on Q) x [0, T],
where f,, (x, ;) = — fo a)oDy uyde.

Lemma 3. Assume that w(a) is continuous on [0,1] and fOT luy(x,t) — ug(x)|dt # 0. Then,
W (x,t; 1) = 0if and only if w(a) = 0, where (x,t) € Ty x (0, T] and « € [0, 1].

Proof. We introduce an ordinary DOF differential equation:
oDPW, (1) = — AWy (E), W, (0) =1, t € (0,T). (15)
Here, A, and ¢, (x) correspond to the eigenvalues and eigenfunctions of the operator —A

imposed with the homogeneous Neumann boundary condition. Moreover, the solution
Wy (t),n =1,2,- - arelinearly independent functions. From Corollary 3.1 in [31], we obtain

W (x, t; 1) E/ </Q anw(x T 1) Pu(x )dx) )Wn(t— T)dTs(x). (16)

Here, the distributed fractional integral operator is

1Wo(t) :/0 K(t - )o(t)dr,

where L{K}(s) = . Additionally, utilizing the Laplace transform on (16) with

folu( )stda
respect to the variable t, we have
L{W,
LW s = 325 [ L (e smp(oir o By, (),
fo w)s*du

If Wo(x, ;1) =0, (x,t) € Tg x (0,T), we have

</Q L{fw}(x,s;}i)l,bn(x)dx) Yu(x) =0, x €Ton=1,2,-

Since (A + Ap)Pu(x) = 0in Q and ¢, (x) = ?;5;’ = 0 on Iy, the uniqueness of the Cauchy
problem for elliptic equations (refer to Theorem 3.3.1 in [40]) implies ¥, (x) = 0in Q,
which contradicts {¢,(x)}, being eigenfunctions of —A with the homogeneous Neumann
boundary condition on Q). Thus, for any n € N, there exists x,, € I'g such that ¢, (x,) # 0.
Consequently, it follows that

L} s gn()dx = 0,n = 1,2,
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and, combining the linear independence of ¢, (x) in (), we can deduce that
fw(x, ;) =0, t€ (0,T).

By virtue of Lemma 2, we can determine that w(a) = 0on [0,1]. O

Theorem 1. (Source condition) If fOT Jo lut(x,t) — ug(x)|dxdt # 0, there exists ¢(x,t) €
L%(0, T; L*(T)) such that, for any w € C[0,1]

T
o w = W (x, t; ut)E(x, t)dxdt. (17)
(= i@z = [ [ Wolo b

Proof. We define a functional H(w, {) by

T
H(w,) = (" @) = [ [ Waols )2 Oz,
0
In order to prove (17), it suffices to show that there exists &(x, t) € L?(0, T; L?(T)) such that

H(w,) =0, Yw € C[0,1]. (18)

To begin, we demonstrate the existence of ¢(x,t) € L2(0, T; L?(Ty)) satisfying
d
%H (w,&) =0.

By the definition of H(w, {), we obtain
D H@.8) = (6~ 1 Dion — [ [ AWl e Daxdt. (19
dw s r4)L (0’1) 0 I dw 7ty s
Using (14) and the fact that %fw(x, bu)=— fOl oDfuyda = fi(x,t; u), we derive that

d
%Ww(xr tut) =wWi(x tub),

where Wi (x, t; u") is the solution of (14) with w(a) = 1. Thus, (19) can be expressed as

d t * T .t
9@ D) = 1 =1 Vzon = [ [ Wl )3 Dyt

Lemma 3 implies that, for (x,t) € Ty x (0,T), Wi(x,t;u") # 0. Accordingly, there exists
&(x,t) € L2(0,T; L?(Ty)) satisfying (18). Specifically, if (u — u*, 1)12(01) > 0, we choose
=11 12004
C(X,f) = Wl(X, t;y.r)HWl(x't;W)HLZ(O,(T;/L;(FO)
(=) 1295
WL (x5 120,702y )
&(x,t) € L?(0,T;L?(Ty)) and there exists a constant ¢ such that H(w,&) = c, for all
w € C[0,1]. Moreover, as w(a) = 0 implies H(w,§) = 0, it follows thatc = 0. [

;if (uf — 15 1) 201y < 0, we choose §(x,t) =
: }

—Wi(x, t;ut) ;if (ut — .“*/1)[}(0,1) = 0, we choose &(x,t) = 0. Thus,

Theorem 2. Let ||¢° — Pllr20m;02(ry)) < 0 and u€? be the minimizer of (7). Suppose that
fOT Jo [u (x,t) — ug(x)|dxdt # 0. Furthermore, we assume that the following conditions hold:

1. the solution W, (x, t; i) of (14) with p € K exists for any w(«) € C[0,1],
2. thereexists r > 0 such that

[Weo (3, £ 1) = Wao (%, 1) | 120,500 < Tlloll 2o 157 = #ill2(0,0)
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in a sufficiently large ball around ",
3. the function &, which is found in Theorem 1, satisfies r||&| 2o 7,r,) < 1.

Then, for € ~ §, we have
IF (") — <P5|\L2(0,T;r0) = 0(9)

and

[ — H+HL2(0,1) = 0(V3).

Proof. To simplify the notation, we introduce U = LZ(O, T;Ty), and we omit the subscript
in the norm || - || ;2(g1) and the inner product (-, -)2(g1)-

As 1€ minimizes (7), we have Je(4%°) < J.(u"), which implies
IE (o) — ¢°1I7; + ellp® — p||* < 6 +ellu® — |12
Thus, .
IF () = @°l17 + ellne® — 1> _
< el = P = eflut — P+ eflpe — w2 (20)
= &+ 2e(p’ —p 0t — p¥).
Denote I = 2e(ut — 9, ut — u*). By choosing w(a) = u° () — u*(«) in source condition

(17) and using Theorem 1, we obtain

T
I =2e(p* —ut,w) = 26/ / W (x, t; uh)E(x, t)dxdt.
0 Jry
Using condition (2), we deduce that
D = 4 W i) + 12, 1l < gl — ] = gl — 2

By utilizing the Cauchy-Schwarz inequality and Young’s inequality, we derive

il = [2e Jo (0 = uf) =) e, |
< 268l [ = u o+ rellE I — et
< 26llGlle 4 = ¢° +¢° —uTlu+

rellglly [l — pt|1?

< 2¢flhe [IF(:=2) = ¢°)u + 2000l
I
< %wumuw;wna +2€0 )&l

+rel|glle |1 — 2.

By estimating I;, we see from (20) that

(1- 92)||F2(V€’5) — 112, + (1 — 7|l )ell e — |2
< o2+ Sl 4 o)y,

Given 0 < 0 < 1 and condition (3), we conclude that
IE (1) = ¢° | = O(5)
(thus, by (5), [[F(#°) = ¢|ly = O(4)) and

I =" = O(V5).
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4. Numerical Computation
4.1. Computation of the Gradient for the Regularization Functional

In this subsection, we aim to find the minimizer of 7 (y) in (7) by employing the CG
method, where the gradients are determined through an adjoint technique and the sensitiv-
ity problem (14). Specifically, we derive the adjoint equation of the forward Equation (2),
which takes the form

Do =A4v,  nQx[0,T),

o _ )
% =u—¢°, onTyx][0,T], 1)
a; =0 on (0Q\I'p) x [0, T],
v(x,T) =0, in (),
where ¢ is the observation data on Ty x [0, T},
1
DWo(t) = /O 1(a) D%0(t)da
and .
i v (O (r-h) T
Doty ={  taw - 0sa<l
—v (1), a=1.
Lemma 4. Let u(t) and v(t) belong to AC[0, T]. Then,
T
(1) - _ () ()
/0 o(t)(oDu )ty di = —u(0)(;L0)(0)+o(T)(oL{" u )(T)
n / ) (D0 )by, (22)
where ) )
GLMO)E) = [ pl@ol} *o(Dda, (L{o)(1) = [ ula)ilio(t)da,
and

Lo (t) = ml_a) /t "t (),

The proof of Lemma 4 is based on Lemma 2.1 in [41].

Theorem 3. The gradient of Je () at u(a) along the direction w(«) can be obtained through

/// a)oDjuda)odxdt +e(p — p*, w)12(01), (23)

where v(x, t) is the solution of the adjoint Equation (21).

Proof. Consider a perturbation i of 1, and u and 1, respectively, represent the solutions of
(2) under weights y and ji. For convenience, we denote the solution Wy (x,t; y) of (14) as
W. By using (7) and (14), we can write
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T ()] = lim

7—0 T

L 5\2
~ lin zT/ i - o

+os [(Wrw Wb+ 70— 1) o = (= 1= 1) 20
(24)

€ %
_11352/ /l"o i —u)(d+u—2¢° )dxdt+2 (Tw, Tw)2(07) + ;(y—y ,TW)12(0,1)

:/0 /r W(u—(P )dxdt+€(;4_ﬂ*,w>L2(O/1)
0

—/T ' a—Udedt+€( —u,w)

~Jo Jryova Ho il @roy:

In order to prove (23), we multiply the first equation of (14) with v(x, t) and integrate both
sides over both the x and ¢ dimensions. This yields

T T
/ / DM Wodxdt = / / (AW + fo)odxdt.
0 Q 0 (@)

By applying Lemma 4, we obtain

0:—/ W(x,0) (L") (x,0) dx+/ oLYW)(x, T)o(x, T)dx

T
+/ | w (Do - a0) dxdt+/ / 20 Wt - | o dad
O Iy 0
—/ /Q Mvdxdt

Next, we derive the following result by using the initial and boundary conditions
in (14) and (21):

T
9% Wxdt — // dxdt — /// YoD%uda)odxdt.
//rOaVA wavx a)oDfuda)vdx

Finally, we substitute this result into (24) to complete the proof. [

4.2. Transformation of the Adjoint Problem

Let 7(x, t) be defined as v(x, T — t). Then, we can express tD(TV)v(x, f) = ngl)ﬁ(x, T),

which follows from

T vs(x,5) vs(x,T—s)
tD“U(x t) _ (s— t)“d _ T t (T—s—t)* wds
T T(1—a) F(l—(x)
T—t vs(x, T— T—t s(x,

_ o Z()T(xt—s)st2 ds [ (Tv—(tx—ss))* ds

Tl—a)  T(1-a)
(

T 0s(x,8)
let ==T—tJO (T—5)% ds

I'(1—w)

= oD%o(x, 7).
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By applying this equivalence, we transform the adjoint problem (21) into the problem

ng}l)ﬁ(Nx, T) = Av(x,7), xeQ, te(0,T],
azia(vx/;r) =u(x,T—1)—¢’(x,T—7), x€Ty, T€[0,T], 25)
e x € 900\Ty, T € [0, T],
7(x,0) =0, x e Q.

4.3. Solving the Minimization Problem via the CG Algorithm

For the determination of the unknown weight function y, we propose the iterative

scheme
Pig1 = Pk + T, k=0,1,2,-- -, (26)

where the descent direction wy is updated according to

wy = =T (1) + Mewi1, (27)
and ) 5
A = 7||‘,7€<”")H22 with Ag = 0. (28)
1 Te (1) 113

For the step size 7y in (26), we give the following calculation. From (7), we obtain

1 €
T (e + i) 25 |t + TeWeo (3 1) = ¢ [0,y + 5 1k + oo = 1 2 o,1)-

Using
dJ (e + Tewy) 0
e = (Wbt )t = 9+t (v b)) o
+ e(wy, pg + Trewy — #*)LZ(O,l) =0,
we deduce that
W (b i)t = ¢ ) o €(@h i = 1) 12(0,)
T = — ( k k >L (0,T;To) (29)

(Weo, (x, £, 1), Weo, (X, 1, i) ) 12(0,7:10) + € (@Wr, i) 12(01)

To guarantee y € K, we adopt the pointwise projection

P, ¢, = max{Cy, min{Cp, pi } }

To minimize the functional (7), we describe the whole procedure of the CG method
as follows.
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Algorithm 1 The CG method for the minimization problem (6)

1.
2.

0 N oUW

Select an initial guess pp and set k := 0;
Solve the forward problem (2) with y = py; compute the residual Ey = [|u,,, — ¢°|| 12(0,T:T)

and the minimization functional [, = Je(yy) in (7);

Solve the adjoint problem (25) with s = j and determine 7, () in (23);

Calculate the conjugate coefficient A, using (28) and the descent direction wy using (27);
Solve the sensitivity problem (14) with w = wy and p = py;

Calculate the step size T with (29);

Update the weight yj with (26);

Project py into K with py = P(¢, c,) ki

Increment k by one and return to step (2). Continue iterating the process until the specified termination

condition is met.

4.4. Numerical Results

Two examples are chosen to demonstrate the effectiveness of the CG algorithm
(Algorithm 1 in Section 4.3). For both examples, we set O = (0,1) x (0,1), a;;(x) = 1,
c(x) =0,and T =8(1<14,j<2) Lethy =hy = % be the spatial step sizes, h; = % be
the temporal step size, and h, = 61—4 be the order step size. We add a random perturbation
00(2 x rand(size(data)) — 1) into the data and define the noise level J as

6 = dollell,

where Jy > 0. We adopt the finite element method to be discrete in space, and we use the
L1 method in time to solve the forward problem (2) [30].

In the real world, we often lack complete knowledge of the forward problem’s solu-
tion, as listed in Example 1. However, to ensure the correctness of the forward problem
calculations, we provide Example 2, with an analytic expression for the forward solution.
For both examples, in Algorithm 1, we set C; = 0.1, C; = 10. The stopping criteria are
[Jks1 — Jx| <1 x 10710 for Example 1 and |J 1 — Jx| < 1 x 1077 for Example 2. Moreover,
we illustrate the efficiency of the proposed algorithm by computing the L? error,

er(6o) = |u* —u'll,

the relative error,
Rer(do) = || — w1/ 1",
and the convergence order,
er(o)
er(%) '
Example 1. Take ug(x,y) = x(x — 1)e* +y(y — 1)e¥, u'(a) = =242 + 20+ 1, f(x,y,t) =0

To = {0 < x <1} x {y = 1}. We initialize po = 1 and p* = ug, which are both far from u*(a).
Our goal is to recover u' (a) using a sequence of noisy data

Corder = log,

¢° on Ty x [0, T]
with 5y = 0.004, 0.008,0.016,0.032, 0.064, respectively.

For comparison with the exact solution, Figure 1 displays numerical solutions for dif-
ferent 6y = 0.004, 0.016, 0.064. It should be noted that the numerical solution approximates
the exact solution more accurately the lower the noise level is.
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The L? error ||y — u'| of the regularized solution and the residual Ey are shown
in Figure 2. The error consistently decreases over approximately 100 iterations and then
stabilizes between the 100th and 150th iterations, indicating that Algorithm 1 can terminate
at this stage. The numerical errors and the convergence orders under various Jy are
shown in Table 1. The results show that as the noise level decreases, the numerical error
also decreases, and the convergence order slightly exceeds the value of 0.5 specified in
Theorem 2. It is hypothesized that with additional assumptions, (such as the assumption of
the weight function distribution), a higher convergence rate can be achieved.

To illustrate the influence of the initial guess selection, we choose two different initial
guesses yp = 1.3 and pg = —1.2(a — 0.5)? + 1.4 for &) = 0.008 in Example 1. In Figure 3,
we show the reconstructions of (a) for these two different initial guesses. The L? errors
|5 — ut|| are 0.0093 and 0.0074, respectively. All results of Example 1 illustrate that the
algorithm is not very sensitive to the selection of the initial guess.

Table 1. For Example 1, comparison results of different d.

do 0.004 0.008 0.016 0.032 0.064
er(dp) 0.0069 0.0087 0.0149 0.0266 0.0487
Rer(8y) 0.0052 0.0065 0.0110 0.0197 0.0362
Corder 0.3256 0.7712 0.8387 0.8756

Example 2. Consider the following example where ut(x,y,t) = t> cos(7tx) cos(7ty) is its exact
solution of the forward problem. The exact weight function is u' (a) = T'(3 — ). We can deduce the
source term f(x,y,t) = 2(% + 7722) cos(7tx) cos(my) from the forward Equation (2). Initial
guess po = 1.5 and yu* = pg, which are both far from u* (). Let Tg = {0 < x <1} x {y = 1}

and T = 8. Now, our goal is to recover ' () from a sequence of noisy data
¢° on Ty x [0, T]
with 69 = 0.004, 0.008,0.016,0.032, 0.064, 0.128, respectively.

In Figure 4, the exact and corresponding numerical solutions for §y = 0.004, 0.032,0.128
are presented. Additionally, Figure 5 illustrates the L? error ||p; — u'|| and the residual
E = |Juy, — ¢°| 12(0,T;T,)- 1 he convergence orders and numerical errors for various d are
listed in Table 2. The estimation of the convergence order in Theorem 2 is compatible with
the observed acquired convergence order of almost 0.5. Furthermore, in Figure 6, we show
the recovered weight function in the case of 5y = 0.008 for two different initial guesses
po = 1 and pp = 0.54> — & + 1.5, respectively. The corresponding L? errors ||y — u'||
are 0.0210 and 0.0215, respectively. The numerical results for Example 2 show that the
proposed algorithm is not very sensitive to the selection of the initial guess.

Table 2. For Example 2, comparison results of different d.

40 0.004 0.008 0.016 0.032 0.064 0.128
er(dp) 0.0173 0.0232 0.0320 0.0466 0.0571 0.0706
Rer(dp) 0.0121 0.0163 0.0224 0.0326 0.0400 0.0495

Corder 0.4226 0.4634 0.5416 0.2938 0.3059
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Figure 1. Reconstruction of j(«) with éy = 0.004,0.016,0.064 for Example 1.
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0 50 100 150 200 250 0 50 100 150 [ 100 200 o 100 200
k k k k
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Figure 2. Iteration error for Example 1. (a) The L? error ||y — u'||. (b) The residual Ey.
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Figure 3. Reconstruction of y(«) for Example 1. (a) Reconstruction of y(«) with initial guess pg = 1.3.
(b) Reconstruction of u(a) with initial guess o = —1.2(a — 0.5)% + 1.4.
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Figure 4. Reconstruction of j(«) with éy = 0.004,0.032,0.128 for Example 2.
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Figure 5. Iteration error for Example 2. (a) The

(b)

L2 error || — u'|. (b) The residual Ey.
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Figure 6. Reconstruction of y(«) for Example 2. (a) Reconstruction of y(«) with initial guess yog = 1.

@

(b) Reconstruction of y(a) with initial guess pg = 0.54> — a + 1.5.

(b)
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5. Conclusions

This paper focuses on the estimation of the weight function in the DO Caputo deriva-
tive for TFDEs. To address this nonlinear inverse problem, we formulate it as a minimiza-
tion problem with L? regularization and derive the convergence rate of the regularized
weight function. Additionally, a CG method is utilized to solve the related minimization
problem. Furthermore, we present numerical examples to demonstrate the robustness of
the proposed algorithm against noise and its effectiveness in accurately recovering smooth
solutions for two-dimensional DOTFDEs.

One of the main theoretical results is proof of the weak closedness of the mapping
F: p — uy(x,t)|r,, which ensures the existence, stability, and convergence of the reg-
ularized solution. We propose a weak source condition and, based on this, obtain the
convergence rate of the regularized solution, which is another important theoretical result
in this paper. As we know, there has been no previous study focused on the convergence
of the regularized solution for the inverse weight problem. However, we choose a reg-
ularization parameter € ~ ¢ without providing a specific strategy for the selection of e.
Furthermore, the common posterior convergence analysis requires the monotonicity of
|[F(u°) — ¢°|| with respect to €, but, in this inverse problem, we are currently unable to
establish the truth of this condition, so we have not provided a posterior convergence
analysis. Therefore, in the future, we will consider a posterior convergence analysis of the
regularized solution under a posterior regularization parameter selection strategy. Note
that the convergence rate in Theorem 2 requires u € C[0,1]. However, for more general
# € L?(0,1) or even those that are discontinuous, the convergence rate and numerical
experiments could be another problem to consider in the future.
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